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Abstract: Batch processes in the biopharmaceutical and chemical manufacturing industries often
develop new products to meet changing market demands. When the dynamic models of these new
products are trained, dynamic modeling with limited data for each product can lead to inaccurate
results. One solution is to extract useful knowledge from past historical production data that can be
applied to the product of a new grade. In this way, the model can be built quickly without having
to wait for additional modeling data. In this study, a subspace identification combined common
feature learning scheme is proposed to quickly learn a model of a new grade. The proposed modified
state-space model contains common and special parameter matrices. Past batch data can be used
to train common parameter matrices. Then, the parameters can be directly transferred into a new
SID model for a new grade of the product. The new SID model can be quickly well trained even
though there is a limited batch of data. The effectiveness of the proposed algorithm is demonstrated
in a numerical example and a case of an industrial penicillin process. In these cases, the proposed
common feature extraction for the SID learning framework can achieve higher performance in the
multi-input and multi-output batch process regression problem.

Keywords: batch process; few-shot learning; common feature space; subspace identification

1. Introduction

The batch process is more flexible than the large-scale continuous production process
as the former can better respond to market changes and customer needs. Contrary to the
era of big data advocated for in recent years, in many fields, such as chemical process
control [1,2] and military electronic product production [3], data are collected with diverse
small batch production models employed to cope with rapid product changes [4]. Moreover,
the difficulty in collecting data involves many key variables [5], resulting in the problem of
small samples in the batch process. Such small samples are called the “low-N problem” [6].
It is difficult to obtain sufficient batches of production data in a certain manufacturing
period because of the long operation time, complex operation steps, expensive costs for
data collection, and insufficient manpower and material resources. It is not uncommon
for the new chemical compounds to run only once or twice in the production equipment,
resulting in a low-N scenario in the production of new products [7].

The problem of small samples has been studied in many fields. Some solutions have
been used to enhance the robustness of the results obtained from the follow-up training by
adding more information to the data or to assist the training of the target by transferring
knowledge or data from other aspects [8]. Tulsyan et al. [7] considered using the data
sampled repeatedly by hardware to train a GP-based generator and generate a large
number of data; then, the authors used the generated data for further process modeling.
This method of requiring hardware to repeat sampling may not be implemented in every
process; in particular, the measurement data of some key variables are difficult to obtain
many times. In addition, the quality of the samples generated by the generator providing
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auxiliary information is not as good as expected. Zhang et al. [9] combined the physical
model and data-driven model, and then a hybrid model framework was proposed to model
the process with fewer data in some operating conditions and applied to the dynamic model
prediction of algae lutein synthesis. This method is not for practical applications as it is
often difficult to obtain the mathematical model in most of the complicated batch processes.

In the industrial batch process, there may be a number of data for other similar prod-
ucts produced in the past. As the current producing product and the past similar product
data are measured in the same process, they must share some similar or even the same
features. It is reasonable to extract the information from data in these different grades of
products that are highly relevant to the current (or target) produced product. Then, the tar-
get process model with the transferred data information can be enhanced. Jaeckle et al. [10]
proposed extended principal component regression (EPCR), which combines the output
data of similar old processes with the output data of the new process for calculation. How-
ever, EPCR does not consider the input information of the process, which is unfavorable for
a regression problem. Muñoz et al. [11] extended EPCR, considered the input information,
and proposed Joint-Y PLS (JY-PLS). In JY-PLS, the variables of the output data are supposed
to have the same statistical distributions. Recently, the method based on JY-PLS has been
applied to process quality prediction and soft sensing [12,13]. Chu et al. [14] considered
the shortage of new data in the initial operation stage of the batch and used the latent
variable process migration model (LV-PTM) to transfer similar process data to the new
batch of the initial stage. These transfer-based methods require sufficient source data from
the same source, which may not be applicable to all kinds of small data scenarios. The
above methods based on transfer learning allow the target to transfer knowledge from the
data of a single source. However, the data from a single source often does not have enough
information as a reliable source of knowledge. The data collected are often diverse, and the
number of individual data is small. Therefore, it is necessary to maximize and efficiently
use all source data.

Yamaguchi et al. [15] used multi-task learning (MTL) to address the data scarcity
of each product in the multi-level batch process. By sharing useful information among
multiple related grade products, MTL can improve the accuracy of the model in the case
of data shortage. Although MTL makes use of the data of all small sample products for
mutual assistance and complementarity, it does not focus on the modeling and analysis
of new products. It also does not provide the common information of all collected data.
To obtain knowledge transferred from the multiple tasks for the learning of new tasks,
Tripuraneni et al. [16] proposed a method to learn common feature representation from
multiple tasks, so the data of the new task can be projected into this representation, which
can reduce the number of samples required to find the best regressor on the new task.
Combining data from multiple products with small samples can help compensate for the
limitations of using the data from a single source. However, in the research conducted
by Tripuraneni et al. [16], only the common feature space of the input was extracted
without considering the dynamic variables. It is impossible to extract shared knowledge of
industrial processes in general dynamic MIMO systems.

In this study, a method for batch process modeling with the low-N problem is pro-
posed. The method extracts common features from multi-grade batch process data and
incorporates these features into the subspace identification for the new batch process
modeling. The problem and novelties considered in this study are summarized as follows:

• The proposed method considers the characteristics of batch processes, including their
multi-input and multi-output structures, their dynamic behavior, and the issue of
the uneven length of collected data. The dynamic behavior of the batch process is
described using a linear time-invariant state-space (LTI-SS) model, and the original
data are used for modeling without the need for data warping.

• To extract common parts from the historical data, we propose a modified version of the
state-space model, which further divides the original model parameters into common
and individual parts.
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• When using the proposed model, the input-output equation derived from the proposed
LTI-SS model has two coupled common features. We introduce the technique of
oblique projection to separate the two parameters so that it can avoid computationally
expensive iterative solutions and problems that may not converge.

• Based on the two separate sets of equations, we derive and organize their final solu-
tions, which can be obtained by calculating the eigenvalue decomposition.

• Based on the modified state-space model, we combine it with the subspace identifica-
tion method, and through the substitution of common knowledge, we can effectively
improve the modeling performance in the case of a few samples.

