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Abstract: Optimizing the operating speed curve of trains without adding new energy storage facilities
is essential in the energy-saving operation of railways. In this paper, we propose an optimal train
speed curve planning method for driving trains more energy efficiently. A refined traction energy
evaluation model for induction motor propulsion systems is first presented. The proposed model
considers the efficiency of the traction motor at different operating points and the efficiency of the
inverter and gearbox. Then, the optimal energy-efficient speed profile problem is transformed into a
multistep decision problem and solved using dynamic programming (DP). To verify the effectiveness
of the proposed method, a case study was conducted on an actual subway line. The results obtained
indicate that the speed curve produced by the proposed method results in a 20% energy consumption
saving compared with the speed curve for actual operations. Furthermore, the results of comparison
with a genetic algorithm indicate that the DP algorithm is better able to satisfy the constraints of the
train traction system. Solving the optimal speed curve using the proposed method and programming
the onboard controller of the train according to the optimal speed curve enables the train to be driven
with greater energy efficiency.

Keywords: energy efficiency; dynamic programming; train speed profile; induction motor;
traction system

1. Introduction

The electrified railway system has many advantages, such as high capacity, low
emissions, and enhanced performance. The energy consumption of a railway system per
transported passenger is much lower than that of any road-bound transport [1]. As the
transport sector is responsible for approximately 23% of global CO2 emissions [2], it is
important to operate trains efficiently [3]. The EU co-funded railway project “MyRailS”
is engaged in reducing energy consumption and CO2 emissions to develop sustainable
railway systems [4,5].

Technologies for energy-efficient railway systems have been researched for several
decades [6–9]. The energy-saving operation of railways relies on technological advance-
ments in many fields, including the development of train propulsion systems [10], advances
in train traction power supply systems [11–13], and advanced train dispatch and driving
technology [14–16].

As vehicle traction energy consumption accounts for a relatively high proportion of
railway operation energy consumption, many scholars have investigated ways to reduce
vehicle traction energy consumption [17]. Zarifyan et al. [18] developed an algorithm that
ensures the energy efficiency of the electric locomotive by regulating the number of traction
motors (TMs). Liubarskyi et al. [19] quantified the instantaneous electrical losses of the
traction drive for a permanent magnet synchronous motor (PMSM) and optimized the
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traction drive for maximum efficiency. Serhiy et al. [20] studied the optimal design for the
electric transmission traction of a shunting locomotive. In addition to improving the TM
and drive efficiency, the recovery and utilization of train electrical braking energy can also
achieve energy-saving effects [21].

Several scholars have attempted to achieve energy savings by optimizing train sched-
ules and driving strategies under the conditions of existing railway facilities. Yang et al. [22]
proposed an energy-efficient rescheduling approach under delay perturbations. Their pro-
posed method achieved an 8.19% net energy reduction in comparison with the traditional
approach. Tian et al. [23] developed a smart drive package and advanced tram and train
trajectory optimization techniques based on dynamic programming (DP). The results of
field trials carried out on the Edinburgh Tram Line in the UK indicated energy savings
of 10–20%. Li et al. [24] completed an optimization energy-efficient trajectory based on a
genetic algorithm (GA) for driver advisory systems (DAS) and proposed an online punc-
tuality adjustment system. Wang et al. [25] formulated train trajectory optimization as a
multiple-phase optimal control problem and solved it using a pseudo-spectral method.
Huang et al. [26] described the relationship between the energy consumption of urban rail
transit systems and speed profile using machine learning algorithms.

From the current research, it is clear that optimizing the train operation curves results
in energy-saving effects. However, existing methods ignore the changes in the efficiency
of the TM at different points of operation and set the efficiency of the TM to a fixed value
over certain sections when the train operation curve is planned. This simplified method
may cause the planned speed curve to deviate from the best efficiency of the TM at the
operating point, resulting in greater energy losses by the motor. In response to this problem,
some scholars have tried combining speed planning with refined motor efficiency models.
The losses of the propulsion system at exact points are calculated using software based
on a physical model developed by Bombardier [27]. However, a large amount of test data
and model tuning work are required to build the physical model and obtain the losses
at different work points. The dynamic loss of a traction system is obtained using the
mathematical model of the PMSM in the d–q axis coordinate system [28]. Nevertheless, the
currents and voltages in the d–q axis must be calculated at each time step.

