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Abstract: The heat-integrated distillation column (HIDiC) has more energy-saving potential than
conventional distillation columns. However, its nonlinearity and coupling effects pose significant
challenges for the online operation of the HIDiC. To overcome these challenges, it becomes necessary
to utilize accurate nonlinear models for design optimization or control schemes. Traditional modeling
methods require extensive tray information, implying the impractical use of numerous sensors in
real-world applications. This paper proposes a modeling approach for the HIDiC based on a limited
number of measurements. It only requires the measurement of a finite amount of tray information to
construct a global model of the HIDiC. This method serves as an online observer, providing real-time
information about the entire column, and also enables the prediction of tray concentration changes.
The proposed model forms the basis for developing model-based online monitoring and control
schemes. Experimental simulation results demonstrate that the proposed method achieves high
accuracy in global observation and prediction for the HIDiC.

Keywords: heat-integrated distillation column; nonlinear modeling; online observer; nonlinear wave
model; mass transfer mechanisms

1. Introduction

Distillation is the most widely used mass transfer unit operation in petroleum re-
fining, petrochemical, and other industrial processes. It is also one of the most energy-
consuming unit operations in the petrochemical industry [1]. Statistical data indicate that
approximately 40% to 50% of the total energy consumption in the petroleum and chemical
industries is attributed to distillation processes [2–4]. This process wastes significant re-
sources such as water, coal, and gas every year. The accumulated energy losses become
immeasurable. In response to this challenge, heat-integrated distillation technology has
been introduced as an innovative and energy-efficient technique. It can achieve energy
savings of at least 30% compared to traditional distillation columns with proper process
and control design in numerous applications [1]. Therefore, studying the modeling and
control design of heat-integrated distillation processes is significant for reducing carbon
emissions in human activities [5].

As shown in Figure 1, the heat-integrated distillation column (HIDiC) is divided
into rectifying and stripping sections. The heat-integrated distillation column separates
the conventional distillation column into these two parts. Between these two sections,
a compressor and a throttle valve are introduced, allowing for the temperature in the
rectifying section to be higher than that in the stripping section and facilitating heat transfer
from the rectifying column to the stripping column. With a well-thought-out design, it is
possible to reduce the burden on the condenser and reboiler significantly. Therefore, the
internal heat transfer dramatically enhances energy efficiency despite the increased energy
consumption of the compressor.
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Figure 1. Schematic diagram of the HIDiC.

Numerous scholars have conducted extensive research to explore the feasibility of
heat-integrated distillation energy-saving technology. Much of this research focuses on the
conceptual design of heat-integrated distillation columns in different scenarios, such as stan-
dard forms of heat-integrated distillation columns [6–9], heat-integrated pressure-swing
columns [10–12], heat-integrated extractive distillation columns [13–16], heat-integrated
air-separation columns [17–20], and heat-integrated reactive distillation columns [21–24].
Most of the works are primarily implemented through specific process simulation soft-
ware. This research demonstrates the promising energy-saving prospects of heat-integrated
distillation technology in various scenarios.

However, due to the thermal coupling between the rectifying and stripping sections,
the HIDiC exhibits complex dynamic characteristics and strong nonlinearity, posing signif-
icant challenges for online control [25,26]. Conventional PID control or control schemes
based on linear approximation models often require extensive fine-tuning of control loops
and have strict limitations on operating ranges. Therefore, there is a significant need for
control design based on nonlinear models [13,27,28].

Hence, some scholars have focused on the nonlinear modeling research of the HIDiCs.
The primary modeling approach involves mechanistic modeling based on MESH equations
(mass balance equation, phase-equilibrium equation, molar fraction summation equation,
and heat-balance equation). The mechanistic modeling research encompasses various sce-
narios, including standard HIDiCs [6,29], heat-integrated reactive columns [23,30,31], heat-
integrated pressure-swing columns [32–34], heat-integrated air-separation columns [19,35–37],
and more. The core of mechanistic modeling lies in describing the conditions for each tray,
involving many differential and algebraic equations. However, obtaining process variable
information for each tray is impractical, as installing measurement sensors on every tray in
the actual process is not feasible.

Therefore, from a practical perspective, a relatively accurate nonlinear model for the
HIDiC is needed. Additionally, this model should not impose excessively stringent re-
quirements on the global nature of process variables to avoid the dilemma of needing to
install a large number of sensors. Our previous work proposed a nonlinear wave model
to describe the concentration distribution curve for the entire column in an HIDiC [20,38].
This approach considers the concentration distribution curve as a whole. While ensuring a
certain level of accuracy, this model is more simplified than the mechanistic model. How-
ever, this modeling method is based on a data regression approach to establish descriptive
functions, which has limitations and lacks a mechanistic basis, potentially leading to sig-
nificant model errors in certain situations. Furthermore, although this model significantly
reduces the number of differential equations, it still requires a substantial amount of process
variable information.

