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Abstract: The energy efficiency of the construction sector should be determined by the cleanliness
of the environment and, thus, the health of society. The scientific aim of this article was to develop
a methodology for determining the optimum thickness of thermal insulation, taking into account
both economic and ecological aspects and considering both heating and cooling costs. The method
takes into account the number of degree days of the heating period, as well as the number of
degree days of the cooling period. Variants in terms of different types of thermal insulation, various
types of construction materials for building walls, climatic zones and heat sources, were taken into
consideration. In order to find the optimum thicknesses of thermal insulation, both in economic and
ecological terms, a metacriterion was used. The optimum thicknesses of thermal insulation with the
use of the metacriterion were obtained in the range of 0.11-0.55 m. It was observed that the values of
the optimum heat transfer coefficients for economic and ecological reasons do not depend on the type
of construction materials used for vertical walls. The type of applied heat source is of the greatest
importance for the size of the economic and ecological benefits. The proposed mathematical model
for determining the optimum thickness of thermal insulation with the use of a metacriterion is a kind
of generalization of earlier models from the literature.

Keywords: mathematical model of thermal insulation; optimum thickness of thermal insulation;
heating degree days; cooling degree days; heating and cooling costs; life cycle assessment; economic
and ecological benefits; two-criteria analysis

1. Introduction

The use of conventional energy carriers to ensure the fulfillment of an appropriate
level of human needs is the cause of the deterioration of the environment’s condition.
Technical progress and the increase in the quality of life in society generate a large number
of positive and negative effects. Currently, the priority task of scientists and decision
makers is to minimize the negative effects of the development of global society, including
the reduction of energy consumption.

Primary energy use in the European Union remains high [1], which is related to the
level of socioeconomic development and demographics [2]. Energy savings are perceived
in the improvement of the energy efficiency of devices, installations and buildings [3].

The European Union’s activities aimed at improving energy efficiency date back to
2006, when the Energy End-use Efficiency and Energy Services Directive (ESD) was adopted.
It was the first directive on energy efficiency in the EU, which committed to achieving the
overall national target by 2016 for energy savings of 9% compared to the average final
energy consumption in 2001-2005 [4,5]. In December 2012, the Energy Efficiency Directive
(EED) was adopted, which replaced the previous Directive (ESD). The Directive (EED)
sets a much higher target for European Union countries in terms of energy efficiency of
20%, which they should have achieved by 2020. In absolute terms, it means that the total
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energy consumption in the EU should not exceed 1483 million tons of oil equivalent (Mtoe),
primary energy or 1086 Mtoe of final energy [5,6]. As part of the “Clean Energy for All
Europeans” package, in 2018, a new Directive on Energy Efficiency (EED) [7] was agreed.
The headline target for energy efficiency was set for 2030, which is at least 32.5%. This
target was set in relation to the 2007 modeling projections. In absolute terms, this means
that the EU’s energy consumption in 2030 should not exceed 1273 Mtoe of primary energy
and/or not more than 956 Mtoe of final energy.

The highest primary energy consumption in Europe is attributed to the transport sector,
30.5%; followed by households, 26.1%; industry, 25.8%; services, 14.2%; and agriculture,
forestry and others, 0.5% [8].

Buildings in the EU are responsible for the emission of approx. 30% of greenhouse
gases. The greatest energy losses occur in buildings constructed in the years 1945-1980 [3].
The high rates of energy consumption and greenhouse gas emissions in Europe were
the reason why Directive 2002/91/EC of the European Parliament and of the Council of
16 December 2002 on the energy performance of buildings was established in 2002. This
Directive was the first so-called Energy Performance Buildings Directive (EPBD). The
main goal of this EPBD Directive was to build awareness among building owners and
users about energy-efficient buildings [9-11]. This Directive introduced important legal
instruments that made it possible to provide relevant knowledge to interested persons
about the energy efficiency of the building in which they lived, wanted to rent or buy.

Another Directive in this area appeared in the legal regulations of the European Union
as early as 2010. It introduced the concept of the so-called nearly zero-energy building
(nZEB). Thus, Member States were obliged to achieve nearly zero-energy consumption by
31 December 2020, for all new buildings and after 31 December 2018, for all new buildings
occupied by public authorities [12-14].

On 19 June 2018, the amendment to Directive 2010/31/EU EPBD was published in the
Official Journal of the EU. The new Directive (EU) 2018/844 of the European Parliament
and of the Council of 30 May 2018 amending Directive 2010/31/EU on the energy perfor-
mance of buildings and Directive 2012/27/EU on energy efficiency upholds the previous
assumption of converting existing buildings into nearly zero-energy buildings [15].

The pace of changes in legal regulations in the field of energy efficiency of buildings
may indicate great opportunities to improve the energy efficiency of this sector. In line with
the provisions of the Directive, Member States should strive for a cost-effective balance
between the decarbonization of energy supplies and the reduction of final energy consump-
tion (Directive 2018/844). The scientific aim of this article is to develop a methodology
for determining the optimum thickness of thermal insulation, taking into account both
economic and environmental aspects. As indicated above, this is in accordance with the
provisions of the Directive 2018/844.