Unlike the models presented in the literature, the approach proposed in this paper
considers the dynamic efficiency of the train TM to plan the speed curves, which makes
the energy consumption model more economical. In particular, the induction motor
(IM) equivalent circuit model (ECM) is used to calculate the efficiency of the motor at
specific operating points offline, which reduces the complexity of the calculation and
the requirements for measurement data. In addition, other essential aspects, such as
air resistance, gradient force, comfort constraints, maximum acceleration, and different
maximum speed limits are considered when the speed curve is planned.

The main contributions of this study are as follows: (i) the development of a new
model that captures motor efficiency and traction energy consumption more accurately;
(ii) the development of an optimal model for solving the most energy-efficient speed profile
based on DP; and (iii) the implementation of our solution to estimate the energy reduction
obtained for real urban rail transit line examples.

The remainder of this paper is organized as follows. In Section 2, a dynamic energy
consumption model for train electric traction systems is introduced. Section 3 presents the
optimal energy-saving train speed curve model based on DP. A case study carried out on a
metro railway line in Shijiazhuang is discussed in Section 4. Finally, the conclusion and
ongoing research are discussed in Section 5.

2. Electric Traction System Energy Consumption Model

Electric multiple unit (EMU) trains are popular for urban rail transit worldwide
because of their fast acceleration and pollution-free operation [29]. The cars that form
a complete EMU set can usually be separated by function into the following four types:
power cars, motor cars, driving cars, and trailer cars. Driving cars are at the outer ends of
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an EMU, containing a driver’s cab or an automatic train operation (ATO) unit. Motor cars
carry TMs to move the train and are often combined with a power car. The traction system
is installed in the motor car, which mainly contains TMs, gearboxes, inverters, and bogies,
as shown in Figure 1.

Figure 1. Schematic of a motor car.

As shown in Figure 1, the power flows from the substation to the motor car converter
through the electric line. Inside the vehicle, there are two main types of equipment that
consume electrical energy. One kind is the auxiliary systems, such as for air conditioning
and lighting, and the other is the traction propulsion system. Most EMU trains are operated
in vehicle mode, which controls four motors using one inverter.

2.1. Train Dynamic Model

To simplify the calculation, a single mass point model is used to describe the movement
of the train. A schematic of train force analysis is shown in Figure 2 that assumes that the
mass of the train is concentrated at mass point CG.

Figure 2. Schematic of train force analysis.

The train motion equation can be described as follows:

m
.
vx = NmFt(u, v)− Fd(v)− f (1)

where m is the mass of the train and passengers; Ft is the traction/braking force generated
by one power axle; v is the speed of the train; Nm is the number of power axles; Fd is
the Davis equation representing the running resistance, which includes air resistance and
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mechanical resistance, as described in Equation (2); and f is the additional resistance of the
line, as described in Equation (3) as follows:

Fd = a + bv + cv2 (2)

f = mg sin α +
A
RL

(3)

where α is the line gradient; a, b, and c are the coefficients for the running resistance of
the train and can be measured via an idle test; A/RL represents the additional resistance
caused by the bending of the line; A is the line curve resistance coefficient, for which the
value can be found from the standard TB/T 1407-1998; and RL is the line radius.

The power wheels are connected to the gearbox through the axles. A schematic of the
wheel axle is shown in Figure 3.

Figure 3. Diagram of the power wheel and axle.

Assuming that the wheels do not slip, the dynamic model of the wheel and axle can
be expressed as follows:

Ft =
Tg

R
(4)

v = Rωg (5)

where ωg and Tg are the output mechanical rotational speed and torque of the axle, respec-
tively, and R is the wheel radius.

The gearbox represents the fixed gear ratio transmission equipment. The following
equations describe the relationship between the input and output physical quantities of
the gearbox:

ωs = igωg (6)

Ps = ωsTs (7)

Pg = ωgTg = ηgPs (8)

where ωs, Ts, and Ps are the angular velocity, torque, and power of the gearbox input
port, respectively; ig and ηg are the transmission ratio and efficiency of the gearbox,
respectively; and ωg, Tg, and Pg are the angular velocity, torque, and power of the output
port, respectively.

