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Abstract: The most common type of electric vehicle traction motor is the interior permanent magnet
synchronous motor (IPMSM). For IPMSM designs, engineers make use of the magnetic equivalent
circuit method, which is a lumped constant circuit method, and the finite element method, which is
a distributed constant circuit method. The magnetic equivalent circuit method is useful for simple
design through fast and intuitive parameters, but it cannot derive the distribution of the magnetic
field. The finite element method can derive an accurate magnetic field distribution, but it takes a long
time and is difficult to use for analysis of intuitive design parameters. In this study, the magnetic
equivalent circuit method and Carter’s coefficient were combined for rotor structure design and
accurate identification and analysis of circuit constants. In this paper, this design method is called
the hybrid magnetic equivalent circuit method. Intuitive design parameters are derived through
this hybrid magnetic equivalent circuit method. The air gap flux density distribution according to
rotor shape, no-load-induced voltage, and cogging torque was analyzed and compared to results
of the finite element method. The proposed method was found to achieve a short solving time and
acceptably accurate results.

Keywords: finite element method; hybrid magnetic equivalent circuit; the air gap flux density
distribution; rotor shape

1. Introduction

Recently, the demand for electric vehicles (EVs) has increased worldwide in response
to eco-friendly policies and stricter emission regulations. The traction motor for most EVs
is the interior permanent magnet synchronous motor (IPMSM) [1–4]. The IPMSM field
does not require an excitation current because a permanent magnet is used. Thus, the
rotor loss is lower than that of other motors and high-efficiency operation is possible. In
addition, the output density is higher than that of other motors because magnetic torque
using the arranging force of the field and armature occurs at the same time as the reluctance
torque using the salient polarity of the rotor. Furthermore, a wide operating range is made
possible by its field-weakening operation characteristics. Because of these characteristics,
an IPMSM has multiple ratings and is suitable as a traction motor for EVs, which require
maximum distance traveled on one battery charge (or range). At the same speed, high
torque in the motor indicates high output; thus, torque is a parameter that determines the
EV’s range. On the other hand, torque ripple is a source of electrical noise and vibration
and therefore is a factor that affects driver and passenger riding comfort [5–8].

IPMSMs have two operation areas. One is a constant-torque range, and the other is
a constant-output operation range. The change in this range is quite diverse depending
on the motor design method [9–11]. To design EV IPMSMs, engineers mainly use the
magnetic equivalent circuit method, which is a lumped constant circuit method, and
the finite element method (FEM), which is a distributed constant circuit method. In the
magnetic equivalent circuit, the maximum speed, demagnetization details, and maximum
torque are simply determined by obtaining the flux per pole, d-axis inductance, and q-axis
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inductance. After the simple design, the final design is made in consideration of torque
ripple, cogging torque, and voltage containing harmonic components with respect to
the spatial and temporal magnetic field changes through the FEM, the spatial harmonic
method, and other methods.

The magnetic equivalent circuit method is useful for simple design through fast and
intuitive parameters but cannot derive the magnetic field distribution. The FEM can derive
an accurate magnetic field distribution, but it takes a long time, and it is difficult to analyze
intuitive design parameters. Many studies have analyzed the magnetic field distribution in
the air gap using an analytical circuit model to predict accuracy results [12–14]. To provide
intuitive solutions in extremely short times, field quantities such as leakage flux paths and
saturation, which are important in iron loss calculations, are evaluated using analytical
circuit methods [15–20]. In addition, this analytical method can be applied to the analysis
of many devices, such as transformers, DC/DC converter-coupled inductors, switched
reluctance motors, and interior permanent magnet motors where saturation and losses are
important [21].

The FEM is used to verify the theory and the expertise of the designer and must be
used properly. In other words, the advantages and limitations of existing design techniques
are clear [22–25].

In this study, the magnetic equivalent circuit method and Carter’s coefficient are mixed
for rotor structure design. Carter’s coefficient helps to obtain accurate results based on
defined parameters. This proposed method will be called the hybrid magnetic equivalent
circuit (HMEC). It is a design method that combines the spatial harmonic method and
the magnetic circuit method. It can provide accurate solution results in a shorter time
than FEM, and intuitive design parameters are derived through the proposed HMEC
method. Additionally, it will represent the air gap flux density distribution according to
rotor shape, no-load-induced voltage, and cogging torque. In the conclusion, the proposed
HMEC method is compared with the FEM method and verified that the obtained results
are appropriate.