To address the issues above, this paper first explores the distribution patterns of con-
centrations on each tray of an HIDiC based on mass transfer mechanisms. Consequently, a
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novel functional form for describing the concentration distribution curves is established.
The proposed function indicates the mechanistic interconnections among the concentrations
on different trays, and these connections can be quantitatively described using certain func-
tion expressions. Simultaneously, a formula for the moving velocity of the concentration
distribution curves is derived, allowing our proposed method to describe both static and
dynamic behaviors. The curve description function and its velocity expression form the
basis for establishing a nonlinear model based on mass transfer mechanisms. Furthermore,
based on this fixed form of concentration distribution curve function, a global observation
method is introduced using a limited number of tray temperature measurements. By
utilizing temperature information from a few specific trays, critical parameters from the
concentration distribution curve function can be extracted. Subsequently, global informa-
tion on all trays can be obtained based on the established model. In simulation experiments,
experimental comparisons are conducted between the proposed, mechanistic, and previous
wave models. The results indicate that the proposed modeling method achieves high
accuracy, validating its effectiveness.

2. Nonlinear Modeling Based on Mass Transfer Mechanisms
2.1. Mechanistic Model of an HIDiC

This paper takes the benzene–toluene system as an example. It begins by briefly
introducing the mechanistic model of an HIDiC [6], which will serve as the baseline for
subsequent simulation comparisons.

The heat-coupling equations encompass the thermal-coupling relationship between
the rectifying column and the stripping column and the relationships between the tray
temperature, the concentration, and the pressure. The equation is formulated as follows:

Qj = UA(Tj − Tj+ f−1) j = 1, · · · , f − 1 (1)

Tj = b/(a− Lnpvp,j)− c (2)

pvp,j = p/[Xj + (1− Xj)/α] (3)

where Q represents the heat transfer between coupled trays, j denotes the tray number and
the numbering of the trays starts from the top of the column, UA is the heat transfer rate,
T is the tray temperature, f represents the feed tray, and a, b, and c are material-related
characteristic constants in the Antoine equation. Additionally, pvp,j is the saturation vapor
pressure, p is the internal pressure of the column, X is the liquid-phase molar fraction, and
α is the relative volatility. Note that p refers to the pressure of the rectifying section or the
stripping section. We assume that the pressure inside each column is uniform and do not
consider pressure differentials between individual trays.

The liquid-phase molar flow rate for each tray in the rectifying section can be expressed as:

Lj =
j

∑
k=1

Qk/λ, (j = 1, . . . , f − 1) (4)

where λ represents the latent heat of vaporization.
The vapor-phase molar flow rate for each tray in the rectifying section can be expressed as:

Vj+1 = V1 + Lj, (j = 1, . . . , f − 1) (5)

The vapor-phase molar flow rate for the first tray in the rectifying section is given by:

V1 = F(1− q) (6)

where F is the feed rate, and q is the feed thermal condition.
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The liquid-phase flow rate for each tray in the stripping section is:

L f+j−1 = L f−1 + Fq−
j

∑
k=1

Qk/λ, (j = 1, . . . , f − 2) (7)

Ln = F−V1 (8)

The expression for the vapor-phase flow rate for each tray in the stripping section is:

Vf+j = Vf − F(1− q)−
j

∑
k=1

Qk/λ . (j = 1, . . . , f − 2) (9)

The vapor–liquid equilibrium equation describes the relationship between the vapor
and liquid molar fractions of the components at each tray. The equation is formulated
as follows:

Yj = αXj/[(α− 1)Xj + 1] j = 1, 2, · · · , n (10)

where Y is the vapor-phase molar fraction.
The component balance equation describes the material conservation relationship at

each tray in the HIDiC. The specific equation forms are as follows:

H
dX1

dt
= V2Y2 −V1Y1 − L1X (11)

H
dXj

dt
= Vj+1Yj+1 −VjYj − LjXj + Lj−1Xj−1 j = 2, · · · , n− 1 and j 6= f (12)

H
dX f

dt
= Vf+1Yf+1 −Vf Yf − L f X f + L f−1X f−1 + FZ f (13)

H
dXn

dt
= −VnYn − LnXn + Ln−1Xn−1 (14)

where H is the liquid holdup on the tray, and Z f represents the feed composition.

2.2. The Nonlinear Wave Model of the HIDiC

In our previous work, we established a nonlinear reduced-order wave model, treating
the concentration distribution curve as a whole to study the static and dynamic characteris-
tics of the HIDiC [20,38]. As shown in Figure 2, the concentration distribution curve moves
within the column when operating conditions change. Profile 1 represents the system’s
initial equilibrium state. After changes in the operating conditions, the concentration
distribution curve gradually moves to the position of Profile 2, indicating that the system
has reached a new equilibrium state.

