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Abstract: The proposal of the memristor, considered as the fourth basic circuit element, suggests a
new possibility for the design of high-performance power electronic systems. However, it also brings
new challenges. At present, more and more electrical equipment and systems have demonstrated that
their external characteristics can exhibit “8”-shaped hysteresis loops and can be regard as memristive
equipment and systems. In order to satisfy the requirements of controllability, flexibility, efficiently,
and so on, most memristive equipment and systems are not directly connected to the power grid but
instead obtain their own required powering through various forms of power electronic converters.
Note that memristive loads are distinctive and demonstrate unique nonlinear behaviors. Similarly,
there can be nonlinearity from the resistor (R), inductor (L), or capacitor (C) load, but there is no
combination of only R, L, and C that could produce memristive characteristics. In particular, the
memristance of memristive devices changes continuously during the operation process; in addition,
practical power electronic systems composed of memristive devices and power supplies have strong
nonlinear characteristics, which are more likely to result in various complex behaviors and are not
conducive to the stable operation of the systems. Therefore, exploring complex instability behaviors
of power electronic systems with strong nonlinearity in depth is necessary for better protection and
utilization of memristive devices. This paper provides an outline of the status of research on complex
behaviors of power electronic systems with memristive load; it is expected to provide guidance for
the study of complex behavior of strongly nonlinear systems.

Keywords: memristive element; power electronic systems; nonlinear; complex behaviors

1. Introduction

As early as the 1970s, the memristor, describing the relationship between charge and
flux, has been assumed theoretically based on the completeness principle of the basic
circuit variable combinations by Professor L. O. Chua from the University of California,
Berkeley [1]. Additionally, the mathematical model and electromagnetic interpretation
of the memristor is defined in [1]. However, because memristive devices have not been
found in practice, research on memristors and their characteristics has not attracted the
attention of scientific and industrial circles for a long time. In 2008, the HP Information and
Quantum Systems Laboratory reported that the physical memristor had been realized for
the first time [2]. This major breakthrough shocked the international field of electrical and
electronic technology. Since then, an increasing number of researchers have begun to keep
a watchful eye on the study of memristors and their characteristics. With the deepening
of the research, fruitful achievements have been made in the realization of the memristor,
the characteristic analysis of memristive circuits, and the dynamic behavior research of the
memristor. So far, due to its unique memristive characteristics, the memristor has signifi-
cant application value in communication engineering [3–6], biomedicine [7–10], artificial
intelligence [11–14], information storage [15–18], etc. At the same time, the memristor
can provide new possibilities for the realization of high-performance power electronics
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systems; furthermore, it has gradually received close attention in the field of electrical and
power electronic engineering [19–22]. Therefore, it is valuable to study the stable operation
of the power electronic supply system with memristive load for promoting the practical
application and development of the memristor. Besides inductors, capacitors, and resistors,
the memristor is known as the fourth basic circuit element due to its unique memristive
characteristics that cannot be achieved by existing inductors, capacitors, resistors, and their
combinations. The advent of the memristor offers a vast space for development of circuit
design. At present, more and more electrical equipment has been proved to exhibit typical
memristive characteristics under AC excitation. The power electronic circuit can provide
AC electric energy required by memristive electrical equipment, which is an important
power supply for the memristive load. The system composed of a power electronic circuit
supplying memristive load belongs to the strong nonlinear system on account of the joint
influence of nonlinear load and switching devices. It is very important to study the mecha-
nism of unstable behaviors occurring in the power electronic system with memristive load
to ensure the system is operating stably.

The remainder of this article is organized as follows: reviews of memristors and
memristive characteristics are introduced in Section 2; reviews of power electronic systems
and their complex behaviors are investigated in Section 3; the importance and necessity of
complex behaviors in power electronic systems are stated in Section 4; finally, in Section 5,
the conclusion is given.

2. Reviews of Memristors and Memristive Characteristics
2.1. Concept and Characteristics of the Memristor

In 1971, the conception of the memristor was proposed for the first time to increase the
number of basic circuit elements to four, thus improving the circuit theoretical system [1].
The relationship structure of the four basic elements is shown in Figure 1 [23].

Figure 1. The relationship of four basic variables.

For electrical theory, current (i), voltage (v), flux (ϕ), and charge (q) are four basic
variables used to describe the characteristics of circuits and components. These four basic
variables can construct six different functional relationships and define four basic circuit
elements, namely the resistor (defined by the relationship between v and i), the capacitor
(defined by the relationship between q and v), the inductor (defined by the relationship
between ϕ and i), and the memristor (defined by the relationship between q and ϕ). Thus,
the intrinsic relationships that exist between the four basic variables and the four basic
circuit elements can be summarized as

(1) Resistor:
f (v, i) = 0 (1)

(2) Capacitor:
f (q, v) = 0 (2)
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(3) Inductor:
f (ϕ, i) = 0 (3)

(4) Memristor:
f (ϕ, q) = 0 (4)

• Concept of the memristor

As the fourth basic circuit element, the memristor is used to describe the relationship
between charge and flux. Since the memristance or memductance of the memristor is related
to one or more internal state variables as well as the amount of all charges flowing through
it, it has unique memristive characteristics. Additionally, these memristive characteristics
cannot be achieved by the other three basic elements or any combination thereof. The
memristor is a two-terminal element defined based on Ohm’s law and can be classified into
two types: the flux-controlled memristor and the charge-controlled memristor [1].

As shown in Table 1, when Equation (4) is given by a single-value function of the
charge, this memristor is called a charge-controlled memristor, which is also known as
a current-controlled memristor [1]. In Figure 2a, the characteristic curve of the charge-
controlled memristor is a curve passing through the origin in the q-ϕ plane. M(q) is the
memristance of the charge-controlled memristor, which is a nonlinear function about q(t)
and whose unit is the ohm (Ω). Conversely, when Equation (4) is expressed by a single-
value function of the flux, this memristor is named a flux-controlled memristor, which is
also known as the voltage-controlled memristor [1]. In Figure 2b, the characteristic curve of
the flux-controlled memristor is a curve passing through the origin in the ϕ-q plane. W(ϕ)
is the memductance of the flux-controlled memristor, which is a nonlinear function about
ϕ(t) and whose unit is the siemens (S).

Table 1. Types of memristor.

