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Abstract: Slurry flows commonly appear in the transport of minerals from a mine to the processing
site or from the deep ocean to the surface level. The process of heat transfer in solid–liquid flow is
especially important for the long pipeline distance. The paper is focused on the numerical modelling
and simulation of heat transfer in a fine dispersive slurry, which exhibits yield stress and damping of
turbulence. The Bingham rheological model and the apparent viscosity concept were applied. The
physical model was formulated and then the mathematical model, which constitutes conservative
equations based on the time average approach for mass, momentum, and internal energy. The slurry
flow in a pipeline is turbulent and fully developed hydrodynamically and thermally. The closure
problem was solved by taking into account the Boussinesque hypothesis and a suitable turbulence
model, which includes the influence of the yield shear stress on the wall damping function. The
objective of the paper is to develop a new correlation of the Nusselt number for turbulent flow
of fine dispersive slurry that exhibits yield stress and damping of turbulence. Simulations were
performed for turbulent slurry flow, for solid volume concentrations 10%, 20%, 30%, and for water.
The mathematical model for heat transfer of the carrier liquid flow has been validated. The study
confirmed that the slurry velocity profiles are substantially different from those of the carrier liquid
and have a significant effect on the heat transfer process. The highest rate of decrease in the Nusselt
number is for low solid concentrations, while for C > 10% the decrease in the Nusselt number is
gradual. A new correlation for the Nusselt number is proposed, which includes the Reynolds and
Prandtl numbers, the dimensionless yield shear stress, and solid concentration. The new Nusselt
number is in good agreement with the numerical predictions and the highest relative error was
obtained for C = 10% and Nu = 44.3 and is equal to −12%. Results of the simulations are discussed.
Conclusions and recommendations for further research are formulated.

Keywords: heat transfer in non-Newtonian slurry; damping of turbulence; Nusselt number for slurry

1. Introduction

Slurry pipeline transport is widely used in the food and chemical industry and in
the transfer of minerals from a mine to the processing site or from the deep ocean to the
surface level [1]. Pipeline transportation is more economical and environmentally friendly
than other modes of transport, such as rail or trucking, when moving minerals over long
distances. They also have a high safe delivery rate [2,3]. In the literature, we can find
various approaches for the analysis of solid–liquid flow and its predictions [4–14]. Analyses
are mainly dedicated to a proper class of flow, such as homogeneous, heterogeneous, and
with steady or mowing beds. The proposed models are mainly algebraic. If predictions
are considered, we use analytical or numerical methods [15–24]. Analytical methods are
impractical and can be applied to very simple flow conditions. If numerical methods are
considered, we recognize Direct Numerical Simulation (DNS), which is computationally
costly, Large Eddy Simulation (LES), which is less expensive, Reynolds-averaged Navier–
Stokes equations (RANS), which is the computationally cheapest, or a combination of the
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mentioned methods, called hybrid methods. The slurry flow phenomenon is very complex;
therefore, mathematical models are strictly dedicated to a certain flow situation.

The heat transfer process in slurry transportation is essential, especially for long
distances. Temperature affects the viscosity and rheological properties of the slurry and
thus changes the energy loss during pipeline transport, which affects the operation of the
pipeline system. Changes in the temperature of the transported slurry can be caused by
heat transfer between the slurry pipeline and the environment and by the conversion of
part of the mechanical energy into heat. In the case of pipeline operation in the Arctic Sea,
for example, it could cause permafrost melting and instability of pipeline routes. In other
cases, maintaining a constant temperature of the flowing medium is imperative, while in
some other cases, the risk of freezing or loss of heat appears, which requires proper pipe
insulation to avoid plug formation. Therefore, the ability to predict the flow of the slurry
with heat exchange is a great challenge in CFD.

To predict the heat transfer between the flowing slurry and the environment, the
first point is to set up a reliable physical model and then a mathematical model. The
mathematical model should be able to predict the velocity and temperature fields of the
slurry. When formulating a physical model for slurry flow with heat transfer, it is necessary
to define the slurry properties and flow conditions like, for instance:

- particle size distribution and its shape, elasticity, porosity, degradation, hydrophobic-
ity, averaged solid particle diameter and density;

- carrier liquid viscosity and density;
- type of slurry: Newtonian or non-Newtonian, with or without yield stress;
- type of solid concentration: dilute suspension or highly concentrated;
- type of slurry flow: laminar, transient, turbulent, homogeneous, pseudo-homogeneous,

heterogeneous, with steady or moving beds;
- geometry and flow direction: circular or noncircular conduit, one-, two-, or three-

dimensional, vertical, horizontal, or inclined conduit;
- boundary conditions for velocity and temperature;

The study focuses on the modelling and simulation of convective heat transfer between
a fine dispersive slurry and a pipe wall under a turbulent flow regime in a range of solid
concentrations for commercial applications. The solid phase constitutes fine solid particles
with an average diameter of about 20 µm, since small particles are responsible for increasing
viscosity, non-Newtonian behavior, and damping of turbulence. Therefore, the relation
between shear stress and shear rate is crucial to include in a mathematical model.

Solid particles are known to affect the flow structure and can enhance or suppress
turbulence [25–33]. Generally, one can conclude that small particles can suppress, while
large particles can increase turbulence. Of course, the phenomenon is more complex as
the particle density, carrier liquid properties, and flow conditions, such as the velocity and
geometry effect on the level of turbulence as well. Experimental data on frictional head
loss for turbulent flow of fine dispersive slurry clearly demonstrate a lower frictional head
loss than expected [6,25,34,35]. Wilson and Thomas hypothesized that in a turbulent flow
of fine dispersive slurry, the viscous sublayer becomes thicker compared to a single-phase
flow under the same flow conditions [25]. Therefore, the Wilson and Thomas hypothesis
was taken into account to develop a mathematical model.