Although the shape of the concentration distribution curve changes during dynamic
processes, it consistently maintains the configuration of an S-shaped hyperbolic curve.
Therefore, we can use the following descriptive function to represent the concentration
distribution curve:

X̂j = Xr_min +
Xr_max − Xr_min

1 + e−kr(j−S1)
j = 1, 2, · · · , f − 1 (15)

X̂j = Xs_min +
Xs_max − Xs_min

1 + e−ks(j−S2)
j = f , f + 1, · · · , n (16)
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Figure 2. The movement of the concentration distribution curve.

Here, X̂j represents the observed concentration value at the j-th tray, and Xr_max,
Xr_min, kr, Xs_max, Xs_min, ks are the curve parameters. Xr_max and Xs_max are the maximum
approximating concentrations in the rectifying and stripping sections, respectively, while
Xr_min and Xs_min are the maximum approximating concentrations in the rectification and
stripping sections, respectively. kr and ks represent the slope characterization at the inflec-
tion point positions. S1 and S2 denote the inflection point positions of the concentration
distribution curves in the rectifying and stripping sections, respectively, corresponding
to the locations with the maximum absolute slope. The curve parameters are determined
based on the concentration values of each tray using identification methods, essentially
relying on a data regression curve fitting approach and lacking specific theoretical support.

Furthermore, we typically use the inflection points to represent the position of the
concentration distribution curves. By deriving the equation for the movement speed of
these inflection points, the dynamic behavior of the HIDiC can be characterized. The
specific equation form is as follows:

dS1

dt
=

1
H (−V1Y1 + Vf Yf − L f−1X f−1)

−
f−1
∑

j=1

kr(Xr_max−Xj)(Xj−Xr_min)
Xr_max−Xr_min

(17)

dS2

dt
=

1
H (−LnXn −Vf Yf + L f−1X f−1 + FZ f )

−
n
∑

j= f

ks(Xs_max−Xj)(Xj−Xs_min)
Xs_max−Xs_min

(18)

Coupled with certain algebraic equations, a nonlinear reduced-order wave model
for the HIDiC can be constructed. While the aforementioned nonlinear model considers
some typical features of the HIDiC, it does not explore the mass transfer mechanisms more
profoundly. Therefore, to enhance the accuracy of the nonlinear model, further in-depth
research into the mass transfer mechanisms of the HIDiC is necessary.

2.3. Nonlinear Modeling Based on Mass Transfer Mechanisms

If there are many trays in a plate tower, and factors, such as vapor holdup and
energy loss are neglected, the structure of the plate tower can be approximated as a
packed tower [39]. Partial differential equations can represent its mass transfer equations
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approximately. First, the simple mass transfer partial differential equation within a small
volume unit in the distillation process is expressed as follows:

∂x
∂t
− ∂x

∂s
= −MT(y∗(x)− y) (19)

V
L

∂y
∂s

= MT(y∗(x)− y) (20)

where x and y represent the concentrations of the liquid and vapor phases, respectively, MT
is the dimensionless mass transfer coefficient, L is the molar flow rate of the liquid phase,
V is the molar flow rate of the vapor phase, y* describes the vapor–liquid equilibrium
relationship, and s is the dimensionless spatial coordinate.

Assuming that the process is in a quasi-steady state, i.e., ∂x/∂t = 0, the coordinate sys-
tem is transformed into a coordinate system (l − t) with a moving speed v. The coordinate
transformation is defined as follows:

l = s− s′ (21)

s′ =
∫

vdt (22)

Substituting Equations (21) and (22) into Equations (19) and (20), we obtain:

(1 + v)
∂x
∂l

= MT(y∗(x)− y) (23)

V
L
(1 + v)

∂y
∂l

= MT(y∗(x)− y) (24)

where s = s’ represents the origin of the l − t coordinate system. According to the above
equations, we can quickly obtain the following system of equations:

l −
∫

(1 + v)dx
MT(C1 + y∗(x)− Lx/V)

+ C2 = 0 (25)

where C1 and C2 are constants resulting from the indefinite integrals. It is challenging to
directly solve for the tray concentration from Equation (25). In order to find the concentra-
tion expression, this paper adopts a fractional polynomial approximation y∗(x̂) = x̂+A

Bx̂+C for
the vapor–liquid equilibrium relationship y*. The integrated function in Equation (25) is
handled using a partial fraction decomposition as follows:

(1 + v)
MT(C1 + y∗(x)− Lx/V)

=
x̂−m5

m3(x̂−m1)(x̂−m2)
(26)

where m1, m2, m3, and m5 represent the parameters in the factorization. Substituting Equa-
tion (26) into Equation (25) for integration, the concentration curve description function
can be calculated as follows:

l − 1
m3(m1 −m2)

