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Abstract: We propose a mathematical model that allows us to determine the temperature field of a
parallel-sided electrically conductive plate element subject to uniform non-stationary electromagnetic
action. We formulate initial-boundary value problems to determine the parameters of the non-
stationary electromagnetic field (NEMF) and the temperature. We develop a methodology to solve
these initial-boundary value problems using the approximation of determining functions by cubic
polynomials over thickness of the plate element. General solutions for the related Cauchy problems at
uniform non-stationary electromagnetic action are obtained. Based on these solutions, the temporal
variation of Joule’s heat and temperature in the plate element, subject to short-term induction
heating by an NEMF in the mode of impulse modulating signal (MIMS), is analyzed. Temperature
dependencies on the different values of electromagnetic field stress and on the different time duration
were obtained. The choice of the carrier frequency of electromagnetic field oscillations is explained
for the frequencies mostly used in industrial devices for inductive heating.

Keywords: electrically conductive element; induction heating; non-stationary mode; carrier and
resonance frequency; Joule’s heat; temperature

1. Introduction

The influence of force and heat factors on the distribution of temperature and me-
chanical tensions in plate elements of constructions is covered very well in the literature,
in particular in [1,2]. However, the influence of electromagnetic factors on the thermal
behaviour of electrically conductive plate elements has not been studied sufficiently [3,4].
Besides electrical devices, such plate elements are often used in ice-protection systems of
planes and ships as actuators and sensors of mechanical fluctuations of various construction
parts, to eliminate ice layering on these parts. In the aforesaid devices and systems, these
elements work under the influence ofNEMF that are by nature a sinusoidal electromagnetic
force in theMIMS [5–7]. For technological processing of electrically conductive elements,
short-term induction heating by a non-stationary electromagnetic field with temporal
variation, depending on MIMS, is also used. Therefore, for reliable functioning of the
elements mentioned above and for ensuring the normal operation of the elements under
the aforesaid influence in MIMS, the modeling of their thermal behaviour is important.

Different industrial applications of the heating process of a nominally electrical con-
ducting material with eddy currents induced by a varying electromagnetic field are consid-
ered in [8]. Monography [9] studied the fundamental aspects of the mathematical modelling
and numerical approaches to solve electromagnetic and eddy current problems. Although
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many authors studied the Joule heat process, let us pay attention to some modern research.
Ref. [10] considered the characteristics of the Joule heat process through a fine wire con-
necting two contacts. Paper [11] investigated parametric resonance of double-clamped
micro-beams actuated electro-thermally by a time-dependent Joule’s heating. An analytical
solution of the heat emission problem and heat flux is calculated via empirical correlations.
Flux behaviour is studied by way of the finite difference method. Authors also studied the
resonance characteristics analytically using the Galerkin approximations model with one
degree of freedom reduced to the Mathieu–Duffin equation. The research results of Joule’s
heating process in magnetofluid dynamics problems are described in [12–14]. In particular,
in [12] a homotopic analysis method is applied to solve ordinary differential equations aris-
ing in the mathematical model with magnetofluid dynamics flow over a porous stretching
sheet. Buongiorno’s model is used to study the adjoint influence of Joule’s heating and
magnetofluid dynamics on nanofluid heat convection in [13]. Two-point ordinary boundary
value differential equations are also numerically solved. In the paper [14], the results of the
numerical simulation of the convective heat exchange in the electrically conducting liquid
flowing between two isothermal spheres are presented. The corresponding equation for
heat exchange modeling is obtained.

Various theoretical and applied problems arising in the inductive heating process are
studied in [15–17]. The authors of [15] proposed the mathematical model to determine the
temperature in a ball electroconductive valve under short-term inductive heat. To construct
solutions of stated initial-boundary problems in electrodynamics and thermal conductivity
a polynomial approximation of the determining functions by radial variable was used.
Time changes in Joule heat and temperature were also analyzed numerically. Article [16]
considered the problem of electromagnetic fields distribution and the stress-deformed
state of an electroconductive body. The variational approach allows the establishment
of the equation system in a general case. Via the numerical analysis in [17], induction
heating processes of a rectangular substrate region are studied by way of a high-frequency
electromagnetic field. The melting domain boundary is determined in Stefan approximation
and solid phase growth region boundaries are calculated via the Kolmogorov theory of the
metalcrystallization.