Considering the heat exchange between the transported slurry and the surrounding,
we recognize methods and techniques focused on the enhancement of heat exchange,
named passive or active. Passive methods, such as shape insert with dedicated perforation
or mechanically deformed pipes, have been studied for several years and have become
commercial solutions [36–41]. Active methods, such as air injection, bubble generation, or
proper pulsation, can produce increases in the heat transfer process [42–45].

Heat transfer in the solid–liquid flow has been experimentally investigated by several
studies [46–49]. However, experiments and studies on heat transfer in a turbulent flow with
fine solid particles, especially for solid concentrations of commercial interest, above 20% by
volume, are scattered in the literature. Existing experiments refer mainly to water-air or
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water-oil or nanofluids or slurries with low solid concentrations [50–53]. Research mainly
includes solid particles made of metals, oxides, or carbides suspended in a liquid. Such
experiments and predictions focus on examining whether solid particles can increase or
decrease the heat transfer process between the suspension and a pipe wall. The results
show that such an increase depends mainly on the properties of the particles and the solid
concentration [54,55].

Wang et al. [48] experimentally examined the thermal conductivity of Al2O3 and CuO
nanoparticles mixed with water, vacuum pump liquid, engine oil and ethylene glycol. The
average particle diameter of Al2O3 was 28 nm and the average particle diameter of CuO
was 23 nm. All particles were loosely agglomerated in the chosen liquid. Experiments have
shown that the heat transfer of the mixture increases with the volume fraction of Al2O3
particles [48].

Rozenblit et al. [56] conducted an experimental study on the heat transfer coefficient
associated with solid–liquid transport in a horizontal pipe using an electro-resistance sensor
and infrared imaging. They considered a flow of acetyl-water mixture on a moving bed
with solid volume concentrations of 6%, 9%, 12%, and 15% by volume. They noted that the
local heat transfer coefficient changes from its lowest value at the bottom of the pipe to its
highest value above the carrier liquid at the upper heterogeneous layer. These experiments
indicated that the heat transfer coefficient is strongly influenced by the cross-sectional
distribution of the solid phase [56].

Ku et al. [49] experimentally examined the effect of solid particles on heat transfer.
They used spherical fly ash particles with a mass median particle diameter of 4 to 78 µm
and a particle density of 2270 kg/m3, and Reynolds numbers of 4000 to 11,000 in an 8 mm
inner diameter pipe. The authors noted that the highest heat transfer coefficient was
obtained for the dilute solution with C = 3%, and then gradually decreased with increasing
solid volume concentration. They proposed a correlation for the Nusselt number. The
correlation depends on Reynolds and Prandtl numbers, solid concentration, and the ratio of
pipe diameter to average particle diameter. The correlation is limited to: Re = 3000–11,000;
Pr = 3.8–5.0; D/dP = 102–615; C = (1–10)%. However, it is not clear whether such suspen-
sions possess or do not possess the yield stress. Furthermore, the apparent viscosity of the
slurry in their research was 1.75 higher compared to water if C = 30%. This contrasts with
current studies, as the apparent viscosity of C = 30% is at least 13 times higher compared to
water and increases as the wall shear stress decreases. Additionally, the Prandtl number in
the current study is much higher compared to the limitation of Ku et al. 49]. In conclusion,
we can say that it is impossible to compare the numerical predictions with the experimental
data if the slurry properties differ much.

Bartosik performed simulations of the influence of the solid volume concentration [57]
and the yield shear stress [58] on heat transfer in kaolin slurry. The author considered two
solid concentrations of kaolin equal to 7.4% and 38.3%, which correspond to yield shear
stresses of 4.92 Pa and 9 Pa, respectively. The author found that both solid concentration
and yield stress strongly affect the Nusselt number and the Nusselt number decreases with
increasing solid concentration or yield stress.

Analysis of the literature indicates that most of the research deals with heat transfer
in a single phase, liquid-air flow, nanofluids, ice slurry, laminar flow, or with low solid
concentrations. Experiments and modelling of heat transfer in non-Newtonian slurries
containing minerals with fine particles, yield stress, and solid volume concentration at
least 20% by volume are scattered. Reliable predictions require reliable measurements.
Prediction difficulties arise when the solid concentration increases and the particle-liquid
and/or particle–wall interaction occurs. A better approach to understanding the slurry
flow mechanism and its correlation with the heat transfer process, especially at high solid
concentrations, is needed, as it is important for better optimization design and operation
control. The ability to simulate turbulent solid–liquid flow to predict frictional head
loss, velocity, and temperature distributions remains one of the main challenges in CFD.
However, from an engineering point of view, we need simple empirical or semiempirical
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correlations that allow the calculation of the heat transfer coefficient for known slurry.
Therefore, proper correlations for the Nusselt number are still required.

The objective of the paper is to develop a new correlation of the Nusselt number for
turbulent flow of fine dispersive slurry that exhibits yield stress and damping of turbulence.
For such a slurry, a new correlation of the Nusselt number is proposed. The new correlation
of the Nusselt number includes Reynolds and Prandtl numbers, solid volume concentration,
and dimensionless yield shear stress.

2. Physical Model

The slurry is assumed to be a mixture of fine solid particles and water, which plays
the role of a carrier liquid. The assumptions made in the physical model are as follows:

- solid particles are round, smooth, rigid, non-hydrophobic, and the influence of such
properties on slurry flow is not considered;

- solid particles are sufficiently fine, with a median particle diameter dP ∼= 20 µm, so
the damping of turbulence, described by Wilson and Thomas [25], occurs;

- the slurry flows in a straight and smooth horizontal pipeline, which is rigid and its
inner diameter is constant;

- the profile of the solid concentration distribution on the vertical axis is constant; there-
fore, the slurry flow is homogeneous, which is in accordance with the experiments of
Sumner et al. [34] and Ramisetty [59];

- the rheological properties of the slurry can be approximated by the Bingham model;
- the flow of the slurry is turbulent, steady, axially symmetric (V = 0) and without

circumferential eddies (W = 0);
- the slurry flow is fully developed hydrodynamically, which means that the time-

averaged velocity component U does not change in the flow direction (∂U/∂x = 0).
- the wall temperature is steady;
- the heat flux is homogeneous; the heat flux acts from the slurry to the pipe wall; its

value is steady, known, and sufficiently small, so the following arbitrarily chosen
condition is met: |Tb − Tw|< 7 K;

- the apparent viscosity and specific heat are constant and are determined by the thermal
condition at the pipe wall, while the slurry density and conduction coefficient are
calculated from the bulk temperature;

- there is no inner heat production in a slurry, and conversion of mechanical energy
into internal heat is not considered;

- heat due to radiation and conduction through a pipe wall are negligible;
- the slurry flow is fully developed thermally, which means that the temperature

changes linearly in the flow direction ‘ox’ (∂T/∂x = const 6= 0).