2. Literature Review

The issue of energy efficiency in residential buildings has become a research prob-
lem for scientists from around the world. It is possible to encounter a lot of studies on
the optimum thickness of thermal insulation. Nematchoua et al. [16,17] developed an
economic model covering the cost of the insulation material and the present value of the
energy consumption and the cost over the lifetime of the building, which is 22 years. This
model was used to find the optimum insulation thickness for external walls. In the study,
polystyrene was chosen as an insulation material, and then the variants of two typical
wall constructions (HCB-concrete block) and walls made of compressed stabilized earth
blocks (CSEB) were used. The annual loads of cooling transmission, depending on the
orientation of the walls and the percentage of blocked radiation, were calculated by the
method of apparent finite differences under set periodic conditions. The value of the
optimum insulation thickness oscillated between 0.09 m [16] and from 0.08 m to 0.11 m [17].
The optimum thickness of the insulation, taking into account the energy and economic
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aspect, was also made in the studies of De’Rossi et al. [18], Sahu et al. [19] and Aktemur
and Atikol [20].

Orzechowski and Orzechowski [21] presented a method for calculating the optimum
thickness of thermal insulation related to the fuel prices and quality of energy supply.
They assumed that the total cost after renovation is the sum of heating costs and thermal
modernization costs. They showed that when calculating the optimum thickness of the
insulation, it is necessary to take into account the thermal resistance of the external walls,
the characteristics of the heat source and local weather conditions. Two heat sources were
analyzed. The authors found that with thermal modernization with the use of polystyrene
of optimum thickness, the total investment costs are almost the same, regardless of the
thermal properties of the polystyrene.

Dylewski [22] proposed a method for determining the optimum thickness of thermal
insulation for external walls, taking into account economic and ecological heating costs.
The analysis did not include the factor related to the cooling of the building. In the study,
attention was drawn to the fact that it was preferable to use higher thicknesses of thermal
insulation than optimum for economic reasons. Then, greater ecological benefits are
obtained from the investment in thermal insulation, with a slight reduction in economic
benefits. The studies (Cetintas, Yilmaz [23]; Yildiz [24]), apart from the economic aspect,
also include the ecological aspect.

Barrau et al. [25] determined the optimum thickness of thermal insulation in terms of
economy, energy and environment. Four thermal insulation materials were tested. The
thickness of the insulation depends to a large extent on the unit costs associated with the
production of the materials. The analysis did not take into account the costs related to the
cooling of the building.

In his study, Kon [26] used a large number of variants in the selection of heat sources
(four) and cooling (one), thermal insulation materials (three) and construction materials
(two). The study looked at the heating and cooling period in a variable location in Turkey.
The analysis of the optimum thickness of the insulation was made on the basis of the
economic aspect. The author noticed that the optimum insulation thickness would be much
greater in the case of construction materials where the difference between the thermal
conductivity value and the density was higher.

Hernandez and Kenny [27] proposed the concept of “net energy” in the built en-
vironment, which they introduced and applied. They also developed a methodology
that takes into account the built-in energy of building components along with the energy
consumption during operation [28].

This article proposes an innovative method for determining the optimum thickness of
thermal insulation, taking into account both economic and ecological costs. The method
includes the number of degree days for heating and cooling, so it can be used in different
types of climate.

3. Optimum Insulation Thicknesses

In order to find the optimum thickness of thermal insulation for economic or ecological
reasons, insulation of the external walls of the building can be treated as an investment.
The basic tool for evaluating the investment is the net present value (NPV). In the case of
thermal insulation, negative flows (costs) will be associated with the implementation of
thermal insulation, while positive flows (profits) will reduce the building’s energy demand
for heating and cooling.

3.1. Thermal Insulation Thickness, Optimum for Economic Reasons

Taking into account the economic aspects, it is necessary to establish the annual
economic cost of heating, referred to 1 m? of external wall area:

Gon = Kop-c:-HDD  [(PLN-K)/(W-year)] 1)
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and annual economic cost of cooling, referred to 1 m? of the surface of exterior wall:
Goc =Koc:c:CDD  [(PLN-K)/(W-year)] )

where:

Kop—-cost of heat generation for a given heat source (PLN/Wh);
Koc—-cost of producing coolness (PLN/Wh);
c—24 (h/day);
HDD—number of degree days of the heating period (K-day/year);
CDD—number of degree days of the cooling period (K-day/year);
Based on the above costs, the economic net present value can be determined depending
on the thickness of the thermal insulation:

NPV (d) = —(Ky-d + Ku) + Sn+(Gon + Goc)-(Uo — A/(d + AUg))  (PLN/m?)  (3)

where:

d—thickness of the thermal insulation layer (m);

K,u—cost of 1 m® of the thermal insulation material (PLN/m?);

Kyy—costs of performing thermal insulation of the 1 m? building wall surface (PLN/m?);

N (14s) . .
Sy = - —cumulative discount factor;
(1+r)
j=1 T

N—number of years of thermal insulation use;

r—real annual interest rate;

s—real annual growth (in percentage) of heating costs;

A—thermal conductivity of the thermal insulation material (W /mK);

Up—heat transfer coefficient of the wall without the thermal insulation layer (W /m?K).

