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Abstract: This paper presents a multi-objective optimal rotor design for an interior permanent magnet
synchronous motor (IPMSM) based on finite element analysis. Due to the importance of torque
characteristic in electromagnetic design of IPMSMs, the main efforts of this study are focused on
finding a proper trade-off for its torque profile challenges. In this regard, in order to attain high
average torque and low torque ripple, the influence of several key factors, such as the permanent
magnet (PM) arrangements, PM positions and PM sizes, are examined. Subsequently, according to the
outcomes of the performed sensitivity analysis, the appropriate variation interval of the parameters
as well as their initial values is determined. Employing such a deterministic optimization algorithm,
which does not need large sample points, minimizes the finite element computational cost and leads
to accelerate the convergence process. The two-dimensional finite element model (FEM) of an IPMSM
is used to perform a sensitivity analysis and establish a multi-objective FEM-based optimization.

Keywords: interior permanent magnet synchronous motor (IPMSM); multi-objective FEM-based
optimization; torque profile; sensitivity analysis; deterministic optimization algorithm

1. Introduction

Due to the rapid development and implementation of Nd-Fe-B magnets, IPMSMs
play a significant role in many industrial applications [1,2]. IPMSMs provide a high torque
density, high reluctance torque, appropriate flux weakening capability, high efficiency and
simple controllability [3–5]. In some cases, such as traction applications in which IPMSMs
are promising electric machines, high torque density and low torque ripple because of
the influence on the comfort and the stability of vehicle play a vital role; thus, a trade-off
between the average torque and torque ripple should be taken into consideration [6–10].
The developed torque in these machines is intensively affected by the parameters such
as magnets size and magnets position [11,12]. Hence, a multi-objective optimal design of
IPMSM is indispensable.

Owing to progress in computational ability in optimization problems, FEM-based
optimization has gotten more attention for accurate design optimization of electric ma-
chines [13,14]. Some recent multi-objective optimization methods of IPMSMs have been
studied based on finite element analysis in [15–21].

Reference [15] proposed a finite-element based multi-objective optimization procedure
using a new algorithm belonging to the class of controlled random search algorithms for
minimizing weight and maximizing power output. Moreover, the torque ripple optimiza-
tion has been ignored. References [16,17], using deep learning techniques, presents some
fast optimization methods for IPMSMs; however, the side PMs effect was not considered.
In [18], torque ripples were optimized in IPMSMs using a multi-island genetic algorithm,
radial basis function neural networks and the orthogonal experimental method; however,
no effort was made to optimize the developed torque. In [19], a multi-objective stratified
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optimization strategy is proposed, where five optimization objectives are divided into two
levels consisting of priority level 1 (output torque, PM cost) and level 2 (cogging torque,
torque ripple, efficiency); however, though an important design parameter, PM’s position
relative to the rotor center has been ignored. In [20], by combining the PSO algorithm with
mesh adaptive direct search and applying it to the design of an IPMSM, torque ripple was
minimized while the PM’s angle and the average torque were not considered. In [21], an
effective multilevel optimization strategy using the Pearson correlation coefficient analysis
and cross-factor variance analysis for high-dimensional multi-objective optimization design
of an IPMSM was proposed; however, only the V structure has been considered and PMs
position relative to rotor center has been neglected. In [22–26], novel rotor types have been
proposed for the performance improvement of IPMSMs. However, the manufacturing of
the novel rotor made it more complicated and more expensive than the conventional rotors.

The complexity of optimization grows with excess objective functions, design param-
eters and inappropriate design parameters variation interval; therefore, in this study, an
effective multi-objective optimal design method for IPMSMs has been presented. First, by
using the finite element method, we investigated the influence of various design param-
eters, such as magnet width and thickness, the position of the central magnet relative to
the rotor center, side magnet width and thickness and side magnet angle on the average
torque and torque ripple. Then, an initial state based on the results obtained from the sensi-
tivity analysis was determined for optimization. Finally, using the optimization toolbox of
ANSYS-Maxwell and the BFGS method, which does not need huge finite element analysis
attempt, the optimization problem was run.