2.2. Induction Motor Model

Owing to their simple structure and high torque, AC induction motors are widely
used in EMU trains. A T-type ECM is introduced to describe the asynchronous IM, as
shown in Figure 4.



Energies 2021, 14, 5153 5 of 14

Figure 4. T-type equivalent circuit model (ECM) of an induction motor.

In Figure 4, Is, I0, and Ir represent the input current, excitation current, and rotor
current, respectively. Lsσ, Lrσ, and Lm are the leakage inductances of the stator, rotor,
and magnetizing inductance, respectively; s is the slip ratio; Rr is the rotor equivalent
resistance; Rs is the stator resistance; and Rm is the equivalent resistance of the exciting
branch. The parameters of the IM equivalent circuit and its magnetization inductance
curve can be obtained through no-load and short-circuit tests of the motor following IEC
Standard 60034-28.

The total mechanical power generated by the motor through electromagnetic induction
can be expressed as follows:

Pmec = m2 I2
r

1− s
s

Rr (9)

where m2 is the phase number of the motor. The output power of the motor is as follows:

P2 = Pmec − pm (10)

where pm represents the mechanical and additional loss of the motor and can be valued
according to IEC Standard 60034-2. The output torque is as follows:

Tm =
P2

ωm
(11)

The motor active input power is as follows:

P1 = m2U1 I1 cos ϕ (12)

where ϕ is the power factor. The efficiency of the motor can be calculated as follows:

ηm =
P2

P1
(13)

As the source port of the gearbox is connected to the output shaft of the TM, the
relationship between the physical quantities of the gearbox and motor can be expressed
as follows:

P2 = Ps (14)

ωm = ωs (15)

2.3. Train Traction Energy-Cost Model

When the train accelerates, the electric energy must be absorbed from the catenary.
The motor converts electrical energy into mechanical power, which is transmitted to the
wheel through the gearbox and axle. Therefore, in this study, the amount of electric
energy absorbed by the traction inverter from the catenary is defined as the train traction
energy consumption.
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The traction power can be evaluated using the following:

p =
NmFtv
ηgηiηm

(16)

where ηi is the efficiency of the inverter and p is the traction power of the train. Although
the motor generates energy during braking, the braking energy recovery requires the
installation of energy storage equipment; therefore, the braking energy is not considered.

The efficiency of the gearbox and inverter varies minimally throughout the operating
range, and they can be set as constants. However, because the efficiency of the TM fluctuates
significantly with the change in the operating point (v, Ft), it is necessary to acquire a motor
efficiency table corresponding to the operating points of the train to obtain an accurate
measurement of traction energy consumption.

In this study, to obtain the relationship between motor efficiency ηm and operating
point (v, Ft), an ECM-based method is proposed. First, by changing the amplitudes and
frequencies of

.
Us in the ECM, as shown in Figure 4, a steady-state model of the motor

corresponding to different operating points can be obtained.
Assuming that the slip ratio is the rated slip rate, the relationship between the

.
Us

frequency and the mechanical angular velocity can be expressed as follows:

ωm =
2π(1− s) fs

Pm
(17)

where Pm is the number of motor pole pairs, and fs is the frequency of
.

Us. From Equation (17),
it can be observed that the mechanical angular velocity ωm is proportional to the frequency of
.

Us. As Ir is proportional to the amplitude of
.

Us, it can be noted from Equations (10) and (11)
that the output mechanical power P2 is approximately proportional to u2

s .
After the frequency and amplitude of

.
Us are given, the voltage and current of each

branch in the ECM can be solved using Kirchhoff’s law. By using Equations (10)–(13),
the motor efficiency table for ηm(ωm, P2) can be obtained. By using Equations (4)–(8), the
table for ηm(ωm, P2) can be converted to a table for ηm(v, Ft). The motor efficiency at any
operating point can be calculated using the bilinear interpolation method according to
the table for ηm(v, Ft). As the parameters of the ECM are easy to measure relative to the
traditional method of testing the efficiency in an actual motor, this method can accurately
obtain the efficiency of the motor at any operating point. Correspondingly, the traction
power can be calculated using Equation (16).

