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Abstract: We prove that the steady states of a class of multidimensional reaction—-diffusion systems
are asymptotically stable at the intersection of unweighted space and exponentially weighted Sobolev
spaces, paying particular attention to a special case, namely, systems of equations that arise in
combustion theory. The steady-state solutions considered here are the end states of the planar fronts
associated with these systems. The present work can be seen as a complement to the previous results
on the stability of multidimensional planar fronts.
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1. Introduction

In this paper, we study the stability of the steady states of a class of reaction-diffusion
systems associated with combustion problems in multidimensional cases. We study the
following system of general reaction diffusion equations for x = (x1,xy,...,%4) € R%:

u(t,x) = DAxu(t, x) + f(u(t,x)),u e R",d >2,t >0,n > 2, (1)

where u = (19, uy, ..., uy) is the vector of the temperature and the substances taking part in
the reactions, the diagonal matrix D = diag(dy, dy, ..., dy) is the transport coefficient matrix
(the coefficients of thermal diffusivity and diffusion coefficients), and the non-linear term
f(u(t,x)) in the system is used to describe the reaction rate of each substance. We later
provide several hypotheses on the nonlinear terms of this general system that allow us to
apply the methods in this paper. A typical example is the following system:

ug(t,x) = Axuq (5,x) +up(t,x)g (11 (t,x)), ug,ux € R, @)
U (t,x) = eAxuin(t,x) — xuz(t,x)g(uq (t,%)), x € R,
where the reaction rate has an Arrhenius temperature dependence
_1 ¢ 0
e 1 ifu; >0;
u) = ®)

While we assume d > 2 in this paper, note that d usually has a definite physical
meaning only when d = 1,2, or 3 is adopted. Here, 11 and u; denote the dimensionless
temperature and concentration of the initial substance, respectively, € is the ratio of the
coefficient of diffusion to the coefficient of heat conduction, and « is the stoichiometric
coefficient, which satisfies 0 < ¢ < 1 and ¥ > 0. Chemical reaction waves turn one
equilibrium state into another; here, we consider combustion waves that involve a strong
temperature dependence in the reaction rate. Following the conventions of combustion
theory, we assume that the chemical reaction rate is so small at low temperatures compared
to the maximum temperature of the combustion wave that their rates can be assumed, to a
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fairly good approximation, to be equal to zero ([1]), which in the mathematical formulation
means setting a cut-off, as in (3).

The class of systems (1) permits various types of traveling wave solutions. Traveling
waves are waves that maintain a certain shape while propagating at a fixed speed in a
medium; they are widely present in a variety of natural phenomena modeled by nonlinear
evolutionary equations that often describe chemical or physical processes shifting from one
equilibrium state to another. We consider a traveling wave solution moving in the direction
of a given vector e € R? with a constant speed c > 0, and without loss of generality,
we assume that e = (1,0,...,0). In (1), we employ a t-dependent change of variables
z=1x1—ct,xj=x;,j=2,...,dand re-denote x = (z,%2,...,x4) again. Then, system (1) in
this moving coordinate system becomes

u(t,x) = DAxu(t,x) +c(e - Vx)u(t,x) + f(u(t,x)). 4)

It can be shown that each solution of (1) corresponds to a solution of (4), and vice versa.
In particular, we focus on the steady states of the wave fronts. By wave fronts, we mean
solutions ¢(z) of system (1) having limits z — +oo,

Jim 9(0) =

where u; # u_, meaning that ¢ satisfies the ordinary differential equation

D2z(2) + c¢2(2) + f(¢(2)) = 0.

Under circumstances of physical interest, these solutions approach both end states
u_ and u4 at an exponential rate. The end states are usually not independent as such; a
detailed discussion can be found in [2] (Chapter 8). We use Model (2) in Remark 1 as an
example to illustrate how the states are chosen.

There have been a large number of papers devoted to the study of the existence and
stability of combustion waves. In particular, when d = 1, we consider

P12z + cP1z + ¢2g(¢l) =0,
€Przz + cpz — KPrg(P1) =0,

with the end conditions ¢1(—o0) = ¢, ¢a(—00) = 0, p1(+00) = 0, and ¢p(+o0) = 1.
Setting p = ¢, and considering u; as an independent variable, we obtain

{ 52/; = —C—8(4’1)%,
i = o k(@1 —¢]) +¢2) — &,

with conditions ¢ (¢7) = 0, ¢2(0) = 1, and p(¢;) = p(0) = 0. With the aid of estimates
of p(¢1) from the above equations, the existence of solutions is established (cf. [3]). The
wave speed ¢, as an important characteristic of combustion waves, is obtained mainly by
approximate analysis and asymptotic methods, and in many cases analytical investigations
are complemented by numerical studies.

In this paper, we focus on the stability of the steady states of this type of systems.
In the physical and mathematical senses, instability can be understood as sensitivity to
perturbations, i.e., the possibility that the propagation of a traveling wave is distorted or
altered from the system state due to a perturbation, which eventually leads to abnormal
appearance or abnormal steady-state output. A more precise definition can be found in [4].
B. Sandstede and A. Scheel [5], having analysed various instability mechanisms in reaction—
diffusion systems, base their classification on the type of spectrum on the imaginary axis
of the linear operator from linearization of the system. One particular case involves the
essential instability [5] that arises when the essential spectrum (defined as consisting of
all points on the spectrum that are not isolated eigenvalues of finite multiplicity (see [6],
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Chapter 5) crosses the imaginary axis. At this point, the proof of nonlinear stability is
based upon the use of exponential weights for the essential spectrum (see, e.g., [7,8])
and on renormalization techniques to show that the nonlinear terms are asymptotically
independent compared to linear diffusion.

The purpose of using an exponentially weighted space is that this usually allows one
to shift the essential spectrum, which would otherwise cross the imaginary axis, to the left
half of the complex plane, allowing the exponentially decaying properties of the associated
semigroup to be used. An application of this approach to reaction diffusion equations can
be found in a series of papers [9-13] which demonstrate the orbital stability of the traveling
front by studying perturbations that are small in both unweighted and weighted Sobolev
spaces. Subsequently, in [14], the authors established the existence of a stable foliation
near the traveling front solution of the reaction diffusion system in one-dimensional space,
i.e., the existence of a central manifold at each point on the front solution that attracts nearby
solutions that are slightly perturbed to the front solution itself or to one of its translations.
This result complements the orbit stability results in [11]. Then, in [15], the same authors
extended the stability results for the traveling front solution of the reaction—diffusion
system associated with the combustion model in [11] to a multidimensional case. However,
the result in [15] was formulated under the assumption that the diffusion coefficients of the
variables are identical, although this assumption often does not satisfy the characteristics
of reaction—diffusion systems in reality.

2. Methods
To study the stability of ¢(z), we can perturb the function ¢ by either:

(i) adding a function that depends only on one space variable z, that is, considering the
solution u(t, x) of (4) with the initial condition

u(0,x) = ¢(x-e)+v(0,x-e)

with some v : R X R — R” with some v in the appropriate function space constructed
later; or by

(if) adding a function that depends on all spatial variables, that is, considering the solution
u(t, x) of (4) with the initial condition

u(0,x) = ¢(x-e) +v(0,x)

with some v : R x R — R" from an appropriate function space.

