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Abstract: It is well known that the water hammer phenomenon can lead to pipeline system failures.
For this reason, there is an increased need for simulation of hydraulic transients. High-density
polyethylene (HDPE) pipes are commonly used in various pressurised pipeline systems. Most studies
have only focused on water hammer events in a single pipe. However, typical fluid distribution
networks are composed of serially connected pipes with various inner diameters. The present paper
aims to investigate the influence of sudden cross-section changes in an HDPE pipeline system on
pressure oscillations during the water hammer phenomenon. Numerical and experimental studies
have been conducted. In order to include the viscoelastic behaviour of the HDPE pipe wall, the
generalised Kelvin–Voigt model was introduced into the continuity equation. Transient equations
were numerically solved using the explicit MacCormack method. A numerical model that involves
assigning two values of flow velocity to the connection node was used. The aim of the conducted
experiments was to record pressure changes downstream of the pipeline system during valve-induced
water hammer. In order to validate the numerical model, the simulation results were compared with
experimental data. A satisfactory compliance between the results of the numerical calculations and
laboratory data was obtained.

Keywords: hydraulic transients; water hammer; viscoelasticity; cross-section change

1. Introduction

High-density polyethylene (HDPE) pipes are widely used in various pressurised
pipeline systems. This is due to the excellent mechanical and chemical properties of
polymers. Almost without exception, polymeric materials are known to exhibit time-
dependent viscoelastic mechanical behaviour [1]. This property is particularly visible
in the case of hydraulic transients, as it induces major dissipation and dispersion of
the pressure waves [2]. In many practical applications, accurate computational models
predicting pressure oscillations in pipeline systems are required [3]. For this reason,
several studies investigating pipe wall behaviour during the water hammer phenomenon
have been conducted. Most of the papers on this topic refer to single-pipe systems [4–9].
However, typical fluid distribution networks are composed of serially connected pipes
with various inner diameters. Transients in viscoelastic pipes with sudden contractions
and expansions have seldom been addressed in the literature. To the authors’ knowledge,
only [10] investigated the influence of cross-section changes on pressure waves, and [11]
studied transients in a series of two polymeric pipes. Recently, in order to numerically
simulate water hammer in steel pipe series, an improved junction boundary condition was
established [12]. It involves assigning two sets of values, which describe flow parameters, to
the connection node, thus causing it to act as two separate nodes. The present paper aims to

Energies 2021, 14, 4071. https://doi.org/10.3390/en14144071 https://www.mdpi.com/journal/energies

https://www.mdpi.com/journal/energies
https://www.mdpi.com
https://orcid.org/0000-0001-8097-3803
https://orcid.org/0000-0003-1554-2454
https://orcid.org/0000-0002-6111-1332
https://doi.org/10.3390/en14144071
https://doi.org/10.3390/en14144071
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/en14144071
https://www.mdpi.com/journal/energies
https://www.mdpi.com/article/10.3390/en14144071?type=check_update&version=2


Energies 2021, 14, 4071 2 of 12

confirm this method for HDPE pipes. As part of the study, laboratory tests were conducted,
designed to record pressure changes at the downstream end of a serially connected HDPE
pipeline system. To numerically solve the transient flow equations, the MacCormack
explicit scheme was used. The results of the numerical calculations were compared with
the experimental data.

This article is organised as follows. After this introduction, the second section gives a
brief overview of the theoretical aspects of the viscoelastic behaviour of the pipe structure.
In the third section, a one-dimensional numerical model of the water hammer phenomenon
in serially connected viscoelastic pipes is presented. The next section looks at the exper-
imental study. Analysis of the experimental data and numerical model validation are
presented in the fifth section, and some conclusions are drawn in the final section.

2. Transient Flow Equations in Viscoelastic Pipelines

The standard system describing the one-dimensional transient flow of a compress-
ible liquid in an elastic pipe consists of the continuity Equation (1) and momentum
Equation (2) [13,14]:

∂h
∂t

+ v
∂h
∂x

+
c2

g
∂v
∂x

= 0 (1)

∂v
∂t

+ v
∂v
∂x

+ g
∂h
∂x

+
f

2D
v|v| = 0 (2)

where f is the friction factor, c is the pressure wave velocity, h is the piezometric head, v is
the average flow velocity, g is the gravity acceleration, x is the space coordinate, t is time
and D is the internal pipe diameter.