3. Dynamic Program

After obtaining the traction power of the train, the optimal energy-cost speed curve
plan problem can be expressed as follows:

minJ =
∫ T

0
p(t)dt (18)

subj :


v(s) < vmax(s)

Fbmax(v) < Ft(v) < Ftmax(v)
amin <

.
v(s) < amax

(19)

where T is the train travel time; vmax(s) is the line limit speed at position s; Ftmax and
Fbmax are the maximum traction force and braking force generated by the motor at speed v,
respectively; and amin and amax are the minimum and maximum accelerations, respectively,
considering passenger comfort requirements.

The model defined in Equations (1), (18), and (19) can be solved using DP as defined
by Bellman in the 1950s. It is necessary to transform the original problem into a multistage
decision process. The speed curve planning problem is transformed into solving for the
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train position and corresponding speed in each decision stage. Therefore, discrete positions
and speeds comprise the state variable, which is defined as xk = [sk vk]. The train motion
model (1) is discretized and can be expressed as follows:

vk+1 = vk +
uk − Fk

d − fk

m
∆t (20)

sk+1 = sk +
vk + vk+1

2
∆t (21)

where uk = Fk
t,b is the control variable applied to the state variable, xk. The control variables

are a given number of levels of maximum tractive/braking effort. ∆t is a discrete step in
the time domain. The number of divisions is N. The time step can be expressed as follows:

∆t =
T
N

(22)

The transition cost from state xk to xk+1 under the control of uk can be expressed
as follows:

φk = pk × ∆t =


Nmuk(vk + vk+1)

2ηgηiηm
∆t, i f uk > 0

0, i f uk ≤ 0
(23)

where pk is the traction power of the control force uk at state xk. If the state violates
the constraints of Equation (19), the transition cost is set to a large value φm and can be
expressed as follows:

φm = FtmaxvmaxT (24)

The terminal cost is defined as follows:

φN = λ1(s(T)− L) + λ2(v(T)) (25)

where L is the desired travel distance and λ1 and λ2 are the penalty coefficients of the
distance and velocity, respectively. The terminal cost is the penalty for a terminal state that
deviates from the target state.

The cost at step k can be described as follows:

Jk = Jk−1 + φk (26)

The original problem of Equation (17) can be expressed as follows:

min
uk={u1,u2,···uN−1}

{
∑N−1

k=1 φk(xk, uk) + φN(xN , uN)
}

(27)

By using the backward search and bilinear interpolation algorithm proposed by
Kristianingtyas and Miyatake [28], the optimal control inputs at every state lattice point
can be solved. The train speed profile can be obtained by using the optimal control inputs
to search forward.

4. Case Study

To validate the effectiveness of the proposed method, Metro Line 3 of Shijiazhuang
was chosen for the case study. The train set is formulated by 4M2T, where M represents the
motor vehicle and T represents the trailer vehicle. The train parameters are listed in Table 1.

Considering that the magnetic field of the motor is saturated, the magnetizing induc-
tance value gradually decreases as the air-gap magnetic density increases. The variation in
the magnetizing inductance with the input voltage is shown in Figure 5.
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Table 1. Train parameters.

Parameter Symbol Value Unit

Mass at AW0 m 222 ton
Radius of wheel R 0.42 m

Gear ratio ig 6.6875 /
Gearbox efficiency ηg 0.98 /
Inverter efficiency ηi 0.97 /

Maximum acceleration amax 1.0 m/s2

Minimal acceleration amin −1.0 m/s2

Maximum velocity Vmax 22.22 m/s
Number of motors Nm 16 /

Number motor pole pairs Pm 2 /
Slip ratio s 0.0495 /

Stator resistor Rs 51.5 mΩ
Rotor resistor Rr 29.7 mΩ

Excitation resistor Rm 160 Ω
Stator inductance Ls 0.923 mH
Rotor inductance Lr 0.563 mH

Magnetizing inductance Lm 26.372 mH
Additional loss pm 300 w

:c 

E,25 
Q) 
(.) 
C 

1:! 20 
'.j 

"O 
C 

5'----�--�--�------' 

0 200 400 600 800 

Input voltage (V) 

Figure 5. Magnetizing inductance.