The rest of this article is organized as follows. In Section 2, the input-output equation
and the problem to be solved are specifically defined. Section 3 introduces the oblique
projection to separate the input-output equation into z-space and u-space, respectively. In
Section 4, the common feature parameter matrices in the model are estimated by solving
the objective function defined in Section 3. In Section 5, the calculated common feature
parameter matrices are applied to model the batch data of a new task. Then, the model of
the new task can be quickly identified even though there is a small number of batch data in
the new task. In Section 6, two examples, including a numerical case and a case of industrial
penicillin production, show the performance of the proposed method. In Section 7, the
conclusion is given. Finally, to enable readers to quickly and clearly understand the
meaning of each symbol, a table is included in Nomenclature; it allows readers to easily
compare and refer to it while reading.

2. Problem Formulation and Description

The chemical batch process often exhibits nonlinear and dynamic behaviors. Mea-
surements of process variables are expected to be strongly serially correlated. There are
additional characteristics of the long duration and operation in different operating con-
ditions at different phases. To ensure the process is stirred evenly and the reaction is
complete, the process is deliberately operated in a fixed operating condition for a while
at each operation phase. Thus, the local behavior at each operation phase tends to be
linear. To produce different grades of products, the batch process is operated in different
operating conditions at different phases, but there are similar behaviors in the physical or
chemical properties in each production process [17]. Thus, very limited batch data are often
available for each grade of the operating batch, particularly in the new grade produced
at the moment of the initial operation period. Only using the limited data of the new
batch is certainly insufficient for establishing reliable models, while the model trained by
directly extracting knowledge from all grades of batch data has a bias in favor of the graded
products with more batch data.

To obtain common knowledge from different grade sources, consider G different types
of batch production processes, which are diverse but similar. The dataset Dg of the task
(the production grade) g is:

Dg =

[
(u1

g,1, y1
g,1) · · · (u

Ig

g,K
Ig
g

, y
Ig

g,K
Ig
g
)
]

(1)

where Is
g; g = 1, · · · , G is the number of batches in the production grade g, ui

g,k ∈ RL×1

and yi
g,k ∈ RM×1 are the input data and the output data at the kth sampling time of the

ith batch data in the production grade g, respectively, i = 1, · · · , Ig; k = k0, k0 + 1, · · · , Ki
g,

g = 1, · · · , G, and Ki
g is the operation time of the ith batch in the production grade g.

Similarly, for the modeling of new tasks, new batches in the production grade G+ 1 are

DG+1 =

[(
u1

G+1,1, y1
G+1,1

)
, · · · ,

(
uIG+1

G+1,K
IG+1
G+1

, yIG+1

G+1,K
IG+1
G+1

)]
(2)
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To properly describe the dynamic characteristics of the operating batch process, the
state-space model is appropriate for multi-input and multi-output dynamic processes.
Thus, for the production grade g of the operating batch process, a linear time-invariant
state-space model for each phase can be written by:

xi
g,k+1 = Agxi

k + Bgui
g,k

yi
g,k = Cgxi

g,k + ε
i
g,k

(3)

where yi
g,k ∈ RM×1 and xi

g,k ∈ RNx×1 are M-dimensional system output and Nx-dimensional
system states of the ith batch in the production grade g at the sampling time k, respectively.
ui

g,k ∈ RL×1 is the L-dimensional system input of batch i in the production g at the time

point k. It is assumed to have Gaussian distribution. εi
g,k ∈ RM×1 is an M-dimensional

additional noise of batch i in the production grade g at the time point k. It is independent of
ui

g,k and follows the Gaussian distribution. Ag ∈ RNx×Nx , Cg ∈ RM×Nx , and Bg ∈ RNx×L

are the parameters of batch production grade g. Some common features (Cc and Bc) in the
parameters Cg and Bg are shared in all different grades, expressed as:

Cg = CcQg
Bg = RgBc

(4)

where Cc ∈ RM×Nq and Bc ∈ RNr×L have Nq orthogonal column vectors and Nr orthogonal
row vectors, respectively, and Qg ∈ RNq×Nx and Rg ∈ RNr×L are the remaining parts for
each grade. With the common features (Cc and Bc), Equation (3) can be rewritten as

xi
g,k+1 = Agxi

g,k + RgBcui
g,k

yi
g,k = CcQgxi

g,k + ε
i
g,k

(5)

Equation (5) is then expressed in the form of the Hankel matrices.

Yi
g, f = Γg,xXi

g, f + Lg,uUi
g, f + Ei

g, f (6)

where all of the Hankel matrices have a dynamic window size of N, and the number of
moving windows is Ji

g = Ki
g − N:

Yi
g, f =


yi

g,N+1 yi
g,N+2 · · · yi

g,N+Ji
g

yi
g,N+2 yi

g,N+3 · · · yi
g,N+Ji

g+1
...

... · · ·
...

yi
g,2N yi

g,2N+1 · · · yi
g,2N+Ji

g−1

 ∈ RNM×Ji
g (7)

Ui
g, f =


ui

g,N+1 ui
g,N+2 · · · ui

g,N+Ji
g

ui
g,N+2 ui

g,N+3 · · · ui
g,N+Ji

g+1
...

... · · ·
...

ui
g,2N ui

g,2N+1 · · · ui
g,2N+Ji

g−1

 ∈ RNL×Ji
g (8)

Xi
g, f =

[
xi

g,N+1 xi
g,N+1 · · · xi

g,N+Ji
g−1

]
∈ RNx×Ji

g (9)
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Ei
g, f =


εi

g,N+1 εi
g,N+2 · · · εi

g,N+Ji
g

εi
g,N+2 εi

g,N+3 · · · εi
g,N+Ji

g+1
...

... · · ·
...

εi
g,2N εi

g,2N+1 · · · εi
g,2N+Ji

g−1

 ∈ RNM×Ji
g (10)

Γg,x =


CcQg

CcQgAg
...

CcQgAN−1
g

 ∈ RNM×Nx (11)

Lg,u =


0 0 · · · 0

CcQgRgBc 0 · · · 0
...

. . . . . .
...