Papers [18–21] analyzed approaches to the numerical modelling of the inductive
heating physical process. Considered models can be applied in metallurgy [18] and in
shipbuilding (plate forming [19] and steel plate deformation [20]). Applications of heat
generation during induction heating of process equipment have been presented using the
example of ferromagnetic plates for hydraulic-frame presses assembly in [21]. A calculat-
ing procedure for three-dimensional fields of eddy currents in ferromagnetic bodies was
proposed. The finite element-circuit coupled method in [22] enables us to compute electro-
magnetic parameters aiming to predict the deformation behaviour of metallic workpieces.

The aim of this paper is to build a mathematical model that would take into con-
sideration the additional volume-distributed Joule’s heat Q. Joule’s heat is caused by
the influence of NEMF besides the influence of natural surface heat and force factors on
the working capacity and reliability of plate-type electrically conductive elements. The
paper is also focused on developing a methodology for solving the related initial-boundary
problems of electrodynamics and heat conductivity for determining the parameters of
NEMF and temperature. Research is conducted into the temporal variation of Joule’s heat
and temperature of the aforesaid plate element depending on the amplitude-frequency
characteristics and the duration of non-stationary electromagnetic action in MIMS.

2. Mathematical Model. Problem Statement

Let us consider an electrically conductive plate element with a stable thickness 2h
within the Descartes system of coordinates (x, y, z), where plane xOy coincides with the
median surface of the plate element. The material of the plate element is uniform, isotropic,
non-ferromagnetic, and its physical features are stable within the studied range of its
thermal variation. The plate element is subject to the action of NEMF specified by the values



Energies 2022, 15, 5250 3 of 11

of the touching component Hy of the magnetic field strength vector
−→
H =

{
0; Hy; 0

}
on its

surfaces z± h, which are in conditions of convective heat exchange with the environment
and free from surface power load. The component Hy(z, t) of vector

−→
H and temperature

T(z, t) were chosen as determining functions for determining the thermal behaviour of
the given plate element. These are the functions of the thickness variable z and the time
variable t.

The mathematical model for determining the thermal behaviour of a plate element
subject to short-term induction heating by NEMF consists of two stages. At stage 1, NEMF
described by vector

−→
H and volume-distributed non-stationary sources of Joule’s heat Q

are derived from Maxwell’s relations considering the specified initial-boundary conditions.
At stage 2, the dynamic thermal field T is determined from the thermal conductivity
equation, where the sources of Joule’s heat Q are volumetric non-stationary sources of
heat, considering the specified initial and boundary conditions. Let us consider each stage
in detail.

2.1. Determination of NEMF

The non-zero component Hy(z, t) of vector
−→
H in the plate element is derived from the

following equation (see [4,7]):

∂2Hy

∂z2 − σµ
∂Hy

∂t
= 0, (1)

at boundary conditions on surfaces z = ±h of the plate element

Hy(−h, t) = H−y (t), Hy(h, t) = H+
y (t) (2)

and the initial zero condition
Hy(z, 0) = 0, (3)

H−y (t), H+
y (t) are the specified functions of time t that describe a specific character of

temporal variation of NEMF on surfaces z = ±h of the plate element, σ, µ are electric
conductivity coefficient and magnetic permeability of the plate element material.

