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Abstract: A non-Newtonian stagnation point fluid flow towards two different inclined heated surfaces
is mathematically formulated with pertinent effects, namely mixed convection, viscous dissipation,
thermal radiations, heat generation, and temperature-dependent thermal conductivity. Mass transfer
is additionally considered by the use of a concentration equation. The flow narrating equations are
solved numerically by using the shooting method along with the Runge–Kutta scheme. A total of
80 samples are considered for five different inputs, namely the velocities ratio parameter, temperature
Grashof number, Casson fluid parameter, solutal Grashof number, and magnetic field parameter.
A total of 70% of the data are used for training the network; 15% of the data are used for validation;
and 15% of the data are used for testing. The skin friction coefficient (SFC) is the targeted output. Ten
neurons are considered in the hidden layer. The artificial networking models are trained by using
the Levenberg–Marquardt algorithm. The SFC values are predicted for cylindrical and flat surfaces
by using developed artificial neural networking (ANN) models. SFC shows decline values for the
velocity ratio parameter, concentration Grashof number, Casson fluid parameter, and solutal Grashof
number. In an absolute sense, owning to a prediction by ANN models, we have seen that the SFC
values are high in magnitude for the case of an inclined cylindrical surface in comparison with a flat
surface. The present results will serve as a helpful source for future studies on the prediction of
surface quantities by using artificial intelligence.

Keywords: non-Newtonian fluid; heat transfer; mixed convection; neural networking;
Levenberg–Marquardt algorithm

1. Introduction

It is well acknowledged that the physics of non-Newtonian fluid flows poses a unique
challenge to scientists, mathematicians, and engineers. There is not a single constitutive
equation that demonstrates all of the characteristics of such non-Newtonian fluids due to
the complexity of these fluids. Many non-Newtonian fluid models have been put out along
the process. Among these, the Casson fluid [1] has drawn a lot of interest. In the Casson
fluid, the yield stress is present. It is well known that Casson fluid is a shear-thinning
fluid [2,3] and it behaves like a solid when the yield stress is more than the shear stress,
but it begins to move in the case of large shear stress [4]. The following are examples of
Casson fluid: jelly, soup, tomato sauce, concentrated fruit liquids, honey, etc. Casson fluids
can also be used to examine the properties of human blood. Owning to such importance,
various studies are performed to inspect the Casson fluid in different physical frames.

Processes 2023, 11, 986. https://doi.org/10.3390/pr11040986 https://www.mdpi.com/journal/processes

https://doi.org/10.3390/pr11040986
https://doi.org/10.3390/pr11040986
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/processes
https://www.mdpi.com
https://orcid.org/0000-0001-7492-4933
https://doi.org/10.3390/pr11040986
https://www.mdpi.com/journal/processes
https://www.mdpi.com/article/10.3390/pr11040986?type=check_update&version=2


Processes 2023, 11, 986 2 of 19

For example, Kelessidis and Maglione [5] used the Casson flow field to see if they could
adequately characterize the rheology of bentonite suspensions by using twelve sets of
experiments. For all rheological models, equations were provided that made it possible to
calculate the actual shear rates that the fluids inside the rotational viscometer experienced.
Using real and Newtonian shear rates, which were frequently employed in the study of
rheometric data, non-linear regression was used to derive the two rheological parameters
for the Casson model. The findings demonstrated that both models provide adequate
statistical indicators for describing the experimental data of these bentonite suspensions.
Additionally, the study demonstrated that real shear rates for both models were consistently
larger than Newtonian shear rates. According to the specific suspension, the discrepancies
were greater at low shear rates and became less at higher shear rates. The rheograms’
forms principally remained the same, showing that the rheological parameters calculated
using actual shear rates were quite close to those calculated using Newtonian shear rates.
The computation of the rheological parameters for both models and both methodologies
further supported this. Kelessidis and Maglione [5] derived the differences in yield by
using true shear rates, which were, at most, 7% for the Casson model and, at most, 3%
for the plastic viscosity. However, given that there are mathematical methods that allow
for the use of actual shear rates with no compromise, these minor discrepancies do not
support the use of Newtonian shear rates. Mahanta and Shaw [6] introduced a convective
condition at the surface where the fluid’s thermal conductivity varied linearly with respect
to temperature to provide a magnetohydrodynamic (MHD) three-dimensional Casson
fluid flow via a porous linearly stretched sheet. The velocity and temperature fields were
computed for a variety of factors. The governing equations were resolved with the help
of the spectral relaxation method (SRM). When the current findings were compared to
currently available, limited solutions, they showed good agreement with one another and
with many criteria. To study the behaviors with various settings, graphs for the temperature
and velocity were plotted. For various parameters, the impact of skin friction on the local
Nusselt number was addressed and provided in tabular form. The magnetized fluid across
a channel was studied by Akbar et al. [7]. For the purpose of simulating fluid viscoplastic
behavior, the reliable Casson model was used. The direction of the fluid flow was at
an angle to the external magnetic field. Effects of viscous dissipation were included. The
metachronal waves that were propagated as cilia beat on the channel’s inner walls and
regulated the flow. They proposed a closed form solution. Additionally, a comparison
with Newtonian fluids was performed. To see the phenomenon of trapping, streamlines
were drawn. The calculations showed that, near the channel walls, velocity increases with
rising Hartmann number magnitude; however, a considerable slowing was seen in the core
flow region. Thammanna et al. [8] considered three-dimensional Casson fluid flow with
various physical effects. Similarity variables were used to drop the order, and the resulting
equation was solved by the Runge–Kutta scheme. The data were then shown graphically for
concentration, temperature, and velocity toward several relevant physical parameters. The
results showed that the Casson parameter’s bigger values reduced the velocity components.
In contrast, the thickness of the solutel boundary layer decreased as the Schmidt number
and chemical reaction parameter were increased. When the current results and the already
available limiting solutions were evaluated, they were found to be in good agreement.
Siddiqa et al. [9] conducted a boundary layer analysis to examine the impact of non-linear
surface radiation on Casson fluid past a vertical wavy cone. The boundary conditions
were expressed using the Stefan–Boltzmann formula to express the contribution of surface
radiative heat flux. The governing equations were first transformed into a non-dimensional,
non-conserved form using the proper sets of transformations, and then a numerical method
was employed to find the solutions. Graphical representations of our numerical findings
were presented while key non-dimensional parameters varied. Additionally, a comparison
with the existing literature was made, and it was found that the results were generally in
agreement. Additionally, high values of the Casson rheological parameter significantly
influence fluid velocity, although temperature profiles exhibit the reverse trend. Mahmood
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et al. [10] conducted a numerical examination of Casson nanofluid flow, heat transmission,
and entropy formation over a stretching surface. Various physical effects are included in
the simplified flow model. The controlling nonlinear partial differential equations were
reduced by using the similarity technique. The solutions for the temperature, velocity,
and entropy profiles were then approximately determined by solving the resulting set
using a finite difference numerical technique. Additionally, the boundary’s heat exchange
rate and skin friction factor were computed and graphically visualized. The key results
included the detrimental effects of Lorentz forces within the boundary layer as well as
the rise in temperature caused by rising non-Newtonian, thermal radiation and sheet
convection parameters.