CcQgAN−2
g RgBc · · · CcQgRgBc 0

 ∈ RNM×NL (12)

As the state term Xi
g, f of the system is unknown, the past input and output data are

used to approximate it:
Xi

g, f ≈ Φg,zZi
g,p (13)

where
Φg,z =

[
AN

g Γ†
g,x ∆g −AN

g Γ†
g,xLg,u

]
∈ RNx×N(M+L)

∆g =
[
AN−1

g Bg AN−2
g Bg · · · Bg

]
; Zi

g,p =

[
Yi

g,p
Ui

g,p

]
∈ RN(M+L)×Ji

g

Yi
g,p =


yi

g,1 yi
g,2 · · · yi

g,Ji
g

yi
g,2 yi

g,3 · · · yi
g,Ji

g+1
...

... · · ·
...

yi
g,N yi

g,N+1 · · · yi
g,N+Ji

g−1

; Ui
g,p =


ui

g,1 ui
g,2 · · · ui

g,Ji
g

ui
g,2 ui

g,3 · · · ui
g,Ji

g+1
...

... · · ·
...

ui
g,N ui

g,N+1 · · · ui
g,N+Ji

g−1


Equation (6) can be further rewritten as:

Yi
g, f = Γg,xΦg,zZi

g,p + Lg,uUi
g, f + Ei

g, f (14)

Now Γg,x (Equation (11)) and Lg,u (Equation (12)) are substituted into Equation (14),
expressed as:

Yi
g, f = (I⊗Cc)


Qg

QgAg
...

QgAN−1
g

Φg,zZi
g,p

+(I⊗Cc)


0 0 · · · 0

QgRg 0 · · · 0
...

. . . . . .
...

QgAN−2
g Rg · · · QgRg 0

(I⊗ Bc)Ui
g, f + Ei

g, f

(15)

To obtain a more compact expression, some notations shown as follows are defined.

Ω = (IN ⊗Cc) ∈ RNM×NNq Θ = (IN ⊗ Bc) ∈ RNNr×NL (16)
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Og =


Qg

QgAg
...

QgAN−1
g

Φg,z ∈ RNNq×N(M+L)Ξg =


0 0 · · · 0

QgRg 0 · · · 0
...

. . . . . .
...

QgAN−2
g Rg · · · QgRg 0

 ∈ RNNq×NNr

(17)
Thus, Equation (15) becomes:

Yi
g, f = ΩOgZi

g,p + ΩΞgΘUi
g, f + Ei

g, f (18)

Then, each column in Equation (18) can be written as:

yi
g, f ,j = ΩOgzi

g,j + ΩΞgΘui
g, f ,j + ε

i
g, f ,j (19)

where Ω and Θ are unknown parameter matrices to be estimated. In this work, an oblique
projection, which is used to solve Ω and Θ, is discussed in the next subsection.

3. Model Decomposition into the z-Space and the u-Space Using Oblique Projection

Since Ω and Θ in Equation (18) are coupled together, to avoid solving these two
parameters with the iterative way, the technique of oblique projection [18] is applied here
to separate Equation (18) into two subspaces which lie in zi

g,j and ui
g, f ,j, respectively. The

oblique projection /ui
g, f ,j

zi
g,j represents the projection onto zi

g,j along the direction parallel

to the input vector ui
g, f ,j.

/ui
g, f ,j

zi
g,j =

(
zi

g,j

)T
(

zi
g,j

(
Pi

u,g,j

)⊥(
zi

g,j

)T
)−1

zi
g,j

(
Pi

u,g,j

)⊥
(20)

where
(

Pi
u,g,j

)⊥
= I−

(
ui

g, f ,j

)T
(

ui
g, f ,j

(
ui

g, f ,j

)T
)

ui
g, f ,j is the projection operator for com-

puting orthogonal complementary spaces of ui
g, f ,j. With Equations (19) and (20), it is

projected along the input matrix ui
g, f ,j onto zi

g,j, expressed as:

yi
g, f ,j/ui

g, f ,j
zi

g,j = ΩOgzi
g,j/ui

g, f ,j
zi

g,j + ΩΞgΘui
g, f ,j/ui

g, f ,j
zi

g,j + ε
i
g, f ,j/ui

g, f ,j
zi

g,j (21)

According to the assumption of data ug, f ,j/ui
g, f ,j

zi
g,j = 0 and εi

g, f ,j/ui
g, f ,j

zi
g,j = 0. Define

the notation ϕi
g,j = yi

g, f ,j/ui
g, f ,j

zi
g,j; then, the above equation can be further expressed as:

ϕi
g,j = ΩOgzi

g,j (22)

By combining all of the batch data g = 1, · · · , G; i = 1, · · · , Ig; j = 1, · · · , J(i)g , one
wants to search for the parameter matrices, Og and Ω. Assume that Ω has the orthogonal
structure, and then minimize the sum of squared error defined by:

min
Ω,Og

∥∥∥ΨB
g −ΩOgZB

g,p

∥∥∥2

F

s.t. ΩTΩ = I
(23)

where ‖·‖F is the Frobenius norm, and g = 1, · · · , G.

Ψi
g = [ϕi

g,1 · · · ϕi
g,Ji

g
] Zi

g,p = [zi
g,1 · · · zi

g,Ji
g
] (24)
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and
ΨB

g = [Ψ1
g · · · Ψ

Ig
g ] ZB

g,p = [Z1
g,p · · · Z

Ig
g,p] (25)

Equation (23) is called the z-space model.
Similarly, using the oblique projection method, Equation (19) is projected onto ui

g, f ,j

along with the matrix of the past inputs and the outputs zi
g,j.

/zi
g,j

ui
g, f ,j =

(
ui

g, f ,j

)T
(

ui
g, f ,j

(
Pi

z,g,j

)⊥(
ui

g, f ,j

)T
)−1

ui
g, f ,j

(
Pi

z,g,j

)⊥
(26)

where
(

Pi
z,g,j

)⊥
= I−

(
zi

g,j

)T
(

zi
g,j

(
zi

g,j

)T
)

zi
g,j is the projection operator for computing

orthogonal complementary spaces of zi
g,j. With Equations (19) and (26), it is projected along

zi
g,j onto the input matrix ui

g, f ,j, and both sides multiplied by ΩT can expressed as:

ΩTyi
g, f ,j/zi

g,j
ui

g, f ,j = Ogzi
g,j/zi

g,j
ui

g, f ,j + ΞgΘui
g, f ,j/zi

g,j
ui

g, f ,j + ΩTεi
g, f ,j/zi

g,j
ui

g, f ,j (27)

where zi
g,j/zi

g,j
ui

g, f ,j = 0, εi
g, f ,j/zi

g,j
ui

g, f ,j = 0 and ui
g, f ,j/zi

g,j
ui

g, f ,j = ui
g, f ,j. Define notation

λi
g,j = ΩTyi

g, f ,j/zi
g,j

ui
g, f ,j; then, the above equation can be further expressed as:

λi
g,j = ΞgΘui

g, f ,j (28)

Similarly, all batch data g = 1, · · · , G; i = 1, · · · , Ig; j = 1, · · · , J(i)g are combined.
One wants to search for the parameter matrices, Ξg and Θ. First, assume that Θ has the
orthogonal structure; then, minimize the sum of squared errors defined by:

min
Θ, Ξg

∥∥∥ΛB
g − ΞgΘUB

g, f

∥∥∥2

F

s.t. ΘΘT = I
(29)

where
Λi

g = [λi
g,1 · · · λi

Ji
g
] Ui

g, f = [ui
g, f ,1 · · · ui

g, f ,Ji
g
] (30)

and
ΛB

g = [Λ1
g · · · Λ

Ig
g ] UB

g, f = [U1
g, f · · · U

Ig
g, f ] (31)

Equation (29) is called the u-space model. Thus, the common parameter matrices
(Ω and Θ) and the individual parameter matrices (Og and Ξg) of the model defined in
Equation (19) can be solved by separately minimizing the two objective functions.

4. Common Feature Parameter Matrices (Ω and Θ) Estimation
4.1. Ω and Og Estimation in the z-Space

To solve Equation (23), first consider the loss function for each sub-task parameter,
expressed as:

Jg
1 =

∥∥∥ΨB
g −ΩOgZB

g,p

∥∥∥2

F
(32)

Taking Equation (32) derivative with respect to (w.r.t.) each Og; g = 1, · · · , G is:

∂Jg
1

∂Og
= 0 = −2ΩTΨB

g

(
ZB

g,p

)T
− 2OgZB

g,p

(
ZB

g,p

)T
(33)
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Then, the solution to Og; g = 1, · · · , G is directly given.

Og = ΩTΨB
g

(
ZB

g,p

)T
(

ZB
g,p

(
ZB

g,p

)T
)−1

(34)

With the expression of the optimal model parameter Og, Equation (34) is substituted
into the loss function (Equation (32)); then, the optimization problem for the common
feature parameter Ω becomes:

min
Ω

∥∥∥∥∥ΨB
g −ΩΩTΨB

g

(
ZB

g,p

)T
(

ZB
g,p

(
ZB

g,p

)T
)−1

ZB
g,p

∥∥∥∥∥
2

F
s.t. ΩTΩ = I

(35)

According to the definition of the Frobenius norm, Equation (35) can be expanded as:

G
∑

g=1

∥∥∥∥∥ΨB
g −ΩΩTΨB

g

(
ZB

g,p

)T
(

ZB
g,p

(
ZB

g,p

)T
)−1

ZB
g,p

∥∥∥∥∥
2

F

=
G
∑

g=1

(
tr
((

ΨB
g

)T
ΨB

g

)
− tr

(
ΩTΨB

g

(
ZB

g,p

)T
(

ZB
g,p

(
ZB

g,p

)T
)−1

ZB
g,p

(
ΨB

g

)T
Ω

)) (36)

Considering the part related to Ω, the objective function (36) can be transformed to:

max
Ω

G
∑

g=1

(
tr

(
ΩTΨB

g

(
ZB

g,p

)T
(

ZB
g,p

(
ZB

g,p

)T
)−1

ZB
g,p

(
ΨB

g

)T
Ω

))
s.t. ΩTΩ = I

(37)

The gradient of the objective function at the optimum must be zero. Then, Equation (36)
can be written as:

ΨMT-LΩ = αΩ (38)

where α is Lagrange multiplier, and

ΨMT-L =
G

∑
g=1

(
ΨB

g

(
ZB

g,p

)T
(

ZB
g,p

(
ZB

g,p

)T
)−1

ZB
g,p

(
ΨB

g

)T
)

(39)

Compute the eigen-decomposition of ΨMT-L, and let Ω consist of the Nq eigenvectors
of ΨMT-L that have the largest Nq eigenvalues. Once Ω is obtained, Og can be directly
calculated in Equation (34).

4.2. Θ and Ξg Estimation in the u-Space

Similar to the procedure for solving Equation (29), consider the loss function for each
sub-task parameter:

Jg
2 =

∥∥∥ΛB
g − ΞgΘUB

g, f

∥∥∥2

F
(40)

where g = 1, · · · , G. By taking Equation (40) derivative w.r.t. each Ξg and setting it equal
to zero, one can obtain:

∂Jg
2

∂Ξg
= 0 = −2ΛB

g

(
UB

g, f

)T
ΘT − 2ΞgΘΛB

g

(
ΛB

g

)T
ΘT (41)

Then, the solution to Ξg; g = 1, · · · , G is directly given.

Ξg = ΛB
g

(
UB

g, f

)T
ΘT
(

ΘUB
g, f

(
UB

g, f

)T
ΘT
)−1

(42)
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With the expression of the optimal model parameter matrix Ξg, Equation (42) is
substituted into the objective function (Equation (29)); then, the optimization problem for
the common feature parameter Θ becomes:

min
Θ

G
∑

g=1

∥∥∥∥∥ΛB
g −ΛB

g

(
UB

g, f

)T
ΘT
(

ΘUB
g, f

(
UB

g, f

)T
ΘT
)−1

ΘUB
g, f

∥∥∥∥∥
2

F
s.t. ΘΘT = I

(43)

With the definition of the Frobenius norm, the loss function in Equation (43) can be
expanded as:

G
∑

g=1

∥∥∥∥∥Λ
q
g −ΛB

g

(
UB

g, f

)T
ΘT
(

ΘUB
g, f

(
UB

g, f

)T
ΘT
)−1

ΘUB
g, f

∥∥∥∥∥
2

F

=
G
∑

g=1

(
tr
((

ΛB
g

)T
ΛB

g

)
− tr

((
ΛB

g

)T
ΛB

g

(
UB

g, f

)T
ΘT
(

ΘUB
g, f

(
UB

g, f

)T
ΘT
)−1

ΘUB
g, f

))
(44)