Using the Hy(z, t) function that was derived from Equation (1) at the specified bound-
ary (2) and initial (3) conditions, let us put down the specific density of Joule’s heat Q(z, t)
as a ratio:

Q =
1
σ

(
∂Hy

∂z

)2

. (4)

2.2. Determination of Thermal Field

Using the specific density of Joule’s heat Q(z, t) calculated in ratio (4), let us determine
the distribution of heat T(z, t)in the plate element using the thermal-conductivity equation:

∂2T
∂z2 −

1
κ

∂T
∂t

= −Q
λ

; (5)

in particular, at boundary conditions of thermal insulation on surfaces z = ±h of the
plate element,

∂T(±h, t)
∂z

= 0, (6)

and the initial zero condition
T(z, 0) = 0. (7)

κ is the coefficient of thermal diffusivity and λ is the coefficient of thermal conductivity of
the plate element material. Let us point out that, in the case of convective heat exchange
with the environment, the aforesaid boundary conditions of thermal insulation (6) of the
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surfaces of the plate element should be replaced with the respective conditions of convective
heat exchange.

2.3. Methodology of Solving the Formulated Initial-Boundary Problems

In order to solve the formulated initial-boundary problems of thermodynamics (1)–(3)
and heat conductivity (5)–(7), let us approximate the distributions of determining functions
Hy(z, t), T(z, t) by variable z by plate element thickness using cubic polynomials:

Hy(z, t) =
3

∑
i=0

ai(t)zi, (8)

T(z, t) =
3

∑
i=0

bi(t)zi. (9)

Coefficients ai(t), bi(t) of the approximation polynomials (8), (9) are determined
through the integral characteristics Hys(t), Ts(t) of the key functions Hy(z, t), T(z, t),

Hys(t) =
∫ h

−h
Hy(z, t)zs−1dz, s = 1, 2 (10)

Ts(t) =
∫ h

−h
T(z, t)zs−1dz, s = 1, 2, (11)

and the specified boundary conditions (2) imposed on the function Hy(z, t) and the specified
boundary conditions (6) imposed on the function T(z, t) on the surfaces z = ±h of the plate
element. To find the integral characteristics Hys(t) and Ts(t), the original Equations (1) and
(5) are integrated according to (10), (11) considering (8), (9).

As a result of transformations, the original initial-boundary problems for finding the
determining function Hy(z, t) and T(z, t) were reduced to corresponding Cauchy problems
on the integral characteristics of these functions, which are described by the following
equation systems:

dHy1(t)
dt − d1Hy1(t)− d2Hy2(t) = d3H−y (t) + d4H+

y (t),
dHy2(t)

dt − d5Hy1(t)− d6Hy2(t) = d7H−y (t) + d8H+
y (t),

(12)

{
dT1
dt + dT

1 T1 + dT
2 T2 = W1(t),

dT2
dt + dT

3 T1 + dT
4 T2 = W2(t),

(13)

and are solved at corresponding initial zero conditions according to (3), (7). The coefficients
d1÷8, dT

1÷4 are determined through geometric parameters of the plate element and physical
characteristics of its material. The expressions Ws(t)(s = 1, 2) are relevant for the right-
hand side of the equation of heat conductivity (5) integrated according to (10).

Using Laplace’s integral transformation by time t, solutions of the Cauchy prob-
lems (12), (13) are written down as resultants of the functions describing the specified
boundary conditions on the functions Hy(z, t), T(z, t) and homogeneous solutions of the
equation systems (12), (13). As a result, after transformations, we obtain expressions of the
component Hy(z, t):

Hy(z, t) =
3

∑
i=0

{
2

∑
s=1

ais

2

∑
k=1

∫ t

0

[
As1(k)H−y (τ)+

+ As2(k)H+
y (τ)

]
epk(t−τ)dτai3H−y (t) + ai4H+

y (t)
}

zi,
(14)
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and the temperature T(z, t)

T(z, t) =
3

∑
k=0

2

∑
s=1

(
bks

2

∑
m=1

∫ t

0
[Bs1(m)W1(τ)+ Bs2(m)W2(τ)]epm(t−τ)dτ

)
zk. (15)

As1(k), As2(k)(s = 1, 2) are expressions that depend on the roots pk(k = 1, 2) of the
characteristic equation of the system (12); Bs1(m), Bs2(m)(s = 1, 2) are expressions that cor-
respond to heterogeneous solutions of the system (13) and depend on the roots pm(m = 1, 2)
of its characteristic equation.