Item Charge-Controlled Memristor Flux-Controlled Memristor

Internal variable Charge (q) Flux (ϕ)
Constitutive relation M(q) = dϕ(q)

dq W(ϕ) =
dq(ϕ)

dϕ

Variable curve Figure 2a Figure 2b

Figure 2. Characteristic curves of the memristor. (a) Charge-controlled memristor; (b) flux-controlled
memristor.

• Volt–ampere characteristic of memristors

As given in Table 2, assuming that the reference directions of the memristive voltage
v(t) and the memristive current i(t) are positively correlated, the volt–ampere relationship
between the memristive current i(t) flowing through the charge-controlled memristor and
its memristive voltage v(t) can be given as

v(t) = M(q)i(t) (5)
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Table 2. Characteristics of the memristor.

Item Charge-Controlled Memristor Flux-Controlled Memristor

Control variable i(t) v(t)
Expression v(t) = M(q)i(t) i(t) = W(ϕ)v(t)

Characteristic curve Figure 3a Figure 3b

Figure 3. Volt–ampere characteristics of the memristor. (a) Current-controlled memristor (or charge-
controlled memristor); (b) voltage-controlled memristor (or flux-controlled memristor).

Note that if the reference directions of the memristive voltage v(t) and the memristive
current i(t) are negatively correlated, a negative sign should be placed on the right-hand
side of (5). In (5), the internal state variable q(t) of the charge-controlled memristor is
the integral of the memristive current i(t). The volt–ampere characteristic curve of the
charge-controlled memristor is shown in Figure 3a. One can obtain from Figure 3a that the
memristive voltage v(t) of the charge-controlled memristor is a double-valued function of
the memristive current i(t) except for the origin.

Accordingly, the reference directions of the memristive voltage v(t) and the memristive
current i(t) are positively correlated; the relationship between the memristive voltage v(t)
at both ends of the flux-controlled memristor and its memristive current i(t) can be given as

i(t) = W(ϕ)v(t) (6)

While the reference directions of the memristive voltage v(t) and the memristive
current i(t) are negatively correlated, a negative sign should be placed on the right-hand
side of (6). In (6), the internal state variable ϕ(t) of the flux-controlled memristor is the
integral of the memristive voltage v(t). The characteristic curve of the flux-controlled
memristor is displayed in Figure 3b. In Figure 3b, the memristive current i(t) of the flux-
controlled memristor is a double-valued function of the memristive voltage v(t) except for
the origin [24].

The charge-controlled memristor given in Figure 3a is chosen as an example to illus-
trate the active and passive properties of the memristor. The immediate power consumed
by the charge-controlled memristor can be expressed as

p(t) = M(q)i2(t) ≥ 0 (7)

Setting that t ≥ t0, the energy flowing into the charge-controlled memristor from t0 to
t is

Eg(t0, t) =
∫ t

t0

p(τ)dτ ≥ 0 (8)

If the characteristic curve of the charge-controlled memristor displayed in Figure 2a is
monotone rising, and its flux ϕ is a single-valued function of the charge q, then the charge-
controlled memristor is passive and is called a passive memristor. If the characteristic
curve of the charge-controlled memristor, which is described in Figure 2a, is non-monotone
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rising, and its memristive value may become negative in the range of charge q, then the
charge-controlled memristor is active and is called an active memristor.

• General definition of a memristor

As shown in Table 3, the instant port current i(t) and the voltage v(t) of the memristor
follow Ohm’s law. A general definition of the memristor is introduced in reference [1]. A
current-controlled memristor is given as{

v = M(x)i
dx
dt = f (x, i)

(9)

where x is the state variable defined by the n-dimensional correlation state equation, and
x = (x1, x2, . . . , xn) ∈ Rn; M is a continuous function about x and is called the memristance.
Note that the state equation of the current-controlled memristor is a function of i(t).

Table 3. Definitions of the memristor.

Item Current-Controlled Memristor Voltage-Controlled Memristor

Control variable i(t) v(t)
Mathematical

model

{
v = M(x)i
dx
dt = f (x, i)

{
i = W(x)v
dx
dt = f (x, v)

Ideal model
{

v = M(q)i
dq
dt = i

{
i = W(ϕ)v
dϕ
dt = v

Equivalent model ϕ = f (q) q = g(ϕ)

A voltage-controlled memristor can be given as{
i = W(x)v
dx
dt = f (x, v)

(10)

where x is the state variable defined by the n-dimensional correlation state equation, and
x = (x1, x2, . . . , xn) ∈ Rn; W is continuous function about x and is called the memductance.
Note that the state equation of the voltage-controlled memristor is a function of v(t).

According to (9) and (10), an ideal current-controlled memristor is described as{
v = M(q)i
dq
dt = i

(11)

Equation (11) can be equivalent to

ϕ = f (q) (12)

and
f (q) =

∫
M(q)dq + C1 (13)

where C1 represents the arbitrary constant about the initial state of an ideal current-
controlled memristor.

An ideal voltage-controlled memristor is given as{
i = W(ϕ)v
dϕ
dt = v

(14)

Equation (14) can be equivalent to

q = g(ϕ) (15)
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and
g(ϕ) =

∫
W(ϕ)dϕ + C2 (16)

where C2 represents the arbitrary constant about the initial state of an ideal voltage-
controlled memristor.

In 1976, the conception of the memristor was further developed to the general mem-
ristive system. As indicated in [25], the time-invariant n-order u-controlled memristive
system, also known as the generalized memristive system, is given as{

y = g(x, u, t)u
.
x = f (x, u, t)

(17)

where u is the input variable; y is the output variable; x is the n-dimensional vector of
the inside state variable;

.
x is time derivative of the state vector; g is the continuous scalar

function, that is Rn × R × R→R; f is n-dimensional continuous vector function, that is
Rn × R × R→Rn.

For any initial state x0 ∈ Rn, the state Equation (17) has a corresponding particular
solution. When the input variable u of the (17) is i(t), the system is called the generalized
current-controlled memristive system.

• Essential characteristics of memristors

In 2013, the theory about memristors was further improved. As indicated in [26], three
basic characteristics to identify the memristive elements and systems are provided. If a
device or system satisfies the three basic characteristics described in Figure 4, it belongs to
a memristive element or system.

