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Abstract: Commonly based on the liquid diffusion theory, drying theoretical studies in porous
materials has been directed to plate, cylinder, and sphere, and few works are applied to non-
conventional geometries. In this sense, this work aims to study, theoretically, the drying of solids with
oblate spheroidal geometry based on the thermodynamics of irreversible processes. Mathematical
modeling is proposed to describe, simultaneously, the heat and mass transfer (liquid and vapor)
during the drying process, considering the variability of the transport coefficients and the convective
boundary conditions on the solid surface, with particular reference to convective drying of lentil
grains at low temperature and moderate air relative humidity. All the governing equations were
written in the oblate spheroidal coordinates system and solved numerically using the finite-volume
technique and the iterative Gauss–Seidel method. Numerical results of moisture content, temperature,
liquid, vapor, and heat fluxes during the drying process were obtained, analyzed, and compared
with experimental data, with a suitable agreement. It was observed that the areas near the focal
point of the lentil grain dry and heat up faster; consequently, these areas are more susceptible to the
appearance of cracks that can compromise the quality of the product. In addition, it was found that
the vapor flux was predominant during the drying process when compared to the liquid flux.

Keywords: drying; lentil grain; oblate spheroid; modeling; numerical simulation

1. Introduction

Water is the main constituent present in high concentrations in fresh foods, which
considerably influences the palatability, digestibility, and physical structure of the food.
The deterioration that occurs in food is practically influenced in one way or another by the
concentration and mobility of water inside it [1]. The removal of water from solid foods
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is used as a way to reduce water activity by inhibiting microbial growth, thus avoiding
its deterioration. Water removal has become of great importance in reducing the costs of
energy, transport, packaging, and storage of these foods [2].

Most of the methods of food preservation are based on the reduction in water mobility
by the use of humectants materials and freezing, and also by physical removal of water
through osmotic dehydration, drying, evaporation, or lyophilization [3]. The main idea
is to decrease the amount of water in the product to acceptable levels and maintain the
physical-chemical and sensory properties of agricultural products in order to increase the
shelf life of the products.

Although several technological processes of food conservation can be applied in order
to increase the shelf life of agricultural products, the drying process has several advantages,
as: the facility in the preservation of the product; stability of aromatic components at room
temperature for long periods of time; protection against enzymatic and oxidative degra-
dation; reducing of the weight; energy savings because it does not require refrigeration
and product availability during any time of the year [4]. In literature, it is possible to find
several studies that showed the use of drying processes as a method to increase the shelf
life of products such as: lentils [5,6]; grape [7]; carrots [8]; banana [9]; corn [10,11]; red
chilies [12]; wheat [13]; bean [14]; strawberry [15], etc.

Drying is a unitary operation of water removal of a product by evaporation or sublima-
tion, by applying heat under controlled conditions, which has, as its purpose, to conserve
food and its nutritional and organoleptic properties by reducing the activity of water inside
it [16].

During the drying process, the material undergoes variations in its chemical, physical
and biological characteristics, which, depending on the intensity of the effect, may cause
their loss or disable them for some applicability [7,17]. Thus, the criterion of preserving the
quality of the product, which depends on the final use that will be made, is the one that
regulates the type of drying and storage process [2].

From the theoretical point of view, the modeling and prediction of the drying process
can be approached in two ways: based on external parameters to the solid such as relative
humidity, temperature, and air velocity, correlating them with the drying rate of the solid,
while the other has as characteristic, the internal conditions to the porous material and the
mechanisms of moisture transport in this material [18].

The complexity of drying leads several researchers to propose various theories and
models to predict the moisture transfer inside the material, such as: liquid diffusion theory,
capillary theory, condensation and evaporation theory, Luikov theory, Krischer theory,
Berger and Pei theory, Philip and De Vries theory, and the theory of Fortes and Okos [19].

The Luikov model [20] and Fortes and Okos [19] model are examples of models based
on the thermodynamics of irreversible processes. Luikov’s theory takes into account the
mechanisms of diffusion, effusion, and convection of water inside the porous medium.
Therefore, the equations that define the Luikov model take into account that the molecular
transport of water vapor, air, and liquid happen simultaneously [21]. On the other hand,
Fortes [22] and Fortes and Okos [19,23] proposed that the driving force for isothermal
transfer, both liquid and vapor, is the gradient of equilibrium moisture content, due to the
local equilibrium hypothesis, which, in turn, is a function of temperature, relative humidity,
and equilibrium moisture content. Detail about the non-equilibrium thermodynamic can
be found in the references cited in the text.

Oliveira and Lima [24] used the model proposed by Fortes and Okos [19] to study the
heat and mass transfer in the simulation of wheat drying and concluded that the numerical
results of the average moisture content showed a suitable agreement with the experimental
values. Oliveira et al. [25] and Oliveira et al. [26] observed, applying the model developed
by Fortes and Okos [19] to study the phenomenon of shrinkage during a drying process of
wheat grain, that the model used was accurate and effective and could be used to simulate
many practical diffusion problems, such as heating, cooling, wetting and drying in prolate
spheroidal solids, including spherical solids.
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In previous studies, Carmo and Lima [27] reported studies of drying of oblate
spheroidal porous solids using the liquid diffusion theory, with particular reference to lentil
grains, considering constant thermophysical properties and equilibrium, and convective
boundary conditions on the solid surface. Melo et al. [28] and Melo et al. [29] reported
the transient behavior of heat and mass transfer, also in oblate spheroidal solids (lentil
grains) using a mathematical model based on the thermodynamics of irreversible processes
and considering equilibrium boundary condition on the surface of the solid. In this study,
the authors reported vapor flux as the dominant mechanism for mass transfer during the
drying process.