For simulation purposes, the cylindrical coordinate system is used, where ‘ox’ is the
main flow direction, while ‘or’ is the radial coordinate, as presented in Figure 1. It is
assumed that the wall temperature is equal to Tw = 293.15 K, and the heat flux density
q = −500 W/m and both quantities are steady. Simulations are performed for carrier
liquid flow (C = 0%) and for slurry with a solid particle density equal to 2550 kg/m3, solid
concentrations 10%, 20%, 30% and for an inner pipe diameter D = 0.02 m.

Figure 1. The cylindrical coordinate system used for numerical predictions.
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3. Mathematical Model

The starting points for building a mathematical model for non-isothermal slurry flow
in a pipeline are continuity, Navier–Stokes, and internal energy equations. A mathematical
model is formulated for Newtonian liquid and non-Newtonian slurry.

3.1. Newtonian Liquid

The mathematical model for the Newtonian liquid regards the carrier liquid, which is
pure water. Taking into account the time-averaged procedure proposed by Reynolds [60],
and neglecting terms with fluctuations of density and viscosity, it is possible to obtain the
conservative equations of mass, momentum, and internal energy as follows:

∂

∂xi

(
ρUi

)
= 0 (1)

∂

∂xj

(
ρUiU j

)
= − ∂p

∂xi
+

∂

∂xj

(
µ

∂Ui
∂xj
− ρ u′i u

′
j

)
+ ρgi (2)

∂

∂xj

(
ρU jT

)
=

∂

∂xj

(
µ

Pr
∂T
∂xj

)
− ∂

∂xj

(
ρ u′j t

′
)

(3)

where the Prandtl number in Equation (3) is defined as follows:

Pr =
µ cp

λ
(4)

The momentum Equation (2), also named the Reynolds Averaged Navier–Stokes
equation, possesses an additional term ρ u′i u

′
j , which appears on the right-hand side,

named turbulent stress tensor or Reynold’s stress tensor. It is a symmetric tensor and
requires additional equations to calculate its components. To solve the set of equations,
the number of dependent variables must be the same as the number of equations, which
is called the closure problem. Therefore, additional equations are proposed that allow
one to calculate the components of the turbulent stress tensor. Equation (3) possesses an
additional term ρ u′j t

′. This term is responsible for the intensification of heat exchange
caused by the presence of velocity and temperature fluctuations and requires closure, too.
The additional terms in Equations (2) and (3) can be modelled by a direct approach (DNS)
or an indirect approach. To calculate each component of −ρ u′i u

′
j and −ρ u′j t

′ the direct
or indirect methods require additional equations, either algebraic or partial differential.
Although DNS and LES methods can give a high level of accuracy, they are time-consuming
and computationally costly. Indirect methods can give accurate predictions with less
computational power. Moreover, we deal with time-averaged quantities of velocity and
temperature, instead of random quantities, which are more useful to engineers. For this
study, an indirect method is employed. The indirect method employs the Boussinesque
hypothesis, which introduced a new dependent variable, called turbulent viscosity, as a
measure of turbulence rather than viscosity [61]. The Boussineque hypothesis assumes that
the turbulent stress tensor in Equation (2) can be expressed as follows:

− ρ u′i u
′
j = µt

(
∂Ui
∂xj

+
∂U j

∂xi

)
− 2

3
ρ k δi,j (5)

and the fluctuating components of velocity and temperature in the energy Equation (3), as:

− ρ u′j t
′ =

µt

Prt

∂T
∂xi

(6)
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The turbulent Prandtl number (Prt) in Equation (6) was intensively examined by
several researchers. Studies indicated that in the flow on a plate, Prt ∼= 0.5, while for the
boundary layer, which exists in a pipe flow, the turbulent Prandtl number is estimated to
be Prt = 0.9 [62].

If an axially symmetric flow is considered, the most suitable coordinate system is
cylindrical, where the dependent variables are functions of x, r, θ. The assumption that the
flow is axially symmetric causes the velocity component V = 0. The lack of circumferential
eddies causes that component of the velocity W = 0. The last term on the right-hand side of
Equation (2) is also zero because the flow is horizontal.

Taking into account the assumptions stated in the physical model, the time-averaged
Equations (1)–(3) together with (5), (6) can be formulated in the final form as follows:

∂

∂x
(
ρU
)
= 0 (7)

1
r

∂

∂r

[
r (µ + µt)

∂U
∂r

]
=

∂p
∂x

(8)

ρU
∂T
∂x

=
1
r

∂

∂r

[
r
(

µ

Pr
+

µt

Prt

)
∂T
∂r

]
(9)

Taking into account the assumption that the flow is fully developed thermally, which
means that the temperature changes linearly in the main flow direction ‘ox’, the convective
term in Equation (9) will be delivered by an energy balance. An energy balance is developed
for the slurry flowing in a tube with inner diameter D and unit length L = 1 m. Such an
approach simplifies the mathematical model to one-dimensional and substantially reduces
the time of computation.

Let us consider a heat flux acting between the flowing liquid and a pipe—Figure 1.