The system of Equations (1) and (2) may be applied for steel pipelines. However, this
mathematical description is no longer suitable when transient flow in polymeric pipes
is considered. Polymers exhibit both viscous and elastic characteristics. In practice, to
include the viscoelastic behaviour of the pipe wall during transient flow, the approach of
“mechanical analogues” is usually used. In this approach, the one-dimensional mechanical
response of an elastic solid is represented by the mechanical analogue of a spring, and the
linear viscous response is represented by a viscous dashpot [15] (Figure 1).
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Figure 1 shows the so-called generalised Kelvin–Voigt model, which consists of N
elements. The total strain can be described as a sum of instantaneous (elastic) strain and
retarded strain [4,5]:

ε = ε0 + εr (3)

where ε0 is the instantaneous (elastic) strain and εr is the retarded strain. The total retarded
strain results from the behaviour of each of the N elements:

εr =
N

∑
k=1

εk (4)

The total strain generated by the constant stress is as follows:

ε(t) =
σ

E0
+

N

∑
k=1

σ

Ek

[
1− e

t
τk

]
(5)
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where σ is the constant applied stress, E0 is the elastic bulk modulus of the spring, Ek is the
elastic bulk modulus of the k-th Kelvin–Voigt element, τk is the retardation time of the k-th
Kelvin–Voigt element defined by τk = µk/Ek and ƒ⊂k is the viscosity of the k-th dashpot.

The creep compliance function corresponding to the generalised Kelvin–Voigt model
is equal to the following:

J(t) = J0 +
N

∑
k=1

Jk

[
1− e

−t
τk

]
(6)

where J0 is the instantaneous creep compliance of the first spring, defined by J0 = 1/E0, and
Jk is the creep compliance of the k-th Kelvin–Voigt element, defined by Jk = 1/Ek.

According to the Boltzmann superposition principle, the total strain is as follows:

ε(t) = J0 σ(t) +
t∫

o

σ(t− ξ)
∂J(ξ)

∂ξ
dξ (7)

where ξ is a dummy parameter required for integration.
The hoop stress is related to pipe wall thickness and internal diameter:

σ =
dp D α

2s
=

(p− p0) D α

2s
(8)

where α is a dimensionless parameter (dependent on pipe diameter and constraints), s is
the pipe wall thickness, p is the current pressure and p0 is the steady-state pressure.

After calculating the creep function time derivative in Equation (7) and including
Equation (8) in it, one obtains the following:

ε(t) =
[p(t)− p0]D(t) α

2s E0
+

N

∑
k=1

Jk
τk

t∫
o

[p(t− ξ)− p0]D(t− ξ) α

2s
e−

ξ
τk dξ (9)

This strain influences the cross-sectional area of the pipe, and therefore, it must be
included in the continuity equation. In order to take into account the viscoelastic properties
of the polymer pipe, the continuity Equation (1) has to be derived from the Reynolds
transport theorem [16]. The final form of the continuity equation is as follows:

∂h
∂t

+ v
∂h
∂x

+
c2

g
∂v
∂x

+
2c2

g
∂εr

∂t
= 0 (10)

Equations (2) and (10) constitute the mathematical description of transient flow in
a polymeric pipe. A separate problem is how friction is represented in the momentum
Equation (2). The way of representing friction in Equation (2) has a significant impact on
the results of the numerical calculations of the water hammer equations [17]. The most
common approach is to include one of the many unsteady friction models in the continuity
equation [18,19]. However, the problem of unsteady friction falls outside the scope of
this investigation, as energy dissipation was taken into account by applying a viscoelastic
model, and the friction factor was calculated using the Darcy–Weisbach equation:

h = fs
v|v|
2D

(11)

where fs is the Darcy friction factor.

