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Abstract: Precise and efficient calculations are necessary to accurately assess the effects of thermal
protection system (TPS) uncertainties on aerospacecrafts. This paper presents a probabilistic design
methodology for TPSs based on physics-informed neural networks (PINNs) with parametric un-
certainty. A typical thermal coating system is used to investigate the impact of uncertainty on the
thermal properties of insulation materials and to evaluate the resulting temperature distribution. A
sensitivity analysis is conducted to identify the influence of the parameters on the thermal response.
The results show that PINNs can produce quick and accurate predictions of the temperature of
insulation materials. The accuracy of the PINN model is comparable to that of a response surface
surrogate model. Still, the computational time required by the PINN model is only a fraction of the
latter. Considering both computational efficiency and accuracy, the PINN model can be used as a
high-precision surrogate model to guide the TPS design effectively.

Keywords: physics-informed neural networks; thermal protection system; uncertainty quantification;
surrogate model

1. Introduction

The safety of the aerospacecraft relies heavily on the thermal protection system (TPS).
However, the design and application of TPSs are subject to various uncertainties, such as
size deviations during thermal protection parts production, external aerodynamic heating
load uncertainties during operation, and changes in material physical properties due to
variations in the environment’s temperature or the material itself [1]. Redundant design
based on limit deviation has been conventionally employed to address these uncertainties,
leading to a heavy weight of the TPS and decreased system performance [2]. Therefore,
developing a high-precision approach to TPS design that accounts for various uncertainties
is a critical advancement in the field [3].

The concept of probabilization is widely utilized to quantify uncertainty in the design
of TPSs. The utilization of the Monte Carlo method to analyze the uncertainty of heat
conduction parameters was first proposed by Howell [4], which laid the foundation for
the probabilistic design of uncertainty. Dec et al. [5] integrated Monte Carlo methods
with trajectory calculations and aerodynamic heating predictions from material response
calculations. They used a finite difference calculation tool to establish the relationship be-
tween the dimensional design margin and the failure probability of the TPS. However, this
approach necessitates calling the system model multiple times for computation, resulting
in significant computational costs and reduced computational efficiency. Alternatively, the
original high-precision complicated model can be substituted with a surrogate model to
enhance computational efficiency while preserving accuracy [6–10]. A surrogate model
refers to an approximation model that describes the relationship between the input and
output of a system. It enables obtaining the corresponding output quickly based on the
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input, without resorting to complex high-precision calculations. Surrogate models offer
low computational costs, and their results closely resemble those of high-precision models.
Common surrogate models include the response surface method, Kriging surrogate models
(Gaussian processes), radial basis functions, polynomial chaos expansions (PCE), and neu-
ral networks, among others. Ravishankar et al. [11] studied the uncertainty characteristics
of TPSs and predicted the failure probability of TPSs using the response surface method.
Tao et al. [12] used Kriging surrogates to quantify the effects of slot geometry deviations
and mainstream condition fluctuations on the aero-thermal performance of endwalls. Wang
et al. [13] used polynomial chaos expansion to optimize the reliability design of TPSs based
on evidence theory. Guo et al. [14] optimized the parameters of the metallic TPS using
Bayesian neural networks and genetic algorithms. Sensitivity analysis demonstrated the
impact of each design variable on the thermal and mechanical response.

Conventional probabilistic design methods often require a large amount of labeled data
for training models to construct response surfaces for large-scale simulations. However,
some data can be expensive or unavailable for calculation or measurement in practical
engineering applications. Furthermore, the “black box” nature of surrogate models and
their dependence on training data can result in a lack of generalization and, in some cases,
failure [15,16]. In recent years, methods that combine neural networks with known physical
information have been developed, enhancing the network’s capacity for learning [17–22].
Among these methods, the physics-informed neural network (PINN) [18] has attracted
more attention due to its success in using neural networks to approximate the solution of
partial differential equations straightforwardly. PINNs can be trained solely with known
physical information without requiring additional training data, making it applicable in
cases where little or no data are available.

Moreover, the physical information constraint enhances the model’s interpretability by
making predictions consistent with the physical information and improving its generaliza-
tion capacity. Another significant advantage of the PINN over traditional surrogate models
is its ability to solve parametric problems [23,24]. Uncertain parameters are utilized as input
parameters to produce corresponding prediction results for varying parameter values. This
approach enables swift result prediction for many parameters without requiring Monte
Carlo methods to repeat the computation procedure multiple times.