Madhu et al. [11] examined the Casson flow field in a square porous cavity. The
top wall was assumed to be adiabatic, and the temperature control within the cavity was
achieved by cooling of the side walls and heating of the bottom wall. The governing
equations of a flow problem were obtained and solved by using the penalty finite element
approach. It was investigated how varying heated zone lengths, Rayleigh numbers, and
Darcy numbers affected the cavity’s flow and temperature distribution. Investigations
were conducted into how changing a fluid’s effective viscosity might affect heat transfer
and fluid flow. The obtained results demonstrate that heat transfer and flow circulation
increased for Casson fluid parameter and Darcy number. The flow of Casson fluid past
an exponentially expanding curved surface with convective boundary conditions were
examined by Kumar et al. [12]. It was supposed that the fluid motion was laminar and time-
dependent. The impacts of varied heat source/sink, Joule heating, temperature-dependent
thermal conductivity, and thermal radiation were evaluated. In order to solve the governing
partial differential equations numerically, using techniques such as shooting and the Runge–
Kutta method, the appropriate transformations were taken into consideration. The effect of
different dimensionless parameters on the fields of velocity and temperature were depicted
in graphs, and it was found that the temperature field was improved by the thermal
conductivity, radiation, and heat parameters. Banerjee et al. [13] investigated the Casson
fluid flow in a diverging channel with a porosity effect. The flow field was investigated by
using nonlinear coupled equations. Additionally, numerical solutions were achieved by
using the MATLAB software “bvp4c”. The study shows that only boundary layer flow was
possible if mass suction exceeded a threshold that was dependent on the Casson parameter.
Additionally, the temperature distribution was significantly impacted by the rheological
characteristics of the viscous dissipation, and, as a result, the temperature within the
boundary layer region is lower than the temperature of the free stream. Parvin et al. [14]
discussed Casson flow field with various physical effects. The mixed convection, shrinkage
parameter, Dufour number, and Soret number were some of the physical parameters
that the model was subjected to. Moreover, the inclined magnetic field and an angled
shrinking sheet were applied to this model. The reduced ordinary differential equations’
final numerical solutions were obtained using the MATLAB bvp4c program as the primary
mathematical tool. The governing partial differential equations give rise to these ODEs.
For specific values of the physical parameters, numerical representations were created for
the skin friction coefficient.

Obalalu et al. [15] demonstrated, theoretically and numerically, the squeezed Casson
fluid flow with thermal radiation. The model was governed by a differential system, which
was achieved. The following observations were made as a result of the analysis. They
discovered that the presence of squeeze numbers is crucial and that increasing the squeezing
parameter raises the fluid temperature. Skin friction was significantly affected by higher
values of variable viscosity. Raza et al. [16] examined the heat transfer in Casson nanofluid
towards a vertical plate. The leading equations with physical attributes of nanoparticles
were established, and the Laplace transformation was used to report the solution. It was
determined that the velocity increases with the Grashof number. When compared to the
Caputo–Fabrizio fractional derivative, the results exhibit a greater declining tendency.
The effects of Lorentz forces on the Casson fluid flow of a water-based Fe3O4-MWCNT
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hybrid nanofluid caused by dust particles from a stretching sheet was examined by Saeed
et al. [17]. By using similarity variables, the leading PDEs (partial differential equations)
were converted into ODEs (ordinary differential equations), and the converted ODEs were
then given an exact solution. In-depth consideration was given to the effects of several
physical limitations, such as the magnetic parameter and Casson parameter, on the fluid
velocity and dust velocity for normal nanofluid and hybrid nanofluid. Recent attempts to
examine Casson fluid in numerous configurations can be accessed in Refs. [18–20].