Figure 4. Essential characteristics of the memristive element and system under bipolar periodic
excitation signals (f 1 < f 2 < f 3 and f 3→∞).

(1) When a bipolar periodic excitation signal is used to motivate a device or system
whose volt–ampere characteristic curve takes the form of an “8”-shaped hysteresis loop, its
response is periodic;

(2) When the frequency of the bipolar periodic excitation signal exceeds a certain
threshold value, the sidelobe region of the “8”-shaped pinched hysteresis loop cuts down
with increasing excitation frequency;

(3) When the bipolar periodic excitation frequency is infinite, the “8”-shaped pinched
hysteresis loop is compressed to a single-valued function.

2.2. Research Actuality of Memristors
2.2.1. Memristor Model

Currently, the realization ways of memristors are divided into the physical model
memristors based on metallic materials, the mathematical model memristors based on
discrete components, as well as the verified existing devices and systems with memristive
characteristics.
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• Physical model memristors

In 2008, Hewlett-Packard Information and Quantum Systems Laboratory successfully
realized the first physical memristor in a nanofilm based on titanium dioxide (TiO2) mate-
rial [2]. This is a major breakthrough and attracted widespread attention from researchers.
So far, physical model memristors based on different metallic materials have been fabricated
successfully, such as spintronics memristors [27–30], light-emitting memristors [31–33],
ferroelectric tunneling memristors [34–37], multiferroic metal memristors [38–40], tantalum
oxide memristors [41–43], silicon nitride memristors [44–47], and so on. However, the
structures of physical model memristors are complicated, and their fabrication cost are
high. Moreover, their theoretical models are generally complex or do not have specific
mathematical relationships, leading to fewer results of theoretical analysis and application
experiments based on physical device model memristors.

• Mathematical model memristors

The circuit simulation and equivalent circuit realization of the mathematical model
memristor are the basis of conducting research on memristive characteristics and their
application. To this end, more and more mathematical model memristors described by
different nonlinear functions have been proposed and analyzed [48–52], as shown in
Table 4, among which the mathematical model memristors based on quadratic and cubic
nonlinear functions have also been widely recognized by researchers and applied to study
the characterization and application of basic memristive circuits.

Table 4. Existing memristor emulators.

Item [48] [49] [50]

Memristor The cubic nonlinear
flux-controlled memristor

The piecewise-quadratic
flux-controlled memristor

The cubic polynomial
flux-controlled memristor

Mathematical model q(ϕ) = αϕ + βϕ3 q1(ϕ1) = α1 ϕ1 +
1
2 β1 ϕ1|ϕ1| q2(ϕ2) = α2 ϕ2 + γϕ2

2 + β2 ϕ3
2

Memductance W(ϕ) = α + 3βϕ2 W1(ϕ1) = α1 + β1 ϕ1 W2(ϕ2) = α2 + 2γϕ2 + 3β2 ϕ2
2

Characteristic curve Figure 5 Figure 6 Figure 7
Maximum operation

frequency 500 Hz 1.0 kHz 15 kHz

Figure 5. Characteristic curves of the cubic nonlinear flux-controlled memristor. (a) ϕ-q(ϕ);
(b) ϕ-W(ϕ).
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Figure 6. Characteristic curves of the piecewise-quadratic flux-controlled memristor. (a) ϕ1-q1(ϕ);
(b) ϕ1-W1(ϕ).

Figure 7. Characteristic curves of the cubic polynomial flux-controlled memristor. (a) ϕ2-q2(ϕ);
(b) ϕ2-W2(ϕ).

In 2010, B. Muthswamy constructed a flux-controlled memristive equivalent circuit,
which is described by the smooth continuous cubic nonlinear function and implemented
using discrete components [48]. The mathematical model of the cubic nonlinear flux-
controlled memristor is expressed as

q(ϕ) = αϕ + βϕ3 (18)

where α and β are positive numbers and are memristive parameters of the cubic nonlinear
flux-controlled memristor.

The memductance of the cubic nonlinear flux-controlled memristor can be given as

W(ϕ) = α + 3βϕ2 (19)

The ϕ-q(ϕ) curve described by (18) is shown in Figure 5a, and the ϕ-W(ϕ) curve
described by (19) is shown in Figure 5b.

In 2011, B. C. Bao et al. presented the piecewise-quadratic flux-controlled memris-
tor, and this memristor is implemented via using existing discrete components [49]. Its
mathematical model is given as

q1(ϕ1) = α1 ϕ1 +
1
2

β1 ϕ1|ϕ1| (20)

where α1 and β1 are memristive parameters of the piecewise-quadratic flux-controlled
memristor; they are positive numbers.
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The memductance of the piecewise-quadratic flux-controlled memristor can be given as

W1(ϕ1) = α1 + β1 ϕ1 (21)

The ϕ1-q1(ϕ) curve described by (20) is shown in Figure 6a, and the ϕ1-W1(ϕ) curve
described by (21) is shown in Figure 6b.

In order to improve the cubic nonlinear flux-controlled memristor (18), in 2015,
W. Liu et al. proposed a cubic polynomial flux-controlled memristor [50]; its mathematical
model can be given as

q2(ϕ2) = α2 ϕ2 + γϕ2
2 + β2 ϕ3

2 (22)

where α2 and β2 are memristive parameters of the cubic polynomial flux-controlled mem-
ristor; they are positive numbers.

The memductance of the cubic polynomial flux-controlled memristor is

W2(ϕ2) = α2 + 2γϕ2 + 3β2 ϕ2
2 (23)

The ϕ2-q2(ϕ) curve described by (22) is shown in Figure 7a, and the ϕ2-W2(ϕ) curve
described by (23) is shown in Figure 7b.

• Memristive equipment and systems

Some existing power devices and systems have been verified to have memristive
characteristics. Research results have shown that the earliest artificial memristive power
device was the carbon arc lamp, invented by the British scientist Humphry Davy in 1801 [53].
Then, Gaurav et al. pointed out that the first generation of radio detectors (metal detectors)
were typical memristive devices [54], while a variety of gas discharge lamps have been
successively proved to be memristive devices [55–57].