The line segment from Sanjiaotang station to Zhongyangling station was chosen as
the programming target. The data for the train running under ATO were collected and
analyzed. The travel time between the two stations was 110 s, and the distance between the
two stations was 1463 m. The speed limits and slopes are shown in Figure 6. The maximum
sustainable tractive force and braking force generated by the propulsion system are shown
in Figure 7. The ECM of the TM is solved by MATLAB/Simulink. Using the efficiency
calculation method proposed in Section 2, the efficiency ηm(ωm, P2) and ηm(v, Ft) can be
obtained, as shown in Figure 8.

As shown in Figure 8a, the maximum efficiency of the motor is 0.87, and the mean
value is 0.81. When the output power of the motor is low, the efficiency of the propul-
sion system is extremely low. In the low-to-medium speed range, the motor efficiency
increases with the output power. In the high-speed range, as the speed increases, the
efficiency slowly decreases because the motor tends to saturate. Figure 8b shows the
efficiency contour of the high-efficiency interval; the corresponding efficiency values are
{0.8, 0.81, 0.82, 0.83, 0.84, 0.85, 0.86}. Figure 8c shows the efficiency contour of the low-
tractive force interval; the corresponding efficiency values are {0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7,
0.8}. It can be seen from Figure 8b,c that as the train speed or traction force increases, the
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traction efficiency gradually increases. When the train operates in a low-traction zone, the
traction efficiency falls sharply.

Figure 6. Line speed limit and slope: (a) line limit and actual running speed; (b) slope of the line.

Figure 7. Maximum force generated by propulsion system: (a) maximum tractive force; (b) maximum braking force.

Based on the DP method proposed in Section 3, an optimal speed curve-solving
program was written in MATLAB. The maximum value of the state variable xk was set
to
[

L Vmax
]
, and discretized according to the step sizes of ds and dv. To study the

influence of different steps, four experiments were conducted. The parameter settings
and solution results of the four experiments are compared in Table 2 and Figure 9. As
shown in Table 2, as the step decreases, the energy consumption value corresponding to
the speed curve gradually decreases, but the runtime increases significantly. In Experiment
one, because ds is large, the energy consumption value of the speed curve obtained by
the solution is also large. The position error of the endpoint is also large. A significant
negative position error at the Nth step means that the train has not yet reached the target
stopping point at the end of the decision stage. However, Experiment one requires the
shortest solution time, and it only takes 16 min to complete the solution to the speed curve.
In Experiments two and three, the position and velocity errors at the Nth step are within
acceptable ranges. The energy consumption value is also low, but the runtime increases
accordingly. In Experiment four, as the step size is shortened further, the time required to
solve the problem is significantly increased, and the energy consumption value decreases
less. The position error at the endpoint is positive, which means that the train will run
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to a position beyond the target stopping point. It can be seen that when discretizing the
state space, an appropriate step size should be used. In Figure 9, it can be seen that the
maximum operating speed of Experiments one to four is decreasing, and the traction time
is also decreasing correspondingly.

Figure 8. Demonstration of the efficiency at different work points: (a) efficiency of one traction motor
at different frequencies and torques; (b) efficiency contours in the high-efficiency range; (c) efficiency
contours in the low-traction-force range.

Table 2. Influence of state step length on the velocity curve solution.

Experiment ID ds (m) dv (m/s) SN−L (M) VN (M/S) Energy Consumption (J) Runtime (Minutes)

1 2 1 −2.77 0.396 6.15× 107 16
2 1 1 −0.34 0.55 4.96× 107 48
3 1 0.5 −0.4 0 4.29× 107 205
4 0.5 0.5 1.26 0 4.00× 107 2238
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Figure 9. Comparison of the DP solution results with different state variable steps: (a) speed curve; (b) control notch curve.

The energy consumed by the actual operating speed curve is solved using the pro-
posed energy consumption calculation method to obtain an energy consumption value
of 6.28× 107 J. Comparing the actual operating speed curve with Experiment two, it can
be seen that the proposed optimization method reduces the energy consumption by 20%
compared with the current train operation curve.