This paper applies physics-informed deep learning methods to the design process of
TPSs, considering the impact of uncertainty factors on the system and building a probabilis-
tic design process for TPSs. Specifically, in the surrogate modeling part of the probabilistic
design process of TPSs, this paper uses the parameterized PINN method to consider the im-
pact of uncertainty in material properties on TPSs. This method only uses known physical
information to constrain the model and can quickly predict different parameters without
additional labeled data. In addition, this article compares this method with traditional
response surface methods in extrapolation ability and computational efficiency, demonstrat-
ing the effectiveness of this method and its potential for practical industrial applications.

The structure of this paper is as follows: In the second section, the probabilistic design
process and method for TPSs are introduced, focusing on the basic principles of PINNs
and parameterized PINN algorithms. In the third section, the feasibility of the PINN
surrogate model is validated through deterministic modeling. Then, an uncertainty PINN
surrogate model is constructed and applied to the design process of TPSs. Additionally,
the PINN results are compared with those of traditional response surface methods, taking
into account the model’s extrapolation and generalization capabilities. The fourth section
provides a summary and outlook of this article.

2. Methods

This section discusses the methods associated with the uncertainty design process of
TPSs, with a particular emphasis on the principles of PINNs.
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2.1. Thermal Protection System

During the high-speed flight, the surface of the TPS faces a severe aerothermal envi-
ronment, resulting in the top surface temperature being higher than the bottom surface
temperature and heat transferring from the outside to the inside. The rate of heat transfer
is influenced by time, the geometric shape of the insulation material, and the material prop-
erties of the insulation. Therefore, the objective of TPS design is to control the insulation
material’s thickness and properties, among other factors, to ultimately regulate the bottom
surface temperature so that it remains below the maximum temperature that the system can
withstand [25]. This process involves dealing with uncertainties, which can be challenging.
However, using PINN can help address these challenges by incorporating known physical
information to achieve accurate predictions, even when data are limited.

The following partial differential equation [26] can be used to represent the heat
transfer problem associated with TPS.

ρ(u)c(u)
∂u(x, t)

∂t
= ∇ · (k(u)∇u(x, t)) + f(x, t), x ∈ Ω, t ∈ [0, T] (1)

When the internal heat source f (x, t) is ignored, and all physical parameters remain
constant, the equation can be simplified to

ρc
∂u
∂t

= k
(

∂2u
∂x2 +

∂2u
∂y2 +

∂2u
∂z2

)
, x, y, z ∈ Ω, t ∈ [0, T] (2)

where u represents the bottom surface temperature as a function of the four independent
variables at the location specified by the time coordinate t and the spatial coordinates x, y,
and z; k, ρ, and c are the three physical parameters of the insulation material, denoted as
the thermal conductivity, density, and specific heat capacity of the material, respectively; Ω
denotes the spatial domain; and T denotes the maximum value of time.

The boundary conditions can be expressed as

u(x, y, z, t) = uD (3)

−
(

k
∂u
∂x

+ k
∂u
∂y

+ k
∂u
∂z

)
= qN (4)

−
(

k
∂u
∂x

+ k
∂u
∂y

+ k
∂u
∂z

)
= h(uw − uf) (5)

where Equation (3) represents the Dirichlet boundary condition and uD represents the
known temperature on that boundary; Equation (4) represents the Neumann boundary
condition and qN represents the heat flux on that boundary; Equation (5) is the Robin
boundary condition, h represents the heat exchange coefficient on that boundary, uw is the
temperature on the boundary and uf is the temperature in the environment.

The initial condition can be expressed as

u(x, y, z, 0) = u0 (6)

where u0 is the initial temperature, the task for the TPS is to solve for these control equations,
boundary conditions, and initial conditions to determine the temperature u of the response.

2.2. Uncertainty Design Process

The uncertainty design process for TPSs consists of two main parts, uncertainty
analysis, and uncertainty optimization [27–29], shown in Figure 1. The uncertainty design
process mainly includes the following steps:

(1) Deterministic modeling: Firstly, traditional deterministic modeling is performed on
the system. This involves mathematically abstracting and describing the TPS-related
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problems to simulate the real physical system, and analyzing each variable in the
system as a deterministic constant.

(2) Uncertainty input and uncertainty modeling: Based on this, the uncertain parameters
that need to be considered are preliminarily determined according to the real envi-
ronment and configuration requirements of the TPS, such as material properties, heat
flux density, geometric shape, etc. These parameters are considered uncertain inputs,
and each input’s probability distributions and range intervals are determined based
on practical working experience and input into the model for uncertainty modeling.