.
Q = α A∗ ∆Tr (10)

where
A∗ = πDL (11)

and ∆Tr = Tb − Tw is temperature difference on radius r.
The change in the inner energy of the flowing liquid at distance L is the following:

.
Q =

.
m cP ∆T = ρb Ub A cp ∆Tx (12)

where the pipe cross section A = πD2/4, and ∆Tx is the slurry temperature difference at
distance x = L.

Comparing (10) and (12), we can write:

α π D L ∆Tr = ρb Ub π
D2

4
cp ∆Tx (13)

Dividing each side of Equation (13) by the unit length of the pipe L, we can write:

.
q = ρb Ub π

D2

4
cp

∆Tx

L
(14)

where the heat flux density can be written as:

.
q =

.
Q
L

= α π D ∆Tr (15)
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The final form of the convective term can be established using Equation (14), as follows:

∂T
∂x

=

.
q

ρb Ub π R2cp
= const (16)

The convective term (16) delivered from the energy balance replaces the convective
term on the left-hand side of Equation (9). Taking into account Equation (16), one can say
that the convective term ∂T/∂x = 0 if q = 0. The heat flux acting on the pipeline is positive
if Tw > Tb or negative if Tw < Tb. The thermal properties of the slurry are treated as known
quantities and will be presented. The influence of temperature on a carrier liquid density
and a thermal conductivity was approximated using the Taylor expansion as follows:

Φ = a + bT + cT2 (17)

while slurry properties, such as density, coefficient of heat conduction, and specific heat,
were calculated as follows:

ΦSL = CΦS + (1− C)ΦL (18)

Finally, the mathematical model of heat transfer in liquid flow constitutes two partial
differential equations, namely, (8) and (9), since the continuity Equation (7) is included in
the momentum Equation (8), and the complementary Equation (16). Equation sets possess
the following dependent variables: U(r), µt(r), p(x), T(r). To calculate the velocity and
temperature profiles across a pipe, a set of equations requires closure. Turbulent viscosity
µt(r) will be calculated using an indirect method together with a suitable turbulence model,
while the pressure gradient ∂p/∂x will be treated as a known value. For the preset value of
∂p/∂x, the velocity and temperature profiles will be calculated. In other words, for known
values of ∂p/∂x the time-averaged profiles of U and T will be calculated.

To calculate the turbulent viscosity µt(r), the Launder and Sharma turbulence model
was chosen [63]. The chosen model fulfills the requirements formulated by Spalding [64,65],
an honorable founder of Computational Fluid Dynamics (CFD). The Launder and Sharma
model was successfully examined for comprehensive types of flow, including homogeneous
slurries. The researchers emphasized that it is one of the first and most widely used models
and has been shown to agree well with the experimental and DNS data for a wide range of
turbulent flow problems, performing better than many other k–εmodels [66–69].

k =
u′i u

′
i

2
(19)

ε = ν
∂u′i
∂xk

∂u′i
∂xk

(20)

The Launder and Sharma turbulence model assumes that the turbulent viscosity
depends on the kinetic energy of the turbulence, defined by Equation (19), and the dissipa-
tion rate of the kinetic energy of the turbulence, defined for homogeneous turbulence by
Equation (20) [70]. On the basis of dimensional analyzes, Launder and Sharma assumed
that the turbulent viscosity depends on k, ε and ρ as follows:

µt = fµ
ρ

ε
k2 (21)

where fµ is called the damping of the turbulence function or the wall function. The function
causes a reduction in turbulent viscosity if y → 0. The wall function was developed
empirically by matching the predictions with measurements and is the following:

fµ = 0.09 exp

 −3.4(
1 + Ret

50

)2

 (22)
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where the turbulent Reynolds number (Ret) was developed from dimensionless analysis,
as follows:

Ret =
ρ k2

µ ε
(23)

Equations for the kinetic energy of turbulence and its dissipation rate are obtained
from the Navier–Stokes equations, using a time-averaged procedure [63].

Taking into account the assumptions made in the physical model, the final form of
the equations for the kinetic energy of turbulence and its dissipation rate, in cylindrical
coordinates, are as follows:

1
r

∂

∂r

[
r
(

µ +
µt

σk

)
∂k
∂r

]
+ µt

(
∂U
∂r

)2

= ρε + 2µ

(
∂k1/2

∂r

)2

(24)

1
r

∂

∂r

[
r
(

µ +
µt

σε

)
∂ε

∂r

]
+ C1

ε

k
µt

(
∂U
∂r

)2

= C2

[
1− 0.3 exp

(
−Re2

t

)]ρε2

k
− 2

µ

ρ
µt

(
∂2U
∂r2

)2

(25)

The set of partial differential Equations (8), (9), (24) and (25) together with the comple-
mentary Equations (16), (21)–(23) is dedicated to a Newtonian liquid.

3.2. Non-Newtonian Fine Dispersive Slurry

If non-Newtonian slurry is considered, the first step is to set up a suitable rheological
model. According to the physical model, we consider a slurry with fine solid particles.
It is well known that fine solid particles are responsible for increased viscosity and non-
Newtonian behavior [6]. The slurry with fine solid particles can be described by several
rheological models, like for instance, Bingham, Ostwalda–de Waele, Carreau, Casson, or
Herschel–Bulkley. The Bingham model is very simple as it demonstrates the yield stress
and constant viscosity. Two- and three-parameter models, such as Casson or Herschel-
Bulkley, describe the influence of the shear rate on the shear stress more accurately. In the
case of laminar flow, a rheological model plays a crucial role in determining shear stress,
while in a turbulent flow the dominant role plays turbulence. Therefore, the Bingham
model is used as a simpler one. It is also important that experimental data for such a model
are available in the literature.