In this sense, due to the fact that few works studied coupled heat and mass transfer
in solids with complex shape [18,24–27]; that during the drying process of agricultural
products with low moisture content, the predominant mass flux is the vapor flux (not
predicted by the liquid diffusion theory l), and the equilibrium boundary condition (hy-
groscopic and thermal balances) does not accurately reflect the physical phenomenon of
heat and mass transport on the surface of the grain; this work aims to study the transfer of
heat and mass in oblate spheroidal porous materials using mathematical modeling based
on the non-equilibrium thermodynamics. This model considers variable thermophysical
properties and convective boundary conditions on the surface of the porous solid. The
application has been given for lentil grains drying. The idea is to provide subsidies for a
better understanding of the drying process in solids with complex shapes in order to allow
its optimization in terms of energy consumption (prediction of drying time) and product
quality (evaluated by the moisture and heat transfer inside the hygroscopic porous solid).

2. Methodology
2.1. Mathematical Modeling

The model under study involves the determination of heat and mass transfer in a two-
dimensional case for solids with ellipsoidal geometry. In the mathematical formulation,
the following assumptions were adopted:

(a) The solid is homogeneous and isotropic;
(b) Mass transfer in the single particle occurs by diffusion of liquid and vapor, under

decreasing drying rate;
(c) At the beginning of the drying process, the distributions of the moisture and tempera-

ture content are considered uniform and symmetrical around the z-axis;
(d) The thermophysical properties are variable during the drying process and dependent

on the position and moisture content inside the material;
(e) Volume shrinkage negligible;
(f) No capillarity effect;
(g) Moisture transfer inside the solid by liquid and vapor diffusion, and evaporation and

convection on a solid surface;
(h) Heat transfer inside the solid by conduction, evaporation, and convection on a

solid surface.

Based on a mechanistic approach and considering equality between the chemical
potential and the potential of water (suction), Fortes [22], Fortes and Okos [23], and Fortes
and Okos [19] reported a set of partial differential equations to describe the drying process
of porous hygroscopic solids. According to these authors, the expression that describes the
liquid flux is given by:

→
J ` = −ρ`k`Rv`nH∇T− ρ`k`

(
RvT
H

)
∂H
∂M
∇M + ρ`k`

→
g (1)

where ρl is the liquid density, kl is the liquid conductivity, H is the relative humidity, T is
the temperature, M is the moisture content, Rv is the universal gas constant, and g is the
acceleration of gravity.
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The expression that describes the vapor flux is given by:

→
J v = −kv

(
ρv0

∂H
∂T

+ H
dρv0
dT

)
∇T− kvρv0

∂H
∂M
∇M + ρlkl

→
g (2)

where kv is the vapor conductivity and ρv0 is the saturation density. The heat flux is given
by the following equation:

→
J q = −kT∇T−

[
ρ`k`Rv`nH + kv

(
ρv0

∂H
∂T + H dρv0

dT

)]
RvT2

H
∂H
∂M∇M+

+T
[
ρ`k`Rv`nH + kv

(
ρv0

∂H
∂T + H dρv0

dT

)]→
g

(3)

where kT is the effective apparent thermal conductivity of the porous medium, valid for
conditions that do not involve mass transport.

Considering the absence of ice and that several factors are negligible, as the air mass,
the vapor mass (but not its flux) in relation to the liquid mass and shrinkage of the medium,
the differential equation for the mass transfer in the vapor and liquid phases inside the
material, and applied to an elementary control volume, is given as follows:

ρs
∂M
∂t

= −∇ ·
(→

J ` +
→
J v

)
, (4)

where t is the time and M = M` + Mv ∼= M`.
The energy balance equation could be obtained by the relation between the rate

of variation of the volumetric enthalpy of the system and the adsorption heat with the
divergence of the enthalpy flux (liquid and vapor phases),

∂

∂t
(ρscbT)− ∂

∂t
(ρshwM) = −∇ ·

→
J q −∇ ·

(
hfg
→
J v

)
−
→
J ` · c`∇T−

→
J v · cv∇T (5)

where hw is the differential specific heat of sorption, hfg is the specific latent heat of water
vaporization, and cb is the specific heat of the humid medium, given by:

cb = cs + c`M` + cvMv (6)

where cs is the specific heat of the dry product, cl is the specific heat of the liquid, and cv is
the vapor specific heat.

Furthermore, considering the gravitational effects, Equations (4) and (5) could be
written in a more compact form as,

∂

∂t
(ρsM) = ∇ ·

(
ΓΦ

1 ∇M
)
+∇ ·

(
ΓΦ

2 ∇T
)

, (7)

and

∂
∂t (ρscbT)− ∂

∂t (ρshwM) = ∇ ·
(

ΓΦ
3 ∇T

)
+∇ ·

(
ΓΦ

4 ∇M
)
+∇ ·

(
ΓΦ

5 ∇T
)

+∇ ·
(

ΓΦ
6 ∇M

)
+ ΓΦ

7 ∇T · ∇T + ΓΦ
8 ∇M · ∇T,

(8)

where the parameter ΓΦ
i is given in Appendix A.

In this work, a porous solid with oblate spheroidal geometry was considered. Figure 1
shows half of the solid and some geometric parameters of this body. In this figure, µ, ϕ
andω represent the elliptical coordinates, and L1 and L2 are the minor and major axis of
the ellipse.
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Figure 1. Features of an oblate spheroidal body.

In order to present the diffusion equation in an oblate spheroidal coordinates system,
the following relationships are used [30]:

x = L
√(

1 + ξ2
)
(1− η2) ζ, (9)

y = L
√(

1 + ξ2
)
(1− η2)

√
1− ζ2, (10)

z = Lξ η, (11)

where ξ = sinh µ, η = cos ϕ and ζ = cos$. Finally, L is the focal length given by:

L =
√

L2
2 − L2

1. (12)

The domain of the new spheroidal variables ξ, η and ζ (in terms ofω), related with
Figure 1 is given by: 0 ≤ ξ ≤ L1/L, 0 ≤ η ≤ 1 and 0 ≤ ω ≤ 2π.