Let us observe that U (d) = A/(d + A/Up) is the heat transfer coefficient of the wall,
taking into account the thermal insulation layer with thickness d.

Formula (3) is a generalization of Formula (1) to NPV from Reference [29], in which
only heating was considered; that is, when the building does not use air conditioning, then
Goc =0, and Formula (3) is simplified to Formula (1) from [29].

Based on Formula (3), it is possible to find the optimum thickness of insulation for
economic reasons. Because NPV with respect to d is strictly concave and bounded from
the above function, at the point where the derivative with respect to d is equal to 0, the
NPV function reaches its maximum value. The optimum thickness of thermal insulation
for economic reasons is therefore:

dopt = sqrt (A-(Gon + Goc)-Sn/Kim) — AUy (m), 4)
while the optimum heat transfer coefficient of the wall with a thermal insulation layer:
uopt =U (dopt) = A/(dopt + A/Up) (W/mzK) @)

Substituting dop¢ (from Formula (4)) into Formula (5) for Uy, the term “A/Uy” will be
reduced. As a result, Uyt does not depend on Uy.

3.2. Optimum Thickness of Thermal Insulation for Ecological Reasons

When assessing thermal insulation for environmental reasons, it is crucial to determine
the annual ecological cost of heating, referred to as 1 m? of the external wall area:

Gy = Kgg-ccHDD  ((Pt-K)/(W-year)) (6)
and annual ecological cost of cooling, referred to as 1 m? of the surface of exterior wall:

Ggc = Kgc-c:CDD  ((Pt-K)/(W-year)) (7)
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where:

Kgg—LCA analysis result of obtaining 1 Wh of useful thermal energy for a given heat
source (Pt/Wh);

Kgc—LCA analysis result of obtaining 1 Wh of useful cooling energy (Pt/Wh);

other—as defined earlier.

Based on the ecological costs (6) and (7), the ecological net present value can be
determined depending on the thickness of the insulation:

NPVE (d) = —(Ki-d) + N-(Gen + Gec)-(Ug — M(d + A/Ug))  (Pt/m?) ®)

where:

K;—LCA analysis result for 1 m? of the thermal insulation material (Pt/m?);
other—as defined earlier.

Formula (8) is a generalization of Formula (3) for NPV from Reference [29], where
only heating was considered. For a building where no air conditioning is used, Ggc =0,
and Formula (8) is simplified to Formula (3) from [29].

As in the case of the economic analysis, on the basis of Formula (8), it is possible to
determine the optimum thickness of the insulation for ecological reasons. Due to d, the
NPV function is also strictly concave and bounded from above. Thus, at the point where
the derivative with respect to d is equal to 0, NPV is at its maximum. For ecological
reasons, the optimum thickness of the thermal insulation is therefore:

dpopt = sqrt (A-(Gen + Gee)-N/Kp) — A/Up  (m), )

while the optimum for ecological reasons of the heat transfer coefficient of the wall with a
thermal insulation layer:

Upgpt = U (dEopt) = /\/(dEopt + AUop) (W/mZK) (10)
As in the case Uy also Ukopt does not depend on Uy.

3.3. Optimum Thickness of Thermal Insulation Taking into Account Costs Both Economically and
Ecologically

In a previous study [29], it turned out that the optimum thickness of insulation
for ecological reasons may significantly differ (may be much greater) from the optimum
thickness for economic reasons. Below we propose a method to find the optimum thickness,
including both economic and ecological costs.

First, on the basis of Formulas (3) and (4), as well as (8) and (9), the following should
be determined:

NPV yyx = NPV (dopt) and NPV = NPVE (dEopt) (11)

Based on these values, it is possible to define the so-called metacriterion MK, taking
into account the level of satisfaction of the I type:

MK (d) = w1-NPV (d)/ NPV yax + wp-NPVg (d)/ NPV ey (12)

where wy + wy =1, wy, wo, > 0. For NPV (d) > 0 and NPVE (d) > 0, MK (d) is a unitless
quantity and takes values between 0 and 1. The metacriterion defined in (12) is a convex
combination of two strictly concave functions and those bounded from above. Thus, it is
also a strictly concave function, bounded from above. It reaches its maximum for thickness:

dMKopt = sqrt (A-ce/er) — AU (m), (13)
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and the heat transfer coefficient of the wall with a thermal insulation layer corresponding
to this thickness is:

Unikopt = U (dpikopt) = (Uo — M (dpikopt + A/Up))  (W/m?K), (14)

where:
cg = (w1/NPVyax)-SN*(Gon + Goc) + (W2/ NPV gyax)-N-(Gen + Gec), (15)
cr = W1/ NPV ax) K + (w2 / NPV max)-K (16)

The derivation of Formula (13) is included in Appendix A.

3.4. The Use of LCA for Ecological Assessment

LCA analysis is a technique more and more often used for environmental assessment
of products (Bras [30], Dylewski and Adamczyk [31], Dziku¢ [32], Dzikué¢ and Dziku¢ [33]).
In this article, the LCA technique was used to determine K;, Kry and Kgc (see Section 3.2).
The entire LCA analysis was performed in accordance with the international standards ISO
14040 [34] and ISO 14044 [35].