3. Numerical Solution of Transient Flow Equations

In order to numerically solve the set of Equations (2) and (10), the MacCormack
predictor–corrector finite difference explicit scheme was used [20,21]. This method is
widely used in computational fluid dynamics [22], but it was only recently adapted to
simulate water hammer in elastic pipes by [23] and also successfully used in [24]. In this



Energies 2021, 14, 4071 4 of 12

model, the time step is no longer subjected to the spatial step, and thus, it is more convenient
for meshing variable property series pipes than the classic method of characteristics is.
The numerical grid was divided into sections that represent individual pipes with given
properties. This allows for assigning different values of input data corresponding to each
pipe (i.e., inner diameter, creep compliance, retardation time, number of Kelvin–Voigt
elements). The pressure wave travels in the pipeline through the junction node connecting
individual pipes. To illustrate the discretisation scheme and solving process, a numerical
mesh is shown in Figure 2.
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Furthermore, subscripts denoting different types of numerical nodes are as in Figure 2.

- Inlet boundary condition

For a pipe connected to a constant head reservoir, the boundary condition for the first
node is as follows:

ht+∆t
1 = h0 (12)

vt+∆t
1 = −

c2vt+∆t
2(

ht+∆t
2 − ht+∆t

1

)
g− c2

(13)

where ∆t is the time step and h0 is the initial head.

- Outlet boundary condition

For a closed valve, the outlet condition is defined as follows:

vt+∆t
s = 0 (14)

Using the backward difference, the outlet boundary condition can be calculated:

ht+∆t
s = ht

s + ∆t

(
c2

g
vt+∆t

s−1
∆x

)
(15)

- Internal nodes

The derivation of the similar numerical discrete format for the internal nodes of
the elastic pipeline system is in [12]. Here, Equations (1) and (10) are presented in basic
time-marching format only:(

∂h
∂t

)t

n
= −vn

ht
n+1 − ht

n

∆x
− c2

g
vt

n+1 − vt
n

∆x
− 2c2

g
∂εt−∆t

r
∂t

(16)
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(
∂v
∂t

)t

n
= −g

ht
n+1 − ht

n

∆x
− vt

n
vt

n+1 − vt
n

∆x
−

f vt
n
∣∣vt

n
∣∣

2g
(17)

The retarded strain in Equation (10) is calculated as a sum of each Kelvin–Voigt element:

∂εt−∆t
r
∂t

=
N

∑
k=1

∂εt−∆t
rk
∂t

=
N

∑
k=1

[
αD
2s

Jk
τk

ρg
(

ht−∆t − h0

)
−

εt−∆t
rk
τk

]
(18)

Discrete approximation of each retarded strain is equal to the following:

εt−∆t
rk = JkFt−∆t − Jke−

∆t
τk Ft−2∆t − Jkτk

(
1− e−

∆t
τk

)
Ft−∆t − Ft−2∆t

∆t
+ e−

∆t
τk εt−2∆t

rk (19)

with the function F at time t-∆t described as follows:

Ft−∆t =
αD
2s

Jk
τk

ρg
(

ht−∆t − h0

)
(20)

It should be noted that in this numerical model, the constant value of the pressure
wave velocity describes the velocity of the transient wave travelling through the entire
pipeline system.

- Connection node

In order to take into account any sudden change in the pipeline cross-section, the
earlier established connection node condition was used. It involves assigning two sets of
values describing the flow parameters to the connection node, which causes it to act as two
separate nodes (Figure 2). The detailed derivation of the junction boundary condition is
described in [12]. Here, only the final equations are given for brevity. The relation between
the flow velocity on the left-hand side of the connection node and the value of the flow
velocity on the right-hand side of the connection node is given by:[