Using the methodology described by Maliska [31] in order to obtain the diffusion
equation in the oblate spheroidal coordinates system and, considering the symmetry of the
solid, the following diffusion equations for the two-dimensional case are obtained:

∂ (ρsM)
∂ t =

[
1

L2(ξ2+η2)
∂

∂ξ

((
ξ2 + 1

)
Γ1

Φ ∂M
∂ξ

)]
+

[
1

L2(ξ2+η2)
∂

∂η

((
1− η2)Γ1

Φ ∂M
∂η

)]
+

[
1

L2(ξ2+η2)
∂

∂ξ

((
ξ2 + 1

)
Γ2

Φ ∂T
∂ξ

)]
+

[
1

L2(ξ2+η2)
∂

∂η

((
1− η2)Γ2

Φ ∂T
∂η

)]
,

(13)

and
∂
∂t (ρscbT)− ∂

∂t (ρshwM) = 1
L2(ξ2+η2)

{
∂

∂ξ

[(
ξ2 + 1

)
ΓΦ

3
∂T
∂ξ

]
+ ∂

∂η

[(
1− η2)ΓΦ

3
∂T
∂η

]}
+

+ 1
L2(ξ2+η2)

{
∂

∂ξ

[(
ξ2 + 1

)
ΓΦ

5
∂T
∂ξ

]
+ ∂

∂η

[(
1− η2)ΓΦ

5
∂T
∂η

]}
+

ΓΦ
7

L2(ξ2+η2)[(
ξ2 + 1

)(
∂T
∂ξ

)2
+
(
1− η2)( ∂T

∂η

)2
]
+

ΓΦ
8

L2(ξ2+η2)

[(
ξ2 + 1

)
∂M
∂ξ

∂T
∂ξ +

(
1− η2) ∂M

∂η
∂T
∂η

]
+

+ 1
L2(ξ2+η2)

{
∂

∂ξ

[(
ξ2 + 1

)
ΓΦ

4
∂M
∂ξ

]
+ ∂

∂η

[(
1− η2)ΓΦ

4
∂M
∂η

]}
+

+ 1
L2(ξ2+η2)

{
∂

∂ξ

[(
ξ2 + 1

)
ΓΦ

6
∂M
∂ξ

]
+ ∂

∂η

[(
1− η2)ΓΦ

6
∂M
∂η

]}
(14)
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Equations (13) and (14) can be rewritten as:

∂

∂t

(
λ1Φ1

J

)
=

∂

∂ξ

(
α11J ΓΦ

1
∂Φ1

∂ξ

)
+

∂

∂η

(
α22J ΓΦ

1
∂Φ1

∂η

)
+ SΦ

1 (15)

and
∂
∂t

(
λ2Φ2

J

)
= ∂

∂ξ

(
α11JΓΦ

3
∂Φ2
∂ξ

)
+ ∂

∂η

(
α22JΓΦ

3
∂Φ2
∂η

)
+ ∂

∂ξ

(
α11JΓΦ

5
∂Φ2
∂ξ

)
+

+ ∂
∂η

(
α22JΓΦ

5
∂Φ2
∂η

)
+ SΦ

2

(16)

where the source terms SΦ
1 and SΦ

2 are given in Appendix A.
For a well-posed formulation, the initial boundary and symmetry conditions for the

proposed model are the following:

(a) Mass

• Initial:
M(ξ, η, t = 0) = Mo. (17)

• Symmetry planes: In mass transfer the angular and radial gradients of the
moisture content are equal to zero in the symmetry planes.

∂M (ξ, 1, t)
∂η

= 0 (18)

∂M (ξ, 0, t)
∂η

= 0 (19)

∂M (0,η, t)
∂ξ

= 0 (20)

• Free surface: The diffusive flux is equal to the convective flux of the moisture
content on the surface of the oblate spheroid.(→

J ` +
→
J v

) ∣∣∣ξ= L1
L

= hm(M−Me) with T = Ta and H = Ha. (21)

(b) Heat

• Initial
T(ξ,η, t = 0) = To = cte. (22)

• Symmetry plane: Heat angular and radial gradients are equal to zero.

∂T (ξ, 1, t)
∂η

= 0 (23)

∂T (ξ, 0, t)
∂η

= 0 (24)

∂T (0,η, t)
∂ξ

= 0 (25)

• Free surface: The diffusive flux is equal to the heat convective flux on the surface
of the solid, more the energy to evaporate the water and the energy to heat the
water vapor produced in the evaporation process. Then we can write:

→
J q

∣∣∣∣ξ= L1
L

= hc (T s − Ta) + hfg J → ` +

(→
J ` +

→
J v

)
cv(Ts − Ta). (26)
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The average moisture content of the porous body during the drying process is given
by [32]:

M =
1
V

∫
v

M (ξ, η, t) dV. (27)

The average temperature of the porous body during the drying process could be
obtained as follows:

T =
1
V

∫
v

T (ξ, η, t) dV, (28)

where V is the volume of the solid.

2.2. Numerical Solution of the Governing Equations

In this work, the finite-volume method was used to numerically solve the diffusion
equation in oblate spheroidal coordinates. In this method, the nodal points are centered
on the control volume and the mesh adopted has entire volumes throughout the do-
main [31,33].

The numerical formulation adopted begins with the identification of the domain of
interest and, from there, its division into a finite number of subdomains. Figure 2 shows
the constant lines ξ and η delimiting the control volume associated with point nodal P.
Points N, S, E, and W are the nodal points neighboring P, which represent the nodal points
north, south, east, and west, respectively. The distance between the nodal point P and
its neighbors (δξ and δη) is also observed, as well as the control volume dimensions (∆ξ
and ∆η).
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and (b) geometric parameters of the control volume in the oblate spheroidal coordinates system.