2. Methodology for the Optimal Design of IPMSM

IPMSMs are worthy candidates for electric traction systems because of the advantages
that it presents. This research work deals with the train traction system. The purpose is a
multi-objective optimal design of IPMSM, which is explained in detail in this section. Prior
to presenting the electromagnetic design of the motor, it is worth to briefly describe the
simplified train motion equations. Examination of the train motion equations is indispens-
able for sizing the electric motor served to develop the propulsive force. Furthermore, the
desired performance of the train during acceleration and during steady state operation
affects the electromagnetic design of the electric traction motor. Since in this research
work the focus is placed on electromagnetic design of the traction motor, the train motion
equations and the desired performance of the train are simplified as much as possible. In
the following, the train motion specifications are provided.

2.1. Train Specifications and Equations

Train motion specifications are listed in Table 1.

Table 1. Train motion specifications.

Parameter Description Value Unit

Pn Rated propulsion power per a traction motor 250 kW
Vmax Steady state speed of the train 260 km/h
GR Gear ratio 1 -
t f Train acceleration time 19 sec
A f Train surface exposed to head wind 10 m2

Cd Train aerodynamic drag coefficient 0.1 -
α Slope angle of train motion path 0 deg
M Train mass per a traction motor 500 kg

µ
Rolling resistance coefficient of steel wheels

relative to rail 0.002 -

Dw Train wheel diameter 580 mm
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The initial design corresponding to the train specifications was carried out based on
the train motion equations. Based on the train motion equations and the provided train
specifications, the rated speed was determined. Subsequently, the rated torque of the
traction motor was calculated. A simple electric traction system is illustrated in Figure 1.

Figure 1. Electric traction system.

Based on Newton’s law, the main equation of train motion can be written as Equation (1):

m
dv
dt

= F− FR (1)

where m, v, F and FR stand for the train mass per a traction motor, linear speed of the
train, propulsive force due to a traction motor and resistant force, respectively. The aero-
dynamic resistant force and rolling resistant force are expressed as Equations (2) and (3),
respectively [27]:

Faero = 0.5ρCd A f (V + Vwind)
2 (2)

Froll = µmg cos α (3)

where ρ, Cd, A f , Vwind, α, g and µ denote the air mass density, train aerodynamic coefficient,
train surface exposed to the head wind, head wind velocity, slope angle of the motion
path, gravity acceleration and rolling resistance coefficient train wheel relative to the rail,
respectively. Here, the effect of head wind is neglected.

The resistance force can be calculated by Equation (4):

FR = Faero + Froll + mg sin α (4)

By substituting Equations (2)–(4) in Equation (1), the acceleration time could be
calculated. The train on its determined operation accelerates from a stationary state to a
steady state speed and continues on this speed. Hence, the steady state speed was treated
as its maximum speed. It should be noted that lower than the rated speed, the maximum
torque is constantly exerted on the train by traction motors. Moreover, over the rated speed,
the exerted torque is proportional to the inverse of the train speed; in other words, when
the train goes slower than the rated speed, we obtain the maximum torque per ampere
control, while when going over the rated speed, maximum power control is applied on
the traction motor. The traction performance curve is depicted in Figure 2. Thus, the train
acceleration time can be expressed as in Equation (5):

t f =
∫ Vn

0

m
Pn
Vn
−
(

0.5ρCd A f V2 + mg(µ cos α + sin α)
)dv +

∫ Vmax

Vn

m
Pn
V −

(
0.5ρCd A f V2 + mg(µ cos α + sin α)

)dv (5)

where Vn and Pn refer to the rated train speed and the rated propulsive power per traction
motor, respectively.
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Figure 2. Traction performance curve.

According to the specifications provided in Table 1 and the presented relations in this
part, the rated speed of the traction motor in terms of rpm is determined by Equation (6),
where Dw and GR stand for the train rated linear speed and the gear ration, respectively:

N =
60 Vn

πDw
GR (6)

In this research work, for the sake of simplicity, the rated linear speed of the train is
considered equal to its steady state speed. Consequently, the rated speed of the traction
motor is equal to 2369 rpm.