(3) Surrogate model: as the computational cost of high-precision models is significant, a
surrogate model is constructed to approximate the original high-precision model.

(4) Sampling and uncertainty propagation: Once the surrogate model is trained, it can
quickly provide corresponding output results for a new input. Therefore, a large
number of system response values can be obtained by drawing a large number of
random samples for uncertain inputs and using surrogate models for fast calculations.
This method is known as the Monte Carlo method. The Monte Carlo method can be
used to propagate uncertainty in input variables through surrogate models.

(5) Reliability analysis: based on this, the uncertainty of the system is analyzed, such as
by quantitatively analyzing the distribution characteristics of system performance
under uncertainty impact and calculating the reliability of the design scheme.

(6) Correlation and sensitivity analysis and adjusting input uncertainty: The system is
optimized based on the analysis results. If the reliability meets the requirements,
the design process ends. Otherwise, the correlation and sensitivity analysis of the
uncertain parameters in the previous inputs are performed. The parameters with
low correlation can be removed from the uncertain inputs to reduce the complexity
of surrogate model training. At the same time, the parameters with high sensitivity
are adjusted and optimized, such as by reducing the uncertainty level of relevant
parameters through process improvement methods.

(7) Uncertainty optimization: finally, the adjusted model is trained again, and the above
steps are repeated until the system meets the design requirements.
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Figure 1. The uncertainty design process for thermal protection system (TPS).

2.3. Surrogate Model

High-precision numerical simulations are computationally expensive and can be
replaced by a less costly surrogate model. A surrogate model is an approximate model
that describes the input–output relationship of a system, which approximates the behavior
of the actual system while ensuring computational efficiency. There are two types of
surrogate models: physics-based and data-based. Physics-based surrogate models use
known physical equations and parameters to describe the relationship between system
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inputs and outputs. Data-based surrogate models use existing experimental data and
regression analysis to construct a functional relationship between inputs and outputs to
replace the behavior of the actual system. Once trained, the model can quickly obtain the
corresponding output results for new inputs without performing complex high-precision
calculations. Since the evaluation cost of surrogate models is low, standard Monte Carlo
methods can be used to consider uncertainty propagation in the model.

The commonly used surrogate model for a TPS is the response surface surrogate model.
This section introduces the principles of the response surface, PINN, and parameterized
PINN surrogate models.

2.3.1. Response Surface Methodology

The basic idea of response surface methodology is to use a polynomial expansion to
approximate the relationship between input and output [30]. It has been mathematically
proven that any function can be expressed by a polynomial. The response surface model
generally uses only first- or second-order terms to fit the relationship, which can achieve
satisfactory results while avoiding overfitting, despite the truncation error. The relationship
obtained by the response surface model can be expressed as:

Y = Xβ+ ε (7)

where X and Y represent the input and output variables, respectively; β is the correspond-
ing regression coefficient; and ε is the error between the fitted value and the true value.
Generally, β can be determined by the least squares method, which means minimizing the
error ε:

L =
n

∑
i=1
ε2

i = ε′ε = (Y− Xβ)′(Y− Xβ) (8)

When the variance L is minimized, the response surface is obviously closest to the
actual value. When the partial derivative of L with respect to β is 0, the minimum variance
has a minimum value:

∂L
∂β

∣∣∣∣
β̂

= −2X′Y + 2X′Xβ̂ = 0 (9)

simplifying:
β̂ = (X′X)−1X′Y (10)

At this point, the expression fitted by the response surface surrogate model can be
represented as:

Y = Xβ̂ (11)

2.3.2. Physics-Informed Neural Networks

The universal approximation theorem for neural networks is a theoretical result
that shows that a neural network can approximate any continuous function to arbitrary
precision [31]. This theorem forms the basis for the development of PINNs. Figure 2
provides a schematic representation of PINN. Since the output of a PINN is a continuously
differentiable equation, each term in the differential equation can be calculated accurately
using automatic differentiation [32]. PINN incorporates known physical information, such
as partial differential equations, into the loss function of a neural network using automatic
differentiation. This approach ensures that the neural network output is consistent with
the known physical information. In general, parametric partial differential equations can
be expressed as follows:

F(x, t, u(n)(x, t), λ) = 0, x ∈ Ω, t ∈ [0, T]
u(x, t0) = g0(x), x ∈ Ω
u(x, t) = gΓ(x), x ∈ ∂Ω, t ∈ [0, T]

(12)
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where x is a spatial coordinate vector and t is time; u(n)(x, t) denotes the n-th order derivative
of the solution u(x, t) of the equation; λ denotes the parameter in the partial differential
equation and F is the residual of the partial differential equation; g0(x) and gΓ(x) denote
the initial and boundary conditions of the equation respectively, where the boundary
conditions include three types of boundary conditions; Ω denotes a bounded region and
∂Ω is its corresponding boundary.
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Figure 2. Schematic of a physics-informed neural network (PINN).