[(m5 + m1) ln(m1 − x̂)− (m5 + m2) ln(x̂−m2)]−m4 = 0 (27)

where m4 represents the constant term generated by the indefinite integral in Equation (25).
According to the previously mentioned coordinate transformation relationship, and letting
S = s’ + m4, η = m3 (m1 − m2), the concentration curve description function can be obtained
as follows:

l +
1
η
[(m5 + m1) ln(m1 − x̂)− (m5 + m2) ln(x̂−m2)]− S = 0 (28)
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Combining the actual physical meanings of the curve parameters in the HIDiC,
the description function of the concentration distribution curve can be expressed in the
following form:

j + 1
kr
[(ar + Xr_max) ln(Xr_max − X̂j)− (ar + Xr_min) ln(X̂j − Xr_min)]− S1 = 0

j = 1, 2, · · · , f − 1
(29)

j + 1
ks
[(as + Xs_max) ln(Xs_max − X̂j)− (as + Xs_min) ln(X̂j − Xs_min)]− S2 = 0

j = f , f + 1, · · · , n
(30)

where Xr_max, Xr_min, kr, Xs_max, Xs_min, ks, S1, and S2 have the same physical meanings as
the corresponding parameters in the curve description function. The additional parameters
ar and as characterize the asymmetrical characteristics of the curve.

In dynamic processes, the fluctuation ranges of parameters Xr_max, Xr_min, kr, Xs_max,
Xs_min, ks, ar, and as are relatively small. Therefore, in the derivation of the curve movement
velocity formula, it can be approximated that the change rate of the above parameters is zero.
Based on this assumption, the derivation process can be simplified. The curve parameters
are updated online during the dynamic calculation to reduce the errors introduced by this
assumption. Following the above assumption, Equations (29) and (30) lead to:

dX̂j

dt
=

−kr
ar+Xr_max
Xr_max−Xj

+
ar+Xr_min
Xj−Xr_min

dS1

dt
j = 1, 2, · · · , f − 1 (31)

dX̂j

dt
=

−ks
as+Xs_max
Xs_max−Xj

+
as+Xs_min
Xj−Xs_min

dS2

dt
j = f , f + 1, · · · , n (32)

where X̂j is the observed value of Xj, and it is assumed that
dX̂j
dt ≈

dXj
dt . Substituting

Equations (31) and (32) into the material conservation equations for both the rectifying
and stripping sections of the HIDiC (Equations (11)–(14)), performing summation opera-
tions on the trays, and through algebraic transformations, the movement velocity of the
concentration distribution curve for the HIDiC can be obtained as follows:

dS1

dt
=

−V1Y1 + Vf Yf − L f−1X f−1

−H
f−1
∑

j=1

kr
(ar+Xr_max)/(Xr_max−Xj)+(ar+Xr_min)/(Xj−Xr_min)

(33)

dS2

dt
=

−Vf Yf + L f−1X f−1 + FZ f − LnXn

−H
n
∑

j= f

ks
(as+Xs_max)/(Xs_max−Xj)+(as+Xs_min)/(Xj−Xs_min)

(34)

Equations (33) and (34), the description functions (Equations (29) and (30)), and the
previously mentioned vapor–liquid equilibrium equation, the heat-coupling equation, and
the vapor–liquid molar flow rate equation together constitute the nonlinear dynamic model
of the HIDiC.

In a simulation example with initial operating conditions, as shown in Table 1, we
conducted a simulation comparison of the two nonlinear models (the previous wave model
and the new model based on mass transfer mechanisms) for estimating the steady-state
tray concentrations.

Figure 3 illustrates the errors between the concentration observations of the two
models and the actual concentration (with the mechanistic model as a reference). From
the figure, it can be observed that: first, the prediction errors of both models are on the
order of 10−3 or smaller, indicating high precision in concentration observation for both
methods; second, the concentration prediction errors of the new model are significantly
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smaller than those of the previous model in the rectifying section, while both methods
exhibit similar concentration prediction errors in the stripping section. This situation occurs
because the advantage of the non-symmetric characteristics introduced in the new model
is more pronounced in the rectifying section, while the significance of the non-symmetry
decreases in the stripping section, in this case.

Table 1. Initial operating conditions of the HIDiC.

Stage number (n) 40 Feed thermal condition (q) 0.501
Feed stage (f ) 21 Feed flow rate [kmol/h] (F) 100

Feed composition in mole fraction (Zf) 0.5 Liquid holdup in each stage [kmol] (H) 1.5
Heat transfer rate in each stage [W/K] (UA) 9803 Relative volatility without mismatch (α) 2.317

Antoine equation constants (a) 15.9008 Latent heat of vaporization [J/kmol] (λ) 30001.1
Antoine equation constants (b) 2788.51 Pressure of rectifying section [MPa] (Pr) 0.3387
Antoine equation constants (c) −52.36 Pressure of stripping section [MPa] (Ps) 0.1013

Figure 3. The concentration observation errors of the two models relative to the mechanistic model.