The LCA methodology is supported by a large number of commercial computer
programs. The article uses the Sima Pro version 8.2 computer program and the ReCiPe
endpoint method, egalitarian version (the result includes the environmental impact of all
impact categories that are included in the method). The ReCiPe method is a commonly
used method in scientific research (Dekker et al. [36]; Wolfova et al. [37]). Using the ReCiPe
method and weighing procedure, the final result of the analysis can be obtained, expressed
in the unit (Pt). The data library implemented in the SimaPro program: Ecoinvent 3 and
European Life Cycle Database v3.1 (ELCD) was used. Due to the requirements of the
standards describing the LCA analysis, the system boundaries and functional units of the
analyzed products are presented. The system boundaries cover the phases of the product
life cycle from raw materials to the factory gate (“from the cradle to the factory gate”). The
functional unit for thermal insulation materials is 1 m3 and, for heat sources, the production
of 1 kWh of useful thermal energy.

4. Economic and Ecological Analysis for the Climatic Conditions in Poland

This section presents an economic and ecological analysis for a thermal insulation
investment, using the methodology in Section 3. Various variants were taken into account
due to the significant impact of initial conditions. It is important to consider what climatic
zone the building is in, the parameters of the exterior walls without thermal insulation and
the heat source in the building. Various thermal insulation materials were also considered
in order to assess which type of thermal insulation is most favorable for the particular
initial conditions.

4.1. Description of Variants Accepted for Analysis

There are five climatic zones [38] in Poland, which differ significantly. Table 1 presents
data on the degree days of the heating period HDD and the degree days of the cooling
period CDD determined on the basis of data from Eurostat [39]. The base temperature for
the number of degree days of heating is 15 °C, and the base temperature for the number of
cooling degree days is 24 °C. Average values from 16 years (2003-2018) for selected regions
in Poland (each in a different zone) and for the whole of Poland are presented. Let us notice
that the lowest number of HDD degree days occurs in the Lubuskie region (Zone II) and
the highest in the Podlaskie region (Zone 1V), by over 21% more. The number of CDD
degree days in Poland is less than 1% of the number of HDD degree days.
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Table 1. Average values of degree days of the heating and cooling period for the whole of Poland
and selected regions in Poland.

HDD (K-Day/Year) CDD (K-Day/Year)
Poland 3386.9 21.5
Zachodniopomorskie (Zone I) 3272.0 123
Lubuskie (Zone II) 3074.8 30.6
Mazowieckie (Zone III) 3448.0 234
Podlaskie (Zone IV) 3734.1 12.8

There are three variants of exterior walls without thermal insulation. Table 2 and
Figure 1 summarize the data on walls needed in the analysis. As seen, they differ signifi-
cantly in the Uy heat transfer coefficient.

Table 2. Construction materials.

. . Cellular Concrete 600 Lime and Sand Blocks Ceramic Hollow Blocks Max
Construction Material 1) SILKA E (C2) (©3)
Thickness of walls (m) 0.24 0.24 0.29
Thermal conductivity A, (W/mK) 0.16 0.55 0.29
Heat transfer coefficient Uy (W/m?K) 0.60 1.65 0.86
v e o o .
s s
..-'- ...‘.'.'.‘Oo.'.‘.‘-oo;. : —
R0 | | Mineral plaster Mineral plaster Mineral plaster
;/oo: ;%fo ,;ﬁﬁoo-;/ Cellular concrete Lime and sand blocks Ceramic hollow blocks
0 ) 0 . — I
s Mineral plaster . le Mineral plaster o ol Mineral plaster
e e
S A
IR
S S
Oy 770577057
A 0 0 0 B C
g ' '

Figure 1. Cross-sections of the analyzed partitions made of: (A) cellular concrete; (B) lime and sand blocks; (C) ceramic
hollow blocks.

Three types of heat sources were considered. The necessary information is presented
in Table 3. The highest economic costs (EUR 1 ~ PLN 4.50) are related to heating with the
use of an electric boiler (S3). The highest ecological costs are for heating with a coal-fired
boiler (S1). N = 25 years was adopted for the analysis, while the rates r = 5% and s = 2%, in
line with the guidelines for comparing investment projects in Poland.
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Table 3. Heat sources.

Source of Heat Coal Boiler Condensing Gas Boiler Electricity Boiler
(S1) (S2) (S3)
Efficiency 82% 94% 99%
Kop (PLN/Wh) 0.162 x 1073 0.245 x 1073 0.707 x 1073
Key (Pt/Wh) 0.124 x 1073 0.027 x 1073 0.107 x 1073

One type of air conditioning was considered (see Table 4). A seasonal energy efficiency
ratio (SEER) for air conditioning was assumed in the range for the energy efficiency class A
(5.10 < SEER < 5.60, in accordance with the ELD 2010/30/EU Directive).

Table 4. Data for cooling.