Considering the part related to Θ, the objective function (43) can be transformed to:

max
Θ

G
∑

g=1

(
tr

(
ΘUB

g, f (ΛB
g )

T
ΛB

g

(
UB

g, f

)T
ΘT

ΘUB
g, f

(
UB

g, f

)T
ΘT

))
s.t. ΘΘT = I

(45)

Solving Equation (44) is a nonlinear optimization problem. To reduce the complexity
of nonlinear calculation, Θ =

[
θ1 · · · θNNr

]T is calculated row by row. First, take
the first-row vector θ1 of Θ in Equation (45) and make it a derivative w.r.t. θ1, which is
expressed by:

2
G

∑
g=1

 Bgθ1

θT
1Wgθ1

−
θT

1Bgθ1Wgθ1(
θT

1Wgθ1

)2

 = 2β1θ1 (46)

where Bg = UB
g, f

(
ΛB

g

)T
ΛB

g

(
UB

g, f

)T
,Wg = UB

g, f

(
UB

g, f

)T
; g = 1, · · · , G. Let φWg ,1 = θT

1Wgθ1,

and φBg ,1 = θT
1Bgθ1. Equation (46) can be compactly expressed as

E(θ1)θ1 = β1θ1 (47)

where

E(θ1) =

(
G

∑
g=1

(
Bg

φWg ,1
−

φBg ,1Wg

φ2
Wg ,1

))
(48)

Equation (47) is a nonlinear eigenvalue problem associated with the extracted eigen-
vector. For this problem, an iterative algorithm can be used [19]. In the first iteration, with
the guessed θ(0)1 , the left-hand side of Equation (47) can be computed and an approximation

to the eigenvector θ(1)1 associated with the smallest eigenvalue of E
(
θ
(0)
1

)
can be estimated.

Then, the left-hand side of Equation (47) with the new computed θ(1)1 is updated, and

the updated eigenvector θ(2)1 associated with the smallest eigenvalue of E
(
θ
(1)
1

)
can be

estimated. The above same procedure is repeated until θ(1)1 has no significant change. Once
the optimal result θ̂1 is found, the deflation technique is used to remove the support and
the query sets related to the direction θ̂1:(

Ug, f

)(2)
=
(

Ug, f

)(1)
− θ̂1

(
θ̂

T
1 θ̂1

)−1
θ̂

T
1

(
Ug, f

)(1)
(49)
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Then, the second parameter vector of θ1 is solved based on Equation (47). The above
procedure is repeated until the desired number of vectors is obtained. The whole iterative
procedure originated is applied to solving Equation (47) as shown in Algorithm 1.

Algorithm 1: Iterative procedure for the of the parameter Θ estimation.

Input:

B(0)g ,W (0)
g for g = 1, 2, · · · , G and θ(0)i

Process:

1. For i = 1, · · · , NNr

(1) For t = 1, · · · , until convergence do Compute the eigenvalue decomposition of

E(t)
(
θ
(t−1)
i

)
and select the eigenvector to the largest eigenvalues θ(t)i End for

(2)
(

Ug, f

)(i)
=
(

Ug, f

)(i−1)
− θ̂i

(
θ̂

T
i θ̂i

)−1
θ̂

T
i

(
Ug, f

)(i−1)

(3) Update B(i)g andW (i)
g by using

(
Ug, f

)(i)
End for

Output:

Θ̂ =


θ̂

T
1
...

θ̂
T
NNr


For clarity, the entire procedure for estimating the parameter matrices (Ω, Θ) of the

model is summarized as shown in Algorithm 2.

Algorithm 2: Algorithm for the estimation of the common features Θ and Ω.

Input:
The normalized set data, ui

g ∈ RL×1, yi
g ∈ RM×1; i = 1, · · · , Ig; g = 1, · · · , G

The dynamic step size N
The common feature parameter sizes Nq and Nr

Process:

1. Arrange the input and output data of each batch of all the products into the Hankel matrix
according to equation (18)

2. Using oblique projections equation (20) and (26), get ϕi
g,j and λi

g,j

3. According to equation (38), calculate the SVD decomposition of ΨMT-L and take the first
NNq eigenvectors to obtain the common parameter matrix Ω

4. Substitute the estimated Ω from into equation (28), and then calculate Θ according to
Algorithm1.

Output:
The common feature parameters Ω and Θ

5. Refining Parameter Matrices Using Testing Sets
Subspace Identification with the Common Feature Parameter Matrices

Once the common feature parameter matrices Ω̂ and Θ̂ are estimated using the meta-
training sets, the pre-trained model structure and the corresponding parameter matrices
will be transferred to the new batch G + 1. Then, the new batch with limited batch data
can be quickly learned. Substituting Ω̂ and Θ̂ into Equation (18), the input-output matrix
equation of the ith batch process is:

Yi
f = ΩÕΩTYi

p + ΩΞ̃ΘUi
p + ΩΞΘUi

f + Ei
f (50)

where the batch grade index is omitted as the new batch G + 1 has only one grade.
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Õ =


Q
QA

...
QAN−1

AN


Q

QA
...

QAN−1


† 

Q
QA

...
QAN−1

[ AN−1R AN−2R · · · R
]
−AN


Q

QA
...

QAN−1


†

Ξ

 (51)

Z̃
i
p =

[
ΩTYi

p
ΘUi

p

]
(52)

The first three terms of the right-hand side of Equation (50) are combined

Ỹ
i
f = PW̃

i
ZU + Ẽ

i
f (53)

where Ỹ
i
f = Ω̂TYi

f , P =
[
O Ξ

]
, Ẽ

i
f = Ω̂TEi

f , Ũ
i
f = Θ̂Ui

f , and W̃
i
ZU =

[
Zi

p

Ũ
i
f

]
.

For the solution of Equation (53), the sub-blocks (Ỹ
i
f and W̃

i
ZU) of all I batches hori-

zontally concatenate as follows:

ỸB =
[
Ỹ

1
f · · · Ỹ

I
f

]
W̃ZU,B =

[
W̃

1
ZU · · · W̃

I
ZU

]
(54)

Then, the objective function is written as:

min
P

∥∥∥ỸB − PW̃ZU,B

∥∥∥2

2
(55)

The solution to Equation (55) can be obtained using the least-squares method, and P̂
can be solved uniquely.