In a PINN, a fully connected neural network is used to approximate the solution to
the equation u (x, t). An input layer, (K − 2) hidden layers, and an output layer make up a
neural network with K layers. The neural network’s input parameters are the spatial and
temporal coordinates (x, t), and its final layer’s output value is an approximation of the
equation’s solution, u (x, t). Let the output vector of the i-th hidden layer be zi, then the
neural network can be represented as:

z0 = (x, t)
zi = σ(Wizi−1 + bi), i = 1, . . . , K− 2
zK−1 = WK−1zK−2 + bK−1

(13)

where z0 denotes the input layer of the neural network, zi(i = 1, . . . , K − 2) denotes the
output vector of the i-th hidden layers, σ is the non-linear activation function, Wi and bi

represent the weight matrix and bias vector of the i-th hidden layer respectively, which are
parameters that need to be optimized during model training, and zK−1 is the approximate
value of the solution u(x, t) of the equation.

A PINN essentially adds equations as physical restrictions to a neural network’s loss
function, which is typically represented as:

L = α1LPDE + α2LIC + α3LBC (14)

where the LPDE, LIC, and LBC correspond to the residuals of the control equations, initial
conditions, and boundary conditions, respectively, where the partial differential operator
can be easily obtained by automatic differentiation. α1, α2, andα3 are the weight coefficients
of the corresponding loss terms, which can be adjusted according to the actual situation [33].
The PINN is trained to minimize the loss function by optimizing the parameters Wi and bi

so that the solution learned by the neural network as closely as possible satisfies the known
physical information. In general, Mean Square Error (MSE) is used to measure the loss of L,
so the loss function can be written in the following form:

L = α1MSEPDE + α2MSEIC + α3MSEBC (15)
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where

MSEPDE = 1
NPDE

NPDE
∑

i=1
|Fi − 0|2,

MSEIC = 1
NIC

NIC
∑

i=1

∣∣u(xi, t0)− g0(xi)
∣∣2,

MSEBC = 1
NBC

NBC
∑

i=1
|u(xi, ti)− gΓ(xi)|2

(16)

2.3.3. Parametric Physics-Informed Neural Networks

Parametric PINNs are a variation of the conventional PINN method that is better suited
for solving parametric problems, such as uncertainty quantification and optimal design.
In addition to the spatial and temporal coordinates (x, t) used in the standard PINN, the
parametric PINN accepts the uncertainty parameter (λ) as an input to the neural network.
This makes the input of the parametric PINN consist of spatiotemporal coordinates and the
uncertainty parameter (x, t, λ). Figure 3 provides a comparison of the input layers of the
two methods, with the rest of the principles being similar to those in Section 2.3.2.
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In traditional methods, solving a problem for different parameters requires a new
finite element analysis for each parameter, which is computationally expensive. On the
other hand, the parametric PINN takes the parameters as input and can efficiently predict
results for any given parameter value after training the model. Therefore, the parametric
PINN significantly enhances computation efficiency by providing quick predictions for
different parameters at a low computational cost.

2.4. Reliability Analysis

In TPS design, it is necessary to establish a reasonable range of reliability. If the system
meets the reliability requirements, the design process is complete. However, if it fails to
meet the requirements, the controllable parameters of the system must be optimized, and
the reliability assessment must be repeated [34]. The reliability R of the TPS can be obtained
directly from the statistical output as follows.

R =

(
1− N(Tlim ≤ Tmax)

N

)
× 100% =

N(Tlim > Tmax)

N
× 100% (17)

where Tlim is the limit temperature that the system can withstand and Tmax is the maximum
bottom surface temperature of the system. N represents the total number of repetitions
simulated using Monte Carlo sampling, and N(·) represents the number of times the
corresponding situation occurs.