The thermophysical properties of heat transfer in fluid science have many applications,
including electronic cooling, heat exchangers, refrigeration systems, thermal distillation
systems, steam–electric power generation, solar collectors, and spacecraft thermal pro-
tection, to name a few. This is widely agreed upon by researchers in the field of thermal
engineering. Considering such importance, we offer numerical values of skin friction
coefficient at both flat and cylindrical surfaces in the presence of various effects, namely,
an externally applied magnetic field, a stagnation point, mixed convection, thermal radi-
ation, viscous dissipation, and heat generation. To be more specific, the non-Newtonain
fluid flow towards two inclined surfaces along with the aspects of heat and mass transfer
are considered simultaneously. The shooting method and Runge–Kutta (RK) scheme are
used to solve the flow equations of the problem. The ANN model is trained by using the
Levenberg–Marquardt technique. The skin friction coefficient values at both surfaces are
debated by the use of the ANN model. The article is designed as follows: Section 1 is
devoted to a literature survey on Casson fluid flow subject to various configurations. The
flow field formulation is presented in Section 2. A directory for the solution scheme is given
in Section 3, while Section 4 contains the construction of the ANN model. The obtained
results and discussion are offered in Section 5. The outcomes are summarized in Section 6.

2. Mathematical Formulation

The non-Newtonian fluid flow is introduced by means of stretching inclined surfaces,
namely, cylinder and plate. The flow regime is strengthened by considering the magnetic
field, stagnation point flow, temperature-dependent conductivity, viscous dissipation,
mixed convection, and heat generation. The mass transfer is considered by entreating
the concentration equation. The magnetic field is applied perpendicular to the Casson
fluid flow. The strength of both concentration and temperature is considered higher at the
surface as compared to strength far away from the surface. The geometry of the problem is
offered as Figure 1. The ultimate Casson fluid flow equations [21] for the present problem
can be written as:

∂(r̂û)
∂x̂

+
∂(r̂v̂)

∂r̂
= 0 (1)

û ∂û
∂x̂ + v̂ ∂û

∂r̂ = ν1

(
1 + 1

βc

)(
∂2û
∂r̂2 + 1

r̂
∂û
∂r̂

)
+ ûe

∂ûe
∂x̂ −

σB0
2

ρ (û− ûe)

+ g0BT(T̂ − T̂∞)cos(α1) + g0BC(Ĉ− Ĉ∞)cos(α1),
(2)

ρcρ

(
û

∂T̂
∂x̂

+ v̂
∂T̂
∂r̂

)
=

1
r̂

∂

∂r̂

(
κ(T̂)

∂T̂
∂r̂

)
+ µ̂

(
1 +

1
β

)(
∂û
∂r̂

)2
− 1

r̂
∂

∂r̂
(r̂q̂) + Q0

(
T̂ − T̂∞

)
. (3)

û
∂Ĉ
∂x̂

+ v̂
∂Ĉ
∂r̂

= D1
∂2Ĉ
∂r̂2 . (4)

The flux (radioactive) q̂ is well-defined as:

q̂ = −16σ∗T3
∞

3k∗
∂T̂
∂r̂

. (5)

The thermal conductivity is defined as

κ
(
T̂
)
= κ∞

(
1 + ε1

T̂ − T̂∞

T̂w − T̂∞

)
, (6)
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The conditions given on borderline are:

û = Ûw = ax̂, v̂ = 0 , Ĉ = Ĉw, T̂ = T̂w, at r̂ = Rc, (7)

û = ûe = dx̂, Ĉ → Ĉ∞, T̂ → T̂∞, as r̃ → ∞.

Here, Rc stands for radius of cylinder, ν1 is kinematic viscosity, BC denotes the co-
efficient of solutal expansion, Ĉ, T̂, ρ, Q0, and D1 are concentration, temperature, fluid
density, heat generation coefficient, and mass diffusivity, respectively. Our interest is to
examine the comparative impact of flow parameters on Casson fluid flow towards both flat
and cylindrical surfaces by use of an artificial neural networking model. Therefore, for the
solution of Equations (1)–(4), we need to transform such PDEs into equivalent ODEs. For
such purpose we consider:

û = x̂
U0

L
F′(η), v̂ = −Rc

r̂

√
νU0

L
F(η), (8)

φn(η) =
Ĉ− Ĉ∞

Ĉw − Ĉ∞
, θn(η) =

T̂ − T̂∞

T̂w − T̂∞
, η =

r̂2 − Rc
2

2Rc

√
U0

νL
.

In light of Equation (8), Equations (1)–(3) turn into
(1 + 1/βc)(F′′′ (1 + 2γcη) + 2γcF′′ )− F′2 + FF′′ + GTθn cos(α1) + GCφn cos(α1)−Mp

2(F′ − Ap) + Ap
2 = 0, (9)(

1 + 4
3 Rp

)(
θn
′′ (1 + 2ηγc) + 2γcθn

′)+ ε1((θn
′2 + θnθn

′′ )(1 + 2ηγc) + 2θnγcθn
′)

+ PrEn(1 + 2ηγc)F′′ 2
(

1 + 1
βc

)
+ PrHgθ + PrFθn

′ = 0,
(10)

φn
′′ (1 + 2ηγc) + 2γcφn

′ + ScFφn
′ = 0. (11)

and the conditions reduce to:

F = 0, F′ = 1, φn = 1, θn = 1, at η = 0,
F′ = Ap, φn = 0, θn = 0, at η → ∞.