Overall, both models are significantly simplified compared to the mechanistic model.
The nonlinear model based on mass transfer mechanisms has smaller concentration predic-
tion errors than the wave model, indicating higher accuracy and competitive advantages.

3. Global Online Observer Design Based on Limited Measurements

The parameters in the description function of the concentration distribution curve
are not constant during dynamic processes in the HIDiC, such as the variables mentioned
earlier, including Xr_max, Xr_min, k, Xs_max, Xs_min, ks, ar, as, and more. Therefore, the
required variables need to be estimated online. If conventional system identification
methods are used, the temperature of each tray must still be measured, and the above
parameters must be identified. Therefore, temperature sensors must be installed on each
tray to obtain temperature information and subsequently derive concentration information
for each tray, in practice. The new modeling method has not addressed the practical issue of
requiring a large number of sensors. Therefore, an online observation method based on the
new model was investigated. Without sacrificing accuracy excessively, model parameters
can be identified through limited temperature information from trays to obtain all the
necessary model information.

First, the number and locations that need to be observed are determined offline. Then,
through real-time estimation of the relevant parameters and state variables using the
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temperature information from the observation positions, we can estimate the real-time
concentrations of each tray and predict the concentration changes of each tray.

3.1. Estimating Concentrations Based on Tray Temperatures

The concentrations inside the column are usually difficult to measure directly, while
the temperatures can be easily obtained through corresponding sensors. Under certain
conditions, the tray concentrations can be estimated from the respective tray temperatures.
Therefore, different tray temperatures are investigated as the candidate measured variables.

In the benzene–toluene system, the tray concentration at each stage can be derived
using the following formula.

According to the Antoine equation, the Raoult’s law, and the Dalton’s law, the heat-
coupling relationship between trays is as follows:

Tj = b/(a− Lnpvp,j)− c (35)

pvp,j = p/[Xj + (1− Xj)/α] (36)

where a, b, c are the coefficients of the Antoine equation, Pvp,j is the saturation vapor
pressure of the j-th tray, and P represents the pressure of the column.

Through the above formulas, the corresponding functional relationship between the
concentration and the temperature can be derived as follows:

Xj = (αpeb/(Tj+c)−α − 1)/(α− 1) (37)

3.2. Selection of the First q Measuring Positions Based on PCA (Principal Component Analysis)
3.2.1. The Method for Selecting the Initial Observation Position

First, select the candidate tray positions that need to be observed based on the sensi-
tivity matrix between the variables to be estimated and the temperatures of each tray. The
elements of the sensitivity matrix are calculated as follows:

Kij =
∂ti/ti
∂pi/pi

(38)

where p represents the variable to be estimated, t represents the temperatures of each tray,
and p and t represent the initial values of the corresponding variables, as shown in Table 1.
A larger value of Kij indicates that the temperature of the tray at that position has a greater
impact on the variable to be estimated.

We use the covariance matrix calculation method from PCA (principal component
analysis), and here we can define the covariance matrix corresponding to the sensitivity
matrix as follows:

X = KTK (39)

Let λj represent the j-th eigenvalue of X, and Pij denote the i-th element of the unit
eigenvector corresponding to λj. By calculating the weighted sum of Pij and λj, we obtain:

Ci =
∑

q
j=1

∣∣λj Pij
∣∣

∑
q
j=1

∣∣λj
∣∣ (40)

where Ci ∈ [0 1], and it represents the overall impact of the temperature of the i-th tray on
the variable to be estimated. Therefore, the tray with the largest Ci can be selected as the
first observation position.

3.2.2. Selection Method of the 2nd to the q-th Measurement Positions

Taking the rectifying section as an example, the variables to be measured are the
parameters Xr_max, Xr_min, kr, and ar in the curve description function of the rectifying
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section. With the number of variables to be measured, q = 4, the selection of the 2nd to q-th
measurement positions can be determined using the following method:

Assume that m measurement positions have been selected and 1 ≤ m < q. The
sensitivity vector skl

=
[
Kkl1 Kkl2 . . . Kklq

]
, l ∈ [1 m], kl ∈

[
1 n

2
]
. The sensitivity vectors

sk1, sk2 , . . . , skm should be linearly independent; otherwise, terminate the algorithm. Then,
in the m-dimensional vector space formed by the sensitivity vectors of sk1, sk2 , . . . , skm , any
vector ŝ can be represented as:

ŝ = ∑m
l=1 αlskl

(41)

where αl is a constant. For any sensitivity vector si corresponding to an unselected tray, the
vector ŝ that is closest to si in the above m-dimensional vector space must satisfy:

min
al

1
2
(si − ŝ)T(si − ŝ) (42)

The sine of the angle between si and ŝ can be represented as:

di = sin

[
cos−1

(
sT

i ŝ
‖si‖‖ŝ‖

)]
(43)

The larger di is, the more independent information the corresponding measurement
position can provide.