2.5. Correlation and Sensitivity Analysis

The probabilistic analysis of the temperature field of TPS has a significant advantage
in providing the correlation and sensitivity of the output parameters to the input parame-
ters [35]. This feature is useful in guiding system parameter tuning and industry-standard
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design. The correlation coefficient determines the relationship between each uncertain
input parameter and the output temperature. It is an indicator that measures the linear
correlation between the input and output. The expression of the correlation coefficient is
given by:

ri =

n
∑

j=1
(xij − xi)(yj − y)√

n
∑

j=1
(xij − xi)

2 n
∑

j=1
(yj − y)2

, i = 1, 2, 3 (18)

where ri denotes the correlation coefficient between the i-th input variable and the output
variable y, which can indicate the degree of correlation between them; xij is the j-th value of
the i-th input variable; xi is the mean value of the i-th input variable; yj is the j-th value of
the output variable; ȳ is the mean value of the output variable.

Based on the correlation, the degree of influence of each input variable’s variability
on the system’s reliability can be measured by the sensitivity coefficient. The sensitivity
coefficient pi can be derived based on the correlation coefficient ri as described above, and
its specific expression is:

pi =
|ri|

n
∑

i=1
|ri|

(19)

3. Results

This section analyzes the transient heat transfer problem for TPSs using the method
and process proposed in Section 2. The TPS studied in this paper is a typical large-area coat-
ing TPS, and its structural diagram is shown in Figure 4. The size of the three-dimensional
model along the horizontal direction is much larger than that along the vertical direction.
There is no shape change along the horizontal direction, so the temperature change in this
direction can be ignored. Therefore, this paper simplifies the three-dimensional model into
a one-dimensional one, consistent with the processing procedure in the [36].
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Figure 4. Schematic diagram of homemade coating material TPS.

This paper considers the homemade coating material, whose physical parameters are
shown in Tables 1 and 2. The material space length is set to L = 4 mm and the time is
T = 150 s. The top surface boundary is a Neumann boundary condition with heat fluxes
density of Q = 10,000 W·m−2, while the bottom surface boundary is an adiabatic condition.
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The initial temperature is set to 25 ◦C. The following partial differential equation can control
the simplified model heat transfer performance:

∂u
∂t −

k
ρc

∂2u
∂x2 = 0

∂u
∂x

∣∣∣
x=0

= −Q
k

∂u
∂x

∣∣∣
x=0.004

= 0

u| t=0 = 25

(20)

where x belongs to the range [0, 0.004], and t belongs to the range [0, 150]. The training
speed and accuracy of the neural network are influenced by the range of the input and
output [37], so feature scaling is necessary before feeding the training data into the network.
For the input variables (x, t), since the boundaries for the time and space parameters
are predefined, they can be scaled to the range [0, 1] using the maximum values of time
and space:

x̂ =
x
L

, t̂ =
t
T

(21)

Table 1. Parameter setting of material property parameters for deterministic modeling.

Input Parameter Symbol Value Unit

thermal conductivity k 0.12 W·m−1·K−1

density ρ 560 kg·m−3

specific heat capacity c 1510 J·kg−1·◦C−1

Table 2. Parameter setting of material property parameters for uncertainty modeling.

Input Parameter Symbol Unit Mean Standard
Deviation Upper Bound Lower Bound

thermal conductivity k W·m−1·K−1 0.12 0.003 0.13 0.10
density ρ kg·m−3 560 14 602 518

specific heat capacity c J·kg−1·◦C −1 1510 38 1624 1396

There is no pre-defined range for the output u. We normalized the output based on
actual experience, with U being set to 100 in this case:

û =
u
U

(22)

At this point, the previous equation also needs to be correspondingly modified:

∂û
∂t̂ −

k
ρc

T
L2

∂2û
∂x̂2 = 0

∂u
∂x

∣∣∣
x=0

= − L
U

Q
k

∂u
∂x

∣∣∣
x=1

= 0

u| t=0 = 25
U

(23)

where x belongs to the range [0, 1], and t belongs to the range [0, 1]. All subsequent
examples in this paper will be discussed based on this equation.

Training of the PINN neural network does not require high-fidelity datasets, but to
approximate the solution of partial differential equations, it needs to sample points at the
boundary, initial time, and globally, and use them for training. In this paper, 200 points
are randomly selected at the boundary and initial time respectively. In addition, to cover
the predefined spatiotemporal domain more uniformly, this paper uses Latin hypercube
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sampling to sample the global configuration points, with a sample size of 10,000. These
data are treated as training data.