Note that under the first type of perturbation, the problem is indeed very similar to [11],
except that the spatial variables are multidimensional. Thus, we focus here on the stability
of the steady state of the front of system (4) under the second type of perturbation. The main
advance of this paper compared to previous works is the extension of the result in [11]
for a system of one-dimensional spatial variables to a system of multidimensional spatial
variables, along with the absence of the assumption in [15] that the diffusion coefficients
are the same for different system variables. Moreover, as we describe in the text, this type
of equation has a special “product triangle” structure in the nonlinear reaction terms which
is similar to the equations studied in the one-dimensional case from [10-12]; this class of
nonlinear terms often appears in combustion models.

To better demonstrate how this “product triangle” structure can help to study the
stability of the steady states, we begin with model case (2) for u = (u, uz)T € R?; in the
moving coordinates x = (z, xp, ..., X), this system becomes

w(t) = (o 0)daultx) +cle: Vau(t,x) + f(ut ) ®)

C(Rm) [ ualtx)gn ()
where f(u(t, ) = () = (etstlo) ).
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According to the discussion presented earlier, a front solution ¢ = ¢(z) is t-independent
and approaches the constant states u; and u_ as z — £oco. System (5) has two types of
steady state solutions: one when u7(x) equals a real constant and up(x) = 0, and the
other when u1(x) = 0 and u(x) is equal to a real constant. In particular, we can choose
u1 = 1/x,up = 0, which is the equilibrium corresponding to the completely burned re-
actants located behind the front, and u; = 0,uy = 1, corresponding to the unburned
substances. In other words, we choose u_ = (1/x,0) and uy = (0,1). For a more detailed
explanation of why u_ and u are chosen in this way, see [10] and Remark 1.

Here, we discuss in detail only the stability of u_, as the stability of u can be proven
in precisely the same manner. We investigate perturbations of the state u— = (1/x,0) that
depend on all spatial variables of the system, that is, we consider the solutions u(t, x) =
u_ + v(t,x) of (5) with the initial conditions

u(0,x) =u_ +v(0,x),

where v = (v1,07) : Ry x R? — R? is taken from an appropriate function space. Substitut-
ing u(t,x) = u_ + v(t,x) into system (5), we have

vi(t,x) = (é 2) Axv(t,x) + ca:v(t,x) + f(u_ +v(t, x)). ©)

Linearizing the nonlinearity f(u_ + v(t,x)) atu_ = (1/x,0) provides

flu_ +v(t,x) = fu) +duf(u_)v(t,x) + H(v(t,x))
) (@) (o) it

where we introduce the nonlinear term by

H(v(t,x)) = f(u- +v(t,x)) = f(u-) = duf(u-)v(t x). @)
Therefore, we have the following semi-linear equation for the perturbations of state u_:

0 e ¥

vt(t,x):<(1) S)Axv(t,x)+cazv(t,x)+<0 Ke_K)V(t,x)+H(v(t,x)). ®)

We show that the spectrum of the linear operator in (8) touches the imaginary axis
in Section 3, meaning that the weight function needs to be introduced in order to further
investigate the stability of the system under perturbations.

For &, being the Sobolev spaces H*(R?)(k = 1,2,..., and we often define H(R%) =
L2(IR%) ), which are suited for the study of nonlinear stability because they are closed under
multiplication, we denote the norm in & by || - ||o. Furthermore, we define the weight
function of class « € R by

Y(xX) = va(z,x0,...,x5) = €%z, forx = (z,x3,...,%3) € RY,

For a fixed weight function 7,, we define £, = {u : y,u € &} with the norm |u||, =
| 7att|ly- Note that & = HX(R) ® H¥(R?~1) by this definition. Here and below, we use
the fact that H*(R?) can be written as the tensor product H*(R?) = H¥(R)® HF(R41).
For general results on tensor products and operators on tensor products, refer to [16]

(Volume I, Section VIIL10). For ease of notation, we use HX(R9) = {u ceu € Hk(Rd)} to

denote the weighted Sobolev space.

Although this weighted functional space solves the problem of the spectral instability
of the linear operator, it poses a new difficulty in that the nonlinear terms cannot be
controlled in the weighted space. Hence, we introduce a new space using the approach
originally proposed in [8] in the context of the Hamiltonian:
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& = & N &y, with [Julle = max{|[ullo, [|ul|«}- ©

We prove the following theorem at the end of Section 3. Specifically, when considered
in coordinates moving with fronts, we can show that the steady state of a nonlinear
model problem with the form (5) is asymptotically stable in an orbital sense in a carefully
chosen exponentially weighted space, i.e., the solution near the steady state converges
exponentially to the steady state solution itself in the weighted norm as long as the initial
perturbation is sufficiently small in both the weighted and unweighted norm.

Finally, in Section 4, we summarize a number of key features of the system used in the
model problem (2), then generalize them into hypotheses; thus, for the general system (1),
we can prove the stability of the steady state of a traveling front when it satisfies these
hypotheses. Moreover, these hypotheses are often very common in reaction—diffusion
systems associated with combustion problems.

Remark 1. To conclude this section, we explain why the end states u_ and u, were chosen as
u_ = (1/x,0) and uy = (0,1) for the model system

{ult(t,x) = 0zzu1(t,X) + cozuy + up(t,x)g(u1(¢,x)), uy, up € R, (10)

unt(t,X) = €921 (t,x) + cdzup — xuz(t,x)g(u1(t,x)), x € R4,
where g is defined in (3).
Let @ = (¢1, ¢2) be a time-independent solution of the model system such that ® satisfies the
ODE system

{azchl(x) + D291+ 2(x)g(¢1(x)) =0, an
€222 (x) + ez — kg2 (X)g (91 (x) = 0.

Here, we are interested in solutions of (11) that satisfy the boundary conditions at z — Foo:

(91, 92)(—00) = (91,0), (¢1,¢2)(c0) = (0, 1).

Such solutions represent traveling combustion fronts. Here, the left temperature ¢ is an
unknown to be determined.

In the ODE system (11), we set ¢3 = 0,¢1 and ¢4 = 0,¢, and use prime to denote the
derivative with respect to z to obtain the following first-order system:

¢ = ¢, (12)

¢ = ¢4, (13)

¢5 = —(cd3 + g (¢1)), (14)
P = — 2o — xpag(9n)]. (15)

By adding (14) to (15) multiplied by € /x, we obtain the following equation:
" ro € €
P1 e+ gy + ¢y =0. (16)

This expression can be integrated once to produce a function of z that is constant along any
traveling wave. We denote this constant by k, meaning that

¢3 +cpr + %474 + %q&z = constant := k. 17)

For the solution that approaches (¢1, 2, 3, ¢4) = (0,1,0,0) as z — oo, we must have k = <.
Substituting k = ¢ into Equation (17), we have

¢3:—C¢1—§¢4—%¢2+£—>0, P1 —)(Pf, ¢2—>0and¢4—>0as z — —00 (18)
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as the steady solution of the system (12)—(15) approaches (¢1, ¢2, ¢3, P4) = (¢7,0,0,0), because
z — —o0. Thus, we necessarily have ¢7 = %

3. Stability of the Steady States for the Model Case

In this section, we study the stability of the state u_ of systems of the model prob-
lem (2). This section is organized as follows. We study the spectrum of the operator
generated by linearizing (5) with respect to the state in both unweighted and weighted
spaces in Section 3.1. The Lipschitz property of the nonlinear term H(v(t,x)) is shown in
Section 3.2, and the stability of the steady-state solution u_ is proven in Sections 3.3 and 3.4.