(12)

The dimensionless temperature, concentration, and velocity are denoted by θn, φn , and F′,
respectively. The parameters are mathematically summarized as follows:

βc =
µ
√

2πc
τr

, Rp = 4σ∗ T̃3
∞

κk∗ , γc =
√

υL
c2U0

,

Ap = d
a , Mp =

√
σB2

0 L
ρU0

, Pr = µcp
κ , En =

U2
0 (x̂/L)2

cp(T̂w−T̂∞)
,

GT = g0βT(T̂w−T̂∞)L2

U0 x̂ , GC = g0βC(Ĉw−Ĉ∞)L2

U0 x̂ , Sc = ν1
D1

, Hg = LQ0
U0ρcp

.

(13)

The Eckert number, Prandtl number, solutal Grashof number, thermal Grashof number,
thermal radiation parameter, Casson fluid parameter, Schmidt number, and velocities ratio
parameter are denoted by En, Pr, GC, GT , Rp, βc, Sc and Ap. The fluid is flowing over the
stretching cylindrical and flat surfaces, and, hence, the skin friction exists. The SFC is
formulated as follows:

C f =
2τw
ρU2

w
, τw = µ

(
∂û
∂r̂

)
r̂=Rc

,
√

Rex̂C f =
(

1 + 1
βc

)
F′′ (0).

(14)
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3. Solution Scheme

The reduced order equations, namely Equations (9)–(11), are coupled and non-linear,
which makes it difficult to solve them analytically. Various solution techniques [22–26] are
used to report the flow differential equations, but to obtain the best approximate numerical
solution, the shooting method will be used. The shooting approach [27,28] has been shown
to be effective and practical for solving boundary value problems (BVP). In order to apply
the shooting approach, the BVP must first be transformed into an initial value problem
(IVP), after which initial value predictions are made. Iterative solutions are then used to
solve the IVPs, and this process is repeated until the boundary conditions are satisfied.
The Newton–Raphson method is utilized for initial value estimate while the Runge–Kutta
formula is employed for iterative calculations. The necessary step is to have an initial value
system, and it can be created by assuming:

Y1 = F(η), Y2 = F′(η), Y3 = F′′ (η),
Y4 = θn(η), Y5 = θn

′(η),
Y6 = φn(η), Y7 = φn

′(η),
(15)

Owing Equation (15) into Equations (9)–(11) results in

Y1
′ = Y2,

Y2
′ = Y3,

Y3
′ = 1(

1+ 1
βc

)
(1+2ηγc)

[
−2γcY3

(
1 + 1

βc

)
+ Y2

2 −Y1Y3 − GTY4 cos α1 − GCY6 cos α1

−Mp
2(Y2 − Ap)− Ap

2

]
,

Y4
′ = Y5,

Y5
′ = − 1

(1+ 4
3 Rp)(1+2ηγc)+ε1(1+2ηγc)Y4

 (1 + 4
3 Rp)(2γcY5) + ε1((1 + 2ηγc)Y2

5
+2γcY4Y5) + PrY1Y5 + PrHgY4
+PrEn(1 + 2ηγc)(1 + 1

βc
)Y2

3

,

Y6
′ = Y7,

Y7
′ = −ScY1Y6−2γcY7

(1+2ηγc)
.

(16)

While conditions reduces to

Y1 = 0, Y2 = 1, Y6 = 1 , Y4 = 1, at η = 0,
Y2 → Ap, Y6 → 0, Y4 → 0 , as η = ∞.

(17)

Results from the self-coding of the aforementioned equations in Matlab are displayed
as line graphs (velocity plots) and tabular data (skin friction coefficient).
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4. Construction of Artificial Neural Networking Model

The non-Newtonian fluid flow towards two different stretched surfaces is considered
and modelled mathematically. The flow equations are solved numerically. The skin friction
coefficient is evaluated at a flat plate (Model-I) and cylindrical surface (Model-II). For both
cases, the ANN models are constructed to forecast the values of skin friction at surfaces.

It is strongly believed by researchers that the artificial neural networking model [29–32]
in alliance with multilayer perceptron (MLP) has great learning ability and is thus used to
predict various physical phenomena. The three different layers are used in MLP networks.
The inputs are used in the first layer while the centrally involved layer is termed the hidden
layer. The last layer is termed as output layer and prediction data is held by this layer. The
architecture of the network model is offered in Figure 2.
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Figure 2. Architecture of network model.