2. Proposed Magnetic Equivalent Circuit
2.1. Calculation of the Slotless Air Gap Flux Density Distribution by Permanent Magnet

Figure 1 shows three regions of the slotless flux line distribution by permanent magnet.
θp, θa, and θb represent, respectively, the pole arc angle, the angle between the starting
point of the bridge from the center of the q-axis, and the angle between the bridge start
point and end point. The slotless flux line distribution by the permanent magnet has a
constant value in the region of the pole arc, and the magnetic field is close to zero in the
region of the q-axis magnetic path and falls constantly in the region of a bridge. Therefore,
if it is treated as a line function that falls constantly in a barrier region, the function of the
air flux density by permanent magnet is derived as Equation (1) and shown in Figure 2 (the
slotless air gap flux density distribution). If the Fourier series is applied to the function of
Equation (1), Equations (2) and (3) are derived. The average air gap flux density is derived
through the magnetic equivalent circuit.

Bg(θ) =



0 0 ≤ θ < θa
Bg

θb−θa
(θ − θa) θa ≤ θ < θb

Bg θb ≤ θ < π
Np
− θb

− Bg
θb−θa

(
θ −

(
π

Np
− θa

))
π

Np
− θb ≤ θ < π

Np
− θa

0 π
Np
− θa ≤ θ < π

Np

(1)

Bgn =
4Bg

πNp(θb − θa)(2n− 1)2

(
sin Npθb(2n− 1)− sin Npθa(2n− 1)

)
(2)
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Bgn(θ, α) =
∞

∑
n=1

Bgn sin Np(θ − α)(2n− 1) (3)

where Bg, n, α, Bgn and Np are, respectively, the average flux density of the air gap, harmonic
order, angle of rotor position, Fourier coefficient of flux density, and number of poles.
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Figure 1. Three regions of the slotless flux line distribution by permanent magnet. Figure 1. Three regions of the slotless flux line distribution by permanent magnet.
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Figure 2. The slotless air gap flux density distribution.

Figure 3 shows the magnetic circuit of a slotless permanent magnet. The reluctance
of the rotor core is quite small compared with that of the air gap, barrier, and permanent
magnet, so it is neglected. Because the reluctance of the stator core is connected in series
with reluctance of the air gap, as shown in Equation (4), it is treated as Kr. As shown in
Equation (5), the barrier leakage of the permanent magnet is treated as Kl . By applying
the flux distributive law, the flux equation of the air gap is derived as Equation (6). If
Equation (6) is divided by the area of the air gap, the average of the air gap flux density of
Equation (7) is derived.

Kr =
2Rg + Rsy

2Rg
(4)
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Kl =
2Rm||Rbl

2Rm
(5)

φg =

1
2Kr Rg

1
2Kr Rg

+ 1
Rb

+ 1
2Kl Rm

φr (6)

φg

Ag
= Bg (7)

where Rm, Rbl , Rb, Rg, Rsy, φg and φr are, respectively, the reluctance of the permanent
magnet, reluctance of a barrier, reluctance of a bridge, reluctance of the air gap, reluctance
of the stator yoke, flux of the air gap, and residual flux.
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Figure 3. Magnetic circuit of a slotless permanent magnet.

2.2. Calculation of the Air Gap Flux Density Distribution by Permanent Magnet with Slot

The structure of a motor with slots, as shown in Figure 4, is common. Figure 4 shows
the flux line distribution by permanent magnets with slots. When there is a slot, the flux
can be divided into two regions. One is the flux region that goes directly from the pole
to the teeth, and the other is the flux region that goes from the pole to the teeth through
the slot opening. The magnetic field is constant in the teeth region, but as can be seen
from the flux in the slot opening region, the length of the air gap increases toward the
center of the slot opening and reaches its maximum length at the center. The distribution
of the slot-opening region is derived by applying the air gap length function of Carter’s
coefficient. In addition, the total average air gap flux density, as shown in Equation (8), is
derived through a magnetic equivalent circuit, as shown in Figure 5.

Rsy = Rrt = Rry = 0 (8)

Rk = KrkRgk (9)

φgtotal = φg1 + φg2 + φg3 + φg4 (10)

Bgk =
Pgk

Ptotal

Am

Agk
Br (11)

Bgtotal =
φgtotal

Agtotal
(12)
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where Rrt, Rry, Pgk, Ptotal , Am, Agk, Agtotal , φgtotal and Bgtotal are, respectively, the reluctance
of the rotor teeth, reluctance of the rotor yoke, permeance of the air gap corresponding to
slot k, total permeance, area of the permanent magnet, area of air gap corresponding to slot
k, area of the total air gap, total flux of the air gap, and total average air gap flux density.
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Figure 6 shows the air gap flux line distribution per slot when there are slots. The
average air gap flux density-derived Equation (12) is the total average of both the slot-
opening and the teeth region. A transformation of the equation is necessary to obtain an
accurate distribution. First, the air gap flux density in the teeth region, as in Equation (14),
can be obtained by multiplying Equations (12) and (13), which is the flux distributive law
of the reluctance difference of the teeth and the slot-opening regions. Finally, the total air
gap flux density in the teeth region is derived as Equation (15).