In addition, the external characteristics of some common power electronic circuits also
exhibit memristive characteristics [58–60]. For example, as shown in Table 5, Corinto and
Ascoli demonstrated that the diode rectifier bridge with LCR filtering shown in Figure 8a
can exhibit memristive characteristics [58]; H. G. Wu et al. proved that the diode rectifier
bridge with LR filtering shown in Figure 8b can exhibit memristive characteristics [59]; B.
C. Bao et al. introduced the idea that the diode rectifier bridge with CR filtering shown
in Figure 8c can exhibit memristive characteristics [60]. It is foreseen that more and more
AC power devices will be found or proved to have memristive characteristics in the future.
Therefore, the study of safely supplying power for memristive devices and systems to make
them operate stably is positive for the memristor.

Figure 8. Memristive diode bridge circuit. (a) The diode rectifier bridge with LCR filtering; (b) the
diode rectifier bridge with LR filtering; (c) the diode rectifier bridge with CR filtering.



Energies 2023, 16, 2528 10 of 25

Table 5. Memristive diode rectifier bridge.

Reference Component Structure

[58] D1, D2, D3, D4, L, C, R Figure 8a
[59] D1, D2, D3, D4, L, R Figure 8b
[60] D1, D2, D3, D4, C, R Figure 8c

2.2.2. Operation Frequency Range of Memristors

With the development of research, more and more memristor emulators have been
proposed to study memristive characteristics and their applications. However, most of the
reported memristor emulators can only simulate the memristive characteristics at lower
frequencies, i.e., below the critical frequency; the memristor emulator shows the “8”-shaped
hysteresis loop and degenerates to a linear resistor above the critical frequency [26]. In
response to the above situation, researchers have also proposed memristor emulators for
different operating frequency ranges.

In 2010, Y. V. Pershin et al. constructed a programmable memristor emulator with
a maximum operating frequency of 50 Hz using a digital potentiometer and a micro-
controller [61]; in the same year, B. Muthuswamy et al. implemented a cubic nonlinear
flux-controlled memristor emulator with an operating frequency limited to less than 500 Hz
using operational amplifiers, multipliers, capacitors, and resistors [48]. From 2014 to 2015,
M. T. Abuelma’atti et al. implemented a low-input impedance memristor emulator with
an operating frequency below 700 Hz and a continuous memristor emulator suitable for a
maximum operating frequency of 590 Hz using a current feedback operational amplifier
(CFOA), resistors, and capacitors, respectively [62,63]. In 2011, B. C. Bao et al. constructed
a segmented quadratic memristor emulator with a maximum operating frequency of about
1 kHz using operational amplifiers, multipliers, resistors, and capacitors [49]; in 2015, W.
Liu et al. used the same construction to implement a memristor emulator with a maximum
operating frequency of 15 kHz [49]. In the same year, Sánchez-López et al. implemented a
memristor emulator with a maximum operating frequency of 160 kHz, described by a mul-
tivariate nonlinear function using second-generation current conveyors (CCII), resistors,
and capacitors [64]. In 2016, R. P. Wu et al. built a generalized voltage-controlled memristor
emulator using a CFOA, multipliers, resistors, and capacitors, etc., and its voltammetric
characteristic curve changes to a single-valued function when the excitation frequency is
1.5 kHz [51]. In 2017, A. G. Alharbi et al. [52] used the current backward transconductance
amplifier (CBTA), transistors, multipliers, and capacitors to realize an exponential current-
controlled memristor emulator with a maximum operating frequency of about 7 kHz [65];
in the same year, U. E. Ayten et al. completed a linear multiparameter memristor emulator
with a maximum operating frequency of 10 kHz using the CCII, transistors, resistors, and
capacitors [66]. Also in 2017, C. Sánchez-López and L. E. Aguila-Cuapio completed the
design of a memristive analog circuit with the highest operating frequency of 860 kHz
based on the CCII [67]. In 2020, Y. J. Dong et al. implemented a bistable nonvolatile
localized active memristor emulator using operational amplifiers, multipliers, resistors,
and capacitors; its voltammetric characteristics exhibit a typical “8”-shaped hysteresis loop
when the excitation frequency is less than 3 kHz [52].

With the continuous research, a few memristor emulators whose maximum operating
frequency is up to the MHz have also been successfully implemented [68–71]. In 2014,
A. Yesil et al. constructed a memristor emulator with a maximum operating frequency
of 1 MHz based on the differential difference current conveyor (DDCC) [68], and in 2018,
they designed a linear time-varying memristor emulator with 50 MHz operating frequency
based on the MOSFET [69]. In 2019, R. K. Ranjan et al. implemented a floating-ground
memristor emulator based on the current conveyor transconductance amplifier (CCTA)
and CCII with a maximum operating frequency of 5 MHz [70]. In 2020, N. Raj et al. used
an operational transconductance amplifier (OTA), multipliers, resistors, and capacitors to
implement a flux-controlled memristor emulator with a maximum operating frequency
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of 26.3 MHz [71]. In 2021, S. S. Prasad et al. presented a new charge-controlled memristor
emulator based on the current follower transconductance amplifier (CFTA), which per-
forms a typical “8”-shaped hysteresis loop at a frequency of up to 9 MHz [72]. Moreover,
N. O. Adesina et al. presented the CMOS transistor-based memristor emulator, which can
produce the “8”-shaped hysteresis loop in the 15 MHz to 100 MHz range [73]. Additionally,
J. Vista and A. Ranjan introduced a flux-controlled memristor emulator realized by em-
ploying grounded passive components and a single voltage difference transconductance
amplifier (VDTA), which can show the “8”-shaped hysteresis loop up to 50 MHz [74]. Then,
Sagar et al. proposed a voltage differencing inverting buffered amplifier (VDIBA)-based
resistorless flux-controlled memristor emulator with a maximum operating frequency of
12.7 MHz [75]. Furthermore, S. S. Prasad et al. recommended a single active block-based
compact memristor emulator with 12.8 MHz operating frequency [76]. In addition, H. B.
Cao et al. [27] came up with a method to extend the ideal memristor band by using a sine
function instead of linear term in the ideal memristor model, and the research results show
that the improved memristor emulator obtained based on the proposed method can exhibit
typical memristive characteristics when the excitation frequency is up to several gigahertz.