The Bingham rheological model is described by Equations (26) and (27), as follows:

τ = τo + µPL
.
γ for τ > τo (26)

and
.
γ = 0 for τ ≤ τo (27)

Taking into account the concept of apparent viscosity [25,71,72], one can write:

τ = µapp
.
γ (28)

Taking into account the right-hand side of Equations (26) and (28), the following
equation for apparent viscosity can be obtained:

µapp = µPL +
τo
.
γ

=
µPL

1− τo
τw

(29)

Of course, Equation (29) has the limitation that the yield shear stress cannot be equal
to or higher than the wall shear stress. If the wall shear stress increases, the apparent
viscosity decreases.

Considering the forces that act on the slurry flowing in a horizontal pipeline of length
L and inner diameter D, we can write that the force responsible for the movement is:

→
F 1 = ∆p π D2 1

4
(30)
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while the resistance force is the following:

→
F 2 = τw π D L (31)

For a steady flow of slurry, both forces must be equal. Therefore, we can write:

τw =
∆p
L

D
4

=
∂p
∂x

D
4

(32)

Finally, for known plastic viscosity, yield stress and ∂p/∂x, the apparent viscosity can
be calculated as follows:

µapp =
µPL

1− τo
∂p
∂x

D
4

(33)

Analyzing Equation (33) it can be concluded that for the Bingham model the apparent
viscosity is constant across a pipe stream if ∂p/∂x = const and τo = const. To consider a
non-Newtonian slurry, the coefficient of dynamic viscosity, which exists in Equations (8),
(9) and (23)–(25), has to be replaced by the apparent viscosity, defined by Equation (33).

fµ = 0.09 exp

−3.4
(

1 + τo
τw

)
(

1 + Ret
50

)2

 (34)

The mathematical model for isothermal flow, which constitutes Equations (8), (24)
and (25) together with the complementary Equations (21)–(23) and (33) fails if the predic-
tions of fine dispersive slurry flow, defined in the physical model, are considered. Such a
slurry exhibits lower head loss than expected. Therefore, taking into account the Wilson
and Thomas hypothesis [25], Bartosik [73] proposed a modified the wall function, defined
by Equation (34). The wall Function (34) is important for a close distance to a pipe wall. For
a turbulent Reynolds number greater than 100, the wall Function (34) gives similar results
to the function defined by Equation (22). Now, the Equation (34) replaces Equation (22)
proposed by Launder and Sharma.

Finally, the mathematical model for heat transfer in fine dispersive slurry flow consti-
tutes the partial differential Equations (8), (9), (24) and (25), together with the complemen-
tary Equations (16), (21), (23), (33) and (34). The constants in the k-ε turbulence model are
the same as in the Launder and Sharma model and are the following: C1 = 1.44; C2 = 1.92;
σk = 1.0; σε = 1.3 [63].

4. Numerical Procedure

The mathematical model assumes the following boundary conditions:

at the pipe wall for r = R: T = Tw; q = const; U = 0; k = 0; ε = 0; (35)

symmetry axis for r = 0: ∂T/∂r = 0; ∂U/∂r = 0, ∂k/∂r = 0 and ∂ε/∂r = 0. (36)

The boundary condition (35) indicates that there is no sleep velocity, k and ε on the
pipe wall (r = R). Very near the wall, the dissipation rate is equal to 2 µ(∂k0.5/∂r)2. This
term was added to Equation (24) to allow to be set to zero on the pipe wall (y = 0). The
boundary condition (36) indicates that axially symmetric conditions were applied to all
dependent variables.

The set of partial differential Equations (8), (9), (24) and (25) was computed using
a finite difference scheme and its own computer code. The set of equations was solved
taking into account the TDMA approach, with an iteration procedure, and using the control
volume method [74]. The control volume was obtained for a pipe of length equal to L = 1 m
and rotating the radius of the pipe around the symmetry axis at an angle of 1 radian.

The calculations were carried out in a proper order. For the predetermined value of
∂p/∂x, the following inlet conditions were used:
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- T(r) = Tw;
- U(r) = Umax[(R − r)/R]1/7, where Umax was arbitrarily chosen;
- k was set up on the basis of the intensity of the assigned turbulence, that is, k(r) = 1

2 U2(r);
- ε was established based of the relation: ε(r) = 0.093/4 k3/2(r)/L, where L was deter-

mined from the Nikuradse formula.

Attention was paid to the effect of the number of grid points localized across a radius
of a pipe. It is well known that the number of nodal points strongly affects the accuracy of
the predictions [74,75]. Therefore, the radius of the pipe was divided into 80 nodal points
that were not uniformly distributed across the pipe. Most of the nodal points were located
near the wall of the pipe. The number of nodal points was experimentally set to provide
nodally independent predictions.

The iteration cycles were repeated until the convergence criterion, defined by Equa-
tion (37), was achieved.

∑
j

∣∣∣∣∣∅
n
j −∅n−1

j

∅n
j

∣∣∣∣∣ ≤ 0.001 (37)

where ∅n
j is a general dependent variable ∅ = U, T, k, ε; the jth is the nodal point after the

nth iteration cycle and the ∅n−1
j is the (n − 1)th iteration cycle.

Finally, the hydrodynamically and thermally developed turbulent flow of the fine
dispersive slurry was calculated and the following profiles were obtained: T(r), U(r), k(r),
ε(r) and the following dependent variables were calculated: Ub, Tb, Re, Pr, Nu.

5. Validation of the Mathematical Model

The mathematical model for the isothermal flow of fine dispersive slurry has been
validated in a comprehensive range of solid concentrations, yield stresses, Reynolds number
and pipe diameters, providing fairly good predictions of frictional head loss and velocity
profiles [20,21,73,76].

The validation of the heat transfer was performed only for the carrier liquid flow.
Heat transfer validation for the fine dispersive slurry was not performed because, to the
best knowledge of the author, no experimental data are available. Existing experiments
and correlations of Nusselt number, made for instance, by Harada et al. [46], Ku et al. [49],
Salamone and Newman [77], Ozbelge and Somer [78] do not take into account the slurry
defined in the physical model.