−
(

DL
DR

)2 1
∆xL
−
(

DL
DR

)4 1
∆xR

]
v3

i,L +

[(
DL
DR

)2 vi−1
∆xL

+
(

DL
DR

)2 vi+1
∆xR

]
v2

i,L

+

( DL
DR

)2
g hi−1

∆xL
+ g hi+1

∆xR
−
(

DL
DR

)2
g 1

∆xL

[
− hi−1

∆xL
+ c2

g
1

∆xL
−
(

DL
DR

)2 hi+1
∆xR

+ c2
g

(
DL
DR

)2 1
∆xR

]
[
− 1

∆xL
−
(

DL
DR

)2 1
∆xR

] +

−g

[
− hi−1

∆xL
+ c2

g
1

∆xL
−
(

DL
DR

)2 hi+1
∆xR

+ c2
g

(
DL
DR

)2 1
∆xR

]
[
− 1

∆xL
−
(

DL
DR

)2 1
∆xR

]
∆xR

vi,L

+
(

DL
DR

)2
g 1

∆xL

[
c2
g

vi−1
∆xL

+ c2
g

vi+1
∆xR

− 1
∆xL
−
(

DL
DR

)2 1
∆xR

]
+ g 1

∆xR

[
c2
g

vi−1
∆xL

+ c2
g

vi+1
∆xR

− 1
∆xL
−
(

DL
DR

)2 1
∆xR

]
= 0

(21)

where vi,L is the velocity on the left-hand side of the connection node, vi,R is the velocity
on the right-hand side of the connection node, DL is the inner diameter of the pipe on
the left-hand side of the connection node and DR is the inner diameter of the pipe on the
right-hand side of the connection node.

Equation (21) is a cubic function, so it has three roots, only one of which satisfies the
physical conditions. After computing the value of the flow velocity on the left-hand side
of the connection node vi,L, the value of the flow velocity on the right-hand side of the
connection node vi,R was calculated with the following:

vi,R =

(
DL
DR

)2
vi,L (22)
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4. Experimental Study

The goal of the conducted experiments was to obtain the pressure changes during the
rapid water hammer phenomenon at the downstream end of a viscoelastic pipeline system
with sudden contractions and expansions. Experimental data were later used to validate
the numerical model. Four types of experiments were conducted (Figure 3).
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The main elements of the experimental setup were serially connected HDPE pipes
of the same length with various inner diameters (labelled 1 in Figure 3) attached to an
upstream pressure tank (labelled 2 in Figure 3) equipped with a pressure gauge (labelled
3 in Figure 3). The tested pipes were rigidly fixed to the floor. In all experiments, the
absolutely sharp inlet and outlet as well as the abrupt diameter changes were considered.
The water hammer positive pressure surge was induced by manual, rapid and full closure
of the ball valve at the downstream end of the pipeline system (labelled 4 in Figure 3). The
valve closing time was measured with an electronic gauge. In all tests, the pressure wave
period was longer than the closure time, which did not exceed 0.015 s. The water pressure
was measured by a high-frequency relative pressure sensor (labelled 5 in Figure 3) with a
range of −0.1~1.2 MPa and a measurement uncertainty of 0.5%. Pressure samples with a
frequency of 1000 Hz were converted through an analogue-to-digital card connected to
a laptop.

The pipeline systems denoted as “Type A” and “Type B” consisted of two serially
connected pipes, whereas the systems denoted as “Type C” and Type D” consisted of
three serially connected pipes. The internal diameters of the individual pipes are denoted
with “L” (as in “left”), “M” (middle) or “R” (right) subscripts. For the purpose of this
investigation, 6 experiments were conducted (2 tests each for Type A and Type B exper-
iments and 1 test each for Type C and Type D experiments). The main characteristics of
the experimental installation and registered steady flow parameters before initiation of the
water hammer phenomenon are reported in Table 1.

Due to the influence of temperature on the creep parameters, the measurements
were carried out with care to maintain a constant water and ambient temperature. The
measured pressures are presented in the next section of the paper along with the results of
the numerical calculations.
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Table 1. Parameters of the pipes used in experiments.