Air Conditioner
Coolness Source

(SC)

Seasonal energy efficiency ratio (SEER) 5.30
Koc (PLN/Wh) 0.132 x 1073
Kgc (Pt/Wh) 0.020 x 1073

Three different thermal insulation materials were included in the research. A summary
of the necessary data is presented in Table 5. These materials differ slightly in thermal
conductivity (from 0.032 for I3 to 0.040 for 12) but also in economic and ecological costs.
Both the differences in economic costs (from 205.00 PLN/m?3 for I2 to 420.00 PLN/m? for
13) and ecological costs (from 6.77 Pt/m3 for 12 to 31.90 Pt/m? for I3) are very large.

Table 5. Thermal insulation materials.

Thermal Insulation Mat. Mineral Wool Polystyrene EPS  Polystyrene XPS

(I1) (12) (I3)

Density p (kg/m?) 90.0 12,5 40.0
Thermal conductivity A (W/mK) 0.038 0.040 0.032
Ky (PLN/m3) 233.00 205.00 420.00
Ky (PLN/m?) 45.00 40.00 40.00
K; (Pt/md) 19.10 6.77 31.90

4.2. Optimum Thickness of Thermal Insulation for Economic Reasons

Using the methodology presented in Section 3.1, the optimum values of the do
insulation thicknesses were determined (see Formula (4)) for economic reasons. Table 6
shows the results for the two selected regions: the region with the lowest number of HDD
degree days (II) and the region with the highest number of HDD degree days (IV). The
same source of cooling was assumed in all variants (see Table 4). As seen, the results
vary widely, depending on all four factors taken into account. The difference in optimum
thickness between Regions II and IV can be up to several cm. Due to the heat source, the
greatest thicknesses were obtained for the S3 variant due to the highest heating costs for the
electric boiler (see Table 3). Taking into account thermal insulation materials, polystyrene
EPS (12) is the cheapest of the considered thermal insulation materials, hence the highest
optimum thicknesses are for this material. Due to the construction material of the wall, the
greatest optimum thickness is obtained for the C2 wall, which has the worst (largest) heat
transfer coefficient Uj.
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Table 6. Thermal insulation optimum thicknesses for economic reasons dgp; (m).

Constr. Region Heat Source and Thermal Insulation Mat.

Mat. S1-11 S1-12 S1-13 S2-11 S2-12 S2-13 S3-11 S3-12 S3-13
cl II 0.122 0.136 0.074 0.165 0.183 0.102 0.323 0.356 0.211
v 0.141 0.156 0.086 0.187 0.208 0.118 0.362 0.399 0.238

o II 0.163 0.179 0.107 0.205 0.225 0.136 0.364 0.399 0.245
v 0.181 0.199 0.120 0.228 0.250 0.152 0.403 0.441 0.272

3 II 0.141 0.157 0.090 0.184 0.203 0.119 0.342 0.376 0.227
v 0.160 0.177 0.102 0.207 0.228 0.134 0.382 0.419 0.254

Additionally, the Uy heat transfer coefficients (from Formula (5)) corresponding to
the optimum insulation thicknesses for economic reasons (see Table 7) were determined. It
can be noticed that the Uy coefficient value does not depend on the construction material
of the wall. For instance, for Region II and Variants C1-S1-I1, C2-S1-I1 and C3-51-11, it has
the same value (Ut = 0.205 W/ m?2K), of course obtained with other optimum thicknesses
of thermal insulation dop;.

Table 7. Optimum heat transfer coefficients of the wall with a thermal insulation layer Ugp: (W/ m?K).

Constr. Region Heat Source and Thermal Insulation Mat.

Mat. S1-11 S1-12 S1-13 S2-11 S2-12 S2-13 S3-11 S3-12 S3-13
cl II 0.205 0.197 0.252 0.167 0.160 0.205 0.098 0.095 0.121
v 0.186 0.179 0.230 0.152 0.146 0.187 0.089 0.086 0.110

2 II 0.205 0.197 0.252 0.167 0.160 0.205 0.098 0.095 0.121
v 0.186 0.179 0.230 0.152 0.146 0.187 0.089 0.086 0.110

C3 I 0.205 0.197 0.252 0.167 0.160 0.205 0.098 0.095 0.121
v 0.186 0.179 0.230 0.152 0.146 0.187 0.089 0.086 0.110

4.3. Optimum Thickness of Thermal Insulation for Ecological Reasons

Based on Section 3.2, the optimum thickness dg; of the thermal insulation for ecolog-
ical reasons was determined from Formula (9). The results are summarized in Table 8, as
for the economic analysis, for two selected regions (I and IV). In the ecological analysis,
the thicknesses significantly depend on the region in which the building is located. It
can be observed that for each variant, the optimum thickness for ecological reasons is
much greater than the optimum thickness for economic reasons (see Tables 6 and 8). Due
to the heat source, the greatest thicknesses were obtained for the S1 variant due to the
highest ecological heating costs with the use of a coal-fired boiler (see Table 3). Taking into
account thermal insulation materials, the environmental costs K; are the lowest for EPS (12)
polystyrene (see Table 5), hence the highest optimum thicknesses are for this material. As
in the case of the economic analysis, the highest optimum thickness is obtained for the C2
wall, which has the worst (highest) heat transfer coefficient Uj.
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Table 8. Thermal insulation optimum thicknesses for ecological reasons dg,p; (m).
Constr. Region Heat Source and Thermal Insulation Mat.