From the above abundant achievements, the possibility for the application research of
memristors under high frequency conditions has been demonstrated, and the foundation
has also been provided for the research of a high-frequency switching converter based
on the wide memristor band. However, there are few existing memristor emulators that
can exhibit memristive characteristics in the high-excitation-frequency range. So far, few
memristor emulators have been reported that can still exhibit the “8”-shaped hysteresis
loop in the GHz frequency range. It is necessary to further study the wide-band memristor
and its characteristics.

2.2.3. Practical Application of Memristors

The memristor is proposed and implemented to promote the development of circuit
design and circuit application. The memristor is a nonlinear element that has natural non-
volatile characteristics. The existence of memristors can not only make the integrated circuit
element become smaller but also has the ability to simulate the complex human brain nerve
function. At present, memristors have been gradually applied in many occasions because
of their specific memristive properties, such as high-density non-volatile memory [77–80],
chaotic circuit [81–84], logic circuit [85–88], filtering circuit [89–92], neural network [93–96],
signal processing [97–100], secure communication [101–104], etc. In addition, the imple-
mentation of the memristor gives a new development goal for the design and research of
high-performance power electronic systems [105–107].

In addition, memristive electrical equipment needs to work in an AC environment
without DC bias, and the inverter circuit is a power electronic conversion circuit that
can convert DC into AC and is also a significant power supply for memristive electrical
equipment. Therefore, the research on the stable operation of memristive power electronic
circuits is an important foundation to promote the development and application of the
memristor.

2.3. Deficiency in Research Actuality on the Memristor

Although the current research on the memristor has made some achievements, there
are still some shortcomings, mainly reflected in the following two aspects:

(1) The reported memristor emulators can only show the memristive characteristics
at a lower excitation frequency and will degrade to the traditional linear resistor at a
higher excitation frequency. This limitation seriously affects the application of memristor in
high-frequency occasions, such as high-frequency logic circuits, high-frequency oscillation
circuits, and so on.

(2) The actual physical memristor is seldom used in the actual experiment because its
structure is complex, and its cost is high. At present, the research on memristive characteris-
tics and their application mainly depends on the circuit simulation of a mathematical model
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memristor or the equivalent realization circuit of the memristor. With the deepening of
research, more and more existing AC electrical equipment and systems have been proved
to have memristive characteristics, but the mathematical theoretical models used to study
these memristive electrical equipment and systems need to be enriched and improved, and
the characteristic analysis and application research of memristive electrical equipment and
systems are not comprehensive enough.

3. Reviews of Power Electronic Systems and Their Complex Behaviors
3.1. Traditional Inverter and Multilevel Inverter

The DC–AC conversion technology is to transform the DC input voltage of fuel panels
and solar panels into AC output voltage when it is added a certain control scheme, which
has been broadly applied in industrial applications, for example, uninterruptable power
supply, electric vehicle drive, and ultrasonic motor drive [108].

In 1981, Nagaoka University of Science and Technology A. Nabae et al. put forward the
three-level inverter circuit structure [109]. Since then, the research on multilevel inverters
has developed rapidly. At present, a large number of three-level inverter topologies have
been proposed, which can be mainly classified into the diode clamp type (which is also
known as NPC three-level inverter circuit or I-type three-level inverter circuit), the flying-
span capacitor type and the cascade type [110], as shown in Figure 9a,b. In contrast to
the traditional two-level inverter circuit, the three-level inverter circuit possesses obvious
advantages such as less output voltage harmonics, less switching loss, high efficiency, and
less filter inductance required, so it has been widely used in practical engineering.

Figure 9. (a) I-type three-level inverter topology. (b) Flying-span-capacitor-type three-level inverter
topology. (c) T-type three-level inverter topology.
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Although the diode-midpoint-clamped three-level inverter topology is the most fre-
quently used, it also has some disadvantages such as a large number of devices and uneven
distribution of device losses [110]. Therefore, a variety of improved NPC three-level invert-
ers with more advantages have been developed one after another. Among them, the T-type
three-level inverter circuit proposed by P. Knaup of Conergy Company in 2007 has attracted
the most attention [111]. As shown in Figure 9c, the T-type three-level inverter is a modi-
fied topology based on the diode-midpoint-clamped three-level inverter. Compared with
diode-midpoint-clamped three-level inverter topology, this topology has fewer devices,
less loss, and higher efficiency [112,113], as given in Table 6. The T-type three-level inverter
is a promising topology, particularly appropriate for photovoltaic power generation, since
the different levels of DC voltage can be expediently formed by the modular structure of
photovoltaic arrays, and the T-type three-level inverter can still synthesize low-harmonic
distortion-free standard sinusoidal output voltage at lower switching frequencies [114,115].
Therefore, the T-type three-level inverter topology is widely used as the AC power supply
for industrial loads in practical engineering and will also be an important power supply for
memristive loads.

Table 6. Comparison of different three-level inverters.

Item I-Type Three-Level Inverter T-Type Three-Level Inverter

Quantity of components Four switches and two diodes Four switches
Switch tube withstand pressure S1–S4: 0.5 E S1 and S2: E; S3 and S4: 0.5 E

Driving power 4 3

3.2. Load Types of the Inverter System

As described in [116], the industrial loads in the practical engineering are usually
complex nonlinear. At present, the power electronic equipment has also become a common
nonlinear load of inverter circuit, and most power electronic appliances are electrical
equipment on account of the single-phase diode bridge rectifier circuit, for instance laptops,
TVs, compact fluorescent lamps, and so on [117,118]. It is an important task to offer stable
AC power supply for this diode-bridge-rectifier-type power electronic equipment. It should
be noted that the diode bridge rectifier circuit with inductive load is often used to represent
a class of nonlinear load in practice [119–121], since the diode bridge rectifier circuit with
inductive load can be used to represent not only memristive loads but also power electronic
loads. However, the system composed of the nonlinear load and its power supply belongs
to the strong nonlinear system, which will undoubtedly produce a variety of nonlinear
unstable behaviors, thus seriously affecting the stable operation of the system. Therefore, it
is an important topic to study the nonlinear behavior of the inverter system with memristor
load to realize the stable operation of the system.