3.1. The Setting in the Model Case

Information about the stability of the steady state of system (5) is often disclosed by
the information about the spectrum of the linear operator obtained by linearizing (5) with
respect to the steady state. Therefore, we first define the linear differential expression in (8)

by L:
1 0 0 e*
L= (0 e) Ax + ¢z + <0 —KeK>' (19)

We consider a differential operator £ associated with the differential expression L in

the Sobolev space H*(R?)? of vector-valued functions, and throughout we assume that
d+1
k>[——]
> 23]
Definition 1 ([17]). In work on viscous conservation laws and related equations, a traveling wave
is called spectrally stable in X if the spectrum of L is contained in {A : ReA < 0} U{0} and Oisa
simple eigenvalue of L.

As shown below, the essential spectrum of £ touches the imaginary axis. This prevents
u_ from being stable in the space H*(R?)2, meaning that we have to replace this space by
the weighted space HX(R?)?, which has an exponential weight with respect to the variable
z. In this new space, the nonlinearity loses the local Lipschitz property needed to determine
the well-posedness of (8). To regain this, as in [10-12,15], we move on to the intersection
space HK(R%)2 N HK(R?)? to perform further analysis.

Remark 2. We first need information about the spectra of the linear operators associated with (19),
which involves several operators in the different spaces considered below . We use the following
notation for these operators. If B is a general (2 x 2) system of n differential expressions, for instance,
as in (19), then we use the notation B : E3 — £5 and By : 2 — E2 to denote the linear operator
in % and E2, respectively, as provided by the formula u — Bu, with their natural domains. That is,
fork=0,1,---, weuse L : é’g — 5§ to denote the linear operator provided by the formula u — Lu,
for which the domain is H**2(RY)2. We use L, : £2 — E2 to denote the operator in 2 provided by
the formula u — Lu, for which the domain is the set of (uy, uy), where y U1, Yoty € HM2(RY),
We use the notation Lg : E> — E? to denote the linear operator provided by u — Lu, with the
domain of L¢ being the set of (11, uy) satisfying (uq,uy) € dom(L) Ndom(Ly,), where dom(L)
and dom(Ly) are the respective domains defined above.

First, we use Fourier transform to explore the spectrum of the constant coefficient
differential operator £ on L?>(R¥)? and the spectrum of the constant coefficient differen-
tial operator £, on (L2(R) ® L?>(R%~1))2, respectively. We use the following elementary
proposition to show that the spectrum of £ on £ touches the imaginary axis and that the
spectrum of £, on £2 is away from the imaginary axis.

Proposition 1. Assume that L and L, are the constant coefficient linear differential operators
associated with the differential expression L in (19). On the unweighted space £ = H*(R?)? for

all integers k > 0, we have
sup{ReA: A €Sp(L)} =0,
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meaninf that the spectrum of L touches the imaginary axis. By choosing o € (0,c¢/2), we have
sup{ReA: A € Sp(Ly)} < —v

for some v > 0, meaning that the spectrum of L is shifted to the left of the imaginary axis on the
weighted space £2 = (HX(R) @ HF(RI—1))2,
Furthermore, there exists K > 0 such that ||et£“ I 262 < Ke Vifort >0

Proof. By Lemma 1, as proved below, it is enough to consider the case k = 0, that is,
to assume that & = L?(R?). To find Sp(£) in the unweighted space £2, we can use
Fourier transform. From the properties of the Fourier transform (see, e.g., [18], Section 6.5),
the operator £ on L?(R%)? is similar to the operator on L?(R%)2 when multiplying by the
matrix-valued function

MO =@+ g+ Dy o) viae(y )+ () Sx) @

where & = (&, ...,&;) € RY. Thus, the spectrum of £ on L?(R)? is the closure of the union
over & € R? of the spectra of the matrices M(¢). Hence, the spectrum of £ is equal to the
closure of the set of A € C for which there exists & € R? such that

det (M(&) — AI) = det(—<§%+¢§+ o EB) (L) gyl + (8 f,;’ix))
=0.

This is a collection of curves A = A({), where A (&) are the eigenvalues of the matrices
M(¢); thus, the spectrum of the operator L is

_ —(E - +83) F iy e
SpiL) = .2, SP( oo —e(@ A+ E2) Fcify — Ke_K> @D
= S @ e ety U Y (e@ 48 iy —xe ).

This implies that the spectrum of £ in L?(R)? touches the imaginary axis when
&= (E1,24) = (0,.,0).

We now need Sp(L,) on the weighted space £2. First, we define the linear map
N : & — & provided by Nv = ,v; note that, by definition, N is an isomorphism of
&y on &. In particular, we can define a linear operator L = NL,N"1on 85 = Lz(]Rd)2
with the domain dom(£) = H%(R%)2, as N~! maps dom(£) in dom(L,). As the operator
£ is similar to £, on 5,,%, it has the same spectrum.

In particular, let us consider the operator 9, , on &, with

dom(d,,) = H)(R) ® H'(R™1).

Fix any v € H'(R?) = dom(d,) when 9, is considered in L?(R%) and d, = N, ,N~1.
Then, temporarily re-denoting y,(z) = e**, we have

00 = NN 10 = 720:(7-a0) = Ya (V40 + 7—20:0)
= Ya(—Y—a? + Y-40:0)
= (0; — a)v.

Denoting i = (X2, ..., X4), X = (z,y) € R?; a similar computation shows that for each
vV = (U],vz)T € domlj = HZ(Rd)Z C Lz(Rd)z,

we have
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( ) (By +0z2) + 00 + (8 _eK:_K>>(e“ZV)

=({9)Aav+(} )(rx vV — 200,V + 0,;v) + ¢(9;v — av) + (8 _EK;K,K>V

(50)Av+ (e —20(}2))ov+ (2 (52) —cal + (§ 270 ) )v.

Ke

Via Fourier transform, the operator £ on L?(R?)? is similar to the operator of multipli-
cation on L2(R%)2 by the matrix-valued function

N(&) = —l¢gl? (39) + (iG1c —ae) I + (a2 ~2iga) (1) + (8 j;f_,{)
- (7HCH2 (c—2a)ig1+a—ac e x )

0 —e€l|€]]2+(c—2ae)if; +a2e—cu—xre ™™

where [|¢[|* = ¢T + - - - + ¢J. Hence,

Sp(ﬁa)—gw( (&4 4+ )+ (c — 20)ig] +a® — ca)

U : UR @B+ + 65) + (c — 20e)i&; 4 a’e — ca — ke ™). (22)
c d

Then,

sup{ReA : A € Sp(L,)} =sup{ReA: A € Sp(L)}

= max(a® — cw, ea® — ca — ke )

=a% —ca.

Thus, we conclude that for « € (0,c/2), we have sup{ReA : A € Sp(Ly)} < O,
meaning that the spectrum Sp(£,) on the weighted space £2 is moved to the left of the
imaginary axis.

Furthermore, the operator £, associated with the differential expression L in (19)
generates an analytic semigroup provided that e > 0, and a strongly continuous semigroup
provided that € = 0. As shown in [10], in either case £ enjoys the spectral mapping
property, that is, the boundary of the spectrum of the semigroup operator ef“« is controlled
by the boundary of the spectrum of the semigroup generator £, for any € > 0. Then, by
the above-mentioned semigroup property (see, e.g., [10] Proposition 4.3), there exists K > 0
such that ||ef ang g2 < Ke~ v, O
Lemma 1. The linear constant coefficient differential operator L associated with L defined in (19)
has the same spectrum on L*(R%)? and on H*(R®)? for all integers k > 0; similarly, the operator
L, associated with L defined in (19) has the same spectrum on (L2(R) ® L2(R*~1))? and on
(HK(R) @ HX(R=1Y))2 for all integers k > 0.