Mat. S1-11 S1-12 S1-13 S2-11 S2-12 S2-13 S3-11 S3-12 S3-13
cl II 0.612 1.097 0.426 0.253 0.478 0.171 0.564 1.014 0.392
v 0.680 1.215 0.475 0.284 0.532 0.193 0.628 1.124 0.437
o II 0.652 1.139 0.460 0.293 0.520 0.205 0.604 1.057 0.426
v 0.721 1.257 0.509 0.324 0.574 0.227 0.668 1.166 0.471
3 II 0.631 1.117 0.442 0.272 0.498 0.187 0.583 1.034 0.408
v 0.699 1.235 0.491 0.303 0.552 0.209 0.647 1.144 0.453

The heat transfer coefficients Ug; (from Formula (10)) were also determined, cor-

responding to the optimum thicknesses of thermal insulation for ecological reasons (see

Table 9). As in the case of the economic analysis, the value of the Ug,; coefficient does not

depend on the construction material of the wall.
Table 9. Optimum heat transfer coefficients of the wall with a thermal insulation layer Ugy,: (W/ m2K).
Constr. Region Heat Source and Thermal Insulation Mat.

Mat. S1-I11 S1-12 S1-13 S2-11 S2-12 S2-13 S3-I11 S3-12 S3-13
c1 II 0.056 0.034 0.067 0.120 0.073 0.143 0.061 0.037 0.072
v 0.051 0.031 0.061 0.109 0.067 0.130 0.055 0.034 0.065
e II 0.056 0.034 0.067 0.120 0.073 0.143 0.061 0.037 0.072
v 0.051 0.031 0.061 0.109 0.067 0.130 0.055 0.034 0.065
c3 I 0.056 0.034 0.067 0.120 0.073 0.143 0.061 0.037 0.072
v 0.051 0.031 0.061 0.109 0.067 0.130 0.055 0.034 0.065

In Poland, since 2021, the maximum value for the heat transfer coefficient of a vertical
exterior wall has been Uy = 0.20 W/m?K (see [40]). In the variants considered in the article,
Uyt < Uy was not obtained in every case (see Table 7, Variant S1-13). However, taking
into account ecological considerations, in each case, Ugy,r < Uy (see Table 9). Therefore,
a method of determining the optimum thickness of the thermal insulation dpkypr was
proposed (see Section 3.3), including both economic and ecological costs. Consequently,
the optimum thickness of the insulation dpjkopt is between dgpt and dggp. The same applies
to the heat transfer coefficient Ugopr < Uptkopr < Uopt-

4.4. Optimum Thickness of Thermal Insulation Taking into Account Costs Both Economically
and Ecologically

Figure 2 shows an example situation for the P1-S2-I3-1I variant and Figure 3 for the
P2-S3-11-1I variant. Additional markings were introduced:

NPV~ (d) = NPV (d)/NPV 0y and NPVE™ (d) = NPVE (d)/ NPV pax.
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Figure 2. NPV~, NPV~ and MK values depending on the thickness d for Variant P1-52-13-II.

0.065
0.085
0.105

Figure 3.

—NPVE~™

P2-S3-11-lI

—MK

n un 1N N un N un N N N N N N N N N N N N N N N N N N N N N N N un uwn
N < © 0 O N < O 0 O N < W 0 O N & W & O NN & W ¥ O N & O 0 O N <
IR IR R A IS BN TS TS TR R T T T TS A A S A A BT BN, S, ) S S - S S B S NN
O O O O O O OO O O O O O O O O O O O O O O O O o O o o O o o o

NPV~, NPVg~™ and MK values depending on the thickness d for Variant P2-S3-11-II.

The metacriterion MK was determined according to Formula (12), with the weights
assumed wy = wy = % (it was assumed that both criteria have the same weight). Both
NPV~ (d), as well as NPVE™ (d), take values < 1, with NPV~ (d) = 1 (100%) for d = dgpt, a
NPVE™ (d) =1 (100%) for d = dgsp;. The metacriterion MK takes the maximum value for
the thickness d = djkp between dgpt and dy;. Because the graph of NPVE™ (d) is flatter
around the maximum than the graph of NPV~ (d), the optimum thickness of dpkep; is
however much closer to the dgpt than dgy;. The situation is similar for all other variants.

Table 10 summarizes the determined dykp: on the basis of Formula (13) for the
considered variants. Let us consider that the optimum thicknesses due to the metacriterion
MK are already feasible. For Variants S1-12 and S3-12, the optimum dg,,; thicknesses for
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ecological reasons were greater than 1 m (see Table 8). The optimum thicknesses for the
MK for these variants are already much smaller.

Table 10. Optimum insulation thicknesses dMKopt (m).

Constr.

Heat Source and Thermal Insulation Mat.