3.3. Research of Complex Dynamic Behavior in Power Electronic Systems

Because of the switching element, the power electronic systems are nonlinear cir-
cuits [122], which are likely to produce abundant unstable behaviors [123]. The research on
complex behaviors breaking out in power electronic systems started in the 1980s [124,125].
The early research work mainly focused on relatively simple DC–DC conversion cir-
cuits [124–127]. With the deepening of the research, it has been extended to more complex
power factor correction (PFC) circuits [128–130] and DC–AC circuits [116,131–141]. In 2002,
Robert et al. extended the study of nonlinear complex behavior to the field of DC–AC for
the first time and analyzed the unstable behaviors in the single-phase H-bridge inverter
circuit [131]. Since then, more and more scholars have devoted themselves to the study of
complex behavior in inverter circuits and have achieved fruitful results over the years. The
analytical methods have also been developed from numerical simulation and experimental
analysis to nonlinear dynamics theory. In 2006, T. Kousaka et al. simulated and ana-
lyzed the period stability of single-phase H-bridge inverter circuits using the return graph
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method [132]. In 2008, H. Li et al. proposed an improved discrete-time mapping model
and studied the bifurcation phenomenon in voltage-controlled H-bridge inverters [133]. In
2009, X. M. Wang et al. described chaos and bifurcation phenomena in the single-phase
sinusoidal pulse width modulation (SPWM) inverter circuits via employing the first-order
discrete-time model and using folding graphs as well as bifurcating graphs [134]. In 2011,
A. El Aroudi et al. studied Neimark–Sacker bifurcation and period-doubling bifurcation
phenomena of the buck-type H-bridge inverter on a switching period scale based on a
precise discrete-time model [135]. In 2013, H. C. Liu et al. analyzed the symmetrical bi-
furcation characteristics of the single-phase H-bridge inverter under peak-valley current
control through time-domain waveform diagrams, folding diagrams, and bifurcation di-
agrams [136]. In the same year, Shankar et al. obtained the monodromy matrix of the
full-bridge buck inverter based on the Filippov method and analyzed its intermittent
chaotic phenomenon caused by period-doubling bifurcations [137]. In 2020, L. H. Yang et al.
used the average model and the improved discrete-time model, respectively, to analyze
the mechanism of slow-scale and fast-scale instability behaviors discovered in the parallel
single-phase H-bridge inverter system [116]. In the same year, Avrutin et al. came up
with a piecewise smooth-mapping modeling method and used it to study the boundary
collision bifurcation of the single-phase H-bridge inverter [138]. In 2021, using discrete-
time modeling, A. El Aroudi et al. analyzed the sub-harmonic oscillation phenomenon
caused by fast-scale bifurcation in the adaptive slope compensation boost inverter [139].
In 2022, H. Y. Ji et al. took the single-phase H-bridge inverter controlled by dual-loop
proportional integral with inductive impedance load as the research object and used the
state-space average model and the Filippov method to explain the mechanism of slow-scale
and fast-scale instability behaviors found in the circuit [140]. Obviously, the results that
have been achieved mainly focus on the complex dynamical behaviors of the traditional
two-level inverter circuit with linear load, and few consider the multilevel inverters with
nonlinear loads and their complex behaviors, nor do they mention the available theoretical
methods.

3.4. Classification and Control of Complex Dynamic Behavior

The complex unstable behavior in power electronic systems can be divided into chaos
and bifurcation; it should also be noted that bifurcation is one of the ways leading to chaos.
Based on different time scales, these instability behaviors can be classified into fast-scale
instability and slow-scale instability [141].

As shown in Table 7, among them, the low-frequency dynamical behavior occurring
far higher than the switching period is called slow-scale instability. Generally, when there
is an outburst in the slow-scale instability, the operation period of the circuit is tens or even
thousands of times the switching period [142]. Meanwhile, fast-scale instability refers to
the high-frequency dynamical behavior during the switching period. When the fast-scale
instability breaks out, the operation period of the circuit changes from one switching period
to two switching periods, that is, from period-1 to period-2 [143]. In addition, according to
the dynamical mechanism, there are different types of bifurcations, for instance, saddle-
junction bifurcation, period-doubling bifurcation, and Hopf bifurcation [144]. It should be
noted that, as mentioned in reference [116], the occurrence of bifurcations will increase the
harmonic content of the systems, pollute the power supply, and deteriorate the working
environment of the loads. That is, the occurrence of bifurcation behaviors in the power
electronic systems should be avoided in the actual operation. Therefore, the research on
bifurcation control in power electronic circuits can lay a theoretical foundation for ensuring
the stable operation of circuits in practical engineering.



Energies 2023, 16, 2528 15 of 25

Table 7. Classification of complex dynamic behaviors.

Item Slow-Scale Instability Fast-Scale Instability

Period scales Far higher than the switching-period scale On the switching-period scale
Oscillation frequency Low-frequency behavior High-frequency behavior

Curves Figure 10a Figure 10b
Operation periods Tens or even thousands of times the switching period From period-1 to period-2

Characteristics Global oscillation Local oscillation

Figure 10. Characteristic curve of the instabilities. (a) Slow-scale instability and (b) fast-scale
instability.

The bifurcation control of a given nonlinear circuit and system usually refers to chang-
ing its bifurcation characteristics by designing certain control signals, mainly in order
to make the given nonlinear circuit and system show some expected dynamical behav-
iors [145]. Generally, there are some typical objectives on bifurcation control, such as
postponing the beginning of the natural bifurcation, introducing a new stable bifurcation
solution at a better parameter value, changing the parameter values of the existing bifurca-
tion points, modifying the bifurcation types, and so on [145–151]. It should be noted that
there are some basic differences between the bifurcation control and the classical system
control. Since the bifurcation behaviors discovered in one system are related to the char-
acteristic values of its model, the key to realize the bifurcation control of the system is to
control these eigenvalues by the appropriate approach [145]. So far, the research on bifurca-
tion control of power electronic systems has involved both DC–DC converters and DC–AC
converters. For example, Y. L. Guo et al. achieved effective control of bifurcation behaviors
in the buck–boost converter by only introducing inductance current as the control variable
so as to change the Jacobian matrix and its eigenvalues [152]. J. K. Wu et al. put forward a
kind of general bifurcation control method according to the idea of transfer function and
analyzed the influence of the general bifurcation control on the trajectory of the eigenvalues
of voltage-type H-bridge inverter circuits, realizing the control of the period-doubling
bifurcation and low-frequency oscillation phenomenon in the systems [153]. T. S. Xue et al.
take the SPWM H-bridge single-phase inverter in peak current control mode as the object
and prove the control effect of the slope compensation method on the bifurcation behavior
by analyzing the control influence on the eigenvalues of the Jacobian matrix [154]. Hence
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the bifurcation control needs to achieve effective control of bifurcation behavior in nonlinear
systems with the minimal control cost and the simplest way. At the same time, bifurcation
control technology has also been widely used to solve physical and practical engineering
problems [155–157].