Applying the finite-volume method to Equations (15) and (16), considering a fully
implicit formulation, i.e., all diffusive terms of the equation are evaluated at the instant
t + ∆t, integrating on the control volume (see Figure 2), which corresponds to the internal
points of the domain for a time t, and rearranging the terms of the resulting equation, the
following linear equation, for mass transfer, is obtained in the following discretized form:

A1PΦ1P = A1NΦ1N + A1SΦ1S + A1EΦ1E + A1WΦ1W + Ao
1PΦo

1P + ŜΦ
1 , (29)

where:
ŜΦ

1 = B1NΦ2N + B1SΦ2S + B1EΦ2E + B1WΦ2W − B1PΦ2P, (30)

where the coefficients Ai are given in Appendix A. In Equations (29) and (30) the parameters
Φ1 = M and Φ2 = T.
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For energy balance (Φ2 = T), it results in:

A2PΦ2P = A2NΦ2N + A2SΦ2S + A2EΦ2E + A2EWΦ2W + A0
2PΦ0

2P + SΦ
2 , (31)

with:
ŜΦ

2 = SΦ
C2 + SΦ

P2, (32)

and

SΦ
P2 = −

[
ΓΦ

7n

(
ξ2 + 1

)
∆η∆ξ

(
Φ∗2N−Φ∗2P
δξn

)]
−
[
ΓΦ

7n
(
1− η2)∆η∆ξ

(
Φ∗2E−Φ∗2P
δηe

)]
+[

ΓΦ
8n

(
ξ2 + 1

)
∆η∆ξ

(
Φ1N−Φ1P
δξn

)]
+ ΓΦ

8e
(
1− η2)∆η∆ξ

(
Φ1E−Φ1P
δηe

) (33)

SΦ
C2 = Bstar + B2NΦ1N + B2SΦ1S + B2EΦ1E + B2WΦ1W − B2PΦ1P − Bo

P2Φo
P2. (34)

The coefficients AK and A0
P, with K 6= P, describe the contribution of the different

nodes due to the diffuse transport of (from the neighboring points in the direction of the
node P) and the influence of the variable Φ in the previous time on its value at the present
time, respectively.

The main advantage of the use of the implicit procedure is that it is unconditionally
stable [33]; however, the use of this formulation does not mean working with any time
interval because the coupling problem can limit with great intensity the value of ∆t.

Equations (29) and (31) are applied to all internal points in the discrete domain, except
at the border points (see Figure 3), which are the control volumes adjacent to the body
surface (boundary volumes). For these volumes, the procedure adopted is the integration
of conservation equations, considering the boundary conditions existing on the surface of
the porous solid.
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and 

   

    











 



















 





























 




























 










e

1P1E2
8e

n

1P1N2
8n

e

2P2E2
7n

n

2P2N2
7n

Φ
P2

δη

ΦΦ
ΔηΔξη1Γ

δξ

ΦΦ
ΔηΔξ1ξΓ

δη

ΦΦ
ΔηΔξη1Γ

δξ

ΦΦ
ΔηΔξ1ξΓS

 
(33) 

o
P2

o
P21P2P1W2W1E2E1S2S1N2Nstar

Φ
C2 ΦBΦBΦBΦBΦBΦBBS  . (34) 

The coefficients AK and A0P, with K  P, describe the contribution of the different 

nodes due to the diffuse transport of (from the neighboring points in the direction of the 

node P) and the influence of the variable Φ in the previous time on its value at the present 

time, respectively. 

The main advantage of the use of the implicit procedure is that it is unconditionally 

stable [33]; however, the use of this formulation does not mean working with any time 

interval because the coupling problem can limit with great intensity the value of Δt. 

Equations (29) and (31) are applied to all internal points in the discrete domain, 

except at the border points (see Figure 3), which are the control volumes adjacent to the 

body surface (boundary volumes). For these volumes, the procedure adopted is the 

integration of conservation equations, considering the boundary conditions existing on 

the surface of the porous solid. 

 

Figure 3. Sketch of the control volume on the surface of the solid and its characteristic dimensions. 

In this case, the following discretized equations are valid: 

 Mass: 
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Figure 3. Sketch of the control volume on the surface of the solid and its characteristic dimensions.

In this case, the following discretized equations are valid:

• Mass:

∆V
Jp

[
λpΦ1p−λo

pΦo
1p

∆t

]
=
[
Φ′′dsξ −

(
D11

∂Φ1
∂ξ

)∣∣∣
s

]
+[(

D22
∂Φ1
∂η

)∣∣∣
e
−
(

D22
∂Φ1
∂η

)∣∣∣
w

]
+ ŜΦ

1 ∆V,
(35)
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• Heat:

∆V
Jp

[
λ2PΦ2P − λ0

2PΦ0
2P
]
=
[
Φ′′dsξ −

(
Daa

∂Φ2
∂ξ

)
s
]
∆t+(

Dbb
∂Φ2
∂η

)∣∣∣e− [(Dbb
∂Φ2
∂η

)
|w
]
∆t +

[(
Dcc

∂Φ2
∂ξ

)
|n −

(
Dcc

∂Φ2
∂ξ

)
s
]
∆t+(

Ddd
∂Φ2
∂η

)
e−

[(
Ddd

∂Φ2
∂η

)
|w
]
∆t + ŜΦ

2

(36)

where ŜΦ
1 and ŜΦ

2 are given in Appendix A. In this equation, Φ” is the flux of Φ per unit
of the area obtained from the boundary condition imposed on the physical problem.