The PINN surrogate models built in the examples of this paper were implemented
on the TensorFlow platform with the following default settings. A fully connected neural
network with four hidden layers, each with a width of 64, was used. The hyperbolic tangent
function (tanh) was used as the activation function to ensure the smoothness of high-order
derivatives of the developed neural network. The weight coefficients α in the loss function
of the examples in this paper are all set to 1. The Adam optimizer was used for training
first with a total number of training steps set to 5000. The hyperparameters of the Adam
optimizer were set to l = 10−3, β1 = 0.9, and β2 = 0.999. Then, the L-BFGS-B algorithm was
used for fine-tuning the neural network to obtain higher accuracy. The training process of
L-BFGS-B was based on automatic termination with an incremental tolerance. Meanwhile,
the response surface surrogate model and finite element method (FEM) constructed in
the examples of this paper are implemented using ANSYS Parametric Design Language
(APDL). The response surface constructed in this paper uses a quadratic polynomial to fit
the relationship. Moreover, Monte Carlo simulations with a sample size of N = 10,000 were
used to estimate the mean, standard deviation, and reliability. All training was performed
on an NVIDIA GeForce GTX 1650 graphics processing unit (GPU).

In this section, to begin with, for the deterministic problem where material proper-
ties are considered as deterministic constants, a deterministic PINN surrogate model is
established and extensively compared with the results obtained from the FEM, to ver-
ify the feasibility and effectiveness of the PINN surrogate model in the design of the
TPS. Subsequently, uncertainty issues are considered, where material properties are no
longer constants, but random variables following a certain distribution. These random
variables are regarded as uncertain factors, and their effects on the design of the TPS are
analyzed. Finally, we demonstrate the advantages of the PINN surrogate model in terms of
extrapolation prediction and computational efficiency.

3.1. Deterministic PINN Surrogate Model

In this subsection, we present the development of a deterministic PINN heat transfer
surrogate model for the TPS. The model assumes that the thermal conductivity, density,
and specific heat capacity are constant values, and their respective values are specified in
Table 1. Figure 5 illustrates the PINN surrogate model prediction results. The figure shows
that the temperature of the material close to the top surface is relatively higher at the same
time, and the variation in the material’s bottom surface temperature also rises over time.
These trends are in good agreement with the actual physical behavior of the TPS.
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A comparison is made between the prediction results of PINN and those of the
FEM, and the results are presented in Figure 6 to further demonstrate the accuracy of the
predictions. Figure 6 shows the temperature–time curves obtained by two methods at
three locations, from top to bottom: the material’s top surface, the middle position, and the
bottom surface (corresponding to x = 0 mm, 2 mm, and 4 mm, respectively). The dashed
line in Figure 5 corresponds to the temperature–time curve at the middle position. The
comparison reveals that there is a minimal disparity between the PINN prediction results
and the corresponding numerical solutions, with a relative error of only 0.35%. These
findings suggest that the PINN surrogate model can effectively simulate the temperature
variation in insulation material with high accuracy.
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3.2. Uncertain PINN Surrogate Model

This subsection modifies the assumption of fixed and constant values for material
physical parameters by taking into account their variability and considering them as
random parameters. This is motivated by the fact that the manufacturing process for the
material can lead to uncertainties in the material’s properties, such as thermal conductivity,
density, and specific heat capacity. To deal with these uncertainties, the parametric PINN
method is used to achieve fast and accurate predictions of the temperature field. This
approach is also applied to the uncertainty design process of TPS, where the effect of the
uncertain parameters on the temperature distribution can be analyzed, and the design can
be optimized accordingly.

3.2.1. Parametric PINN Surrogate Model

We consider the uncertainties associated with three mutually independent physical
parameters: thermal conductivity, specific heat capacity, and density. Based on actual
experimental measurements and engineering experience, each parameter is assumed to
follow a truncated Gaussian distribution for stochastic modeling. The specific parameters
of the distributions are provided in Table 2. The parameterized PINN is trained to obtain
the temperature field on the bottom surface using these parameters along with spatial and
time coordinates as the input for the neural network.

The predictive capabilities of three different methods were compared, namely, the
FEM, response surface surrogate model, and parametric PINN surrogate model. Table 3
shows the corresponding bottom surface temperatures for these three methods’ results at
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t = 150 s under five different material property parameters, which are randomly selected.
It was observed that both surrogate models could predict the temperature accurately.
However, the response surface surrogate model provided results closer to the numerical
results obtained from the FEM. In contrast, the parametric PINN surrogate model exhibited
a deviation of approximately 3 ◦C from the accurate solution, with an average relative error
of 0.76%. Nonetheless, this error level is considered acceptable and can be further reduced
by optimizing the structure of the neural network or increasing the number of training
iteration steps, etc. The loss function values during the training process of the parametric
PINN surrogate model are illustrated in Figure 7. Logarithmic coordinates are employed
to present the change in the loss function values more effectively. It can be observed from
the graph that a marked decrease in the loss function values occurred when the L-BFGS-B
optimizer was adopted after 5000 iterations of training.