Region

Mat. S1-I1 S1-12 S1-13 S2-11 S2-12 S2-1I3 S3-I1 S3-12 S3-13
c1 II 0.130 0.151 0.075 0.184 0.219 0.115 0.389 0.460 0.257
v 0.160 0.182 0.095 0.212 0.253 0.135 0.437 0.518 0.290
o IT 0.212 0.237 0.140 0.235 0.286 0.159 0.438 0.522 0.298
v 0.238 0.266 0.158 0.261 0.318 0.177 0.485 0.579 0.331
3 II 0.171 0.193 0.107 0.209 0.252 0.137 0.412 0.490 0.277
I\% 0.198 0.223 0.126 0.236 0.285 0.156 0.460 0.547 0.310

Table 11 presents Upkopr determined on the basis of Formula (14) for the considered

variants. Due to the fact that the thicknesses dykopr > dopt, the obtained heat transfer

coefficients Upikopr < Ugpt- Only in a few cases (C1-51-13 and C3-51-13) was Upikopt > Un =

0.20 W/m?2K not meeting the requirements.
Table 11. Optimum heat transfer coefficient Upixop: (W/ m?K).
Constr. Region Heat Source and Thermal Insulation Mat.

Mat. S1-11 S1-12 S1-13 S2-11 S2-12 S2-13 S3-11 S3-12 S3-13
c1 II 0.196 0.184 0.249 0.154 0.140 0.190 0.084 0.076 0.103
v 0.170 0.161 0.215 0.138 0.125 0.170 0.076 0.068 0.093
o II 0.162 0.153 0.201 0.147 0.129 0.180 0.082 0.073 0.101
v 0.146 0.138 0.180 0.134 0.117 0.163 0.075 0.066 0.091
c3 II 0.177 0.167 0.221 0.150 0.134 0.184 0.083 0.075 0.102
v 0.157 0.148 0.196 0.136 0.121 0.166 0.075 0.067 0.092

5. Discussion

Taking into consideration the results obtained in the previous paragraph, the values of
NPV and NPVE for a few selected variants were compiled for the optimum thickness dyxopt
with regard to the MK metacriterion for the considered thermal insulation materials. On
this basis, it is possible to check which thermal insulation material will bring the greatest
economic benefits and which ecological. Table 12 presents a summary for Variant P1-S2-1I
and P1-S2-1V, Table 13 for Variant P3-S1-II and P3-S1-IV and Table 14 for Variant P2-S3-II
and P2-53-1V. For each variant, the highest value of NPV and NPV in terms of thermal
insulation material is marked in bold. Let us observe that in each case the highest NPV and
NPVE values are obtained for the thermal insulation material 12 (polystyrene EPS). This
material has the highest value of the A coefficient but the lowest economic and ecological
costs (see Table 5). For this material, the lowest value of the heat transfer coefficient of the
wall with insulation Uyt is obtained with the optimum thickness of the insulation djkop:-
The situation is similar for other variants. Moreover, in each case, the level of satisfaction
measured by the MK function for the optimum thickness dkopt is over 90%.
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Table 12. Summary of results for Variant P1-S2-11 1 P1-S2-IV.

Variant Ins;,[l:,:.ion dMKopt Unkopt NPV (dykopt) ~ NPVE (dykopt) MK (dykopt)

n 0.184 0.154 54.34 18.88 98.7%
P1-82-I1 2 0.220 0.140 61.60 21.62 95.8%

3 0.115 0.190 42.29 16.90 97.8%

n 0.212 0.138 83.73 23.97 99.0%
P1-82-Iv 2 0.253 0.125 91.23 27.09 96.4%

3 0.135 0.170 69.13 2178 98.3%

Table 13. Summary of results for Variant P3-S1-I11 I P3-S1-IV.

Variant I“s;‘}::fm dyikopt Unikopt NPV (yikop) ~ NPVE (dykop) MK (dpgicopt)

n 0.171 0.177 59.52 153.32 93.8%
P3-51-I V) 0.193 0.167 66.82 157.48 92.5%

3 0.107 0.222 49.85 142.80 91.7%

1 0.198 0.157 88.28 191.66 94.5%
P3-S1-IV V) 0.223 0.148 95.87 196.29 93.4%

3 0.126 0.196 76.50 180.53 92.8%

Table 14. Summary of results for Variant P2-S3-11 1 P2-S3-IV.

Variant Ins;[l::.ion dMKopt Unmkopt NPV (@mkopt) ~ NPVE (dykop) MK (dyikopt)

il 0.438 0.082 1289.13 301.65 99.7%
P2-53-I 2 0.522 0.073 1297.60 308.30 99.2%

3 0.298 0.101 1254.17 296.87 99.6%

1 0.485 0.075 1592.48 368.60 99.7%
P2-83-1V 2 0.579 0.066 1601.23 375.98 99.3%

3 0.331 0.091 1553.10 363.34 99.6%

The highest values of NPV (dpkopt) and NPVEg(duikopt) 0ccur, obviously, in the colder
climatic zone Zone IV due to the greater number of heating degree days (see Tables 12-14).
According to the earlier observations that the values of the Uy and U,y coefficients do
not depend on the construction materials of vertical walls, the type of heat source is the
most important for the NPV (dpkopt) and NPVE(dpkopt) values. In Poland, the source of
heat, an electricity boiler (S3), is one of the most expensive solutions when it comes to
generating thermal energy. The cost of generating thermal energy (1 kWh) in an electricity
boiler (S3) is almost three times higher than in a natural gas boiler (52) and over four
times higher than in a coal boiler (S1). Therefore, for (S3), the optimum dpk.p: insulation
thickness values due to the metacriterion are the highest.