Type of
Experiment

No. of
Experiment

DL
(mm)

sL
(mm)

DM
(mm)

sM
(mm)

DR
(mm)

sR
(mm)

L
(m)

Q
(m3/h)

v0
(m/s)

A 1 35.2 2.4 - - 44.0 3.0 21.0 5.471 1.00
A 2 32.6 3.7 - - 40.8 4.6 24.0 3.622 0.77
B 3 44.0 3.0 - - 35.2 2.4 21.0 5.322 1.52
B 4 40.8 4.6 - - 32.6 3.7 24.0 3.424 1.14
C 5 26.0 3.0 32.6 3.7 40.8 4.6 12.0 4.234 0.90
D 6 40.8 4.6 32.6 3.7 26.0 3.0 12.0 2.101 1.10

where L is the length of the individual pipe, Q is the initial steady-state volumetric flow rate and v0 is the initial
flow velocity.

5. Model Validation and Analysis of Experimental Data

Numerical calculations were performed to simulate all the conducted experiments.
Calibration of the numerical model was performed by adjusting the viscoelastic parameters
in order to obtain the result of calculations that match the observed pressure changes. The
retardation time is a quantity that characterises one of the viscoelastic properties of the
polymers. It is the duration of the retardation phenomenon that describes the moment
when the stress becomes zero. Based on the constitutive linear viscoelasticity equations,
it is possible to separate the creep compliance into an elastic part independent of time J0
and a time-dependent creep function J(t). Due to the fact that the numerical model takes
into account a single value of pressure wave velocity for the entire pipeline system, it also
includes the value of the elastic part of compliance. As mentioned earlier, only steady
friction was taken into account in the momentum Equation (2). Thus, matching of the
observed and calculated pressure changes was obtained by calibrating the parameters
of the creep function, i.e., J and τ and the number of elements N in the Kelvin–Voigt
viscoelastic model. The values of the viscoelastic parameters were chosen by trial and
error to minimise the mean squared error between the calculated and observed pressure
samples. In order to simplify the model calibration, if the pipeline system consisted of
three pipes (experiments no. 5 and 6), the same values of viscoelastic parameters for each
pipe were assumed. Moreover, if more than one Kelvin–Voight element was used in the
calculations, identical viscoelastic parameters for each element were used. This simple
approach, as presented later, made it possible to obtain satisfactory compliance between
the calculation results and experimental data. More advanced methods of calibrating the
viscoelastic parameters are presented in [25–27].

In all the conducted numerical simulations, the time step and spatial step were selected
to ensure a Courant number as close as possible to 1. The parameters of the pipeline system
and initial conditions listed in Table 1 were used as an input. The values of the viscoelastic
parameters determined for all cases are presented in Table 2.

Table 2. Viscoelastic and transient flow parameters used as an input for the numerical model.

Type of
Experiment

No. of
Experiment

JL
(Pa−10)

τL
(s)

NL
(-)

JM
(Pa−10) τM (s) NM

(-)
JR

(Pa−10)
τR
(s)

NR
(-)

c
(m/s)

A 1 1.85 0.040 1 - - - 1.85 0.040 1 336
A 2 1.20 0.030 2 - - - 0.90 0.060 1 420
B 3 1.15 0.030 2 - - - 1.35 0.030 1 349
B 4 0.40 0.065 2 - - - 1.30 0.030 1 410
C 5 1.00 0.025 2 1.00 0.025 2 1.00 0.025 2 420
D 6 0.75 0.024 2 0.75 0.024 2 0.75 0.024 2 397

It should be noted that the parameters related to Kelvin–Voigt elements, such as the
retardation time and creep compliance, are purely mathematical. Dashpots and springs
are conceptual elements with no strict attitude to the physical side of the water hammer
phenomenon [17].