To analyze the performance of the DP algorithm, the fuzzy GA method proposed
by Li et al. [24] was selected for comparison. Owing to the short distance between the
two subway stations, the driving style of acceleration–cruising–coasting–braking was
selected for optimization. The optimization vector comprising the decision variables is
x =

[
xt xcr xco xb

]
, where xt = at

amax
, xcr = vcr

vmax
, xco = vco

vcr
, and xb = ab

amin
.

at is the acceleration; vcr is the cruising speed; vco is the coasting end speed; and ab is the
deceleration of the braking stage. The solution process is shown in Figure 10. In Figure 10,
it can be seen that as the algebra increases, the fitness value gradually decreases and finally
converges to a minimum fitness value, and the optimal individual produced by the genetic
algorithm is x =

[
0.8476 0.8493 0.9766 0.7917

]
. The runtime is 3.944 s, and

the energy consumption is 4.0814× 107 J. As the four fixed driving styles are set and the
number of optimization variables is reduced, the time to solve the GA is significantly
reduced. The energy consumption is also very close to that of Experiment four.

Figure 11 compares the DP algorithm, GA, and actual operation, where A represents
the actual operating curve; GA represents the speed profile solved by the GA; R4 represents
the experimental four curves; and L represents the line speed limit. It can be seen from the
figure that the maximum speed of the actual operating curve is greater than the energy
consumption of DP and GA. The actual operating curve has multiple tractions during the
running process, which increases the total traction time. Furthermore, owing to the low
efficiency of the TM at low output power or low traction force, the energy consumption is
further increased. Comparing the curves of GA and DP, it is clear that the velocity curves
obtained using the two methods are close. However, the control notch of the train differs
significantly during the acceleration phase. The traction level required by the GA in the
final stage of acceleration exceeds both the maximum level of the train and the maximum
traction force that the traction system can output. This is because the GA only considers
the fixed maximum acceleration value amax when considering the variable constraints. The
actual maximum acceleration value of the train will decrease as the train speed increases, as
shown in Figure 7a; thus, the speed curve solved by the GA does not satisfy the constraints
of the traction system. As the DP algorithm updates the maximum and minimum traction
force that the following cars can output at the corresponding speed at each decision stage,
the control level of the DP algorithm can satisfy the tractive capacity constraints of the train.
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Figure 10. Solving process of the genetic algorithm: (a) fitness value; (b) best individual.

Figure 11. Comparison of different algorithms: (a) speed curve; (b) control notch curve.

5. Conclusions

Traction energy consumption accounts for a large proportion of the total energy
consumption of subway operations. Optimizing the operating speed curve of trains
without adding new energy storage facilities is of great significance to the energy-saving
operation of railways.

This study carefully considered the model of the train traction propulsion system
and the changes in motor efficiency at different operating points, which resulted in an
estimated traction energy consumption that was closer to the actual value. Using the
evaluated traction energy, an optimal speed profile planning method based on DP was
proposed in this paper. The proposed method considers the constraints of the line speed
limit, passenger comfort, and travel time. Through the simulation analysis of an actual
subway line, it is found that the proposed speed curve optimization method can reduce
the energy consumption of the train under the given running time constraint. Further, by
comparing different discrete step sizes in the state space, it is found that as the step size
decreases, the energy consumption of the solved speed curve gradually decreases, and
the solution time drastically increases. Therefore, it is necessary to select an appropriate
discrete step size in the state space. Through the comparative test with the GA, it is seen
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that the advantage of the DP algorithm is that it can search for a lower energy consumption
curve and satisfy the complex constraints of the line speed limit and the train traction
capacity. However, the disadvantage is that the search time is too long. As the GA sets
the heuristic rules of driving style, its solution time is significantly less. However, the
disadvantage of the GA is that it cannot handle the constraints of train traction capacity
and line speed limit changes. Solving the optimal speed curve using the proposed method
offline and programming the onboard controller of the train according to the optimal speed
curve enables the train to be driven with greater energy efficiency.

The limitation of the proposed method is that as the scale of the state space increases,
the solution time reaches the order of hours, which cannot support the online adjustment
of train speed curves. Future work will focus on optimizing the solution algorithm and
shortening the solution time to support the online adjustment of the speed curve. In
addition, calculation methods for train traction energy consumption and speed curve
optimization will also be investigated for subway lines with energy storage systems.
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