Proof. To show that the spectrum of £ in H*(R?)? is the same as the spectrum of L2(R%)?,

we let F; denote the Fourier transform acting from H*(R%)? into L2,(R¥)2, where L2,(R)?

is the weighted L2-space with the standard weight m(&) = (1+ |& |@2Rd )¥/2. By the standard

property of the Fourier transform, we have F1A, = —|& |J12%d}—1 and F10; = —ié1F1. Thus,

F1L = MF; for a matrix-valued function M = M(¢) obtained from (19) by replacing Ay
f|{,‘\ﬂ2£d and 0, by —ig;.

On the other hand, the operator of multiplication by m(-) is an isomorphism of
L2,(R%)2 onto L?(R%)2. Let us denote by L« the operator £ associated with L on the
space HX(R%)2 and by £, . the operator £ associated with L on the space L?(R%)2. Per the
previous paragraph, we then have mF1 L = MmJF;. Here and below we use a slight
abbreviation of this notation; properly written, u € dom(L ) implies mF;u € dom(M)
and mFy Lypu = MmFyu for all u € dom (L ).
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We remark that the operator of multiplication by —i¢;, j = 1,...,d on L*(RY) is similar

to the operator of differentiation dx; on L*(RY) via Fourier transform JF. This implies that
FoL;2 = MF, with the same matrix-valued function M as above. It follows that

£Hk = (m]-"l)fle}"l = (mfl)il(fzﬁszzil)(mfl),‘ (23)

therefore, the spectrum of £ on H*(R)? is the same as the spectrum of £ on L2(R%)?, as
the operators on H*(R%)? and L?(R%)? are similar.

By analogous argument, the spectrum of £, on (L2(R) ® L2(R?"1))? is the same as
the spectrum of £, on (HX(R) ® HF(R~1))2. O

Remark 3. Recall that we denotey = (xz,..., Xg). Let A, be the operator provided by the differential

expression 93, + - - - + 92 , where the domain of Ay on H¥(RI=1) is the set of u such that u €

H¥2(RI-1). We denote by L1 : H*(R)? — HN(R)? and L1, : HE(R)? — HE(IR)? respectively
—K

the operators provided by the differential expression <(1) 2) 02z +co; + (8 _‘;e,{> acting on

unweighted and weighted spaces. The operator L, on £2 = (HK(R) @ HX(R¥~1))2 can be written
as L1,4 ® Iyega-1y + Ik (r) @ Dy We have yet another approach to prove Propositon 1 using [16]
(Volume IV, Theorem XII1.34, Theorem XII1.35, and Corollary 1). Indeed, because L1 , and A,

are the generators of bounded semigroups on HX(R)? and H*(R?~1), respectively, we have the
following (see [16], Volume IV):

Sp(ﬁhx ® IHk(Rd—l) + IH{,E(]R) X Ay) = SP(ACL,X) + Sp(Ay). (24)

Thus, Sp(L«) = Sp(L1,) +Sp(Ay). It is easy to see that the spectrum of Ay on H¥(R4~1)
is the non-negative semiline (—o0,0], and the spectrum of L1, on HE(R)? satisfies sup{Re A :
A €Sp(Ly,4)} < —v for some v > 0; thus, Proposition 1 is proven. Moreover, the same argument
shows that if T is the curve that bounds the spectrum of L1 , on the right, then Sp(Ly) is the entire
solid part of the plane bounded by I'. We use Figure 1 to illustrate the spectrum of the linear operator
L on different spaces; in the weighted space, the spectrum is away from the imaginary axis and the
operator Ay extends in a semiline to negative infinity at each point on the original spectrum.

A M A Im A Im

N )
// - / e e

a) b) €)

Y
Y

Figure 1. (a) spectrum of the operator £; on H¥(R)?, the red curve corresponds to the operator
0z + €0z, while the blue curve corresponds to the operator €d;; + cd; — ke~ *; (b) spectrum of the
operator L1 , on HE(R)?; (c) spectrum of the operator £, on HX(R%)2.

Now, notice that the differential expression L in (19) has the following triangular structure:

_ (Ax+co, e "
L= ( 0 €Ny + co; — Ke")’ (25)

Let
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LD = Ay + cd; (26)
L® = eAy+cd, — ke, (27)

and fpr i=1,2let LD be the operator on Hk(Rd ) defined by v; — L@y, (with the domain
of £0) being H**2(R%)) for k = 0,1,2, ....

Lemma 2. Consider the operators L) and £2) on HX(R?) defined by the differential expressions
LM and L® provided in (26) and (27).
(1)  The operator L) generates a bounded strongly continuous semigroup on
HK(RY);
(2)  The operator L2 satisfies sup{Re A : A € Sp(L?)} < 0on HF(R?);
(3)  The following is true on H*(R?):

(@) sup{ReA:AcSp(LM)} <0;
(b) Thereexist K > 0and p > 0 such that for the strongly continuous semigroup {et£(2> }tzo
we have ||e'£? | i (Rt by (rty < Ke™* for all t > 0.

Proof. As in Lemma 1, we can prove that the operators £, i = 1,2 have the same
spectrum on H*(R?) and on L?(R¥).

Using the Fourier transform, we find that the spectrum of £() on L2(R4) is the
union of the curves A1 (&) = —(&2 + - +&3) +cigy forall & = (&y,..., &) € RE Thus,
sup{Re A : A € Sp(LM)} < 0on L2(R), which proves (3)(a). Per the proof of Proposition
A.1(1) in [11], the operator £(1) generates a bounded semigroup on L?(R%). The operators
on H¥(R?) and L2(R%) associated with the same constant—coefficient differential expression
are similar (see (23)); therefore, the semigroup they generate are similar, and (1) is proved.

The spectrum of £(2) on L?(R?) is the union of the curves A, (&) = —€(&2 + -+ &2) +
cié; — ke * for all & = (&1, ...,&;) € RY therefore, sup{Re A : A € Sp(L(?)} < 0on L2(R?),
and per Lemma 1 on H*(RY) as well, proving (2).

The assertion of (3)(b) is a direct consequence of (2); see [11] (Lemma 3.13). O

3.2. Nonlinear Terms in the Model Case

In this subsection, we study the nonlinear terms defined in (7) and prove that the
nonlinearity is locally Lipschitz on the intersection space £.
Recall that we introduced the nonlinear term of system (8) in Formula (7), that is,

H(v(t,x)) = f(u- +v(t,x)) = f(u-) = uf(u-)v(t,x)
—f 1/x 4+ v (0 (0 e 1
(7 0 0 —xe ™) \vy
1
Ttk oK
N 28)
—Kvp(e Y1tk —eF)
To obtain the Lipschitz property of the nonliner term on the multidimensional spaces

H¥(R?) and HX(R) ® H*(R4~1), we need to use space & as defined in Equation (9).
It is convenient to write H(v) as follows:

HO) = (1) 6+ o0 - 52 @)

—K

where v = (v1,v7) and g(-) is defined as in (2).
The proofs below are based on the fact that Sobolev embedding yields the inequality

|[uo| g ray < Cllul| gr(may 9] e (30)
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for 2k > d; see [19] (Theorem 4.39). We begin with a few elementary facts.

Lemma 3. Assume that k > [“FL] and consider &, = HF(R?). Then, the following asser-
tions hold.

(1) Ifu,v € &, then uv € &, and there exists a constant C > 0 such that ||uv||o < C|lu|lo]|||o-
(2) Ifu,v e &, thenuv € &, and there exists a constant C > 0 such that ||uv||, < C||ul|o]|v]|a-

(3) Ifu,v e, thenuv € E, and there exists a constant C > 0 such that |[|uv||e < C|lul|¢||v]¢.