According to the boundary conditions (convection), it is necessary to specify the
diffusive fluxes in the face f of the control volume. For this situation, the diffusive flux
crossing the border is equal to the convective flux in its vicinity and outside the domain
under study:

Φ′′dSξ = Dij
∂Φ
∂ξ
|face = convective flux (function of Φn). (37)

• Mass

M′′ =

(→
J ` +

→
J v

)∣∣∣∣ξ= L1
L

(38)(→
J ` +

→
J v

)∣∣∣∣ξ= L1
L

= hm(Mf −Me) (39)

where Mf is the boundary moisture content.

Replacing
→
J ` and

→
J v in Equation (39), isolating Mf, and replacing them into Equation (38),

the following expression is obtained:

M′′ =
Mp −Me
1(

ΓΦ
1

δξnL

√
ξ2

n+1
ξ2

n+η
2
p

) + 1
hmρs

+

(
ΓΦ

2 ∇T
)

1(
ΓΦ

1
δξnL

√
ξ2

n+1
ξ2

n+η
2
p

) + 1
hmρs

(40)

• Heat

For energy transfer, the following equation is valid:

q′′ =
→
J q

∣∣∣∣ξ= L1
L

(41)

→
J q

∣∣∣∣ξ= L1
L

= hc(Ta − Tf) + hfg
→
J ` +

(→
J ` +

→
J v

)
cv(Ta − Tf) (42)

Replacing
→
J `,

→
J v and

→
J q in Equation (42), isolating Tf, and replacing them into

Equation (41), the following expression is obtained:

q′′ =
1 (Lδ ξn)

ΓΦ
3P

√
ξ2

n+1
ξ2

n+η
2
P

+ 1
hc





Ta − Tp −
ΓΦ

4P(
Γ

φ
3P
δξn

) (Mf−MP
δξn

)
− hfgρlklRvlnH

hc
1
L

√
ξ2

n+1
ξ2

n+η
2
P

(
Tf−TP
δξn

)
−

hfgρlkl
RvT

H
∂H
∂M

hc
1
L

√
ξ2

n+1
ξ2

n+η
2
P

(
Mf−MP
δξn

)
−√

ξ2
n+1

ξ2
n+η

2
P

hc
×
([

ΓΦ
2P
L

(
Tf−TP
δξn

)]
+

ΓΦ
1P
L

(
Mf−MP
δξn

))
cv(Ta − Tf)


(43)
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The numerical solution of the proposed mathematical model is obtained by the so-
lution of Equations (29), (31), (35) and (36) applied to internal and boundary volumes.
Thus, the nodal points of symmetry are not considered in the equations to be solved. After
that, the system of equations has been solved, the estimation of the moisture content and
temperature value at these points of symmetry is made. For this, it is assumed that the
moisture or heat flux that coming out of the point adjacent to the point of symmetry is
equal to the moisture or heat flux that reaches this point.

In this work, the variable ΓΦ is dependent on the temperature, relative humidity, and
moisture content. In this case, the procedure to obtain its value in the control volume
interfaces is to assume a variation of ΓΦ between the points P and its neighbor, in any
direction (N, S, E or W), given by [33]:

ΓΦ
i =

2ΓΦ
P ΓΦ

E
ΓΦ

P + ΓΦ
E

. (44)

This formulation is the most effective since, if ΓΦ
P or ΓΦ

E are zero, there will be no
flux of Φ and therefore ΓΦ

i will be null, which is physically realistic.

2.3. Application to Lentil Grain Drying

The lentil grain has approximately an oblate ellipsoidal form. The following thermo-
physical and geometric parameters were used in numerical simulations:

• Density of the saturated vapor [34]:

ρv0 =
(

2.54× 108/T
)

Exp(−5200/T)
(

kg/m3
)

. (45)

• Density of water [34]: ρ = 1000 kg/m3
• Dry solid density [5]: ρs = 1375 kg/m3
• Latent heat of vaporization [34]:

hfg= ho + hw(J/kg), (46)

ho = 3.11× 106 − 2.38× 103T (J/kg), (47)

hw =
RvT2

H
× ∂H

∂T
(J/kg). (48)

• Sorption isotherm (modified Henderson equation) [35]:

H = 1− Exp
[
−0.000207× (T + 21.63811)M1.73806

]
(decimal), (49)

valid at the following intervals: 5 ≤ T ≤ 60 ◦C and 4 ≤ M ≤ 26% (dry base).
• Thermal conductivity of lentil [5]: kT = 0.15 W/m.K
• Conductivity of the liquid and vapor [34]:

k` = a1 × 4.366× 10−18 ×H3 × Exp (−1331/T) (s), (50)

kv = a2 × 6.982× 10−9(T−273.16)0.41 ×
(

H0.1715 −H1.1715
) (

m2/s
)

(51)

The values of the parameters a1, a2 e hm (mass transfer coefficients) of Equations (39),
(50) and (51) were obtained by adjustment between numerical and experimental data of
moisture content [36] using the least square error technique, as follows:

ERMQ =
n

∑
n−1

(
Mi,Num −Mi,Exp

)2 (52)
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S2
=

ERMQ
(n− n)

(53)

where ERMQ is the minimum square error, S2 is the variance, n is the number of experi-
mental points and n is the number of parameters [37]. The procedure is started establishing
hm infinity and a1 = a2 = 1.0. From this condition, hm is varied until the best value of the
ERMQ is reached. Following, the parameters hm and a2 are fixed, and the parameter a1
varied until the best value of the ERMQ is reached. Now, the new parameters hm and a1
are fixed, and the parameter a2 is varied, according to the same procedure. This procedure
is used until that all optimized parameters are obtained.

For the calculation of the correlation coefficient (R2), it was used the software LAB Fit
Curve Fitting Software V 7.2.46 [38].