P̂ = ỸBW̃
T
ZU,B

(
W̃ZU,BW̃

T
ZU,B

)−1
(56)

To further obtain the state-space model parameters, the estimated parameter P̂ is
divided into the corresponding matrix:

P̂ =
[
Ô Ξ̂

]
According to Equations (6) and (18), ΩTΓxX f = OZp. Decompose ÔZp with SVD:

ÔZp =
[
U1 U2

][∑1 0
0 ∑2

][
VT

1
VT

2

]
(57)

where ∑1 is the dominant singular value. The observability matrix and the state sequence
of the system can be directly determined from the above SVD:

ΓΩ
x = Ω̂TΓx = U1 ∑1/2

1 =


Q̂

Q̂Â
...

Q̂ÂN−1

 (58)

X̂ f = ∑1/2
1 VT

1 =
[
x̂N+1 · · · x̂J

]
(59)
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According to the definition of ΓΩ
x , the parameter matrix (Â) in the new batch produc-

tion is:
Â =

(
ΓΩ

x (Nx + 1 : end, :)
)†

ΓΩ
x (1 : end− Nx, :) (60)

According to the model in Equation (3), the estimated results X̂ f and Â are substituted
to obtain: [

x̂N+2 · · · x̂J
]
− Â

[
x̂N+1 · · · x̂J−1

]
= B

[
uN+1 · · · uJ−1

]
(61)

[
yN+1 · · · yJ

]
= C

[
x̂N+1 · · · x̂J

]
+
[
εN+1 · · · εJ

]
(62)

In addition, the parameter matrices B and C in Equations (61) and (62) can be obtained
using the least-squares method.

6. Case Study

Two cases were used to verify the proposed MT-L SID: a numerical example and an
industrial penicillin batch production process.

6.1. Numerical Example

Consider a batch system whose model generates input and output data according to
Equation (5). Each stage of batch production is regarded as a task (g). The input and output
numbers are L = 20 and M = 20, respectively. The order of the system state is Nx = 4.
The input of the system (ui

g,k) is random samples generated from the Gaussian distribution

N
(

0,
√

2IL

)
, and the noise of the system is εi

g,k ∼ N (0, 0.1IM). The parameter matrices

Cc ∈ RM×Nq and Bc ∈ RNr×L with Nq = 3 and Nr = 3 shared in all batches are randomly
generated through the Gaussian distribution and orthogonalized. The parameters, Ag, Rg,
and Qg vary with different tasks (batch grades). They are randomly generated with the

Gaussian distributionsN
(

0,
√

0.2
)

,N
(

0,
√

1.9
)

, andN
(

0,
√

2.8
)

, respectively. The initial

state of each grade of the batch g is xi
g,k = 0Nx . Assume that there are G different batch

grades in the training phase. The data generation of the new batch grade G + 1 is still based
on the same above assumptions of model parameter matrices.

To verify the proposed common feature extraction scheme for identifying the subspace
model, four cases are demonstrated, including (1) a varying number of grades, (2) a varying
number of data in each batch grade, (3) identifying the subspace model for a new grade,
and (4) modeling performance with the different common feature parameters Nq and Nr.
The LF-MoM method in [16] was adapted to calculate Equation (28), and the results were
used to compare the proposed methods. The principal angle was used to evaluate the
difference between the estimated common feature parameter and the actual one. The
concept of principal angles between subspaces was first introduced by [20]. Then, Hotelling
and Harold [21] defined the form of the canonical relationship of principal angles in the
statistical theory. In this paper, the calculation method of the principal angle is based on
singular value decomposition (SVD) [22,23].

When using the proposed method to extract common knowledge, the adjustable input
parameters are listed in Algorithm 2, including the dynamic window size, N, and the
dimensions Nq and Nr of the two common parameters.

The selection of parameter N is used to extract dynamic features of the process, which
theoretically must be greater than or equal to the potential state order Nx of the model. In
the case of N ≥ Nx, the performance of the identification will not significantly improve
and may even decrease. The larger N is, the more parameters must be calculated, and a
higher data volume is required. In the case of fewer samples, the modeling performance
will decrease. On the other hand, in the case of N < Nx, it cannot adequately reflect the
dynamic characteristics of the process, and the resulting model cannot effectively describe
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the process behavior. Therefore, it is necessary to adjust N appropriately when identifying
batch processes with a few samples:

(1) Varying numbers of grades

Assume that each grade has only two batch data for the common feature extraction
stage. Take the number of samples Kg = 62 in each training batch. The batch indicator is
omitted in this case. The input and output Hankel matrices Y f , U f , and Zp are arranged
by taking N = 6 and Jg = 50 (Jg = Kg − N) from the training data. Then, Ψg and Λg are
obtained by the oblique projection.

With different grade numbers, G, the common feature parameter matrices (Ω̂ and Θ̂)
were estimated. The sine values of the principal angles between the estimated common
feature parameter matrices and the actual common feature parameter matrices are shown in
Figure 1. The x-axis in Figure 1 is the number of tasks used in the common feature extraction
stage, and the y-axis is the sine value of the principal angle sin θ between the actual and the
estimated common feature parameter matrices. The smaller sin θ is, the closer the estimated
and the actual parameter matrices are. The common characteristic parameters of output
variables were not discussed in [17], so only the MT-L SID test results are available. The
results show that the accuracy of the parameter matrix Ω̂ can be achieved with fewer data.
In the estimation of the parameter matrix Θ̂, both the results of MT-L SID and LF-MoM are
to be improved and need more training grades than the estimated parameter matrix Ω̂, as
the former is for the transmitter model, while the latter is for the emission model. More
training grades are to be included for estimating a good parameter matrix Θ̂. Furthermore,
the results show that MT-L SID can achieve a slightly better performance than LF-MoM.
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(2) Varying numbers of data in each batch grade

In the second case, the number of grades was fixed at G = 30, but different numbers of
training samples were applied. With the different samples in each batch, the corresponding
dynamic windows Jg of the Hankel matrix were changed from 31 to 500, but the window
size remained at N = 6. The principal angles between the estimated common feature
parameter matrices and the actual common feature parameter matrices are shown in
Figure 2. The x-axis of Figure 2 represents the number of dynamic windows contained in
each training batch, and the y-axis is the sine value of the principal angle sin θ between
actual and estimated common feature parameter matrices. Similar to Case 1, the parameter
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matrix Ω̂ with fewer data samples still can provide a good model performance. At the
same grade number, increasing the number of dynamic windows can improve the accuracy
of the parameter matrix Θ̂ to a certain extent. In addition, Θ̂ estimated from MT-L SID
showed better accuracy than LF-MoM.
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(3) System identification of a new grade

A new grade of the product was produced through a single batch. The system model
of the new grade was then identified. The new grade in the testing stage had one batch
for training and one for testing. The data of one new batch were arranged into the Hankel
matrix with N = 6. With the common feature parameter matrices Ω̂ and Θ̂ obtained
with 500 tasks and J = 50, the model parameter matrices Ô and Ξ̂ were identified by
Equation (56); the corresponding parameter matrices (Â, B̂, and Ĉ) of the state-space model
can be calculated using Equations (57)–(60).