Proof. Assertion (1) is in fact the Sobolev embedding inequality (30). Assertion (2) can be
proven using (30), as

[uvlla = [[vauvllo < Cllulflollvavllo = Cllulololla-

To show (3), let u,v € £. Then, per (1),

[uollo < Clluflollollo < Cllullellvlle,

and per (2),
[[uv]la < Cllulloflvlla < Cllullg[vle-

Therefore, uv € £ and ||uv| ¢ < Cllull¢||v|le. O

The nonlinearities of type (29) are a combination of the Nemytskij-type operator v;
g(1/x + v1) and multiplication operator by v,. In what follows, we need to establish both
their local Lipschitz properties and more general operators of the type v — m(v(-))v(-),
where m(+) is a given function and v € H*(R?). One-dimensional results of this kind can
be found in [11] (Proposition 7.2). We present an analogue of the proof of [11] (Proposition
7.2)tin [15] (Appendix A); see Lemma 4 below.

Lemma 4. Assume k > [d%l} and let m : (q,u) — m(q,u) € R be a function from CK+1(R?).
Consider the formula

(9(x), u(x),v(x)) = m(g(x), u(x))v(x), (31)
where q(-), u(-), v(+) : R? = R, and the variable x = (x1, ..., x3) € R

(1) Formula (31) defines a mapping from H¥(RY) x £ to & that is locally Lipschitz on any set
with the form {(q,u,0) = [|q]lo + [[uflo + [[v]lo < K}.

(2)  Formula (31) defines a mapping from H*(RY) x £2 to € that is locally Lipschitz on any set
with the form {(q,u,0) : [|q]lo + [[ule + [v]e <K}

By dropping g from Lemma 4, we record the following corollary that can be used to
study the components of the map H(-) from (29).

Corollary 1. Let & = H*(RY), and let £, and & be defined accordingly. If k > [d%l] and
m(-) € C®(R), then the formula

o(x) — m(v(x))o(x), x€RY,

defines mappings from & to £y and from & to €. The first is locally Lipschitz on any set with the form
{v :||v|lo < K}, while the second is locally Lipschitz on any set with the form {v : ||v|¢ < K}.

Proposition 2. Let & = H*(R?), and let &, and & be defined accordingly. Let k > [%], and
VvV = <zl> , and consider the formula
2

H) = (1 Joalston +1/%) = g(1/)

as provided in (28).
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(1) H(-) defines a mapping from E§ to 5 that is locally Lipschitz on any set with the form

{v: [[o]lo < K}.
(2)  H(-) defines a mapping from E? to 2 that is locally Lipschitz on any set with the form
{v:[]olle < K}

Proof. It can be shown that g(-) € C*(R) is a smooth bounded function. Let
m(vy) = g(v1 +1/x) — g(1/x);

then, m(-) is a smooth and bounded function. By applying Corollary 1 to the components
of the vector-valued map H, we finish the proof. [

Proposition 3. Let & = HX(R?), and let £, and & be defined accordingly. Let k > [“£L] and

2
vV = (zl) , and consider the formula
2

H) = (1 ealstor+1/0 - 51/)

provided in (28).
(1) Ifve E2, then there exists a constant Cx > 0 such that

[HW)lla < Ckllvllo][v]]a

on any set with the form {v : ||v||¢ < K}.
(2) Ifve E2, then there exists a constant Cx > 0 such that

IH(W) e < Ckllv][3
on any set with the form {v : ||v||¢ < K}.

Proof. Note that ,
g(v1+1/x) —g(1/x) = /0 ¢ (1/x + tvy)dtvy.

Because fot ¢'(1/x + tvq)dt is a smooth function, from Corollary 1 we have
1801 +1/x) = (1/x)lo < Ckllv1lo-

Note that ||v1]jo < ||v]o and [|v2|l« < ||V]|«, because v1 and v, are components of the
vector v. Then, (1) holds, because

IHW) [« = llreH (V)]0 =

Y (—1;<> v2(g(v1 +1/x) —g(1/x))

< Cll(g(v1 +1/x) — g(1/%)) [lol7av2llo
< Ckllo1llollv2lla < Ckl[¥]lo][¥|]a-

0

Similarly, using the fact that ||v||p < ||v]|o, we have

1HWlo = | (2, Jealsten +1/0 - s1/%)

< Cll(g(o1 +1/x) — g(1/x))lollv21lo
< Ckllv1llol[v2llo < Ckllvllollvllo,

0

thus,
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[|H(v)lle = max{[[H(v)llo, |[H(v)l[a}
< max{Cx||v[o[[v[lo, Cxl[vl[o][v]]a}
< Cklvllellvlle,

and (2) is proved. O

3.3. Stability of the Steady State of the Planar Front in the Model Case

In this subsection, we prove the stability of the end state u— = (1/x,0) of (5). From
Propositions 1 and 2, we know that with initial data v0 € £? there is a unique mild solution
v(t, v0) to system (8) defined for ¢ € [0, tyax(v)), where 0 < tyax(v)) < oo (see, e.g., [20],
Theorem 6.1.4). The set {(t,v?) € Ry x £2:0 <t < tyar(v))}is openin Ry x £2, and the
map (t,v?) = v(t, v0) from this set to £2 is continuous (see, e.g., [21], Theorem 46.4). We
summarize these facts as follows.

Proposition 4. Let & = H¥(R?) with k > [41L]. Then, for each § > 0, if 0 < « < &, there
exists T(vy, ) depending on vy and § with 0 < T(vy,6) < oo, such that the following is true. If
V0 € &2 satisfies

IVl < (32)

and 0 < t < T, the solution v(t) € E? of (8) is defined and satisfies
[lv(B)le <. (33)

We can then prove the following proposition to show that v(t, vY) € £2 is exponentially
decaying in the weighted norm when v is small in £2. We first establish the exponential
decay of the solutions of (8) on HX(R)2.

Proposition 5. Let & = HN(R?) with k > [%], choosing v > 0, as in Proposition 1. Then,
there exist 61 > 0 and Ky > 0 such that the following is true for every & € (0, 1) and every y with
0 <y <. Let v0 € £, satisfying (32), such that v(t) satisfies (33) for 0 < t < T(4, 7). Then,

V(D) < Kie ™" [[V]|u for 0 <t <T(3,7). (34)

Proof. Because v(t) is a mild solution of (8) on £?, this satisfies the integral equation
t
v(t) = etfey® ¢ / e(t=5)Le N (v (s)) v (s)ds. (35)
0

Because by assumption v¥ € £2, by Proposition 3 it is clear that N(v)v is in HX(R%)?,
thus, we have

etfeyl = otLay0 and e =9Le N(v(s))v(s) = et )N (v(s))v(s)
Next, we replace L¢ by £, in (35) and choose 7 > v > 0 such that
sup{ReA : A € Sp(Ly)} < —7 := —kv,

for some k = 7/v > 1 and close to 1. Then, per Proposition 1 there exists K; > 0 such that
Hewﬂf e2 2 < Kje~"forall t > 0.

Choosing any &' > 0, for any -y such that 0 < v < &', if ||v°|| . < 7, per Proposition 4
we can say that ||v(s)||¢ < ¢’ foralls € (0, T(¢,7)).