Therefore, we can define a sorting index Ii = Cidi, and the tray corresponding to the
maximum Ii is chosen as the next measurement position. Since the dimension of vector
skl

is q, this method can select q linearly independent sensitivity vectors, i.e., at most q
measurement positions can be selected.

3.2.3. Selection for More Measurement Positions

If more measurement positions are needed, the goal is to select the next tray from
those not yet chosen as measurement points. This tray should provide the maximum
independent information. There may need to be more than the PCA method to select more
than q + 1 linearly independent sensitivity vectors. Therefore, additional methods need to
be employed on top of PCA.

The selection of the remaining measurement positions should consider two main
aspects. First, trays with significant concentration changes should have an advantage in
being selected, as larger concentration changes are more easily and accurately measured
during dynamic processes. Second, trays close to each other are more likely to provide
redundant information.

Therefore, it is not advisable to choose too many trays near the top and bottom of the
column, where concentrations change relatively slowly. However, trays near the inflection
points exhibit larger concentration differences, providing more independent information,
and more measurement positions should be designed in those areas.

We take the rectifying section as an example and assume that a total of m measurement
positions is needed. To complete the selection of the q + 1 to m measurement positions, a
relative distribution index (RDI) is defined to meet the above two requirements:

Di =

min
kv

(
∣∣i− kv|α)

|i− S1|β
(44)

where kv represents the tray number, and kv ∈
[
1 n

2
]
. v represents the existing number of

measurements, and v ∈
[
q n

2
]
. i represents the tray number not yet selected. S1 represents

the inflection point of the rectifying section, and α and β are weighting coefficients.
The numerator in the formula min

kv
(
∣∣i− kv|α) represents the dispersion of the evalu-

ated tray. A larger value indicates that the evaluated tray is farther from other existing
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measurement locations, providing more independent information and making it a priority
for selection. The denominator |i− S1|β represents the distance between this position and
the inflection point. A larger value indicates that this position is far from the inflection
point, closer to the top or bottom of the column, and less likely to be selected.

Therefore, the tray corresponding to the maximum Di can be chosen as the following
measurement location. This method can be iteratively used until all m measurement
locations are determined.

3.2.4. Online Observation Design

As the products are produced at the top of the rectifying column and the bottom of
the stripping column, respectively, the 1st and 40th trays are designated as product output
locations, making them essential measurement locations. The measurement locations for
other trays can be determined using the scheme described above.

The above measurement location scheme provides the required information for subse-
quent estimation of the model parameters. Since the situations in the rectifying section and
the stripping section are similar, we will take the rectifying section as an example to derive
relevant parameters based on solving the following optimization problem:

min
Xr_max,Xr_min,kr ,ar ,S1

v
∑

i=1
(X̂kv − Xkv )

2

Subject to :
kv +

1
kr
[(ar + Xr_max) ln(Xr_max − X̂kv )− (ar + Xr_min) ln(X̂kv − Xr_min)]− S1 = 0

Xr_min − Xr_max < 0
0 < Xr_min < 1
0 < Xr_max < 1

(45)

where kv refers to the trays with measurements, Xkv denotes the concentration values de-
rived from the temperature measurements, and X̂kv represents the predicted concentration
values. Subsequently, the tray concentrations without measurements can be estimated
based on Equations (29) and (30).

It is necessary to evaluate the number of measurement positions to ensure the accu-
racy of predictions and the efficiency of measurements without redundancy. Using the
operating conditions listed in Table 1 as simulation data, gradually increasing the number
of measurement points in the rectifying and stripping sections; the root mean square error
(RMSE) is used for error comparison:

RMSE =

√
∑n/2

j=1 (X̂j − Xj)

n/2
(46)

We evaluate the errors of the two models (the wave model and the proposed model)
separately and obtain the error metrics for different numbers of measurement points, as
shown in Tables 2 and 3.

Table 2. RMSEs for the rectifying and stripping columns under different numbers of selected
measurement trays by the wave model.

Section
Measurement Number

3 4 5 6 7 20

Rectifying column 5.3 × 10−2 1.5 × 10−2 6.7 × 10−3 3.9 × 10−3 3.8 × 10−3 3.5 × 10−3

Stripping column 6.9 × 10−2 2.2 × 10−2 8.4 × 10−3 3.3 × 10−3 3.3 × 10−3 3.2 × 10−3
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Table 3. RMSEs for the rectifying and stripping columns under different numbers of selected
measurement trays by the proposed model.