Ctk =
Pgtk

Pgtk + 2Pgso

Agk

Agtk
(13)

Bgtk = CtkBgk (14)

Bgttotal =
φgttotal

Agttoal
(15)
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where Ctk, Pgtk, 2Pgso, Agtk, Agttotal , φgttotal and Bgttotal are a correction factor for teeth about
the air gap flux density, permeance of the air gap corresponding to the stator teeth of slot
k, permeance of the air gap corresponding to the slot opening of slot k, area of the stator
teeth, total area of the stator teeth, total flux of the stator teeth, and total flux density of the
stator teeth.
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Figure 6. Air gap flux line distribution per slot when there are slots.

The function of the air gap length of the slot-opening region is expressed as
Equation (16). In order to derive the function of the slot factor, the magnetic circuit
equation obtained by functionalizing the air gap length is divided into the magnetic circuit
equation before functionalization. If these equations are rearranged, the function equation
of the slot factor is derived as Equation (17). However, this slot factor function does not
reflect the saturation of flux density of the shoe part, as shown in Figure 7. Therefore, by
applying the slot-opening range of Hanselman, the slot opening is changed to 0.7, which
is larger than the actual 0.5, and the function is changed to Equation (18) [14]. The final
slot factor function is derived as Equations (19) and (20). Applying this expression to the
Fourier series yields Equations (21)–(23). Figure 6b shows the slot factor derived through
the HMEC and FEM.
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where Gsl(θ), Gt, θsp, θso, θtr, rsi, Gmin and Ns are a function of slot factor, stator teeth pitch,
slot pitch, slot-opening pitch, stator teeth pitch considering saturation of the shoe, inner
radius of the stator, minimum value of the slot factor, and the number of slots.
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Figure 8 shows a comparison of the air gap flux density distribution by a permanent
magnet with slots derived from the HMEC and FEM. It can be seen that the HMEC and
FEM have similar waveforms. No-load-induced voltage, flux linkage, and cogging torque
can be derived from Equation (24).

Bgn(θ, α) = Bgtn(θ, α)Gs ln(θ) (24)
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2.3. Calculation Process of Flux Linkage, No-Load-Induced Voltage, and Cogging Torque

Figure 9 shows the flux linkage derived through the HEMC and the FEM. Equation (25)
represents the flux linkage of one coil. In the case of this model, the number of slots per
phase per pole is three. Therefore, the flux linkage in one phase can be obtained as
in Equation (26). By differentiating Equation (26), the no-load-induced voltage can be
derived as Equation (27). Figure 10 shows a comparison of the no-load-induced voltage
derived from the HMEC and the FEM. The cogging torque (Equation (29)) is derived by
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differentiating the air gap energy of Equation (28). Figure 11 shows a comparison of the
cogging torque waveform derived from the HMEC and FEM.

λcoil(α) = NcoilrsiLstk

∫ π
Np

0
Bgtn(θ, α)Gs ln(θ)dθ (25)

λph(θ, α) = λcoil1
(
θ − θsp, α

)
+ λcoil2(θ, α) + λcoil3

(
θ + θsp, α

)
(26)

Eph = −
dλph(α)

dα
(27)

W(α)g =
∫ Lstk

0

∫ rsi

rro

∫ 2π

0
B
′2
gn(θ, α)G2

s ln(θ)dθ (28)

Tcog(α) =
dW(α)

dα
=

d
dα

(
Lstk
4µ0

)(
r2

si − r2
ro

)∫ 2π

0
B
′2
gn(θ, α)G2

s ln(θ)dθ (29)

where Ncoil , Lstk, λcoil and λph are the turns of one coil, stack length, flux linkage of one
coil, and flux linkage of one phase.
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3. Proposed Calculation Method of Air Gap Flux Density Distribution
3.1. Calculation of Air Gap Flux Density Distribution by Permanent Magnet V-Type Rotor