With the aid of Propostion 3 (1), there exists a constant Cy > 0 depending on ¢" such
that, for ||v(s)||e < ¢, whens € (0,T(¢,)) it follows that

_ t _
IOl < Kae |0+ [ Kae U ICy1v(s) follv(s) ads
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Foreachd < ¢ and 0 < 1y < 4, if ||[v?||o < 7, then ||[v(s)||¢ < 6 foralls € (0,T(6,7)).
Again, per Proposition 4,

_ £t
Iv() o < Kie ™™ v0H“+1<1c5,5/0 e 79 [y (s) | adls

Applying Gronwall’s inequality for the function e”!||v(t)||», we can find that the
inequality

_ £
v(t) o < K[V + KaCord [ ™ v(s)llads
L3 0

implies, by Gronwall’s inequality, that

[v(O)]l« < K1HV0H066K1C5’5F17R

By choosing 6 < min{&’ ,(k— 1)@}, we can conclude that (34) holds for any
6 € (O, 51). O

On the unweighted space £2 = H¥(R%)2, we can rewrite system (8) as follows:

o1 = LMoy + e 0y + Hy(v), (36)
vy = Lo, — kHy(v), (37)
where Hy(v) = v2(g(v1 +1/x) — g(v1)). Using Propositions 2 and 3, we conclude that

Hy(+) defines a mapping from &3 to & that is locally Lipschitz on any set with the form
{v:|vllo <K} and ||Hy(v)||o < Ck||v|[3. Therefore, we obtain the following estimate.

Proposition 6. Let & = H¥(R?) with k > [4fL]. Choose p > 0 as in Lemma 2 (3)(b), and &,
as per Proposition 5. Assuming that v < p, where v are chosen as in Proposition 1, there exist
5 € (0,61) and Cy > 0 such that for every 6 € (0,5,) and every «y with 0 < v < 6, then it is
true that if 0 < t < T(J,7) and v° € &2 satisfies (32) such that the solution v(t) € E? of (8)
satisfies (33), the following estimates hold:

o1 ()10 < Cil[v7]le, (38)

[[oa2() o < Cre PH{[v]¢. (39)
Proof. We note that (v1,v;) is the solution of (36) and (37) with initial values (v(f, vg) at

t =0, thatis (v1,v2)(t) = (v1,v2) (t, v(l], vg). With the help of Proposition 3 (2), we can find
a constant C;, > 0, meaning that

[1Hi1(01,22) [l < Cs[lonllollozllo, (40)

and
|Hz(v1,02)[lg = [[—xH1(v)llg < Cs, [lo1lloll02lo

when ||v||¢ < 1. The solution of (37) in H¥(R?) can be written as

t
(1) = 20 + / e1=5)L2 H) (01 (s), vy (5) ) ds.
0
Then, we choose some g > p > 0and k = p/p > 1 such that
sup{ReA : A € Sp(Ly)} < —p := —kp.

By Lemma 2 (3), there exists K, > 0 such that ||e'~2 | Fk () < Kye P, For each

€ (0,61) and y € (0,0), if [v°[[o <,

—HK(R9)
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[o1(s)llo < Mloa(s)lle < [Iv(s)lle < 6.
Following Proposition 4, we obtain the following estimate for v, (t) using (37):
Ioa(®)lly < Kae e8] + [ Kae 2=, lon(loloa(e) o
< Koo P o8] + [ Kae P00 Codoa(o) s
We then calculate
e loa(8)lg < Ko |03, +1<2c,515/0t e |0 (s) o s
< KZHVOHS + K2C515/0t e ||v2(s)|| ods-
By applying Gronwall’s inequality to e”!||va ()|, we infer that

[o2(8) g < KzHVOH52K2C51‘”*ﬁt.

Let 5 < min (51, (Ilzz_cl;lp ) ; then, for 6 < &, it follows that

o2 (B) ] < KZHVOHEe_pt forall t € [0,T(5,7)),
which proves (39). Next, we proceed to prove (38). The solution of (36) in HF(R?) satisfies

t
01(8) = 6]+ [l (0 (5) + Hi (01(s), 0a(s) s

First, because £ generates a bounded semigroup, per Lemma 2 (1) there exists a

constant K3 > 0 such that [|e"“1] (Re) > k(i) < K3 Using (40) and the fact that

[e™ va2(5)][o < llo2(s) o
for ¥ > 0, we infer that

t
Jox ()l < K[|, + | (KaCa,lIo2(6) lollos (5) o + Kal[o2(s) o) s

Furthermore, using the fact that ||v1(s)|l, < [[v(s)]lo < |[v(s)|]le < 0 < &y, for a
constant Cs, 5, > 0 independent of § we have

t
lor(®)lly < K| b, + | K (Carlloa )l + 1) 2() ot s
ot
<Kaf[of]|, + [ KaCsaalloa(s) lods.
Then, we use (39) to obtain

t
||Ul(l’)||0 < K3HVOHE +/0 K2K3C51,§2€_pSHV0H£dS

t
§K3HVOH£+K2K3C5L52 VOH(‘:/ e Pds
J0

<c|v

for some C, > 0. In conclusion, there exists a constant C; > 0 such that the inequalities (38)
and (39) hold for ¢ € (0,0;) and v € (0,6) when t € [0,T(5,7)). O
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3.4. Proof of Theorem 1

In this subsection, we present the main proof of the stability of the end state u_ of (5)
in || - ||¢. The proof relies on the following bootstrap argument based on Propositions 4-6.
These propositions yield the existence of constants §y > 0 and Cs, > 0, meaning that for
every d € (0,6p) and every v € (0,6) there exists T(4, ) such that for every t € [0,T(, 7))
the inequalities

[v(t)lle < dand |lv(t)[le < Cg

VOHS 41)

hold for the solution v(t) of (8) with the initial value v’ € £? aslong as ||v°||, < 7. Next,

we show that for each 6 € (0, ) there is an ;7 such that, if ||v°||, < 7, then ||v(¢)||¢ < & for

all t > 0. Assume Cs, > 1; without loss of generality, by setting 7 = % and assuming
0

V9]¢ <, then [|[v(T(5,7))lle < é/2by (41). Thus, the solution v with the initial value
v(T(d,7)) ) again satisfies (41) for t € [T(n,),2T(1,7)) per Propositions 4 and 5. Thus,
these propositions can be applied for all t > 0 which proves its stability. As long as these
propositions are applicable, we are able obtain more refined information about the behavior
of the solution, including its boundedness in the || - ||p-norm and the exponential decay in
the || - ||y-norm; see items (3)—(5) of Theorem 1.

With an initial value v¥ € €2, let v(t) = v(t, v") be the solution of (8) in £2, which we
have already shown to exist on at least a short time period. We now complete the proof of
the nonlinear stability of the end state u_ by obtaining a control on solutions for all times .
For this, we need to use the following general result (see [22] Proposition 1.21):

Lemma 5 (Abstract Bootstrap Principle). First, let I be a time interval; then, suppose that for

each T € I we have two statements, a “hypothesis” H(T) and a “conclusion” C(T). Suppose that

we can verify the following four assertions:

(a)  (Hypothesis implies conclusion): If H(T) is true for some time T € I, then C(T) is true for
that time T.

(b)  (Conclusion is stronger than hypothesis): If C(T) is true for some time T € I, then H(T') is
true for all T' € I in a neighborhood of T.

(c) (Conclusion is closed): If T1, T, ... is a sequence of times in I which converges to another time
T € I, and C(T,) is true for all Ty, then C(T) is true.

(d)  (Base case): Of H(T) is true for at least one time T € I, then C(T) is true forall T € I.

We now state the main result in Theorem 1. The small constant dy in the proof can be
taken as dg = J», where J; is chosen as in Proposition 6.