Three models, including the conventional subspace identification (SID), the SID com-
bining the common feature parameters estimated from MT-L SID, and the SID from LF-
MoM were, respectively, used for comparisons. Figure 3 shows the poles of the estimated
batch parameter matrix Â with different numbers of samples for the three models. The
black asterisk and the blue, cyan, and red circles represent the actual model, SID, MT-L
SID, and SID with common feature parameters estimated from LF-MoM, respectively. In
Figure 3a, when the data are insufficient (JG+1 = 25), the proposed MT-L SID outperformed
other models. With the increasing number of training samples, all models were very close
to the actual ones in Figure 3b with JG+1 = 40 and in Figure 3c with JG+1 = 100. As for all
the case studies, the proposed learning scheme can significantly reduce the training sample
requirements in each grade compared to the other modeling schemes.

In the testing stage, the demand for training data can be reduced by including common
feature parameter matrices when the target batch data are insufficient. If the target batch
data collected in the test phase are already sufficient, then the model directly using only
the target batch data without common feature parameters can achieve accurate estimated
parameters or better. In this case, adding the common feature parameters for estimation
becomes unnecessary. However, at the stage of modeling a new batch process, the proposed
learning scheme plays an important role.
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(4) Modeling performance with the different common feature parameters Nq and Nr

In the fourth case, quantity and batch grade data were considered to compare the
support of selecting different common parameter structures in modeling new grades.
Assume there are 100 grades of data, each with two batches of data, and each batch has an
operating time of Kg = 62. In terms of parameter settings, take N = 6; Jg = 50. Consider
the case where Nq and Nr have different dimensions. Substitute the calculated common
feature parameters into the modeling of new product grade data, and further calculate the
MSE from the trained model parameters on the test data as an indicator to measure the
transfer performance. The calculated results are shown in Table 1.

Table 1. MSE calculation with different structures of common feature parameters.

Nq = 1;
Nr = 1

Nq = 3;
Nr = 3

Nq = 5;
Nr = 5

Nq = 10;
Nr = 10

Nq = 15;
Nr = 15

MT-L SID 7.8861 × 108 11.4305 32.2349 41.4559 3.605 × 106

From Table 1, it can be seen that the best modeling performance can be achieved
when the dimensions of the common parameters are the same as the real dimensions. The
dimensions Nq and Nr of the common parameters determine the amount of information
transferred from historical data to new batch product modeling. If the selected dimension
is greater than the potential actual dimension, then there is still information that can be
transferred but not used. If it is smaller than the potential actual dimension, then it will
compress the size of the structure describing individual parameters, so the description
of the process in system identification is probably under-fitting. Therefore, similarly,
the dimensions of common parameters also require several attempts to choose a more
appropriate size.

6.2. Industrial Process for Penicillin Fermentation

A simulation of industrial-scale penicillin (IndPen) production performed by the
authors of [24] was used here to validate the proposed method. The simulation was
developed using the historical batch records of a 100,000 L penicillin fermentation using
a high-yielding industrial strain of Penicillium chrysogenum, and all the available process
inputs and outputs were accurately simulated. At the same time, IndPen also integrated
real Raman spectroscopy equipment. In addition to modeling all required online and offline
variables, IndPen also considered the growth, morphology, metabolites, and degradation
of Penicillium chrysogenum fermentation on a large scale. The process flow sheet from [24] is
shown in Figure 4. Further details of the model can be found in [24,25].
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The input variables and online collected output variables of the fed-batch penicillin
process are listed in Table 2. In the penicillin production process, the sampling time of
the variable was 24 min. The variables were divided into two parts for control, namely
automatic control variables and manual control variables. The temperature and pH were
controlled by automatic control variables and regulated by a proportional integral differen-
tial (PID) feedback loop. In the manual control variables, the substrate flow rate and the
phenylacetic acid flow rate were controlled by the recipe-driven method following the fixed
curve of the whole batch or by the operator operating the fixed curve of the whole batch
(depending on the operator). This control mode copied the control actions observed by the
operator manually adjusting the whole batch of the substrate flow rate and the phenylacetic
acid flow rate.

Table 2. Input and output variables of the IndPen fermentation process.

Input Variables Output Variables

Fa/b: Acid/base flow rate DO2: Dissolved oxygen conc.
Fh: Heating flow rate pH: pH

Fc: Cooling water flow rate Ttan k: Temperature of the tank
FPAA: Phenylacetic acid flow rate CO2,og: Off-gas carbon dioxide

Fg: Aeration rate W: Vessel weight
Fw: Water for injection flow rate O2,og: Off-gas oxygen

Fs: Substrate flow rate
Foil : Oil flow rate

In IndPen, the operation mode was adjusted as follows.

• Changing environment temperature.
• Control strategy (recipe-driven (i.e., SBC)).
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• Option to include inhibitory effects on the growth rates during DO2, N, and PAA
limitation, as well as during excessive PAA and CO2 concentrations and sub-optimal
T and pH operation.

• Whether to use Raman spectroscopy to control PAA.

According to the selection of the above modes, 14 different modes were collected.
The first 10 modes were operated in ambient temperature condition 1: substrate feed
temperature 288 K, substrate feed cold water 288 K, air temperature 290 K, and inlet coolant
temperature 285 K. The operation mode setting under these temperature conditions is
shown in Table 3. The operation mode setting under temperature condition 2—substrate
feed temperature 293 K, substrate supply cold water 293 K, air temperature 298 K, and inlet
coolant temperature 288 K—is shown in Table 3.