Validation of heat transfer for carrier liquid flow includes the prediction of the Nusselt
number. The results were compared with empirical data expressed by the Dittus–Boelter
correlation [79]. The Dittus–Boelter correlation is valid for fully developed flow and for
Re > 10,000 and 0.7 ≤ Pr ≤ 160 [79]. The Dittus–Boelter correlation is reasonably consistent
with the experimental data [80,81] and is expressed as follows:

Nu = 0.02296 Re0.8 Pr1/3 (38)

where Reynolds and Prandtl numbers were expressed for this study by Equations (39)
and (40), respectively.

Re =
ρ Ub 2 R

µapp
(39)

Pr =
µapp cp

λ
(40)

Of course, the apparent viscosity (µapp) in case of carrier liquid is equal to carrier
liquid viscosity (µ).

The Dittus–Boelter correlation, expressed by Equation (38), approximates the physical
situation quite well for the case of constant wall temperature and constant wall heat flux,
which is just exactly as it is assumed in the physical model.
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Figure 2 presents comparisons of the Nusselt number calculated using the mathe-
matical model with the Dittus–Boelter correlation (38) for the carrier liquid in the range
of Reynolds numbers of 6900 to 100,000. The results of the comparison presented in
Figure 2 show good agreement; however, there are some discrepancies for low and
high Reynolds numbers. The average relative error in the range of Re = 6900–100,000
is approximately −3.5%.

Figure 2. Validation of numerical predictions for carrier liquid flow. D = 0.02 m; Tw = 293.15 K,
q = −500 W.

As mentioned above, the mathematical model for the isothermal flow of fine dispersive
slurries, which exhibits turbulence damping, was successfully examined. The model is
also positively verified for heat transfer in the carrier liquid flow—Figure 2. Therefore,
it is assumed that the mathematical model is suitable for predicting the thermally fully
developed flow of the fine dispersive slurry with constant wall heat flux and constant wall
temperature.

6. Simulation Results

To perform simulations of heat transfer in a turbulent flow of a fine dispersive slurry,
which is non-Newtonian and exhibits yield stress and turbulence damping, the rheological
parameters must first be determined. Therefore, rheological measurements of Shook and
Roco of a fine limestone slurry, with a solid density similar to that assumed in the physical
model, were considered [6]. Because Shook and Roco experimental data are for a narrow
range of solid concentrations, the Slatter measurements were used to extend the range of
rheological parameters [82]. In the case of the Shook and Roco experiments, solid particles
with diameter below 44 µm constitute 67%, while in the case of the Slatter experiment
the median particle diameter was equal to 28 µm. Therefore, the assumption made in the
physical model that the median particle diameter is about 20 µm is an estimation rather
than a precise diameter determination.

The results of the approximation of the measurements of Shook and Roco [6] and
Slatter [82] are collected in Figure 3a,b. Taking into account the approximation of the
measurements, the yield stress and plastic viscosity have been estimated for solid volume
concentrations equal to 10%, 20% and 30%. The rheological parameters of the slurry for the
Bingham model are collected in Table 1.
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Figure 3. (a) Comparison of assumed relative viscosity with experimental data of fine dispersive slurry for the Bingham
model (Shook and Roco [6]; Slatter [82]). (b) Comparison of assumed relative yield stress with experimental data of fine
dispersive slurry for the Bingham model (Shook and Roco [6]; Slatter [82]).

Table 1. Parameters of the fine dispersive slurry for the Bingham model.

Solid Volume Concentration Bingham Model

% τo, Pa µPL, Pa s

10 5.10 0.004521
20 6.00 0.007032
30 8.00 0.013061

Numerical simulations were performed for a constant heat flux that acts from the
slurry to the pipe wall. The thermal properties of the solid and liquid phases are presented
in Table 2. Simulations of heat transfer in turbulent flow of fine dispersive slurry were
performed for solid volume concentrations equal to: 10%; 20%, 30% and for water. As a
result, temperature and velocity profiles were obtained.

Table 2. Thermal properties for limestone and liquid phase; D = 0.02 m; Tw = 293.15 K;
q = −500 W/m.

Thermal Conduction
for the Carrier Liquid

Thermal Conduction
for Solid Particles

Specific Heat for
the Carrier Liquid

Specific Heat
for Solid Particles

W/(m K) W/(m K) J/(kg K) J/(kg K)

0.598 1.221 4183.00 795.00

Figure 4a–c demonstrate the influence of solid concentration on the slurry temperature
profiles at the same bulk velocity equal to 3.50 m/s. If the bulk velocity is constant,
the temperature difference between the wall and the slurry increases significantly with
increasing solid volume concentration. Therefore, considering Equation (15), it can be
concluded that for the constant bulk velocity, the heat transfer coefficient decreases with
increasing solid volume concentration because the density of heat flux and diameter of
the pipe are constant. To confirm this, Figure 4d shows the influence of solid volume
concentration on the Nusselt number for constant bulk velocity. It is assumed that if the
calculations for C = 0% are presented, this means that there is a flow of pure water. At the
same bulk velocity of the carrier liquid and slurry, it is seen that the highest rate of decrease
in the Nusselt number is in the range of C = 0% to C = 10%, while for C > 10% the decrease
in the Nusselt number is gradual.
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Figure 4. (a) Comparison of temperature profiles for slurry and water; C = 30%, Ub = 3.50 m/s; q = −500 W/m. (b) Compar-
ison of temperature profiles for slurry and water; C = 20%; Ub = 3.50 m/s; q = −500 W/m. (c) Comparison of temperature
profiles for slurry and water; C = 10%; Ub = 3.50 m/s; q = −500 W/m. (d) Influence of solid concentration on the Nusselt
number; Ub = 3.50 m/s; q = −500 W/m.