Based on the obtained general solutions for the problems of electrodynamics and
heat conductivity formulated above in the form of correlations (14), (4), (15) at uniform
non-stationary action, let us write down solutions for the specific temporal variation under
the influence of NEMF.

3. Results and Discussion
3.1. Research of Thermal Behaviour of the Plate Element Subject to Short-Term Conductive Heating
by NEMF in MIMS

Induction heating of electrically conductive elements is performed using induced
currents (Figure 1) by means of induction heating stations [23].

Figure 1. Induction heating using induced currents.

The action of induced currents at short-term induction heating by NEMF in MIMS is
mathematically described by values of the component Hy(z, t) on the surfaces z = ±h of
the plate element, that can be written by the functions H±y (t) in the form (14):

H±y (t) = k0H0

(
e−β1t − e−β2t

)
cos ωt. (16)

k0 is a normalizing factor, β1 and β2 are parameters that characterize the times of increase
tincr and decrease tdecr of the modulating impulse ϕ(t) =

(
e−β1t − e−β2t) of duration ti

respectively, H0 is the maximum value of strength of the magnetic field in NEMF in MIMS
that corresponds to the amplitude of carrier sinusoidal electromagnetic fluctuations with
frequency ω.

Using (16) in the formulas (14), (4), (15), we write down the expressions of the compo-
nent Hy(z, t), the non-stationary volumetric Joule’s heat Q, and the temperature T in the
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plate element subject to short-term induction heating by NEMF in MIMS. Expressions of
the component Hy(z, t) are the following:

Hy(z, t)
H0

= cos ωt

{
e−β1t

[
9
2

(
1− z2

) α− β1

(α− β1)
2 + ω2

− 1
2

(
1− 3z2

)]
+

+e−β2t

[
1
2

(
1− 3z2

)
−9

2

(
1− z2

) α− β2

(α− β2)
2 + ω2

]}
+

+ sin ωt

{
9
2

(
1− z2

)[ e−β1tω1

(α− β1)
2 + ω2

− e−β2tω1

(α− β2)
2 + ω2

]}
+

+
9
2

(
1− z2

)[ α− β2

(α− β2)
2 + ω2

− α− β1

(α− β1)
2 + ω2

]
e−αt. (17)

From (17), using relationships (4), one can get Joule’s heat Q(z, t):

Q(z, t)
H2

0
=

z2

σ0h2

{
D1e−2β1t+D2e−2αt + D3e−2β2t + D4e−(β1+β2)t + cos 2ωt

[
D5e−2β1t+

+D6e−2β2t + D7e−(β1+β2)t
]
+ sin 2ωt

[
D8e−(β1+β2)t + D9e−2β2t + D10e−2β1t

]
+

+ cos ωt
[

D11e−(α+β1)t + D12e−(α+β2)t
]
+ sin ωt

[
D13e−(α+β1)t + D14e−(α+β2)t

]}
, (18)

where

D1 =
9
2
(1− 3A3)

2 +

(
81A2

1
)

2
; D2 = 81(A4 − A3);

D3 =
9
2
(−1 + 3A4)

2 +

(
81A2

2
)

2
; D4 = 9(1− 3A3)(−1 + 3A4)− 81A1 A2;

D5 =
9
2
(1− 3A3)

2 −
(
81A2

1
)

2
; D6 =

9
2
(−1 + 3A3)

2 −
(
81A2

2
)

2
;

D7 = 9(1− 3A3)(−1 + 3A4)− 81A1 A2; D8 = 3(1− 3A3)A2 − 3(−1 + 3A4)A1;

D9 = 3A2(−1 + 3A4); D10 = 3A1(−1 + 3A3);

D11 = 54(A3 − A4)(1− 3A3); D12 = 54(A3 − A4)(−1 + 3A4);

D13 = 162(A4 − A3)A1; D14 = 162(A4 − A3)A2;

A1 =
ω[

(α− β1)
2 + ω2

] ; A2 =

(
e−β2tω1

)[
(α− β2)

2 + ω2
] ;

A3 =
(α− β1)[

(α− β1)
2 + ω2

] ; A4 =
(α− β2)[

(α− β2)
2 + ω2

] ;

α =
3

(σµh)
.