Section
Measurement Number

3 4 5 6 7 20

Rectifying column 4.3 × 10−2 1.1 × 10−2 5.6 × 10−3 2.7 × 10−3 2.7 × 10−3 2.6 × 10−3

Stripping column 4.9 × 10−2 1.6 × 10−2 7.4 × 10−3 2.5 × 10−3 2.5 × 10−3 2.5 × 10−3

From the error metrics, it is evident that, understandably, the concentration estimation
error becomes smaller as the number of measurement points increases. After exceeding
6 measurement points, whether continuing to increase to 7 or when measuring all 20 trays,
the reduction in errors becomes less significant. In both the rectifying and stripping sections,
choosing 6 measurement points is a cost-effective option, considering the diminishing
returns in error reduction. If other practical considerations, such as the possibility of
inaccuracies in certain measurements or potential malfunctions, need to be taken into
account, a slight increase in the number of measurement points could be considered.
However, for the current analysis, considering 6 measurement points appears suitable.
Finally, the measurement positions obtained according to the proposed selection method
are shown in Table 4.

Table 4. Measurement ranking results for the rectifying and stripping columns.

Column
Ranking

1st 2nd 3rd 4th 5th 6th

Rectifying column 1 20 19 16 8 13
Stripping column 40 31 26 29 23 37

4. Global Model and Dynamic Simulation Based on Limited Measurements
4.1. Global Model Based on Limited Measurements

Based on limited measurement points, the observer can derive the concentration
information of all trays at the current moment with limited tray information, facilitating
online monitoring of the overall situation of the HIDiC. By combining the established
nonlinear model based on mass transfer mechanisms with the observer based on the limited
measurement points, the current global information can be obtained, and future changes
in concentrations can be predicted through the nonlinear model. The combination creates
a global model that only requires limited measurement information, greatly enhancing
the usability of the model. Taking the rectifying section as an example, the specific online
model iteration strategy is as follows:

(1) Assuming the current moment is k, based on the tray information provided by the
measurement points, the parameters (Xk

r_max, Xk
r_min, kk

r , ak
r , Sk

1) in the concentration
curve distribution function can be solved using Equation (45), denoted as p(k|k ),
where p = [Xr_max, Xr_min, kr, ar, S1]

T ;
(2) Substituting the parameters obtained in (1) into Equations (29) and (30), and assigning

values to tray number j, can yield the concentration information for the corresponding
tray. Consequently, various tray information, such as temperature, vapor–liquid molar
flow, and more, can be obtained using Equations (1)–(10);

(3) Based on the model variables obtained in (2) and the proposed nonlinear model, the
parameters for the concentration distribution function at the next step, denoted as
p̂(k + 1|k ), can be predicted. Calculate the estimation error from the previous time
step can be calculated and error compensation can be performed:

e(k) = p(k|k )− p̃(k|k− 1 ) (47)
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p̃(k + 1|k ) = p̂(k + 1|k ) + e(k) (48)

where p̃(k + 1|k ) represents the predicted values of the model parameters after error
compensation. Combine p̃(k + 1|k ) with the nonlinear model, the concentration changes of
each tray at future time steps can then be predicted.

Through the above iterative computation, model parameters can be determined online.
Based on the estimated values of model parameters and the nonlinear model, it is possible
to predict the concentration changes for each tray in the HIDiC at future time points. The
proposed method is especially useful for monitoring the concentrations in the first and
nth trays, aiding in product quality control. Additionally, it provides convenience for the
design and online application of subsequent control strategies.

4.2. Dynamic Simulation Results

The mechanistic model of the HIDiC was established using the MESH equations,
which provide high accuracy. Therefore, this study uses the simulation results of the mech-
anistic model as a reference standard. With the involvement of the observer with limited
measurement points, dynamic simulation experiments are conducted for both the wave
model and the mass-transfer-based model. The results are then compared with those of the
mechanistic model to validate the effectiveness of the proposed model. Simultaneously,
the comparison between the two models can verify whether the proposed model exhibits
higher accuracy.

The concentration prediction errors on four trays are chosen as representatives; the
first and 40th trays represent the concentrations of the products at both ends, while the
16th and 31st trays represent trays relatively close to the inflection points in the rectifying
and stripping sections.