2.2. Rotor Optimization Method

In this research work, during the optimization, the focus is placed on the rotor. In this
respect, the stator specifications are kept fixed, as summarized in Table 2. However, at the
end of optimization and after achieving the optimized structure, the average torque would
be improved compared with that obtained from the basic design. Hence, we would be able
to reduce the motor length. In other words, although the focus during the optimization is
placed on the rotor structure, the optimized structure allows us to reduce the stator length.

Table 2. Stator specification of the studied IPMSM.

Quantity Value Unit

Stator stack length 549 mm
Stator bore diameter 192 mm
Stator yoke diameter 283.5 mm

Air gap length 2 mm
Number of stator slots 36 -

Number of poles 6 -
Number of turns per phase 48 -
Rated phase current (rms) 170 A
Rated phase voltage (rms) 653 V

Phase connection Y -
Type of permanent magnet Nd-Fe-B -

Rated speed 2369 rpm
Conductor cross section 26.67 mm2

Permanent magnet residual flux density 1.23 T
Relative permeability of magnet 1.09 -

The design structure of considered IPMSM has been illustrated by Figure 3. Addition-
ally, the stator specifications have been tabulated in Table 2. It should be noted that during
the design procedure, the motor is fed by the sinusoidal current.
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Figure 3. Proposed structure of the IPMSM and optimization variables.

Based on the structure presented in Figure 3, selected parameters for multi-objective
optimal design of rotor include the side magnet angle (x1), side magnet width (x2), side
magnet thickness (x3), central magnet position relative to rotor center (x4), central magnet
thickness (x5) and central magnet width (x6). Due to the symmetric properties, one pole
pitch of the proposed structure for IPMSM is depicted in Figure 3.

By accurately investigating the sensitivity of the average torque and torque ripple
relative to the rotor parameters, besides the initial state of the optimization algorithm, the
appropriate variation intervals for the rotor parameters are chosen.

3. Sensitivity Analysis

In order to investigate the effect of the rotor parameters on the average torque and
torque ripple, the specified optimization parameters are varied according to the intervals
indicated in Table 3.

Table 3. Variation interval of the rotor parameters for the sensitivity analysis and optimization algorithm.

Variable Initial Value
Sensitivity Analysis Optimization Algorithm

Unit
From To From To

X1 30 25 40 28 31 deg
X2 24.5 19.5 25.5 20 25 mm
X3 4 2 5.5 4 5 mm
X4 59 55 65 57 61 mm
X5 6.75 5 8.5 6 7 mm
X6 40.1 30 50 37.5 42.5 mm

The sensitivity analysis of the average torque and the torque ripple relative to the
rotor parameters are illustrated in Figures 4–9.
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Figure 4. Impact of the side magnet angle variation on: (a) the average torque; (b) the torque ripple.

Figure 5. Cont.
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Figure 5. Impact of the side magnet width variation on: (a) the average torque; (b) the torque ripple.

Figure 6. Impact of the side magnet thickness variation on: (a) the average torque; (b) the torque ripple.
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Figure 7. Impact of the central magnet position variation relative to the rotor center on: (a) the
average torque; (b) the torque ripple.

Figure 8. Cont.
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Figure 8. Impact of the central magnet thickness variation on: (a) the average torque; (b) the
torque ripple.

Figure 9. Impact of the central magnet width variation on: (a) the average torque; (b) the torque ripple.

Since the purpose of optimal design is to maximize the average torque and to minimize
the torque ripple, determining the appropriate variation interval for all of parameters is
required. For example, in case of a side magnet angle, it can be observed that the points
corresponding to the maximum average torque and minimum torque ripple approximately



Energies 2021, 14, 2240 10 of 15

coincide with each other. Hence, it is obvious that the optimal value for the side magnet
angle is located in the immediate vicinity of the points corresponding to the maximum
average torque and minimum torque ripple. According to Figure 8a,b, it can be seen
that as the central magnet thickness is stepped up, the average torque is stepped up,
and consequently, it saturates. The torque ripple also consists of a minimum value as
the side magnet thickness increases. In this case, since the points corresponding to the
average torque knee value and the minimum of the torque ripple coincide with each
other, the proper variation interval for the central magnet thickness for the optimization
process would be determined around the knee point of the average torque. In case of
other parameters, regarding the increment rate or decrement rate of the average torque
and torque ripple, the appropriate corresponding parameter variation for the optimization
algorithm could be determined.