Table 3. The temperature values of the bottom surface at t = 150 s with different parameters calculated
by the three different methods.

Thermal
Conductivity Density Specific Heat

Capacity
Finite Element

Method
Response Surface
Surrogate Model

Parametric PINN
Surrogate Model

0.119370 539.645 1528.84 421.728 421.912 424.996
0.116521 558.481 1513.49 409.513 409.433 412.654
0.120067 563.618 1515.11 406.717 406.515 409.758
0.122154 584.524 1546.61 383.424 383.177 386.121
0.117357 542.746 1523.59 419.727 419.806 422.894
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3.2.2. Uncertainty Propagation

Upon completion of the training, the parametric PINN surrogate model is utilized
to explore the uncertainty propagation of the parameters and their effect on the bottom
surface temperature. To achieve this, 10,000 samples were extracted from the truncated
Gaussian distribution of the three physical parameters, and the parametric PINN surrogate
model quickly obtained their corresponding temperatures. Figure 8 displays the probability
distribution characteristics of the extracted random array of thermal conductivity k, which
approximately follows a normal distribution.
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Figure 9 illustrates the properties of their corresponding bottom surface temperature
probability distributions. By employing the same approach, the temperature results of
the response surface surrogate model are depicted in Figure 10. A comparison of the
statistical properties of the mean and standard deviation of the two predicted temperatures
is presented in Table 4. The comparison reveals that the results of the parameterized
PINN surrogate model are highly similar to those of the response surface surrogate model.
Under the influence of parameter uncertainty, the bottom surface temperature of the TPS
approximately conforms to a normal distribution. The mean temperature value predicted
by the PINN is 414.94 ◦C, which is 3.43 ◦C higher than the response surface and concurs
with the results of the previous samples. The difference in standard deviation between
the two results is not statistically significant, indicating that the variations in predicted
temperature results are relatively consistent.
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Table 4. Comparison of the statistical properties of bottom surface temperature for two
surrogate models.

Method Mean Standard Deviation

parametric PINN 414.94 15.94
response surface 411.51 15.67

3.2.3. Reliability Analysis

Here, the impact of uncertainties in material physical parameters on bottom surface
temperature has been considered. Assuming a limit temperature of 450 ◦C for the system,
10,000 bottom surface temperatures have been obtained by sampling the parametric PINN
surrogate model. Using these data, thermal reliability has been calculated to be R = 96.34%.
However, this reliability value is low for practical engineering applications, indicating
that the uncertainties in the parameters need to be reduced. Sensitivity analysis can be
performed to determine the specific adjustments required. This analysis involves adjusting
the input parameters that significantly influence the bottom surface temperature.

3.2.4. Correlation and Sensitivity Analysis

Table 5 presents the final correlation coefficients between the input parameters and
the bottom surface temperature. The results indicate that both specific heat capacity and
density exhibit a strong negative correlation with the bottom surface temperature, with
correlation coefficients around −0.7. Specifically, specific heat capacity exhibits a stronger
negative correlation than density, but the difference is insignificant. Furthermore, thermal
conductivity exhibits only a 0.1 correlation with the temperature of the bottom surface.
Hence, it can be inferred that there is no linear correlation between thermal conductivity
and temperature, and it can be treated as a constant parameter for subsequent analysis
in the design process. Figures 11–13 illustrate the scatter plots of thermal conductivity,
density, and specific heat capacity against temperature, respectively, providing a more
visual representation of their correlation.
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Table 5. The correlation coefficient between input and output.

Method Thermal
Conductivity Density Specific Heat

Capacity

parametric PINN 0.101 −0.697 −0.709
response surface 0.077 −0.694 −0.695
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Figure 13. Scatter plot of specific heat capacity vs. temperature.

The sensitivity analysis based on the correlation coefficient was performed to assess
the impact of physical parameters on temperature. Table 6 and Figure 14 present the results,
indicating that the material’s density and specific heat capacity substantially influence the
bottom surface temperature. In contrast, the impact of thermal conductivity is relatively
insignificant. Therefore, further system optimization should focus on reducing the standard
deviation of the material’s density and specific heat capacity to enhance the system’s
thermal reliability.