We have constructed two ANN models, namely ANN Model-I and II. ANN Model-I
is constructed to predict the skin friction coefficient at a flat surface while ANN Model-II
is constructed to offer a prediction of SFC values at a cylindrical surface. For both ANN
models, the five different flow parameters are used as inputs while the SFC is considered
as output. The flow parameters are velocity ratio, magnetic field parameters, concentration
Grashof number, Casson fluid parameter, and temperature Grashof number. The symbolic
information for two different models is given in Table 1. For 5 inputs, we have collected 80
different samples (positive values) and, hence, 80 sample values for skin friction coefficient.
A total of 70% of the data are used for training the network; 15% of the data are used for
validation; and 15% of the data are used for testing. The complete information in this regard
is offered in Table 2. The ten neurons are considered in the hidden layer, and the Levenberg–
Marquardt technique is used to train the network. The mathematical expressions of the
transfer functions used in hidden and output layers are written as:

FT(x) =
1

1 + e−x , (18)

Pureline(x) = x. (19)

For performance examination of artificial neural networking models of skin friction
coefficient at flat and cylindrical surfaces, we have considered the following parameters,
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namely, the mean squared error (MSE) and coefficient of determination (R). The mathematical
equations used in the calculation of the performance parameters are written as:

MSE =
1
N

N

∑
i=1

(Xnum(i) − XANN(i))
2, (20)

R =

√√√√√√√√1−

N
∑

i=1
(Xnum(i) − XANN(i))

2

N
∑

i=1
(Xnum(i))

2
. (21)

Table 1. Input and output details for ANN models.

Model Surface Input Output

ANN Model-I (γc = 0.0) (Ap) (Mp) (GC) (βc) (GT) SFC

ANN Model-II (γc = 0.5) (Ap) (Mp) (GC) (βc) (GT) SFC

Table 2. Data description for ANN models.

Samples Model-I Model-II

Data for training 56 56

Data for validation 12 12

Data for test Data 12 12

Total 80 80

5. Results and Discussion

The Casson fluid flow towards two different stretched surfaces is examined by use of
artificial neural networking models. In detail, the Casson flow over a stretching cylinder
is mathematically formulated and solved by the use of the shooting method. The Casson
fluid flow over a flat surface is evaluated by considering the zero-value of the curvature
parameter. The ultimate flow parameters involved in this direction are the velocity ratio pa-
rameter, concentration Grashof number, magnetic field parameter, Casson fluid parameter,
and temperature Grashof number. We have evaluated the SFC at the cylindrical surface
towards these parameters. The range of parameters is selected by owning the convergence
of the numerical scheme.

Tables 3–10 are strategized in this direction. In detail, Table 3 offered the SFC at both
flat (γc = 0) and cylindrical (γc = 0.5) surfaces. Such evaluation is conducted for the
magnetized frame. In an absolute sense, we noticed that, for higher values of the velocity
ratio parameter, the SFC declines significantly.

Table 3. Variation in SFC for Ap.

Ap

F”(0) (1 + 1/βc)F”(0)

γc = 0
(Plate)

γc = 0.5
(Cylinder)

γc = 0
(Plate)

γc = 0.5
(Cylinder)

0.1 −0.2724 −0.5437 −2.9964 −5.9807

0.2 −0.2654 −0.5389 −2.9194 −5.9279

0.3 −0.2538 −0.5297 −2.7918 −5.8267

0.4 −0.2463 −0.5176 −2.7093 −5.6936
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Table 3. Cont.

Ap

F”(0) (1 + 1/βc)F”(0)

γc = 0
(Plate)

γc = 0.5
(Cylinder)

γc = 0
(Plate)

γc = 0.5
(Cylinder)

0.5 −0.2376 −0.5021 −2.6136 −5.5231

0.6 −0.2277 −0.4832 −2.5047 −5.3152

0.7 −0.2163 −0.4609 −2.3793 −5.0699

0.8 −0.2041 −0.4354 −2.2451 −4.7894

0.9 −0.1901 −0.4065 −2.0911 −4.4715

1.0 −0.1567 −0.3743 −1.7237 −4.1173

Table 4. Variation in SFC for Ap when Mp = 0.

Ap

F”(0) (1 + 1/βc)F”(0)

γc = 0
(Plate)

γc = 0.5
(Cylinder)

γc = 0
(Plate)

γc = 0.5
(Cylinder)

0.1 −0.2695 −0.5419 −2.9645 −5.9609

0.2 −0.2666 −0.5367 −2.9326 −5.9037

0.3 −0.2626 −0.5282 −2.8886 −5.8102

0.4 −0.2513 −0.5162 −2.7643 −5.6782

0.5 −0.2439 −0.5009 −2.6829 −5.5099

0.6 −0.2353 −0.4822 −2.5883 −5.3042

0.7 −0.2255 −0.4601 −2.4805 −5.0611

0.8 −0.2144 −0.4347 −2.3584 −4.7817

0.9 −0.1882 −0.4054 −2.0702 −4.4594

1.0 −0.1548 −0.3739 −1.7028 −4.1129

Table 5. Variation in SFC for GC [21].

GC

F”(0) (1 + 1/βc)F”(0)

γc = 0
(Plate)

γc = 0.5
(Cylinder)

γc = 0
(Plate)

γc = 0.5
(Cylinder)

0.1 −0.2724 −0.5423 −2.9964 −5.9653

0.2 −0.2625 −0.5319 −2.8875 −5.8509

0.3 −0.2552 −0.5215 −2.8072 −5.7365

0.4 −0.2514 −0.5110 −2.7654 −5.6210

0.5 −0.2475 −0.5006 −2.7225 −5.5066

0.6 −0.2434 −0.4901 −2.6774 −5.3911

0.7 −0.2391 −0.4979 −2.6301 −5.4769

0.8 −0.2301 −0.4692 −2.5311 −5.1612

0.9 −0.2199 −0.4588 −2.4189 −5.0468

1.0 −0.2080 −0.4483 −2.2880 −4.9313
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Table 6. Variation in SFC for GC when Mp = 0 [21].