Prior to the determination of the objective function, we carried out a sensitivity
analysis. By performing this sensitivity analysis, an appropriate initial point for the
optimization algorithm was determined. In order to define an objective function, including
the average torque and the torque ripple, which do not have the same unity, we need to
use their normalized values. To obtain these normalized values, a sensitivity analysis was
carried out. By exploiting the outcomes of the sensitivity analysis, the search space for the
optimization procedure was reduced, which accelerate the convergence.

4. Multi-Objective Optimal Design of the Rotor
4.1. Objective Function and Optimization Variables

In this research work, maximizing the average torque and minimizing the torque
ripple were considered as the objectives. In traction applications, because of the restriction
in space, we need to use an electric motor with high torque density. To this end, we need
to maximize the average torque. On the other hand, in traction applications, we desire
to reduce the torque ripple to avoid producing extra noise. Hence, defining an objective
function with the aim of maximizing the average torque and minimizing the torque ripple
would be appropriate. Since the purpose of an optimal design is to maximize the average
torque and to minimize the torque ripple, the objective function is proposed in Equation (7):

f = W1

(
Tav (norm) − G1

)2
+ W2

(
Tripple (norm) − G2

)2
(7)

where W1 and W2 stand for the weighting value of the average torque and the torque
ripple, which are set at 1 and 2 by priority to torque ripple minimization, respectively, G1
and G2 refer to the desired value of the normalized average torque and the normalized
torque ripple, respectively, Tav denotes the average torque and Tripple denotes the torque
ripple, which is calculated with Equation (8):

Tripple =
Tmax − Tmin

Tav
(8)

The objective of the proposed optimization strategy is to maximize the average torque
and minimize the torque ripple simultaneously. To this end, we need to define a cost
function in such a way that minimizing the cost function results in maximizing the av-
erage torque and minimizing the torque ripple. Based on the defined cost function (see
Equation (7)), as the normalized average torque and the normalized torque ripple approach
to G1 and G2, respectively, the value of the cost function decreases.

Furthermore, since the average torque and the torque ripple do not have the same
unity, we have employed their normalized values. In this research work, G1 = 10 and
G2 = 1 have been chosen arbitrarily. After assigning the mentioned values to G1 and G2,
the normalized value of the average torque and torque ripple are defined in such a way
that they attain the values between 1 and 10 during the optimization procedure.
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The normalized values of the average torque and the torque ripple are expressed by
using Equations (9) and (10), respectively:

Tav (normalized) = 1 + ((Tav − 900)× 9)/200 (9)

Tripple (norm) = 1 +
((

Tripple − 0.03
)
× 9
)

/0.17 (10)

The normalized average torque and normalized torque ripple are determined in such
a way that they take values between G1 = 1 and G2 = 10. We remind the reader that the
values of G1 and G2 were chosen arbitrarily. In accordance with the variation interval of
the rotor parameters indicated in Table 3, the average torque can approximately vary from
900 Nm up to 1100 Nm, whereas the torque ripple can approximately vary between 3%
and 20%. Hence, in the cases where the average torque attains 900 Nm and 1100 Nm,
the normalized average torque is equal to 1 and 10, respectively (in accordance with
Equation (9)). When the torque ripple takes 3% and 20%, the normalized torque ripple
attains 1 and 10, respectively (in accordance with Equation (10)).