Theorem 1. Let & = H¥(RY) with k > ’izil and consider the semilinear system (8). There exist
constants C > 0, v > 0, and a small 59 > 0 such that for each 0 < 6 < &y we can find y to satisfy
0 < 5 < & such that, if ||V°||¢ < 1, the following is true for the solution v(t) of (8) for all t > 0:
(1) v(t) is defined in £?

@ v(®)lle <9

3 lv()la < Ce™"|v0]a

@ lor(®)llo < ClIV|e

) o2(8)[lo < Ce™[[v0][.

Proof. Let I be the time interval [0, o).

Let H(T) in Lemma 5 be the following statement. For each 0 < § < J, in which §;
is chosen as in Proposition 6, there exists 0 < ¢ < ¢ such that if ||v0||¢ < v, then v(¢) is
defined and ||v(t)||¢ < J on the time interval [0, T) for some T = T(J,y), depending on &
and <. Thus, property (d) of the bootstrap principle is proven by Proposition 4.

Let C(T) be the following statement. There exists T > 0 such that properties (3)-(5) in
Theorem 1 hold within the time interval [0, T).
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Let0 < 91 < 6 < &, and let v = C~ 191, where C is a constant satisfying C >
max{1, Ky, C; } with Ky and C; as in Propositions 5 and 6.
Let v¥ € £2 with |[v9||¢ < 7 be the initial value of (8). Now, 7 < 1 < J. Choose v as
in Proposition 1; per Propositions 5 and 6, items (3), (4), and (5) hold for 0 < t < T(4, 7).
Thus, property (a) of the bootstrap principle is proven.
Property (c) holds by the continuity of v(¢).
Now, we need to prove property (b) of the bootstrap principle. Let v0 € £2 with
| |v0| l¢ <, forany t € (0,T), inequilities (3), (4), and (5) hold. Thus, by continuity of v(t),
we can conclude that
V(T ¥)le < ClIV[le < Cy =, (42)
If we take v! = v(T, v?) as an initial value of system (8), it satisfies ||v!||s < 11 < &;
by applying Proposition 4 again, there exists T(6,y1) > 0 such that for all t € (T, T +
T(6,71)) we have
V(T +6,v0)]le = |lv(t,v)[e < 6. (43)
Then, H(T’) is true for T" = T + T(6, 1), and property (b) is proven.
Thus, we finish the proof of Theorem 1 using the bootstrap principle. O

4. Stability of the End States for a General System

In this section, we study a steady state solution u_ to (4) with f(u_) = 0 and its
perturbation depending on the spatial variable x € R.

Without loss of generality, we take u_ = 0. Information about the stability of the zero
solution is encoded in the spectrum of the operator obtained by linearizing (4) with respect
to zero:

u; = DAxu + cd;u+ 0y f(0)u =: Lu, (44)

where 0dy is the differential with respect to u.
Let & be the Sobolev spaces H*(R?), and define the weight function

Yu(z, %2, ..., x5) = ¥

and the spaces &, and £ = & N &, as before. Analogously to the model problem discussed
in Section 3, we use £ to denote the operator defined on &2 provided by the map u —
Lu, with the domain u € H**2(R%)2. We use L, to denote the operator defined on £?2
as provided by u — Lu, with the domain being the set of u, where y,u € H?(RY)2.
Throughout, we impose the following assumptions on f(-) in (4).

Hypothesis 1.

(a) In appropriate variables u = (ug,up),u; € R"M,uy, € R"™,nq 4+ ny, = n, we assume that for
pprop 1 1 1
some constant ny X ny matrix A1 we have

f(u1,0) = (Aruy,0)".
(b)  The function f is C¥*3 from R" to R".
If Hypothesis 1 holds, then f(u4+) = 0 and
fluy,uz) = f(uy,0) + f(ug, uz) — f(uy,0)
_ ( Aloul >+/01 Dy f (a1, tug)dtuy
_ < Ayug + fi(ug, up)uy >’

fo(ug, up)uy

where ﬁ and fz are some matrix-valued functions of size n1 x np and ny x ny, respectively.
Then, we can write
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Dy 0 ) ( fi(ug, uz) )
D — 7 u) = 7
(0 o) Fo=( )
where each D; is a nonnegative diagonal matrix of size n; x n; and f; : R x R"™ — R"
for i = 1,2. Equation (4) now reads as follows:

dru; = D1Axu; + cdzug + f1(ug, up), (45)

oruy = DyAyup + cozup + fr(ug, up). (46)

If we linearize (46) at (0,0), then the constant—coefficient linear equation depends only
on uy, as f(0, 0)=0 per Hypothesis 1 (a) can be obtained as follows:

diuy = DrAxuy + coup + aulfz(o, 0)111 + 8u2f2(0, 0)112

(47)
= DyAxup + cdup + auzfz(o, 0)uy.
We denote by L@, the right-hand side of (47) and let L) be the operator defined
on H¥(R9)™ and provided by u — L(?)u with the domain u € HK2(R%)"2,
In addition, we linearize (45) at (0,0); per by Hypothesis 1 (a), the respective constant—
coefficient linear equation reads

8tu1 = D1Axuq + Cale1 + aulfl(O, 0)111 + 8u2f1 (0, 0)112

= D1Axu; + cdzu; + Ajug + 9y, f1(0,0)uy. (48)

We denote LMuy = DyAcu; + cd-ug + Aqug; thus, 9;uy = LWuy + du, f1(0,0)uy.
Let £() be the operator defined on H*(R%)™, provided by u — LMy, with the domain
u € gk+2 (Rd)nl )

With the additional assumptions listed below, we show that the perturbations of the
left end state u_ that are initially small in both the unweighted norm and weighted norm
remain small in the unweighted norm and decay exponentially in the weighted norm.
In addition, the up-component of the perturbation decays exponentially in the unweighted
norm. Below, we use the following hypotheses about the spectrum of L.

Hypothesis 2. In addition to Hypothesis 1, we assume that there exists a constant « > 0 such that
sup{Re A : A € Sp(Ly)} < 00n (L2(R) ® L2(RI-1))".

As in Section 3.1, let y = (x,...,x7) € R¥1 such that x = (z,y) € RY, denote
L1y = D0;; +cd; + 0y f(0)u and Ay = 8,252 4+ aid, and define the linear operators £ , :
HE(R)" — HE(R)", where dom(Ly,) = HP2(R)" ¢ HE(R)" and Ay : HY(RI1)" —
H*(R4~1)", where dom(A,) = H*2(R?-1)" ¢ H*(R?~1). Then, the operator £, on the

space HX(R?)" can be represented as
,Ca = El,a ® IHk(Rd—l) + IHk(R) ® Ay-

Hypothesis 2 holds if there exists a constant & > 0 such that sup{ReA : A €
Sp(L14)} < 0on HY(R)". Indeed, following Remark 3, we have

Sp (Em ® I (ra-1y + It (r) © Ay) = Sp(L14) +Sp(4y)
Note that the spectra of £, on L2(R%)" and HX(R?)" are equal, similar to Lemma 6;
thus, it is apparent that if sup{Re A : A € Sp(L1,)} < 0 on L2(R)", then Hypothesis 2 is
satisfied for any HX(R%)".

Hypothesis 3. In addition to Hypothesis 2, we assume the following:
(1)  The operator L) generates a bounded semigroup on the spaces L?(R*)™ and H¥(R?)™.
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(2)  The operator L2 satisfies sup{ReA A €eSp (6(2)) } < 0on L2(RY)™ and H*(R%)™,

Note that we have used the following lemmas in stating these hypotheses, by analogy
to Lemma 1 in Section 3.1.