GC

F”(0) (1 + 1/βc)F”(0)

γc = 0
(Plate)

γc = 0.5
(Cylinder)

γc = 0
(Plate)

γc = 0.5
(Cylinder)

0.1 −0.2695 −0.5419 −2.9645 −5.9609

0.2 −0.2625 −0.5315 −2.8875 −5.8465

0.3 −0.2551 −0.5210 −2.8061 −5.731

0.4 −0.2473 −0.5106 −2.7203 −5.6166

0.5 −0.2390 −0.5001 −2.629 −5.5011

0.6 −0.2299 −0.4897 −2.5289 −5.3867

0.7 −0.2197 −0.4792 −2.4167 −5.2712

0.8 −0.2077 −0.4688 −2.2847 −5.1568

0.9 −0.1993 −0.4583 −2.1923 −5.0413

1.0 −0.1863 −0.4478 −2.0493 −4.9258

Table 7. Variation in SFC for βc.

βc

F”(0) (1 + 1/βc)F”(0)

γc = 0
(Plate)

γc = 0.5
(Cylinder)

γc = 0
(Plate)

γc = 0.5
(Cylinder)

0.1 −0.2724 −0.5437 −2.9964 −5.9807

0.2 −0.3153 −0.6033 −1.8918 −3.6198

0.3 −0.3505 −0.6489 −1.5188 −2.8119

0.4 −0.3803 −0.6850 −1.33105 −2.3975

0.5 −0.4059 −0.7146 −1.2177 −2.1438

0.6 −0.4480 −0.7393 −1.1946 −1.9714

0.7 −0.4814 −0.7602 −1.16911 −1.8462

0.8 −0.4957 −0.7782 −1.1153 −1.7509

0.9 −0.5010 −0.7939 −1.0576 −1.6760

1.0 −0.5825 −0.8077 −1.1650 −1.6154

Table 8. Variation in SFC for βc when Mp = 0.

βc

F”(0) (1 + 1/βc)F”(0)

γc = 0
(Plate)

γc = 0.5
(Cylinder)

γc = 0
(Plate)

γc = 0.5
(Cylinder)

0.1 −0.2688 −0.4341 −2.9568 −4.7751

0.2 −0.2995 −0.4186 −1.797 −2.5116

0.3 −0.3457 −0.4083 −1.4980 −1.7693

0.4 −0.3747 −0.4011 −1.31145 −1.40385

0.5 −0.3997 −0.3959 −1.1991 −1.1877

0.6 −0.4407 −0.3920 −1.1752 −1.0453

0.7 −0.4578 −0.3889 −1.1118 −0.9444

0.8 −0.4872 −0.3865 −1.0962 −0.8696

0.9 −0.4999 −0.3846 −1.0553 −0.8119

1.0 −0.2414 −0.3831 −0.4828 −0.7662
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Table 9. Variation in SFC for GT [21].

GT

F”(0) (1+1/βc)F”(0)

γc = 0
(Plate)

γc = 0.5
(Cylinder)

γc = 0
(Plate)

γc = 0.5
(Cylinder)

0.1 −0.2998 −0.5554 −3.2978 −6.1094

0.2 −0.2949 −0.5488 −3.2439 −6.0368

0.3 −0.2899 −0.5423 −3.1889 −5.9653

0.4 −0.2850 −0.5357 −3.1350 −5.8927

0.5 −0.2801 −0.5292 −3.0811 −5.8212

0.6 −0.2752 −0.5227 −3.0272 −5.7497

0.7 −0.2703 −0.5162 −2.9733 −5.6782

0.8 −0.2654 −0.5097 −2.9194 −5.6067

0.9 −0.2605 −0.5033 −2.8655 −5.5363

1.0 −0.2557 −0.4968 −2.8127 −5.4648

Table 10. Variation in SFC for GT when Mp = 0 [21].

GT

F”(0) (1 + 1/βc)F”(0)

γc = 0
(Plate)

γc = 0.5
(Cylinder)

γc = 0
(Plate)

γc = 0.5
(Cylinder)

0.1 −0.2695 −0.5429 −2.9645 −5.9719

0.2 −0.2617 −0.5335 −2.8787 −5.8685

0.3 −0.2539 −0.5252 −2.7929 −5.7772

0.4 −0.2462 −0.5170 −2.7082 −5.6870

0.5 −0.2385 −0.5087 −2.6235 −5.5957

0.6 −0.2308 −0.5004 −2.5388 −5.5044

0.7 −0.2231 −0.4922 −2.4541 −5.4142

0.8 −0.2155 −0.4840 −2.3705 −5.3240

0.9 −0.2078 −0.4758 −2.2858 −5.2338

1.0 −0.2002 −0.4676 −2.2022 −5.1436

Further, we see that the strength of SFC at the cylinder is higher than SFC at a flat
surface. Table 4 gives the numerical data of SFC at flat and cylindrical surfaces in the
absence of a magnetic field.