Furthermore, the creep and retardation of an HDPE pipe depend not only on the
pipe stress history (specifically the frequency and amplitude of the load), but also on the
axial and radial limitations of the pipeline system. Thus, the values of the viscoelastic
parameters (Table 2) are influenced not only by a single water hammer experimental test,
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but also by the entire cycle of performed measurements. The calculated and observed
pressure oscillations for all experiments are presented in Figures 4–9.
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Figures 4–9 show that the pressure wave is strongly damped and time-dispersed.
A particularly smooth h(t) function was recorded during experiments no. 1 and no. 3
(Figures 4 and 6, respectively). For these tests, measurements were conducted using a
pipe with a wall thickness of 2.4 mm (with an inner diameter of 35.2 mm) and a pipe
with a wall thickness of 3.0 mm (with an inner diameter of 44 mm). For both of these
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tests (experiments no. 1 and no. 3), the ratio of the inside diameter to the wall thickness
of the pipes was equal to D/s = 15. For other experiments (Table 1), the wall thick-
ness to internal diameter ratio was constant and equalled D/s = 9. It is apparent from
Figures 4 and 6 that during the water hammer experiments in the pipeline system with
thinner pipe walls, a stronger damping of the pressure wave can be observed. Additionally,
it can be noticed that the values of the pressure wave velocity for pipes with thinner walls
are lower compared to those for the rest of the experiments (Table 2). These lower values
of the pressure wave velocity confirm a faster attenuation of disturbances in viscoelastic
pipes with thinner walls.

In the hydraulic transient data (Figures 4–9), additional disturbances typical of series-
connected pipes are visible for the first pressure increase. The use of the MacCormack
time-marching scheme along with the presented connection node equations satisfactorily
reflects the pressure disturbances recorded during the measurements (zoom window in
Figures 4 and 5). It can be noted that the connection sequence of the pipes with various
inner diameters has an influence on the pressure disturbance during the first pressure
increase. In the case of the combination of tank–smaller-diameter-pipe–larger-diameter-
pipe–outlet-valve (Figures 4 and 5), the first pressure disturbance is not the maximum
increase. This effect can also be observed for the water hammer test with three pipes in
series (experiment no. 5). In the reverse configuration, the first recorded disturbance is also
the maximum pressure increase (Figures 6, 7 and 9).

6. Conclusions

In the presented paper, the MacCormack explicit method was used to numerically
solve transient flow equations in polymeric pipes. In order to take into account a sudden
change in the pipeline diameter, the connection section boundary was used, which satisfies
the head condition but takes into account two different values of the flow velocity on the
left-hand side and the right-hand side of the connection node.

Including a term of retarded deformation in the continuity equation made it possible to
take into account the viscoelastic behaviour of the pipe walls. The generalised one- and two-
element Kelvin–Voigt model was used for numerical simulations. Despite including only
a steady friction factor in the momentum equation, the calculated pressure fluctuations
showed a satisfactory agreement with the laboratory data in terms of both phase and
amplitude.

The use of the connection boundary condition made it possible to reproduce the
pressure disturbances in the initial pressure increase related to the change in the diameter
of the series-connected pipes.

Furthermore, a constant value of pressure wave velocity for the entire pipeline system
was assumed. Further work needs to be performed to study water hammer in variable-
property pipeline systems. Future studies will concentrate on simulating water hammer
in serially connected pipes with various inner diameters and made of different materials.
More broadly, research is also needed to address local losses during hydraulic transients
due to diameter changes in pipeline systems.
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Nomenclature

c pressure wave velocity (m/s)
D pipe internal diameter (m)
E0 elastic bulk modulus of the spring (Pa)
Ek elastic bulk modulus of the k-th Kelvin–Voigt element (Pa)
f friction factor (-)
fs Darcy-Weisbach friction factor (-)
g gravity acceleration (m/s2)
h piezometric head (m)
J0 instantaneous creep compliance (Pa−1)
Jk creep compliance of the k-th Kelvin–Voigt element (Pa−1)
L length of the individual pipe (m)
N total number of Kelvin–Voigt elements (-)
Q initial steady-state volumetric flow rate (m3/s)
p pressure (Pa)
s pipe wall thickness (m)
t time (s)
v average flow velocity (m/s)
v0 initial average flow velocity (m/s)
vi,L velocity on the left-hand side of the connection node (m/s)
vi,R velocity on the right-hand side of the connection node (m/s)
x space coordinate (m)
∆t time step (s)
∆x spatial step (m)
ƒ⊗0 instantaneous (elastic) strain (-)
εr retarded strain (-)
ƒ⊂k viscosity of the k-th dashpot (kg/sm)
σ stress (Pa)
τk retardation time of the k-th Kelvin–Voigt element (s)
Acronyms
HDPE high-density polyethylene
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