Table 6. Sensitivity coefficient between input and output.

Thermal Conductivity Density Specific Heat Capacity

temperature 0.0672 0.4702 0.4626
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3.3. PINN vs. Response Surface
3.3.1. Extrapolation Validation

In this subsection, the extrapolation performance of the parametric PINN surrogate
model is examined, using Section 3.2 as an illustration. Specifically, the density is taken into
consideration as a variable, with a range of [400, 700], while the thermal conductivity k and
specific heat capacity c are set as constants with values corresponding to their respective
means in Table 2. The PINN is then trained under these conditions. Subsequently, the
trained model is used to predict temperatures in a varied range of densities of [400, 800],
to assess the extrapolation capabilities of the PINN model. This result is compared with
another PINN result in which the training range is directly in the global range, i.e., [400, 800].
Comparisons are made between the two results for the training range (i.e., [400, 700]) and
the extrapolated range (i.e., [700, 800]). To observe the change in the temperature profile
with density in this instance, the temperature at time t = 150 s and space x = 4 mm was
selected. The results are presented in Figure 15.
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Figure 15 reveals that the predictions obtained from both the training and extrapolation
ranges are in agreement with the PINN prediction results derived from the global range
training. An increase in density leads to a decrease in temperature. The extrapolation range
exhibits a relatively high error of 0.48% compared to the average relative error of 0.19% for
the training range. Nonetheless, this error remains within acceptable limits, which indicates
the strong extrapolation capabilities of PINN. This can be attributed to PINN’s training to
utilize governing equations, initial and boundary conditions, and other known physical
information which constrains the model. Consequently, its interpretability, extrapolation,
and generalization capabilities are enhanced. Furthermore, the computation range must
be specified beforehand in numerical simulations, and only interpolation and calculations
within that range are feasible, with poor extrapolation performance for values beyond
that range.

3.3.2. Computational Efficiency

In this subsection, we compare the computational efficiency of the parametric PINN
surrogate model and the response surface surrogate model in terms of their respective
model-building times. Table 7 shows the results obtained using the same hardware. As
discussed in Section 3.2.1, the accuracy of PINN is comparable to that of the response
surface surrogate model. However, Table 7 reveals that PINN’s computation time is much
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shorter than that of the response surface model, being only 1/30 of the response surface’s
computation time. The reason for this advantage of PINN over response surface methods
is that response surface models require a fixed number of high-precision simulated data
for training, while PINN does not require additional actual data for training the model.
This leads to the longer computation time required for response surface training. Therefore,
PINN offers a more computationally efficient approach than response surface methods.

Table 7. Comparison of the computational efficiency of parametric PINN and response surface
surrogate models.

Method Time

parametric PINN 18.48 min

response surface 597.24 min

4. Conclusions

This paper presents the PINN method’s application in the TPS design process. To
demonstrate the feasibility of this method, a deterministic PINN surrogate model was first
developed and trained using real engineering parameters. Subsequently, a parametric PINN
surrogate model was constructed based on this to investigate the influence of uncertainty in
three physical parameters, namely thermal conductivity, specific heat capacity, and density,
on temperature. Finally, the performance of the PINN and the response surface surrogate
models were compared. The following conclusions can be drawn:

1. In this study, the heat conduction equation of the TPS is used as an example, and the
results show good agreement between the prediction results of the PINN surrogate
model and those of numerical simulation, with a relative error of only 0.35 percent.

2. In terms of uncertainty propagation, the parametric PINN and response surface surro-
gate models effectively predict the results. However, parametric PINN is superior in
extrapolation due to the constraint of physical information.

3. The PINN surrogate model is also more advantageous regarding computational
efficiency, with a computation time of only 1/30 of that of the response surface
surrogate model.

In conclusion, a PINN can be utilized as a high-precision surrogate model to produce
an effective calculation for the design of a TPS. Since the PINN combines accuracy and
computational efficiency, it also provides the potential for industrial application. Despite
achieving high levels of accuracy in the above scenarios, the performance of PINN surrogate
models can still be improved in further research extensions. In future studies, we plan to
use the PINN surrogate model to solve more complex or higher-dimensional problems,
making it more applicable to actual industrial design needs. For example, we can apply it
to the uncertainty design of multi-layer thermal protection materials, or combine it with
dimensionality reduction methods to solve actual high-dimensional problems.
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