Figure 4 illustrates the prediction errors of the two models under a 10% increase in
the feed flow rate. The figure shows that the concentration prediction errors for the repre-
sentative trays in the rectifying and stripping sections remain relatively small throughout
the process. Specifically, both models exhibit small errors on the 1st and 40th trays, with
the maximum error far below 10−4. However, there is a significant difference between the
two models on the intermediate trays. Taking the 16th tray as an example, the previous
model initially shows a large positive error deviation of approximately 5 × 10−3, followed
by an even larger negative error deviation close to 6 × 10−3. In contrast, the positive error
of the new model is significantly smaller than that of the previous model, approximately
3 × 10−3, with a very small negative error, rapidly converging to the vicinity of the final
steady-state value. Since a biased estimation method is utilized in parameter identification,
constraints are applied to minimize the deviations of the first and 40th trays. Consequently,
the concentration prediction deviations for the first and 40th trays are relatively small and
converge quickly. In the middle trays, the difference between the two models is more
pronounced, with the model based on mass transfer mechanisms exhibiting superior pre-
dictive performance, indicating that the new model can significantly improve accuracy
compared to the wave model.

Figure 5 shows the prediction errors of the two models under a 10% increase in the
feed composition. The impact of the feed composition on the system’s dynamics is more
pronounced than that of the feed flow rate. Hence, the prediction errors in Figure 5 are
significantly higher than those in Figure 4. In particular, both models exhibit very small
errors on the 1st tray, of approximately 10−5. The errors on the 40th tray are also relatively
small. However, compared to the errors on the 1st tray, although the absolute magnitude
of the errors does not show a significant increase, the convergence speed of the errors is
slower. The errors on the intermediate trays are larger. Taking the 16th tray as an example,
the final error of the previous model approaches −0.06, while the final error of the new
model is slightly greater than −0.01. Although the errors of both models ultimately do not
converge, the error rate of the new model is significantly smaller than that of the previous
model. Both models can ensure error convergence at the two ends of the trays, but in the
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middle trays, steady-state errors appear. The new model has smaller steady-state errors
and faster convergence than the wave model.

Figure 4. The dynamic prediction errors of tray concentrations under a 10% increase in the feed flow
rate (F + 10%).

Figure 5. The dynamic prediction errors of tray concentrations under a 10% increase in the feed
composition (Zf + 10%).

Figure 6 presents the prediction errors of the two models under a 10% increase in the
pressure of the stripping column. The impact of the pressure on the system’s dynamics
is similar to the feed flow rate changes. The overall magnitude of observation errors is
generally within the range of 10−3 or smaller, and the final prediction results are essentially
consistent with the concentrations from the mechanistic model. Moreover, the predictive
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performance of the model, based on mass transfer mechanisms, is superior to that of the
wave model, indicating the superiority of the new model’s effectiveness.

Figure 6. The dynamic prediction errors of tray concentrations under a 10% increase in the pressure
of the stripping section (Ps + 10%).

5. Conclusions

The heat-integrated distillation column (HIDiC) is a novel energy-saving distillation
technology. Due to its complex structure, strong coupling, and nonlinearity compared to
traditional distillation column structures, there is a need for a high-precision and relatively
simple model to assist in optimization design or online monitoring and control. Traditional
mechanistic models are complex, and the previously proposed wave model requires im-
provement in accuracy. To address these issues, this paper introduces a high-precision
nonlinear model based on mass transfer mechanisms. This model accurately characterizes
the nonlinear characteristics of the distillation process and simplifies the model structure.

Furthermore, a method for designing a global observer based on limited local mea-
surement points is proposed to overcome the drawback of requiring a large amount of state
information for online applications of various HIDiC models. This observer constructs
global tray information using only a limited number of tray temperature measurements.
The observer first needs to determine, offline, the observation positions for the rectifying
and stripping sections, ensuring that the observed variables of the selected trays sufficiently
reflect the changes in various parameters in the model. It also ensures that the correlation
between each observed variable is as tiny as possible and that each observation point
contains as much independent information as possible. Then, the observer can estimate
the model parameters online in the rectifying and stripping sections of the HIDiC and
predict the concentration changes of each tray based on the limited measurements and the
proposed model. The proposed method enables real-time monitoring of the HIDiC globally,
and creates a novel global model based on limited measurement points.

Finally, simulation comparative experiments were conducted. The experimental
results show that the proposed scheme can track the dynamic process changes of the HIDiC
with high precision. Moreover, by comparing the results between the proposed model and
the previous wave model, it is evident that the new model exhibits higher accuracy than the
previous one. Therefore, the proposed approach can be well applied to online monitoring
and control scheme design for distillation columns, providing a choice for subsequent
model-based online research. Note that for other distillation processes, such as non-ideal
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mixtures or different distillation columns, there may be a need to adjust the approximate
form of the gas–liquid equilibrium relationship locally. Theoretically, the model accuracy
may be slightly lower than that for ideal mixtures, but it should have significant advantages
over other simplified modeling methods. Investigating modeling approaches for various
distillation processes is our main focus for future work.
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