If the slurry temperature distribution is known, the heat transfer coefficient can be
found by calculating the density of heat flux at the slurry boundary as follows:

.
q = −λ

∂T
∂r

(41)

The velocity distribution plays an important role in the heat exchange process and
affects the Nusselt number. The viscous sublayer plays a crucial role for shear stress
and heat transfer, while the buffer layer exhibits the highest generation of turbulence,
which improves diffusion processes and, as a consequence, the effects on the heat transfer
rate [83,84]. For this reason, the slurry velocity profile analysis is useful.

The velocity profiles for constant bulk velocity are presented in Figure 5a–c for differ-
ent solid concentrations. Slurry velocity profiles are compared with carrier liquid profiles at
the same bulk velocity and under the same thermal conditions (q = const; Tw = const) and
for the same pipe diameter. However, it should be emphasized that it is useless to compare
the velocity profiles of the slurry and water for the same Reynolds number. In such a case,
the velocity profiles are substantially different because the viscosities of the slurry and
water differ considerably. Figure 5a–c indicate that the velocity gradient at the pipe wall is
lower for the slurry than for the carrier liquid. Differences are strongly dependent on the
solid concentration. To illustrate what happens at the wall of the pipe, Figure 5d presents
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the logarithmic profiles of dimensionless turbulent stresses, calculated as a turbulent to
laminar stress ratio (µt/µapp), for slurry with C = 30% and for water. Again, predictions
are made for a constant bulk velocity. It is seen that both profiles differ significantly. For
R+ > 5, the dimensionless turbulent stresses are higher in the carrier liquid than in the
slurry, which means that turbulent diffusion is greater in the water flow than in the slurry.
This is a result of the high viscosity of the slurry. Taking into account the effect of velocity,
we expect that for the same bulk velocity of the slurry and the carrier liquid, the heat
transfer coefficient of the slurry should be lower than that of water.

Figure 5. (a) Comparison of velocity profiles for slurry and water; C = 30%; Ub = 3.5 m/s; q = −500 W/m. (b) Comparison
of velocity profiles for slurry and water; C = 20%; Ub = 3.5 m/s; q = −500 W/m. (c) Comparison of velocity profiles
for slurry and water; C = 10%; Ub = 3.50 m/s; q = −500 W/m; (d) Comparison of logarithmic profiles of dimensionless
turbulent stresses for slurry and water; C = 30%; Ub = 3.50 m/s; q = −500 W/m.

The most practical way to calculate the heat transfer coefficient is to use the Nusselt
number. Figure 6a presents the influence of Reynolds number on the Nusselt number
for slurry and water. The Nusselt number is seen to be higher for the slurry than for the
water and increases with increasing solid concentration. However, the rate of increase in
the Nusselt number from 20% to 30% seems to be lower than from 10% to 20%. Figure 6b
presents the influence of the bulk velocity on the Nusselt number. It is seen that, for the
same bulk velocity, the Nusselt number is much lower than the Nusselt number for the
carrier liquid, and differences arise as the solid concentration increases. This is in line with
earlier conclusions withdrawn by analyzing Figures 4a–c and 5a–c and with the conclusions
of some researchers such as Rozenblit et al. [56], for instance.
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Figure 6. (a) Influence of Reynolds number on the Nusselt number for fine dispersive slurry and water; (b) Influence of
bulk velocity on the Nusselt number for fine dispersive slurry and water.

From an engineering point of view, it is not practical to build a complex mathematical
model to predict the heat transfer coefficient for the slurry flow. It is more practical for
engineers to use a simple function, like the Nusselt number, which is defined as the ratio of
convection to conduction of heat transfer. The Nusselt number allows for calculation of the
heat transfer coefficient.

Based on simulations of thermally developed fine dispersive slurry flow, which
exhibits yield stress and damping of turbulence in the range of solid volume concentration
C = (10–30)% and for Tw = const and q = const, the following equation is developed for the
Nusselt number:

Nu = 0.02296 Re0.8 Pr0.333 (1− C)0.75
(

1− τo

τw

)1.5
(42)

Equation (42) was developed on the basis of the Nusselt number dedicated to water.
The equation includes the properties of the slurry, such as solid volume concentration and
dimensionless yield shear stress. Dimensionless yield shear stress was defined as the ratio
of yield shear stress to wall shear stress. The wall shear stress can be easily calculated by
Equation (32), for example. Equation (42) can be applied if τw > τo.

Figure 7 presents the calculation of a new Nusselt number, using the correlation
expressed by Equation (42), versus the Nusselt number calculated from the mathematical
model. The calculations using the new correlation (42) matched well with the numerical
predictions. The discrepancy exists for low Nusselt numbers. As an example, for the lowest
value of the Nusselt number and C = 30%, the relative error is equal to −6%, while for
the highest Nusselt number it is equal to −1%. Taking into account the influence of solid
concentration on the accuracy of the prediction by Equation (42), the highest relative error
was observed for C = 10% and Nu = 44.3 and is equal to −12%.
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Figure 7. New Nusselt number expressed by (42) versus the Nusselt number predicted by the
mathematical model for C = 10%; 20% and 30%.

7. Discussion and Conclusions

The heat transfer characteristics of the fine dispersive slurry, which exhibit yield stress
and damping of turbulence, are not well understood. Experiments and modelling of such
slurries are difficult. High-concentration slurry measurements are at risk of damage or
contamination by intrusive probes. If optical methods are considered, attenuation of the
light beam by solid particles occurs. Non-intrusive methods do not allow one to measure
higher-order fluctuating parts of temperature and velocity. As a result of these difficulties,
there are limited experiments and studies available in the literature.

Modelling of heat transfer in slurry requires special attention because not accurately
predicted frictional head loss will affect the accuracy of heat transfer prediction. Therefore,
the use of a properly designed mathematical model, which is successfully validated for
isothermal flow, is crucial. Some researchers focused their simulations on the analogy
between pressure drop and heat transfer in fluidized solid–liquid beds [54,85]. For example,
Hashizume et al. [85] reasoned that the heat transfer coefficient predicted from the frictional
pressure drop agreed fairly with the experimental data. The crucial point in this study is
the hypothesis of Wilson and Thomas [25].