• Specific heat of lentil, liquid water, and water vapor [39,40]:

cb = 0.5773 + 0.00709T + (6.22−9.14M)×M; (54)

c` = 4185 J/kg; cv = 1916 J/kg.

• Lentil grain dimension [5]: L1 = 1.4 × 10−3 m and L2 = 3.4 × 10−3 m

The convective heat transfer coefficient was obtained by considering lentil grain as a
sphere with a volume of an ellipsoid, as follows:

hc =
ka

dp

(
2 + 0.6R1/2

e P1/3
r

)
. (55)

where Re is the Reynolds number and Pr is the Prandtl number.
Table 1 shows the values of drying air parameters and the initial (Mo), equilibrium

(Me), and final (Mf) moisture contents of lentil grain used in this work, based on data
reported by Tang and Sokhansanj [36].

Table 1. Conditions of the drying air and lentil grain [36].

Air Lentil

Ta (◦C) Ha (%) va (m/s) Mo (%
b.s)

Me (%
b.s) To (◦C) Te (◦C) t (s)

40 50 0.3 24.5 12.1 25 40 86,400

60 50 0.3 24.5 10.1 25 60 86,400

For the numerical simulation, a computational code was developed in the Software
Mathematica®. The results regarding heat and mass transfer were generated through
a numerical mesh 20 × 20 nodais points with a time step of ∆t = 1.0 s obtained after
rigorous refinement studies. These refinement procedures were proposed based on studies
carried out by Carmo et al. [27] and Oliveira et al. [26], who observed that under these
conditions, the control volume dimensions and the time interval were sufficient for a
suitable refinement of the mesh and time step. The system of equations generated from
the discretized equations applied to each control volume was solved using the iterative
Gauss–Siedel method, with a convergence criterion of 10−8 kg/kg for moisture content
and 10−8 ◦C for temperature.

3. Results and Discussion
3.1. Drying and Heating Kinetics

Figure 4 shows a comparison between the drying kinetics of the lentil grain obtained
numerically and experimentally [36] throughout the drying process. It is possible to observe
a suitable agreement between the values of the average moisture content, indicating that
the proposed model is adequate to describe the drying phenomenon of this type of porous
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material. This is due to the fact that the convective boundary condition on the surface of
the material is more physically realistic than a hygroscopic balance boundary condition
as described by Oliveira and Lima [24] and Melo et al. [29]. The drying rate behavior of
the lentil grain indicates a decrease in velocity of the moisture removal (liquid and water
vapor) with the drying process time. At the beginning of the drying process, the drying
rate was 0.103 kg water/kg dry solid/h for T = 40 ◦C, and 0.137 kg water/kg dry solid/h
for T = 60 ◦C. Upon analyzing the drying kinetics in both air temperatures (40 and 60 ◦C)
and the same values of the initial moisture content (24.5 d.b) and relative humidity (50%),
it can be seen that the higher temperature, the higher the moisture removal and the lower
the total drying time.
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Figure 5 shows the average heating of lentil grain over the drying time. It is possible
to observe that the average temperature of lentil grain rises rapidly in the first 400 s of the
drying process and reaches the equilibrium temperature in a time interval of approximately
1 h, with a smooth growth (moderate heating rate) for long times, due to the convective
boundary condition used in this model. Furthermore, the higher the air temperature,
the higher the heating rate. A comparison of Figures 5 and 6 shows that the moisture
removal rate is much lower than the heating rate of lentil grain. However, for low drying
temperature, it is expected that the grain does not present thermal and hydric damage,
maintaining its post-drying quality.
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Figure 5. Average temperature of lentil grain over time during drying at 40 ◦C and 60 ◦C and a
relative humidity of 50%.

3.2. Fluxes of Liquid, Water Vapor, and Heat

Figure 6a–d present the behavior of the liquid, vapor, and liquid plus vapor fluxes
and the relationship between the vapor and liquid fluxes on the surface of the lentil grain
obtained during the drying process.

It is possible to observe, in Figure 6, that the liquid and vapor fluxes decrease rapidly
in the first two hours of the drying process, tending to zero (hygroscopic equilibrium
condition), for long process times (t > 20 h.) It is also noted that in the initial drying times,
there are differences between the values of liquid and vapor fluxes, with predominance for
the vapor flux, and during the majority of the drying process, the behavior was practically
the same, at both the drying air temperature. In the beginning, the value of the vapor flux
on the surface of the lentil grain is 14.7 times higher than the liquid flux for T = 40 ◦C,
and 23.9 times higher than the liquid flux for T = 60 ◦C, growing with the drying time,
especially at T = 60 ◦C, due to the decrease in moisture content in the lentil grain, which
evidences the predominance of moisture removal in the form of water vapor. The results
also prove that for materials with low initial moisture content, the predominance is for the
vapor flux. Probably, for hygroscopic materials with high initial moisture content, such as
fruits and vegetables, the relationship between vapor and liquid fluxes in the initial drying
times is much lower, tending to increase with the decrease in moisture content throughout
the drying process. It is important to note that this result could not have been detected
when using the theory of liquid diffusion to describe the drying process of lentil grains;
this theory assumes that moisture migrates only in the liquid phase inside the material,
regardless of the drying temperature.
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Figure 7 shows the heat flux on the surface of the lentil grain during the drying process.
It is possible to observe that, during the drying time, the heat flux decreased significantly
up to 2 h of drying; after this time, the heat flux decays more slowly, tending to remain
constant until the end of the drying process (thermal equilibrium). This heat is used both
to heat the grain and water in the liquid phase up to the saturation temperature (sensitive
heat) and to evaporate, at saturation temperature, the moisture of the grain that reaches
the surface (latent heat). For both the air temperature, heat flux presented almost the
same transient behavior. However, at 200 s, heat flux reached the value 3996.14 W/m2 at
T = 40 ◦C, and 5409.48 W/m2 at T = 60 ◦C.
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3.3. Distribution of Moisture Content and Temperature Inside the Lentil Grain

Figure 8 shows the distributions of moisture content inside the lentil grain in six
drying process times (1000, 5000, 10,000, 20,000, 40,000, and 85,000 s). In these figures, the
moisture contents inside the solid are represented by the iso-moisture lines. Analyzing
these figures, it is possible to observe that the moisture (in the forms of liquid and vapor)
migrates from the center to the surface of the lentil grain, and the higher gradients are close
to the surface of the grain, especially in the region located near the focal point (y = L2).