Figure 12 shows a magnetic equivalent circuit of a V-type rotor. As shown in Figure 12,
unlike the bar shape, the V shape has an inner bridge and barrier part on the central axis of
the pole arc. In addition, by adjusting the angle of the magnet, the area of the permanent
magnet can be increased compared with the bar shape. Figure 13 shows a comparison of
flux density distribution of the air gap with a bar-type and a V-type rotor with slots. Because
the area of the air gap and the permanent magnet is the same, as shown in Figure 13, the
difference of the two rotors is the difference in leakage flux according to the presence or
absence of the inner bridge and barrier. Therefore, if the area of the permanent magnet is
not increased in the V shape, the flux per pole drops as shown in Equations (30) and (31)
because of the inner leakage flux. In addition, as shown in Equation (32), as the leakage
of the bridge and barrier change, the value decreases and the cogging torque changes,
as shown in Figure 14. Figure 14 shows a comparison of cogging torque for a bar-type
and a V-type rotor with slots. Table 1 shows comparison of magnetic field distribution
parameters of bar-type and V-type rotor when there is a slot.

Kltotal =
2Rm||Ril ||Rol

2Rm
(30)

φg =

1
2Kr Rg

1
2Kr Rg

+ 1
2Rib

+ 1
Rob

+ 1
2Kltotal Rm

φr (31)

Gmin =

1
g + 2CtKr

µ0 Ag

(
1

2Rib
+ 1

Rob
+ 1

2Kltotal Rm

)
1
g + 2CtKr

µ0 Ag

(
1

2Rib
+ 1

Rob
+ 1

2Kltotal Rm

)(
1 + πrsiθso

4g

) (32)

where Ril , Rol , Rib and Rob are reluctance of the inner and outer barrier, and inner and
outer bridge.
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Figure 12. Magnetic equivalent circuit of a V-type rotor.

Table 1. Comparison of magnetic field distribution parameters of bar-type and V-type rotor when
there is a slot.

Type Bar V Unit

Kltotal 0.9898 0.9891 [-]
Rbtotal 1,051,237 831,420 [AT/Wb]
Rgttotal 922 904.22 [mT]
Gmin 0.447 0.438 [-]
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3.2. Calculation of Flux Density Distribution of the Air Gap by Permanent Magnet Double-Layer
Type Rotor

Figure 15 shows the air gap flux density distribution of a slotless double-layer bar-type
rotor. In the double-layer bar-type rotor, the air gap region corresponding to the permanent
magnet should be divided into two parts.

Bg(θ) =



0 0 ≤ θ < θa
Bg1

(θb−θa)
(θ − θa) θa ≤ θ < θb

Bg1 θb ≤ θ < θc
Bg1

(θd−θc)
(θ − θc) θc ≤ θ < θd

Bg2 θd ≤ θ < π
Np
− θd

− Bg2
(θd−θc)

(
θ −

(
π

Np
− θc

))
π

Np
− θd ≤ θ < π

Np
− θc

Bg1
π

Np
− θc ≤ θ < π

Np
− θb

− Bg1
(θb−θa)

(
θ −

(
π

Np
− θa

))
π

Np
− θb ≤ θ < π

Np
− θa

0 π
Np
− θa ≤ θ < π

Np

(33)

Bgn =
4Bg1

πNp(θb−θa)(2n−1)2

(
sin Npθb(2n− 1)− sin Npθa(2n− 1)

)
+

4(Bg2−Bg1)
πNp(θd−θc)(2n−1)2

(
sin Npθd(2n− 1)− sin Npθc(2n− 1)

) (34)

Equation (33) shows the magnetic flux density distribution by permanent magnet.
Applying this expression to the Fourier series yields Equation (34). Although the flux
per pole drops when the same permanent magnet is used, the harmonic order is reduced
because the air gap flux density can be made closer to sinusoidal. The double-layer rotor
can be classified into three types. As shown in Figure 15, one is a double-layer bar (DB)
structure, the second is a double-layer V (DV) structure, and the last is a delta (mixed
bar and V-type) structure. The number of permanent magnets used, area of the air gap,
and area of the permanent magnet are the same. Therefore, the amount of flux per pole
in the two regions varies depending on the presence of the inner barrier and bridge. By
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applying these conditions, the flux density of the air gap for each two-layer shape in Table 2
was calculated.