Taking into account expressions (15) and (9) we obtain T(z, t) as:

T(z, t)
H2

0
=

κ

σλh2 z2
[

D1
1− e−2β1t

2β1
+ D2

1− e−2αt

2α1
+ D3

1− e−2β2t

2β2
+

+D4
1− e−2(β1+β2)t

β1 + β2
+
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+D5
e−2β1t

4β2
1 + 4ω2 [2ω sin 2ωt− 2β1(cos 2ωt− 1)]+

+D6
e−2β2t

4β2
2 + 4ω2 [2ω sin 2ωt− 2β2(cos 2ωt− 1)]+

+D7
e−(β1+β2)t

(β1 + β2)
2 + 4ω2

[2ω sin 2ωt− (β1 + β2)(cos 2ωt− 1)]+

+D8
e−(β1+β2)t

(β1 + β2)
2 + 4ω2

[−2ω(cos 2ωt− 1)− (β1 + β2) sin 2ωt]+

+D9
e−β2t

4β2
2 + 4ω2 [−2ω(cos 2ωt− 1)− 2β2 sin 2ωt]+

+D10
e−β1t

4β2
1 + 4ω2 [−2ω(cos 2ωt− 1)− 2β1 sin 2ωt]+

+D11
e−(α+β1)t

(α + β1)
2 + ω2

[ω sin 2ωt− (α + β1)(cos 2ωt− 1)]+

+D12
e−(α+β2)t

(α + β2)
2 + ω2

[ω sin ωt− (α + β2)(cos ωt− 1)]+

+D13
e−(α+β1)t

(α + β1)
2 + ω2

[−(α + β1)ω sin ωt−ω(cos ωt− 1)]+

+D14
e−(α+β2)t

(α + β2)
2 + ω2

[−(α + β2)ω sin ωt−ω(cos ωt− 1)]

]
. (19)

Temperature expression (19) was written under the conditions of thermal isolation of
the plate surfaces.

3.2. Numerical Analysis

To justify our theoretical analysis and show the efficiency of the proposed method
we will perform in this subsection some numerical simulations. On the basis of the ob-
tained solutions (18) and (19), numeric analysis of Joule’s heat Q and temperature T in
an electrically conductive plate element with the thickness of 2h = 2 mm made of stain-
less steel subject to short-term induction heating by the NEMF under study was realized.
For obtained numerical analysis the next values were taken: σ = 0.135 · 107 (Ω ·m)−1,
κ = 0.422 · 10−5 m2/s, λ = 0.167 · 102 W/(m · K) and µ = 12.57 · 10− 7 (H/m). The
following durations of electromagnetic action (16) ti were used: ti = 10−4 s; ti = 10−2 s;
ti = 1 s; ti = 10 s; ti = 100 s.

Figures 2 and 3 illustrate changes in time of the magnitudes Q and T at carrier signal
frequency ω = 6.28 · 105 rad

s (beyond the circle of resonance frequencies ωr,k, where k is
NEMF resonance frequency order [7]) for the duration of electromagnetic action ti = 100 µs.
At this duration, 10 periods f = 2π

ω of electromagnetic fluctuations of this frequency
take place.

Lines on Figures 2 and 3 correspond to the values of the thickness coordinate z = h (in
grey colour), z = 0.5h (in orange colour), z = 0.25h (in blue colour). It was established that
Joule’s heat Q and temperature T reach their maximum values on the surfaces of the plate
element z = ±h at the moments of time t ≈ 0, 1ti and t ≈ 0.5ti respectively.
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Figure 2. Thermal variation of Joule’s heat in the plate element at ω = 6.28 · 105 rad/s.