We observed that the SFC shows a declining nature for the velocities ratio parameter.
The strength of SFC is greater in the case of the cylinder surface. Table 5 offers the impact
of the concentration Grashof number on SFC for both surfaces when an externally applied
magnetic field is present.

We have seen that the SFC decrease for concentration Grashof number, and the ob-
servation is the same for both surfaces. The magnitude of the skin friction coefficient is
higher for the cylinder [21]. Table 6 offers the effect of the concentration Grashof number
on SFC for both surfaces in the absence of a magnetic field. The SFC is found the decreasing
function of the concentration Grashof number. Such trends are similar for both surfaces [21].
Table 7 concludes the examination of SFC towards the Casson fluid parameter for the mag-
netized flow regime. For both surfaces, we see that SFC reduces significantly for the Casson
fluid parameter. Table 8 offers the SFC values for both surfaces in the absence of a mag-
netic field. We observed that SFC values decrease as the Casson fluid parameter increases.
Comparing a flat plate to a cylindrical surface, the SFC magnitude is larger. Tables 9 and 10
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offer examination on the impact of temperature Grashof number on the SFC [21]. To be
more specific, Table 9 offers the impact of temperature Grashof number on SFC when we
considered externally applied magnetic field while Table 10 offers the SFC values for the
absence of a magnetic field. For both cases, we have seen that the SFC shows decline values
towards positive values of temperature Grashof number. Further, the magnitude of SFC
is higher in the case of a stretched cylindrical surface. We have developed two different
artificial neural networking models (ANN-I and ANN-II) for SFC of Casson fluid flow at
two surfaces, namely flat and cylindrical surfaces. ANN-I owns the Casson flow at a flat
surface while ANN-II owns the Casson fluid flow at a cylindrical surface. The training of
the network is one of the important stops to developing the artificial neural networking
model. We have used the Levenberg–Marquardt algorithm to train the network. Figure 3a,b
offer the training performances of the ANN models. In detail, Figure 3a offers the training
performance of ANN model for prediction of SFC at a flat surface while Figure 3b gives the
training performance of the ANN model for the prediction of SFC at a cylindrical surface.
In the context of an MLP network’s training cycle (epoch), it is important to note that, for
ANN-I, the best validation performance is 0.01067 at epoch 7, and, for ANN-II, the best
validation performance is 0.37089 at epoch 5. For both graphs, we observed that initial
values of MSE are high and decrease towards developed stages. Figure 4a,b offers the
error histogram of ANN models being constructed to predict the values of SFC. In detail,
Figure 4a offers the error histogram of ANN model-I for a flat surface while Figure 4b offer
the error histogram of ANN model-II for the cylindrical surface. Both error histograms are
with 20 Bins. We have seen that the error values for both ANN models are reasonably low,
and, hence, the training stages of ANN-I and ANN-II to estimate SFC at a flat surface and
a cylindrical surface are completed ideally.
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Figure 5a,b offer the mean square error graphs of SFC. To be more specific, Figure 5a
offers the MSE for SFC at the flat surface while Figure 5b offers the MSE for SFC at the
cylindrical surface. Both figures support that the learning stages of ANN-I and ANN-II
are completed in a perfect way. MSE values are plotted for each of the 80 data samples.
The nearness of MSE values towards zero reflects the fewer errors while training the ANN
models to predict the SFC. The average MSE for the case of a flat surface is 0.0051666569
while, for the case of a cylindrical surface, it is recorded as 0.101813. Which is quite low,
hence, the training of the neural networking model is perfect to predict the values of SFC at
both flat and cylindrical surfaces.
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Figure 5. (a) MSE for SFC at plat surface; (b) MSE for SFC at cylindrical surface.

Figure 6a,b offer the regression values of SFC data for flat and cylindrical surfaces,
respectively. It is important to note that the regression value offers the correlation between
targets and prediction values, and, if it is close to one, we can say we have a close relation-
ship. For the case of a flat plate, the regression value was R = 0.99704. For validation, it was
recorded as R = 0.99054. Further, at the testing stage, we noticed R = 0.98439. Collectively,
the regression value for the case of a flat surface was R = 0.99436. As far as the case of the
cylindrical surface is concerned, we obtained R = 0.99734, R = 0.93749, and R = 0.9867 for
the training, validation, and testing stages. The collective value for the case of cylindrical
surface was R = 0.98204. Owning all these statistics from Figure 6a,b, we can conclude that
the constructed ANN-I and ANN-II are the best models to predict the SFC at both surfaces.