Figure 16 shows the magnetic equivalent circuit of a permanent magnet when there
is no slot for each two-layer rotor. Table 2 shows equations of parameters of air gap flux
density distribution according to double-layer rotor type. Because the reluctance of the
rotor and stator core were ignored and there was an effective area difference of the air gap
between the HMEC and FEM, the value calculated by the HMEC had an error ranging
from 2.54% to 3.53% compared with that of the FEM, as shown in Table 3, which shows a
comparison of the magnetic field distribution parameters of double layer rotors when there
is a slot. In addition, the flux density of the air gap in the DB without the inner bridge and
barrier was the highest, and that of the DV was the lowest. The delta shape had a medium
flux per pole, but there was no barrier or bridge in the two-layer part, so the inner magnetic
flux was large, and the outer magnetic flux was rather small compared with those of the
double-layered V-shape. The comparison of flux density distribution when there is a slot
for each two-layer shape derived through the HMEC and FEM is represented in Figure 17.
As shown in Table 4, it compares the computing time of the HMEC and FEM. The time to
calculate the air gap flux densities of Bgt1, Bgt2 is 0.103622 s for HMEC and 390.0 s for FEM.
It represents that computing time of the proposed analysis model is extremely fast.
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Table 2. Equations of air gap flux density distribution parameters according to double-layer rotor type.

Equation

Air Gap Flux
φg1
2 =

φg11
2 −

φg12
2

φg2
2 =

φg12
2 +

φg22
2

Air Gap Flux Density Bg1 =
φg1
Ag1

Bg2 =
φg2
Ag2

Slot Factor G(θ) =
Bg1(θ)+Bg2(θ)

Bg1+Bg2

DB

φg11
2 =

Pg1

P′m1+Pob1+Pg1+PA

φr1
2

φg21
2 = PA

P′m1+Pob1+Pg1+PA

φr1
2

φg12
2 =

Pg1

P′m1+Pob1+Pg1+PA

PB
P′m2+Pob2+PB

φr2
2

φg22
2 = PB

P′m2+Pob2+PB

φr2
2

PA = 2Kl2Rm2
∣∣∣∣Rob2 + 2Rg2

PB = 2Kl2Rm1
∣∣∣∣Rob1

∣∣∣∣2Rg1 + 2Rg2

DV

φg11
2 =

Pg1

P′m1+Pob1+Pib1+Pg1+PA

φr1
2

φg21
2 = PA

P′m1+Pob1+Pib1+Pg1+PA

φr1
2

φg12
2 =

Pg1

P′m1+Pob1+Pib1+Pg1

PB
P′m2+Pob2+PB

φr2
2

φg22
2 = PB

P′m2+Pob+Pib+PB

φr2
2

PA = 2Kl2Rm2
∣∣∣∣Rob2

∣∣∣∣Rib2 + 2Rg2
PB = 2Kl1Rm1

∣∣∣∣Rob1
∣∣∣∣Rib1

∣∣∣∣2Rg1 + 2Rg2

Delta

φg11
2 =

Pg1

P′m1+Pob1+Pib1+Pg1+PA

φr1
2

φg21
2 = PA

P′m1+Pob1+Pib1+Pg1+PA

φr1
2

φg12
2 =

Pg1

P′m1+Pob1+Pib1+Pg1

PB
P′m2+Pob+PD

φr2
2

φg22
2 = PB

P′m2+Pob+PB

φr2
2

PA = 2Kl2Rm2
∣∣∣∣Rob2 + 2Rg2

PB = 2Kl1Rm1
∣∣∣∣Rob1

∣∣∣∣2Rg1 + 2Rg2

Table 3. Comparison of parameter calculations of the air gap flux density distribution according to
double-layer rotor type.

HMEC FEM

Type DB DV Delta DB DV Delta Unit

Ct1 1.16
[-]Ct2 1.17

Gmin 0.454 0.445 0.443 0.436 0.436 0.437
Bgt1 594 582 536 562 545 508

[mT]Bgt2 987 918 975 960 890 947

Table 4. Comparison of calculation time about air gap flux density distribution.

HMEC FEM

Type DB DV Delta DB DV Delta Unit

Calculating
Time (Bgt1, Bgt2) 0.103622 389.00 [sec]
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4. Conclusions

In this paper, a hybrid magnetic equivalent circuit method combined with Carter’s
coefficient is proposed. It is a design method that combines the spatial harmonic method
and the magnetic circuit method. The magnetic field distribution according to the rotor
type was derived through the hybrid magnetic equivalent circuit method, and the cogging
torque and no-load counter electromotive force were derived through the magnetic field
distribution map. Through the hybrid magnetic equivalent circuit method, the existing
design method was enhanced with reduced analysis time and intuitive design parameters.
However, an error occurred because of the difference in the effective air gap area, as a result
of ignoring the iron core resistance of the rotor and stator and the effect of bridge magnetic
saturation. However, because this error was less than 5% in error range compared with the
FEM, the proposed hybrid magnetic equivalent circuit method is considered valid.
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