Lemma 6. The linear operator L associated with L in (44) has the same spectrum on L*(R)" and
HN(R", and the linear operators £ associated with L) in (48) and (47) have the same spectra
on L2(RY)" and H*(RY)" for i = 1,2; similarly, the linear operator L, has the same spectrum on
both (L2(R) @ L2(R?*~1))" and (HX(R) @ HF(R41))".

Proof. Because L is associated with the constant—coefficient differential expression L, we
can use the same proof as in Lemma 1. [

We now rewrite Equation (4) for the perturbation v(t,x) of the end state u— = 0
in a form amenable to the subsequent analysis. We seek a solution to (4) of the form
u(t,x) = u_ + v(t,x). Using this notation, v = v (¢, x) satisfies

Vi = DAV + €0,V + 0y f(0)v + f(v) — f(0) — duf(0)v. (49)

Note that

F(3) = £0) ~2uf(O)v = [ (Buf(tv) — duf(O))dtv

We define .
N(u) = /0 (Buf(tv) — duf(0))dt, (50)

as an n x n matrix-valued function of v; note that N(v)v € R" for any v € R". Using (50),
we can rewrite (49) as
vi = Lv+ N(v)v. (51)

This is the semilinear equation for the perturbation we examine here. Throughout the
rest of this section, we assume k > [%} for & = H*(R?) and &, = HX(R) ® HF(RI-1).

Proposition 7. Assuming that Hypotheses 1-3 hold, the following are true. (1) There exists « > 0
such that on the weighted space E}}, the spectrum of Ly is bounded away from the imaginary axis
sup{ReA : A € Sp(Ly)} < —v for some v > 0. In addition, there exists K > 0 such that

et <Ke ¥ forall t3>0.

~
ER—ER

(2) On the unweighted space £,?, we have sup{Re)L :A€Sp (5(2)) } < —p for some p > 0,

2
etﬁ( ) ‘

and there exists K > 0 such that ‘ , S Ke_Ptfor allt > 0.

712 1
& =&,y

Proof. Statement (1) holds by Hypothesis 2 and Lemma 6, while Statement (2) follows
from Hypothesis 3 and Lemma 6. [J

The above Proposition 7 provides the spectral stability of the linear operator in the
semilinear system (51). We next estimate the local Lipschitz property for the nonlinear
terms N(v)v, as in (51) for the weighted and unweighted norms.

Proposition 8. Assume k > %51 and let & = H¥(R?); given f € CK+3(R™; R"), consider the
nonlinearity N (v) defined in (50). Then, we have the following:

(1) Ifve&" then N(v)v € £}, and on any bounded neighborhood with the form {v : ||v||¢ < K}
there is a constant Cx > 0 such that || N(v)v|[x < Cx||v|o]|V||a-
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(2) Ifve&" then N(v)v € EJ, and on any bounded neighborhood with the form {v : ||v||o < K}
there is a constant Cx > 0 such that ||[N(v)v]jo < Ck/| v||3.

(3)  The formula v — N(v)v defines a mapping from E" to E" that is locally Lipschitz on any
bounded neighborhood with the form {v : ||v||¢ < K} in E™.

In this proof, we refer to Lemma 4 for the components of N(v)v by dropping g from
the lemma. Note that

N(v) = /O L Ouf(tv) — 9uf(0))dt = /0 ' ( /O ' auzf(stv)ds)tvdt.

By applying Lemma 4 to the components of the vector under the integral, the mapping
v — N(v) is locally Lipschitz on sets with the form {v : ||v||o < K}, satisfying

IN(W)llo < Ckl[v]lo- (52)
Thus, per Lemma 3 (1) and (52), we conclude that the nonlinearity N(v)v satisfies
IN(W)vllo < [IN(v)lollvllo < CklIvlollvllo,
while per Lemma 3 (2) and (52), it satisfies
IN(V)V[la = [7aN(v)vlly < [[N(v)[loll7avllg < Ckl[vllolv]las
as well, thus proving (1) and (2). Next, we use the definition of ||||¢ and infer

IN(V)v]le = max{[[N(v)v[lo, IN(vV)v]a}
< max{Cx||vllol[v[lo, Ck[v[lol[ vl }
< Cklvlellvile-

With the information that we have now obtained, the spectrum of the linear operator
of system (51) is stable in the weighted space and the nonlinear terms of system (51) under
the weighted norm satisfy certain locally Lipchitz conditions. Next, we proceed as in the
proof of Propostions 4—6 in Section 3 and use similar Bootstrap arguments as those used in
the proof of Theorem 1 to finally obtain the following stability result.

Theorem 2. With an initial value v° € E", let v(t) = v(t,v°) be the solution of (51) in E"
with v(0) = v°, and let k > 51,8 = H¥Y(RY) and & = HE(R) @ HY(R™). Assuming
Hypotheses 1-3, there exist constants C > 0,v > 0 and a small 5y > 0 such that for each
0 < & < & we can find > 0 such that, if |[v°|| o < 1, then the following is true for all t > 0:

e v(t)is defined in E"

[v(t)le <o

Iv(t)[la < Ce=¥[|¥]],

v (B)llo < C[[v°||¢

Iva(B)llo < Ce™[[v]| .

As the proof is identical to the proof of Theorem 1, we do not restate it here.

5. Conclusions and Future Work

In this paper, we have studied a class of reaction—diffusion systems usually associated
with combustion problems. In particular, they are characterized by a special product
triangle structure, that is, the linear operator obtained after linearization of the system
with respect to the traveling front has a triangular structure (25) and the nonlinear reaction
terms have a product structure. This structure is caused by the strong dependence of the
reaction rate on the temperature, which is displayed as a cut-off from the source in terms
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of mathematical expression. Examples of other systems that possess this type of structure
include the exothermic-endothermic chemical reaction

oy1 = Axyr +y2f2(y1) — oyafa(va)
Oty2 = daAxy2 — Y2 f2(y1)
dty3 = dzAxys — ty3f3(y1)

Here, y; is the temperature, y; is the quantity of exothermic reactant, and ys3 is the

quantity of endothermic reactant. The parameters o and 7 are positive, and there are
b:

positive constants a; and b; such that f;(y;) = aieiﬁ fory; > 0and fi(y;) =0fory; <O,
as well as the gasless combustion

o = Axu+vg(u), o = —pog(u),

where g(u) = eu if u > 0 and g(u) = 0if u < 0. In this system, u is the tempera-
ture, v is the concentration of unburned fuel, g is the unit reaction rate, and § > Ois a
constant parameter.

For a reaction—diffusion system with this structure, we show that if the spectrum of
the linear operator projected in one-dimensional space is touching the imaginary axis, a
weight function and weighted space can be used to shift the spectrum of the linear operator
to the left to obtain the spectral stability of the operator. On the other hand, we show that
the nonlinear reaction term with the product form has the local Lipschitz property in the
constructed weighted space. By combining these facts, the stability of the steady-state
solution of the planar front can be obtained.

However, there are several problems involving this same subject that remain unsolved
for the time being. For example, the linear operator obtained by linearizing the system with
respect to the planar front has isolated singularities, and each of these isolated singularities
extends an infinite semiline in the multidimensional space, as discussed in Remark 3. This
which leads us to presuppose, as in [15], that the diffusion coefficients of different variables
of the system are identical; interested readers may refer to [15] (Proposition 3.1) for a
detailed discussion.
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