In this study, a simplified physical and mathematical model was developed to in-
vestigate the Nusselt number in fine dispersive slurry. Taking into account the assump-
tions made in the physical model, a new correlation is proposed for the Nusselt number,
which depends on the Reynolds and Prandtl numbers, solid volume concentration, and
dimensionless yield shear stress. The new Nusselt number is limited to fine dispersed
slurries with a median particle diameter of approximately 20 µm, and for C = (10–30)%,
Re = 6000–30,000; Pr = 7–75. The lowest limit of the Reynolds number was arbitrarily cho-
sen because the accuracy of the k-ε turbulence model decreases for low Reynolds numbers.
The highest limit of the Reynolds number was chosen on the basis of the bulk velocities
reached. For example, for C = 30% and Re = 24,660, the bulk velocity of the slurry is
9.7 m/s. Such a high bulk velocity is impractical in engineering applications. The results
of the computations confirmed that the new Nusselt number matches fairly well with the
Nusselt number obtained from numerical predictions.

λSL = λL

1 +
C
(

1− λL
λS

)
λL
λS

+ 0.28(1− C)0.63( λS
λL

)
0.18

 (43)

It is worth mentioning that some researchers calculate the heat conduction coefficient
for the slurry differently from the one done in this study. Some authors use the correlation
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proposed by Etheram et al. [86], described by Equation (43). Correlation (43), compared
with Equation (18), gives lower values of the heat conduction coefficient. However, the
differences are not substantial. The relative difference between the calculations made using
Equations (18) and (43) increases with increasing solid concentration, and for C = 30% it
equals −8%, while for C = 10% it is only −2%. However, such differences do not affect the
qualitative results of the predicted Nusselt number and also have a small influence on the
qualitative results.

Based on the numerical simulation of heat transfer in a thermally developed turbulent
flow of fine dispersive slurry, the following conclusions can be formulated:

1. The slurry velocity profile substantially influences the heat transfer process. Therefore,
it is crucial that the mathematical model be validated for isothermal flow first.

2. The increase in the thickness of the viscous sublayer, which exists in fine dispersive
slurry, depends on solid concentration and causes an increase in the resistance of the
heat flux that acts from the slurry to the pipe wall.

3. For the same bulk velocity of the slurry, the Nusselt number decreases with solid
volume concentration increase. The highest rate of decrease in the Nusselt number
seems to be when 0 < C < 10%.

4. The new Nusselt number developed for the parameters studied depends on the solid
concentration, the dimensionless yield shear stress, and the Reynolds and Prandtl
numbers.

The new Nusselt number dedicated to fine dispersive slurries, which exhibit yield
stress and turbulence damping, is in good agreement with numerical predictions and the
highest relative error was observed for C = 10% and Nu = 44.3 and is equal to −12%.

The new Nusselt number is dedicated to specific slurries, which exhibit yield stress
and turbulence damping, and requires validation. However, this needs reliable data, which
are difficult to obtain. The new Nusselt number has a limitation, as the average particle
diameter is not included. This is due to the fact that the mathematical model has been
validated strictly for slurries with specific solid particle size distributions and averaged
particle diameters, like it is in kaolin slurry, for instance.

More work needs to be done on examining the new Nusselt number for solid volume
concentrations lower than 10%, greater than 30% and for different heat fluxes and for
different pipe diameters. The influence of the Reynolds number, defined for slurries with
yield stress, on the Nusselt number could be examined as well.
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Nomenclature

A pipe cross section perpendicular to the symmetry axis (m2)
A* outer surface of a pipe of unit length L (m2)
a, b, c empirical constants in the Taylor expansion (-)
Ci constant in the Launder and Sharma turbulence model, I = 1, 2, (-)
C solid volume concentration (cross sectional solid volume fraction) (%)
cp specific heat at constant pressure [J/(kg K)]
D inner pipe diameter (m)
dP solid particle diameter, (µm)
fµ turbulence damping function at the pipe wall (-)
g gravitational acceleration (m/s2)
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k kinetic energy of turbulence (m2/s2)
L unit length of the pipe (m)
m mass flux, (kg/s)
Nu Nusselt number (-)
Pr Prandtl number (-)
p static pressure (Pa)
Q heat flux (W)
q density of heat flux (W/m)
R inner pipe radius (m)
r distance from the symmetry axis (m)
Re Reynolds number (-)
T temperature (K)
t’ fluctuating part of the temperature (K)
U velocity component in the ox direction (m/s)
u’ fluctuating component of velocity in the ox direction (m/s)
V velocity component in or direction (m/s)
v’ fluctuating components of the velocity V in or direction (m/s)
W velocity component in oθ direction (m/s)
X coordinate, main flow direction (m)
y coordinate for oy direction or distance from a pipe wall (m)
¯ time-averaged quantity
Special characters
α heat transfer coefficient (convective heat transfer) [W/(m2 K)]
γ shear rate (s−1)
δij Kronecker quantity, (-)
ε rate of dissipation of kinetic energy of turbulence [m2/s3]
λ coefficient of heat conduction [W/(m K)]
µ coefficient of dynamic viscosity (Pa·s)
µapp slurry apparent viscosity (Pa·s)
µPL plastic viscosity in the Bingham rheological model (Pa·s)
µt turbulent viscosity (Pa·s)
ν coefficient of kinematic viscosity (m2/s)
ρ density (kg/m3)
σi diffusion coefficients in the k-ε turbulence model, i = k, ε [-]
τ shear stress [Pa]
τo yield shear stress [Pa]
τw wall shear stress [Pa]
Φ general dependent variable, Φ = U, T, k, ε, λ, ρ, cp
Subscript
b bulk
i ith direction, i = 1, 2, 3
j jth direction, j = 1, 2, 3
L liquid
S solid
SL slurry
t turbulent
w wall
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