Table 3. Batch runs of product of each operation mode at ambient temperature condition 1.

No. Control Strategy Raman Spectroscopy Inhibition

1 Sequential batch control Only record the Raman data DO2, T, pH, CO2, PAA, N

2 Operator controller batch Only record the Raman data DO2, T, pH, CO2, PAA, N

3 Sequential batch control Use Raman data to control PAA DO2, T, pH, CO2, PAA, N

4 Operator controller batch Use Raman data to control PAA DO2, T, pH, CO2, PAA, N

5 Sequential batch control Use Raman data to control PAA No inhibition

6 Sequential batch control Use Raman data to control PAA DO2, T, pH

7 Operator controller batch Use Raman data to control PAA DO2, T, pH

8 Operator controller batch Use Raman data to control PAA No inhibition

9 Operator controller batch Only record the Raman data No inhibition

10 Sequential batch control Only record the Raman data No inhibition

11 Sequential batch control Only record the Raman data DO2, T, pH, CO2, PAA, N

12 Operator controller batch Only record the Raman data DO2, T, pH, CO2, PAA, N

13 Sequential batch control Use Raman data to control PAA DO2, T, pH, CO2, PAA, N

14 Operator controller batch Use Raman data to control PAA DO2, T, pH, CO2, PAA, N

According to the variables in Table 2, the input and output profiles of mode 1 are
shown in Figures 5 and 6, respectively.
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In the case of a small sample of batch data, operation mode 10 was selected for
validation. The common knowledge was extracted from the data of other modes excluding
the test. The proposed MT-L SID was compared with the combination of LF-MoM and SID
and the conventional SID.

• Few-shot learning in mode 10 data

Considering the modeling of fed-batch penicillin process in operation mode 10, the
common feature extraction involved using the batch data in other modes, and each of them
was five batches. The dimensions of the common feature parameter matrices with N = 36
were Nr = 5 and Nq = 5. In the testing stage, nine batch data from mode 10 were used
for training, and the rest of the batch was used for verification. The results are shown
in Figure 7.
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In Figure 7, the black lines are the actual outputs, the blue lines are the predicted
outputs without using common feature parameter matrices for modeling, the red lines are
the predicted outputs of the MT-L SID, and the green lines are the predicted outputs of the
model with LF-MoM. Although the outputs of the red lines do not completely follow the
outputs well, the proposed learning model can better describe the process behaviors than
the model established without using common feature parameter matrices and SID with
LF-MoM. The MSE of these methods with five operation conditions (modes) are shown in
Table 4. In Table 4, the process variables are scaled to the same size. The results show that
in few-shot batch modeling, the performance of the proposed MT-L SID was helpful and
better than LF-MoM and conventional SID.

Table 4. MSEs of SID, MT-L SID, and LF-MoM models in the IndPen fermentation process case.

SID LF-MoM MT-L SID

Mode 1 282.2638 2.8839 2.6048
Mode 2 29.2447 15.1013 11.7451
Mode 3 86.4948 101.8927 14.5548
Mode 4 12.4861 4.5348 3.9649

Mode 10 12.2479 2.4549 2.3101

7. Conclusions

The data collected from the industrial batch process sometimes encounter the low-N
problem. Such a small number of batch-run data will greatly degrade the performance
of data-driven models. In this study, multitask-learning SID was proposed for modeling
batch processes, which can transfer knowledge from multiple batch process data. The
proposed method uses historical batch data with similar multiple batch production to
train the state-space model and extract common feature parameter matrices. Then, during
modeling, a batch with a new grade, as well as the input and output variables of the
historical batch data, is projected into the common feature space to reduce the sample
requirements for the training of new model parameters. Thus, the model of a new batch
with a few batch data can be effectively and quickly constructed. In addition, the purpose
of using oblique projection in our method is to avoid solving the common parameters of
two objective functions simultaneously during the solution process. This technique can
decouple the two parameters so that the solutions of the two parameters do not affect each
other. According to the objective functions we have defined, the derivation result of solving
the common parameters corresponds to solving the eigenvalue problem. The common
parameters correspond to the maximum eigenvalue of the data matrix after the oblique
projection transformation. The contributions of this study are summarized as follows:

• A modified linear time-invariant state-space model was proposed, which separates
the common features and individual features corresponding to the input and input
parameters so that it can be used to express the extraction of common features in the
multi-input, multi-output dynamic system.

• The multi-task learning-based N4SID, called MT-L SID, was developed. The proposed
SID model of the common feature parameters was learned from historical batch data.
It can be effectively applied to the batch process with new grades. Then, the data
requirement of a new batch process modeling can be reduced.

• With the oblique projection, MT-L SID can separate input-output equations to calculate
the common feature parameter matrices. The calculations are straightforward without
heavy iterations.

Finally, the proposed method was validated based on a numerical example and an
industrial penicillin production process. In the generated numerical examples, increasing
the number of batches (tasks) or the amount of data in individual batches improved the
accuracy of common feature parameters. In the production of penicillin, the proposed
method showed better prediction performance in the case of a few samples.
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Nomenclature

Dg The data set of batch grade g
Ig Number of batches in grade g
N Dynamic window size
xi

g,k System state of batch i in grade g at time k
ui

g,k System input of batch i in grade g at time k
yi

g,k System output of batch i in grade g at time k
εi

g,k Additional noise of batch i in grade g at time k
Bg Parameter of grade g
Rg Individual part of parameter Bg
Cc Common part of parameter Cg
Bc Common part of parameter Bg
Ω Extended of parameter Cc
λi

g,j yi
g, f ,j projection onto ui

g, f ,j along the direction parallel to zi
g,j

ΨB
g Total batch data of ϕi

g,j
ΛB

g Total batch data of λi
g,j

G Number of grades
Ki

g Operation time of batch i in grade g
Ji
g Number of moving windows

Nx Number of system states
L Number of system inputs
M Number of system outputs
Ag Parameter of grade g
Cg Parameter of grade g
Qg Individual part of parameter Cg
Nq Dimention of parameter Cc
Nr Dimention of parameter Bc
Θ Extended of parameter Bc
ϕi

g,j yi
g, f ,j projection onto zi

g,j along the direction parallel to ui
g, f ,j

ZB
g,p Total batch of zi

g,j
UB

g, f Total batch of ui
g, f ,j
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