3.5. Modeling Methods for Analyzing Complex Dynamic Behaviors

At present, the important ways to research the instabilities of power electronic systems
include time-domain simulation and dynamical theory analysis. It should be noted that
the time-domain simulation can be used to describe the characteristic curve of the power
electronic system intuitively and can be employed to verify the correctness of the theoretical
results. However, the time-domain simulation method has some shortcomings. It cannot
explain the dynamical mechanism of unstable behaviors occurring in the power electronic
system and cannot offer comprehensive information for the parameter design of the system
only via the time-domain simulation. Through appropriate dynamical theories, one can
study the dynamical mechanism of the unstable behaviors breaking out in the system,
which is an effective way to deeply understand the unstable behavior of the system.
When analyzing the dynamical behaviors of the power electronic system, the modeling
of nonlinear switches and the processing of discrete characteristics in the system are the
main problems that need to be solved. In this regard, different modeling methods have
been proposed to solve the above problems, among which, the harmonic-state-space
modeling method [158–160], discrete-time modeling method [116], and average modeling
method [138] have been widely used in the dynamical behavior analysis of power electronic
systems.

As shown in Table 8, among them, the average state modeling method can describe
the dynamical characteristics of the power electronic systems well. Note that, because of
averaging, neither capacitance voltage nor inductive current fluctuations on account of
switching state transitions can be detected in the averaging model in one switching cycle.
Therefore, the low-frequency dynamical behaviors of the power electronic systems are
often analyzed by the average model, while the high-frequency dynamical information of
the system can be described by the discrete-time modeling and the harmonic-state-space
modeling. When the power electronic systems require considering harmonic coupling, the
harmonic-state-space model can be used to analyze their dynamical characteristics. Note
that the accuracy of the model is determined by the harmonic order of the harmonic-state-
space model. The harmonic-state-space model becomes more accurate as the harmonic
order increases; however, a higher-precision model is going to make the calculation process
complicated [146]. In addition, when the harmonic-state-space modeling is used to analyze
the power electronic system, it is usually completed by frequency-domain convolution
calculation, which will make two different frequency components generate new coupled
components so that the calculation becomes more complicated. Therefore, it obviously car-
ries more redundant information when the harmonic-state-space model is used to explore
the mechanism of the unstable behavior of the power electronic systems [160]. Nevertheless,
the discrete-time modeling can describe the high-frequency dynamical information of the
system accurately and intuitively, so it has become an important method for the modeling of
the power electronic systems [133,134]. The universal discrete-time stroboscopic mapping
modeling is given in [123], but this modeling method is only applicable to the simplified
system whose state equation has a reversible coefficient matrix. For example, in [134], the
dynamical mechanism of the fast-scale instability in the H-bridge inverter system with
linear resistance load under proportional control is explored via the universal discrete-time
stroboscopic mapping model. Aiming at this deficiency, an improved discrete-time model-
ing method is presented in [133], and the dynamical mechanism of the fast-scale instability
in the parallel H-bridge inverter with linear resistance load under PI control is explored via
this improved discrete-time model. Note that this analysis method is only applicable to the
system whose state equation has a time-invariant coefficient matrix. However, in practical
engineering, the coefficient matrix in the equation state of some systems is irreversible and
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periodic time-varying, such as the multilevel inverter system with memristive load, will
make the analysis method described above unable to be applied. Therefore, for the power
electronic systems with irreversible and periodic time-varying coefficient matrix of the state
equations, it is necessary to propose a more suitable analysis method for analyzing their
mechanism of the instability.

Table 8. Comparisons on the modeling methods of complex dynamic behaviors.

Method Advantages Deficiencies

Average-state modeling Can be used to analyze the low-frequency
dynamic behaviors

Ignores the high-frequency dynamic
characteristics of the system

Discrete-time modeling
Can be used to analyze the low-frequency

dynamic behaviors and high-frequency dynamic
characteristics

Complicated calculation

Harmonic-state-space-modeling
Can be used to analyze the harmonic dynamics

of power electronic systems considering
harmonic coupling

With the expansion of the model the
calculation process will become

redundancy

3.6. The Deficiency of Complex Behavior Research in Power Electronic Systems

Obviously, according to the above analysis, previous research on unstable behavior
in power electronic systems mainly focused on the traditional two-level inverter systems
with linear load. In fact, industrial loads are usually complex nonlinear loads. At the same
time, with the increasing requirements of the power capacity and efficiency of AC power
supply, in comparison to the traditional two-level inverter, the three-level inverter, because
of its advantages of less output voltage harmonics, high efficiency, and easy control, has
been widely used in practical engineering and is usually used as the power supply for
actual nonlinear loads. It is certain that, since the concurrent impact of switching and
nonlinear load, the multilevel inverter with memristive load, which is a strong nonlinear
system, is easy to produce rich and complex nonlinear behaviors under certain system
parameters. Note that these complex nonlinear behaviors lead to a large amount of noise so
as to affect the stable operation of the system, which should be avoided in actual operation.
However, there is little research on the complex dynamical behaviors and their control
in the multilevel inverter with memristive load at present, and the relevant theories for
the analyses of the dynamical mechanism of the unstable behavior breaking out in power
electronic systems with periodic time-varying characteristics are not specific.