Figure 7a,b offer the comparison of actual values of SFC and predicted values of SFC
by artificial neural networking model. In detail, Figure 7a offers the comparison of ANN
and target data set for a flat surface while Figure 7b gives the comparison of ANN and
target data set for the cylindrical surface. We can observe from both figures that the majority
of ANN model outputs are in good agreement with the SFC target values. Owning such
overlap, we can say that the developed models, namely ANN-I and ANN-II, can predict
SFC with high accuracy. Figure 8a,b offer the impact of positive variation of the velocities
ratio parameter on Casson fluid velocity. In detail, Figure 8a gives the velocities ratio
parameter impact on velocity for the case of the flat surface while Figure 8b provides the
velocities ratio parameter impact on velocity for the case of the cylindrical surface. It is seen
that Casson fluid velocity admits direct relation towards the velocities ratio parameter. It is
significant to remember that the velocity ratio parameter displays the proportion between
the free stream and the Casson fluid stretching velocity. When the ratio parameter is smaller
than one, it is assumed that the stretching velocity plays a more significant role than the
free stream. The sloped surfaces significantly disrupt fluid flow as a result.
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data set for cylindrical surface.
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Figure 9a,b offer the influence of the Casson fluid parameter on Casson fluid velocity.
In detail, Figure 9a contributes the Casson fluid parameter effect on fluid over a flat surface
while Figure 9b gives the impact of the Casson fluid parameter on fluid over a cylindrical
surface. We have seen that Casson fluid velocity admits indirect relation towards fluid
parameter. The influence of magnetic field parameter on Casson fluid velocity over a flat
and cylindrical surface is inspected. Figure 10a,b are evidence in this direction. In detail,
Figure 10a reports the magnetic field parameter impact on velocity, and we noticed that
velocity decreases as the magnetic field parameter increases. Similarly, Figure 10b offers
the impact of magnetic parameter on velocity over a stretching cylinder and we noticed
that fluid velocity shows decline trends for variation in magnetic field parameter. For
positive values of magnetic field parameter, the Lorentz force increases, and, as a result,
resistance towards fluid flow increases, which ultimately brings a decline in fluid velocity
over stretched surfaces. Table 11 offers the performance particulars for both artificial neural
networking models, and one can see that the developed models have the capacity to predict
the skin friction coefficient values at both flat and cylindrical surfaces with high accuracy.
In the absence of an externally applied magnetic field, heat generation, and mass transfer,
the present problem reduces to the research problem given by Hayat et al. [33]. The skin
friction coefficient (SFC) is considered a comparison quantity towards two important flow
parameters, namely, the curvature parameter and the Casson fluid parameter. Owing to
Table 12, we found an excellent match.
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Table 11. Performance grades for constructed ANN models.

MSE R

Model Surface Training Validation Test Training Validation Test

Model-I (γc = 0.0) 0.0031 0.0107 0.0099 0.9970 0.9905 0.9844

Model-II (γc = 0.5) 0.0130 0.3709 0.2642 0.9973 0.9375 0.9887

Table 12. Comparison of SFC with Hayat et al. [33].

γc βc Hayat et al. [33] Present Values

0.1 1.0 1.2347 1.2135

0.1 1.5 1.1082 1.1030

0.1 2.1 1.0310 1.0150

0.0 2.0 0.9966 0.9643

0.1 2.0 1.0409 1.0214

0.2 2.0 1.0850 1.0413

0.1 2.0 1.2165 1.2032

0.1 2.0 1.0976 1.0743

0.1 2.0 0.9311 0.9101

6. Conclusions

The non-Newtonian fluid flow towards cylindrical and flat inclined surfaces was
examined by the use of ANN models. The flow was carried with a stagnation point, mixed
convection, externally applied magnetic field, thermal radiations, viscous dissipation, heat
generation, and temperature-dependent thermal conductivity. The flow was mathemati-
cally formulated and solved by the use of the shooting method. The skin friction coefficient
was evaluated at both surfaces towards five, unlike flow variables. The SFC was predicted
for both surfaces by using ANN models. The results are as follows:

• The values of the coefficient of determination are in support of the best artificial neural
networking to predict the SFC at the surface.

• The average mean square error (MSE) value for the ANN model towards a flat
stretched surface was 0.51666569% and it was quite satisfactory.

• Owning to a prediction by ANN models, we observed that, compared to a flat surface,
the strength of the SFC was larger in the case of cylindrical surfaces.

• SFC showed decline values for the velocity ratio parameter, the concentration Grashof
number, the Casson fluid parameter, and the solutal Grashof number.

• Casson fluid velocity showed increasing trends towards the velocity ratio parameter;
the opposite was the case for the Casson fluid parameter and magnetic field parameter.

• One can extend this study to examine the non-Newtonian fluid models (namely Power
Law, the Carreau, and the Generalized Power Law) subject to stretched surfaces having
engineering standpoints.
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Nomenclature

x̂, r̂ Cylindrical coordinates
ν1 Kinematic viscosity
û, v̂ Velocity components
βc Casson fluid parameter
g0 Gravitational acceleration
BT Thermal expansion coefficient
α1 Angle of inclination
BC Solutal expansion coefficient
T̂ Temperature of fluid
T̂∞ Ambient temperature
B0 Magnetic field constant
Ĉ∞ Ambient concentration
Ĉ Concentration of fluid
ûe Free stream velocity
cp Specific heat at constant pressure
σ Fluid electrical conductivity
ρ Fluid density
κ Variable thermal conductivity
q̂ Radiative heat flux
µ̂ Dynamic viscosity
L Characteristic length
Q0 Heat generation coefficient
ε1 Small parameter
Ĉw Surface concentration
U0 Reference velocity
D1 Mass diffusivity
T̂w Surface temperature
Rc Radius of cylinder
φn(η) Fluid concentration
F′(η) Fluid velocity
θn(η) Fluid temperature
GC Concentration Grashof number
GT Temperature Grashof number
Pr Prandtl number
Rp Radiation parameter
Ap Velocities ratio parameter
Mp Magnetic field parameter
k∗ Coefficient of mean absorption
γc Curvature parameter
En Eckert number
σ∗ Stefan–Boltzmann constant
Sc Schmidt number
Hg Heat generation parameter
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