The temperature distribution inside the lentil grain is presented in Figure 9, at times
1000, 5000, 10,000, 20,000, 40,000 and 85,000 s. The constant temperature lines (isotherms)
showed that the heating is faster on the surface of the solid, and this heating process
occurs from the surface to the center of the body, unlike that of the moisture content.
However, unlike what has been verified for moisture content, the temperature distribution
inside the lentil grain is practically uniform at any drying time, a typical condition of low
convective effects.

From the physical point of view, lower hydric and thermal gradients inside the grain
are desirable, since it significantly reduces the damage caused by hydric and thermal
stresses, which leads to an increase in the quality of the post-drying product.

3.4. Transport Coefficients Evaluation (kl, kv, and hm)

Table 2 presents the values of parameters a1 e a2 that appear in the transport coef-
ficients (kv and kl), the convective mass and heat transfer coefficients (hm and hc), the
relative error (ERMQ), variance (S2) and the coefficient of correlation (R2), respectively,
determined after the nonlinear regression process. It is possible to observe that the pro-
posed model presented a suitable fit due to the small discrepancy presented between the
experimental and numerical data (lower values of ERMQ and S2) and a high value of the
correlation coefficient.
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Table 2. Comparison between the liquid and vapor conductivity and residual error.

Case
a1 (—-) a2 (—-) hm (m/s) hc

(W/m2K)
ERMQ

(kg/kg)2
¯
S

2

(kg/kg)2 R2

T (◦C) H (%)

40 50 2.33 × 104 25.07 × 102 6.20 × 10−6 37.31 0.413 × 103 0.61 × 105 0.996

60 50 1.43 × 104 10.74 × 102 12.80 × 10−6 37.81 1.374 × 103 2.02 × 105 0.991

Applying the coefficients a1 and a2 into Equations (44) and (45), respectively, it is
possible to observe that the values of liquid and vapor conductivity have inverse behavior
during the drying process. While the liquid conductivity decreases during drying, the vapor
conductivity increases with the decrease in the moisture content, reaching a maximum
vapor conductivity value of 2.35 × 10−5 m2/s at 40 ◦C and 1.13 × 10−5 m2/s at 60 ◦C.
According to Fortes [22], the liquid conductivity increases with moisture content at a given
temperature, and, during this increase, there should occur, simultaneously, molecular
diffusion of the liquid and vapor, capillary flow, and filtration. For low moisture content
values, the migration mechanisms will consist of vaporization-condensation processes. The
same author also observed that the vapor conductivity presents a maximum value at low
moisture content due to the liquid discontinuity and, consequently, the emptying of pores
and capillaries.

Melo et al. [29] obtained, for the same constants, the following values of a1 = 2.00× 104

and a2 = 22.66 × 102, considering the drying process of lentils under the drying conditions
T = 40 ◦C and H = 50%. However, the authors considered an equilibrium boundary
condition on the solid surface, which evidences the dependence of these parameters with
the boundary condition specified at the surface of the physical domain.
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About the fitting process, it is important to notice that the values of the estimated
parameters a1, a2, and hm are strongly dependent on the considerations and boundary
conditions adopted in the model. For example, relationships between the values of the
parameter a1 obtained when considering convective boundary conditions at the surface of
the lentil grain and that considering equilibrium condition is around 1.165 for T = 40 ◦C.

4. Conclusions

In this research, heat and mass transfer in a porous body with a non-conventional
shape was studied. For that, a new and advanced mathematical formulation and its
numerical solution (finite volumes) were proposed. From the analysis of the results
obtained with the numerical simulation of drying in porous bodies with oblate spheroidal
geometry (lentil grain), it is possible to conclude:

(a) The mathematical model proposed to predict transient diffusion in oblate spheroidal
solids, and its numerical solution using the finite-volumes method with the convective
condition on the surface was adequate since the predicted values of the average mois-
ture content of the lentil grain along the process presented low deviation and variance
when compared with the data of average moisture content obtained experimentally;

(b) Inside the lentil grain, the dominant mass transfer mechanism is the vapor flux, on the
surface of the solid, with a vapor flux/liquid flux ratio greater than 14.7 for T = 40 ◦C,
and greater than 23.9 for T = 60 ◦C, growing with the drying time, especially at
T = 60 ◦C;

(c) The areas of lentil grain more susceptible to cracks are located on the surface and
around the focal point due to the existence of higher thermal and hydric stresses
originated by higher moisture and temperature gradients;

(d) The liquid conductivity increases with the increase in the moisture content and de-
creases with the increase in temperature, while the vapor conductivity increases with
the decrease in the moisture content and decreases with the increase in temperature
due to the behavior of the saturation pressure in the pore inside the porous material.
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Appendix A

(a) Parameters of Equations (7) and (8).