According to the authors” knowledge, the method proposed in the article for deter-
mining the optimum thickness of thermal insulation is the only one that allows taking into
account both economic and ecological aspects and includes both heating and cooling costs.
On the other hand, the proposed model is a kind of generalization of earlier models from
the literature. It is so universal that if, due to climatic aspects, a cooling system is not used
in the building, it is enough to assume CDD = 0 in the model, and if there is no suitable
heating system, it is enough to take HDD = 0.
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6. Conclusions

The energy efficiency of existing buildings is an area that scientists have been focusing
on for many years. One of the methods that can have a significant impact on the max-
imization of economic and ecological profits is to determine the optimum thickness of
insulation taking into account these two aspects. The method proposed in the article allows
determining the optimum solution, which is a good compromise between economically
optimum and ecologically optimum.

The economically and ecologically optimum values of insulation thickness determined
in the above article are not constant values due to high fluctuations in the prices of energy
carriers, prices of thermal insulation materials and construction works. With regard to
ecological aspects, it is necessary to understand the changing environmental impact of
the methods of obtaining thermal energy, in particular of obtaining electricity, as well
as the production methods and types of applied insulation materials. The study clearly
shows that these are not the only variables determining the optimum values of insulation
thickness. The variability of climatic conditions also significantly influences the optimum
thickness of the insulation, but the differences are relatively small. The method proposed in
the article takes into account both the costs of heating and cooling the building. In Poland,
heating is much more important than cooling a building.

It is also worth noticing that the article introduces consciously the variability of climatic
conditions in order to visualize the universality of the application of the proposed methodology.

It is obvious that in the economic analysis, the costs of thermal insulation materials
and thermal energy have a decisive impact on the optimum thickness of thermal insula-
tion. A responsible policy of decision makers in the use of economic instruments of the
ecological policy can significantly increase the economic benefits resulting from thermal
modernization. In Poland, in the field of thermal modernization, the following are used:
direct payments to replace the boiler with an “ecological” one, reimbursement of part of
the costs in the thermal modernization investment in the form of a personal tax refund
and subsidies for photovoltaic installations. This part of the costs, as mentioned above, is
influenced by decision makers and, of course, by market rules. However, the ecological
benefits or losses in the above analysis are the result of the raw materials used for the
production of thermal insulation materials and the type of fuels used for the production of
thermal energy. Minimizing the impact on the environment is also on the part of decision
makers by using economic instruments encouraging users to replace heat sources with
more “ecological” ones. Other groups responsible for reducing the environmental impact of
the construction sector are designers, manufacturers and innovators who have the potential
to develop new “green” thermal insulation materials or design with lower environmental
impact insulation materials.

In the European Union countries, newly built buildings, due to legal regulations,
should be almost zero energy. Buildings already built in the years when the normative
values of heat transfer coefficients were high are a problem. Currently, these buildings
require high economic and ecological outlays, which, as a consequence, can effectively
influence the minimization of thermal energy consumption. It should also be noticed that
the life cycle of a building varies from several dozen to even several hundred years. In the
above article, the shorter 25-year period of thermal insulation use was analyzed, where,
nevertheless, relatively high values of NPV (djkept) economic benefits and NPV (duikopt)
ecological benefits were obtained.

The proposed methodology for determining the optimum thicknesses of thermal
insulation is dedicated to designers, users and building managers. In further research,
it is planned to include a social aspect to determine the optimum thicknesses of thermal
insulation with the use of a metacriterion.
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Appendix A
The MK metacriterion depending on the thickness d was defined in (12) as follows:

MK (d) = w;-NPV (d)/NPVyax + wy-NPVE (d)/NPVEpay-

Substituting into the formula NPV (d) according to (3) and NPV (d) according to (8)
we obtain:

MK (d) = (w1 /NPVyax)-(— (Kid + Kyp) + SN(Gon + Goc)-(Ug — A/(d + A/Up))) +

+ (w2 /NPVEpax)-(— (Kp-d) + N-(Gepg + Gee)-(Up — A/(d + A/Up))) =

= — ((w1/NPVyay) K + (w2 / NPVEmex)-Kp)-d — (w1 /NPVyax) Ky +

+ (W1 /NPViyax)-Sn+(Gon + Goc) + (w2 /NPVEpax)-N-(Gen + Gee))-(Up — A/(d + A/Uy)).

Accepting
ce = (W1 /NPViyax)-Sn+(Gon + Goc) + (w2 /NPVEpax)-N-(Gen + Gec),
cr = (w1 /NPViyax) K + (W2 / NPV Eyax)-Ky,
we obtain:
MK (d) = —cr-d — (w1 /NPVyax)-Ky + cg-(Uy — A/(d + A/Up)).

Thus, the function MK with regard to d is a strictly concave function and bounded
from above. It reaches its maximum for thickness dpikopt, at which the derivative MK with
respect to d is equal to 0, i.e.,

MK’ (d) = —c7 + cg-A/(d + A/Up) 2 = 0.

Hence, we obtain:
dMKopt = sqrt (A-ce/er) — AUy.
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