Figure 3. Thermal variation of temperature T in the plate element at ω = 6.28 · 105 rad/s.

Figure 4 shows the dependence of temperature maximum values on time duration
of inductive heating NEMF ti with different values of strength H0 with respect to the am-
plitude of carrier electromagnetic fluctuations at the frequency value ω = 6.28 · 105 rad/s.
Figure 5 shows dependence of temperature maximum values on strength H0 with different
time duration of inductive heating NEMF ti. The following values were taken: ti = 1 s,
ti = 10 s, ti = 50 s . Generators of high frequency electromagnetic fluctuations for the
inductive heating usually operate with the considered strength values H0 = 102 A/m,
H0 = 103 A/m, H0 = 104 A/m .
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Note that in case of using the carrier sinusoidal electromagnetic fluctuations frequency
value of ω = 4.678 · 106 rad/s, one can obtain 77 periods of electromagnetic fluctuations
NEMF at time ti = 100 µs approximately.

Figure 4. Temperature dependence on time duration of inductive heating NEMF ti with different
values of H0.

Figure 5. Temperature dependence on strength H0 with different values of time duration of inductive
heating NEMF ti.

4. Conclusions

Contrary to the known methods of study, inductive heating under stationary electro-
magnetic fields action and with the aim to develop research in [3,4], the authors analyzed
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inductive heating corresponding to NEMF action with MIMS, taking into account the
moments to switch the high-frequency oscillations generator off and on. The main idea of
the paper is the obtaining of the general solutions for thermodynamic and thermal transfer
problems under the NEMF action and non-stationary volume distributed heating sources.
The adequacy of the analyzed numerical studies is based on the physical models describing
electromagnetic and thermal fields.

1. There are obtained parameters (time duration and strength) of the optimal modes at
short-term induction heating of an electrically conductive alloy steel plate element
with chrome, nickel and titanium:

(a) Time duration of inductive heating NEMF ti values are found within the limits
from 10 s to 40–50 s;

(b) The value of electromagnetic field strength H0 is established approximately as
104 A/m as well;

(c) Strength value H0 = 104 A/m is optimal for the sufficient temperature level
under the short-term inductive heating. In particular, while ti < 40–50 s, the
melting temperature of the plate element cannot be obtained. That is why the
considered mathematical model is valid for low temperatures;

(d) Minor values H0 = 102 A/m or H0 = 103 A/m are not effective for inductive
short-term heating.

2. In the case of stationary electromagnetic fields, the strength is mostly used with
values H0 = 102–103 A/m. So the heating process needs a substantially longer time
duration in comparison to H0 = 104 A/m under NEMF action to achieve the necessary
temperature values. In particular, we are interested in temperature T = 1000 K
because it is widely used in technological thermal heating. NEMF, perhaps, does not
lead to an essential energies economy, but we can state that the short time duration is
an advantage of our method. Besides that, under short-time heating mode it is easier
to satisfy the necessary strength value H0 = 104 A/m.

3. Analytical function ϕ(t) takes into account the moments of switching on and off for
generators of high frequency electromagnetic fluctuations.

4. Qualitative and quantitative results in the paper are applicable to describing short-
time induction heating modes of the electrical conductive plate elements in different
devices while technologically processing. Finally, it is worth mentioning that the
proposed method can be used to study similar problems.

5. The obtained NEMF characteristics may serve as a theoretical basis for forecasting
the rational modes of electrically conductive plate element processing by induction
heating and can also be used to predict the optimal parameters (frequency, duration of
thermal heating, strength) of the electromagnetic field and choose the rational mode
of thermal functioning of the plate element as a constructive part of the technological
equipment, in particular in aerospace vehicles and robotized systems etc.

The authors’ next step would be to study the electromagnetic and heating properties
of bimetal plate elements under the short-term inductive heating NEMF.
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