Γϕ1 =

[
ρ`k`

RvT
H

(
∂H
∂M

)
+ kvρv0

(
∂H
∂M

)]
; (A1)

Γϕ2 =

[
ρ`k`Rv ln(H) + kv

(
ρv0

∂H
∂T

+ H
dρv0
dT

)]
; (A2)

ΓΦ
3 = kT (A3)

ΓΦ
4 =

[
ρ`k`Rv`n(H) + kv

(
ρv0

∂H
∂T

+ H
dρv0
dT

)](
RvT2

H
∂H
∂M

)
(A4)

ΓΦ
5 = hfgkv

(
ρv0

∂H
∂T

+ H
dρv0
dT

)
(A5)

ΓΦ
6 = hfgkvρv0

(
∂H
∂M

)
(A6)

ΓΦ
7 = c`ρ`k`Rv`n(H) + kvcv

[
ρv0

∂H
∂T

+ H
(

dρv0
dT

)]
(A7)

ΓΦ
8 = c`ρ`k`

Rv

H

(
∂H
∂M

)
+ kvcvρv0

∂H
∂M

(A8)

(b) Source terms of Equations (15) and (16)

SΦ
1 =

∂

∂ξ

(
α11J ΓΦ

2
∂Φ2

∂ξ

)
+

∂

∂η

(
α22J ΓΦ

2
∂Φ2

∂η

)
; (A9)

SΦ
2 = α11JΓΦ

7

(
∂Φ2
∂ξ

)2
+ α22JΓΦ

7

(
∂Φ2
∂η

)2
+ α11JΓΦ

8

(
∂Φ2
∂ξ

∂Φ1
∂ξ

)
+ α22JΓΦ

8

(
∂Φ2
∂η

∂Φ1
∂η

)
+

∂
∂ξ

(
α11JΓΦ

4
∂Φ1
∂ξ

)
+ ∂

∂η

(
α22JΓΦ

4
∂Φ1
∂η

)
+ ∂

∂ξ

(
α11JΓΦ

6
∂Φ1
∂ξ

)
+ ∂

∂η

(
α22JΓΦ

6
∂Φ1
∂η

)
+ ∂

∂t

(
λ1Φ1

J

) (A10)

(c) Coefficients of Equations (29) and (30)

AN =
Γϕ

1n

(
ξ2

n + 1
)

∆η

δξn
(A11)

AS =
Γϕ

1S

(
ξ2

s + 1
)

∆η

δξS
(A12)

AE =
Γϕ

1e
(
1− η2

e
)
∆ξ

δηe
(A13)

AW =
Γϕ

1w
(
1− η2

w
)
∆ξ

δηw
(A14)

AP = AN + AS + AE + AW +
λp∆ξ∆ηL2

(
ξ2

p + η2
p

)
∆t

(A15)

B1N =
Γϕ

2n

(
ξ2

n + 1
)

∆η

δξn
(A16)

B1S =
Γϕ

2s

(
ξ2

s + 1
)

∆η

δξs
; (A17)
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B1E =
Γϕ

2e
(
1− η2

e
)
∆ξ

δηe
(A18)

B1W =
Γϕ

2w
(
1− η2

w
)
∆ξ

δηw
(A19)

B1P = BN + BS + BE + BW (A20)

A0
P =

λo
p∆ξ∆ηL3

(
ξ2

p + η2
p

)
∆t

(A21)

(d) Coefficients of Equation (31)

A2N =

(
ΓΦ

3n + ΓΦ
5n

)(
ξ2

n + 1
)

∆η

δξn
; (A22)

A2S =

(
ΓΦ

3s + ΓΦ
5s

)(
ξ2

n + 1
)

∆η

δξs
(A23)

A2E =

(
ΓΦ

3e + ΓΦ
5e

)(
1− η2

e
)
∆ξ

δηe
(A24)

A2W =

(
ΓΦ

3w + ΓΦ
5w

)(
1− η2

w
)
∆ξ

δηw
(A25)

A0
2P =

λ0
2P∆ξ∆ηL2

(
ξ2

P + η2
P

)
∆t

(A26)

A2P = AN + AS + AE + AW +
λ2P∆ξ∆ηL2

(
ξ2

P + η2
P

)
∆t

− SΦ
P2 (A27)

(e) Coefficients of Equation (34)

B2N =

(
ΓΦ

42n
+ ΓΦ

62n

)(
ξ2

n + 1
)

∆η

δξn
(A28)

B2S =

(
ΓΦ

42s
+ ΓΦ

62s

)(
ξ2

s + 1
)

∆η

δξs
(A29)

B2E =

(
ΓΦ

42e
+ ΓΦ

62e

)(
1− η2

e
)
∆ξ

δξe
(A30)

B2W =

(
ΓΦ

42w
+ ΓΦ

62w

)(
1− η2

w
)
∆ξ

δξw
(A31)

B0
P2 =

ρ0
ph0

w∆ξ∆ηL2
(
ξ2

p + η2
p

)
∆t

(A32)

B2P = B2N + B2S + B2E + B2W −
ρphw∆ξ∆ηL2

(
ξ2

p + η2
p

)
∆t

(A33)

Bstar =
[
Γϕ7n

(
ξ2 + 1

)
∆η∆ξ

(
Φ∗2N−Φ∗2P
δξn

)
Φ∗2N
δξn

]
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Γϕ7n
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Φ∗2E−Φ∗2P
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)
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δηe

]
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(
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)
∆η∆ξ

[(
Φ1N−Φ1P
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)
Φ∗2N
δξn
− 2
(

Φ1N−Φ1P
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)
Φ∗2P
δξn
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+

Γϕ8e
(
1− η2)∆η∆ξ
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Φ1E−Φ1P
δηe

)
Φ∗2P
δξe
− 2
(

Φ1E−Φ1P
δηe

)
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δξe

] (A34)
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(f) Coefficients of Equation (33)

ŜΦ
1 =

[(
D33

∂Φ2

∂ξ

)∣∣∣∣
n
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D33
∂Φ2

∂ξ

)∣∣∣∣
s

]
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e
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ŜΦ
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