3.7. Complex Behaviors in the Power Converters with Memristive Loads

The previous studies have shown that memristive loads have a certain influence on
the dynamical characteristics of the power electronic circuits [105–107]. In [105], the peak
current mode (PCM) buck–boost converter with a voltage-controlled memristive load was
built; its complex dynamic behaviors were analyzed by MATLAB simulation, and the
dynamical impact of the voltage-controlled memristive load on the buck–boost converter
was revealed. Among them, the influence of the memristive load on the characteristics of
the power electronic circuit is explored, which suggested that the PCM memristive buck–
boost converter displays complicated dynamical behaviors, such as boundary collision
bifurcation, periodic bifurcation, period-doubling bifurcation, and chaos. In [106], the
complicated dynamical behaviors discovered in a PCM-controlled boost converter with
memristive load is explored, where its bifurcation and chaotic behaviors are investigated
by means of MATLAB simulation and PSIM software; additionally, they are suppressed by
using time-delay feedback control. In [107], the periodic bifurcation and chaotic behaviors
of the switched-inductor buck–boost (SIBB) converter with memristive load are found.
The bifurcation diagram and phase diagram are drawn using MATLAB simulation, then a
chaotic suppression method is presented to make the SIBB memristive converter operate
stably.
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With the deepening of the research, the research object also developed from DC–DC
converters to DC–AC converters and other complex power electronic circuits, and the
analysis means also developed from simple numerical simulation to nonlinear dynamics
theory. The inverter circuit is a power electronic conversion circuit that can convert DC
into AC; it is also the power supply for memristive electrical equipment. In [133], the
voltage-controlled traditional full-bridge inverter whose load is the memristor is built,
and the analysis result shows that Hopf bifurcation leads to the occurrence of medium-
frequency oscillation in the system. Recently, the slow-scale and fast-scale instabilities
in the three-level inverter with memristive load are analyzed, respectively, in [142,143].
In [142], the average model of the three-level single-phase inverter with memristive load
is constructed, and then its essential mechanism of slow-scale instability is revealed by
combining Floquet theory and the harmonic balance method. In [143], the discrete-time
mapping model of the three-level single-phase inverter with memristive load is built, and
its dynamical mechanism of the fast-scale instability is explored based on Floquet theory
and the Filippov method.

The above research shows that the power electronic system with memristive load is the
strong nonlinear system, so that the memristive power electronic systems is likely to result
in abundant unstable behaviors, which will lead to the instability of memristive power
electronic systems. Consequently, it is significant to further explore the unstable behavior
of power electronic system with memristive load, and it is an important foundation to
promote the development and application of the memristor.

4. The Importance and Necessity of Complex Behaviors in Power Electronic Systems

The operating frequency range of memristor seriously affects its practical applica-
tion [29]. However, a mass of existing memristor emulators can only simulate the mem-
ristive behavior at a low operating frequency. That is, under the critical frequency, the
memristor emulators show the typical memristive characteristics, while beyond the critical
frequency, the memristor emulators will regress into a single-valued function. No doubt
that this limitation seriously affects the practical application and characteristic research of
the existing memristor emulators. Therefore, it is of great significance to propose effective
methods to make the memristor meet the increasing requirements in practical applications.
Because the physical model memristor has the disadvantages of complex structure, high
production cost, and a difficult mathematical model, the current experimental research
on the characteristics of the memristor is mainly based on relatively simple mathematical
model memristors. Note that more and more existing AC electrical devices have been
proved to have the memristive characteristic. However, these AC electrical devices cannot
be described by the basic ideal memristor model and need to be analyzed based on the
generalized memristor model. Hence, it is necessary to continue to enrich and improve
the generalized memristor model so as to carry out in-depth research on the characteristics
and the practical application of the memristor.

The inverter is an important power supply for memristive loads because it can supply
AC power for the memristive equipment. However, the power electronic system with
memristive load is generally a strong nonlinear system. The results show that the strong
nonlinear systems have rich and complex dynamic behaviors during their operation. These
instability phenomena will increase the current stress of switching components, increase the
harmonic content of the system, lead to the deterioration of the operating environment for
the memristive loads, and affect the normal operation of other components and equipment
of the systems. Therefore, it is significative to study the complex behavior and its control of
the power electronic systems with memristive load for improving their overall performance.
Moreover, the research results can offer a basis for the parameter design and optimization
of the power electronic system with memristive load. In addition, the study of the essential
mechanism of the instability phenomenon in strongly nonlinear power electronic systems
can not only provide reference for improving the system design but also provide beneficial
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supplement for the dynamical theories. Meanwhile, it is of great significance to promote
the wide application of multilevel inverter in memristive electrical equipment.

As can be seen from the above, the future work can be started from the following
aspects:

(1) The multi-level inverter systems with memristive loads are strongly nonlinear,
which are likely to complicate dynamical behaviors. The possible unstable phenomena
occurring in the systems and their dynamic mechanism can be explored, and the effective
control methods of instability phenomena can be studied.

(2) In practical engineering, digital control has been widely used in the control of the
power electronic system because of its simple control and strong anti-interference ability.
However, digital control also has the shortcomings of delay and discontinuity; hence, the
influence of the digital control delay on the bifurcation behavior in the power electronic
systems with memristive loads can be studied.

(3) The AC power supply usually adopts the form of a parallel inverter system to
meet the increasing demand for its power capacity and reliability in practical engineering.
However, the small difference of the output voltage between the inverters of the parallel
system may lead to the unstable behaviors of the system; valid control methods should also
be chosen to ensure reasonable cooperation between the modules. Factually, the parallel
inverter system has strong coupling and nonlinear characteristics, and the whole system is
more complex. Therefore, the stabilities of the parallel inverter systems with memristive
loads can be studied.

(4) The three-phase multilevel inverter system in cascaded or parallel mode has a
more complex topology structure, which makes it difficult to obtain the average model
and discrete-time model. Therefore, one can take the three-phase multilevel cascaded or
parallel memristive inverter system as the object to study the theoretical analysis method
of its complex dynamics.

5. Conclusions

With the deepening of the research, more and more electrical devices and systems
have been proved to exhibit the typical memristive characteristic under AC excitation;
studying the power electronic systems with memristive loads and making them operation
stably will also play a positive role in promoting the development of the memristor and
the power electronic system. However, the available research results show that the power
electronic systems composed of memristive devices and power supplies are of strong
nonlinearity. Therefore, exploring complicated unstable behaviors in power electronic
systems with strong nonlinearity is essential. Accordingly, in this paper, the research status
on complex behaviors of power electronic systems with memristive loads is summarized,
the development status of the memristor is analyzed comprehensively, the significance of
the memristor for the power electronic systems is expounded, and the research progress of
dynamical behaviors in the power electronic systems with memristive loads is described,
so as to provide guidance for studying the complex behavior of strongly nonlinear systems.
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