4.2. Multi-Objective Optimization by the BFGS Method

The BFGS optimization method, which is suitable for large-scale numerical opti-
mization [28], carries out the optimization based on the second order Taylor expansion of
multivariable function f at the vicinity of vector Xk, which is presented in Equation (11) [29]:

mk(P) = f (Xk + P) = fk + PT∇ fk +
1
2

PT BkP (11)

where mk is the model function whose behavior at the vicinity of the current point Xk
is similar to that of the actual objective function f. As the notation indicates, fk and ∇ fk
are chosen to be the function and the gradient values at the point Xk, respectively, and
P stands for the search direction. Thus, for any point X, P is defined by P = X − Xk. βk
is defined as ∇2 fk (Hessian Matrix of f in Kth iteration). fk and ∇ fk are the scalar and
vector, respectively. By applying the gradient operator to both sides of Equation (11), the
minimum point can be stated as follows (Equation (12)):

Pk = −B−1
k ∇ fk = −Hk∇ fk (12)

where Pk stands for the search direction in the kth iteration in order to calculate P0; as-
suming H0 = I could be acceptable. Equation (13) represents the updating relation that is
exerted on the optimizer variables, where αk is determined by the line search:

Xk+1 = Xk + αk Pk (13)

By defining Sk and Yk as Equations (14) and (15), respectively, the inverse of the
Hessian matrix in the iteration of k + 1 is updated by Equation (16), which is known as the
Sherman-Morrison formula:

Sk = αkPk = Xk+1 − Xk (14)

Yk = ∇ fk+1 −∇ fk (15)

Hk+1 = Hk +

(
ST

k Yk + YT
k HkYk

)(
ST

k Sk
)(

ST
k Yk
)2 −

HkYkST
k + SkYT

k Hk

ST
k Yk

(16)

4.3. Optimization Result

The initial states for the optimization algorithm are the values assigned to the basic
design, which are obtained by sensitivity analysis and are tabulated in Table 4. Moreover,
the outcomes of optimization are demonstrated in Figure 10. As can be seen, the torque
ripple is reduced by 64% and the torque average is increased from 1008 Nm to 1093 Nm.
Figure 10 illustrates the electromagnetic torque of the optimal and basic design. No-load



Energies 2021, 14, 2240 12 of 15

air gap flux density distribution for one pole pith (60 deg mechanical) and no-load flux
linkage for the optimized structure are illustrated in Figures 11 and 12, respectively. The
represented air gap flux density distribution corresponds to the structure illustrated in
Figure 3.

Table 4. Optimization results.

Var. Basic Design Optimal Design Unit

X1 30 30 deg
X2 24 24.6 mm
X3 4 5 mm
X4 59 59.9 mm
X5 7 6.9 mm
X6 40 42 mm

Tavg 1008 1093 Nm
Tripple 9.08 5.82 Percent

Figure 10. Electromagnetic torque corresponding to the basic design and the optimal design.

Figure 11. Air gap flux density distribution for one pole pitch of the optimized structure.
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Figure 12. Stator winding flux linkage for the optimized structure.

It should be noted that the BFGS method cannot ensure finding the global extremum
of a function, but it is able to localize the local minima or local maxima.

By comparing the variation intervals of the average torque and torque ripple obtained
from the sensitivity analysis with the results attained from the optimization method, we
can conclude that achieving an average torque of 1093 Nm and a torque ripple of 5.82%
is satisfactory.

5. Conclusions

In this paper, a multi-objective optimal rotor design of an IPMSM with the aim of
maximizing the average torque and minimizing the torque ripple has been presented.
In this regard, the BFGS method was employed for optimization. In contrast to the
metaheuristic optimization methods, which require many sample points, the BFGS method
is based on a single initial guess. This method can be appropriate for the applications
where FEM is applied. In order to determine the range of optimization variables and assign
the initial state of the optimization algorithm, a sensitivity analysis was performed and
the finite element method was used as an analysis tool. During the sensitivity analysis,
the impacts of the permanent magnets’ position and dimension on the average torque and
torque ripple were studied. This sensitivity study allowed us to determine an appropriate
initial state as well as a restrictive variation range for the optimization strategy. The
proposed method can be generalized for the other IPMSMs topologies.
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