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Abstract: This article deals with the degrees of freedom and possible optimums, specifically with
the energy optimums of the heat pump heating system. The authors developed an multi objec-
tive optimization procedure that allows for the determination of the optimal motor power for the
circulation and well pumps in order to achieve the maximum COP. Upon selecting the type and
size of the water-to-water heat pump, based on the heating demand of the buildings, the proper
power of the circulation and well pumps must be determined. There are several procedures used for
determining the pump’s power. However, none of those methods ensures the optimum power, i.e.,
the maximum coefficient of performance, COP of the heating system. In this study, a multi objective
analytical-numerical dimensioning procedure was developed for the determination of the optimal
mass flow rate of warm and well water. Based on the flow rate values, the optimum power of the
circulation and well pumps can be calculated. Due to the wide scope of the topic, the application of
the optimization procedure is presented in a case study, but only for determining the optimum power
of the circulation pump. The validity of the procedure was confirmed by measurements. The results
obtained with the optimization showed that through the energy optimization of the circulation pump
power, the COP of the system increased by 5.34%.

Keywords: energy optimization; local optimums; multi objective optimum; heating system; heat pump

1. Introduction

Energy efficiency is an increasingly crucial parameter in operating systems, which
is true for the heat pump heating system too. Therefore, in this article a multi objective
analytical-numerical procedure is presented and proposed for determining the maximum
energy efficiency and the maximum COP of the heat pump heating system.

The type and size of the water-to-water heat pump (HP) must be selected so as to
meet the heating demands of the building. Following the heat pump selection, the suitable
power of the circulation and well pumps must be determined. There are several procedures
often used for determining the power of pumps, yet none of them provide the optimum for
power. The presented sizing procedure is suitable for determining the optimum power of
pumps, so the maximum COP of the system.

This paper has multiple aims: it presents and analyses the type of energy optimums
and degrees of freedom [1] of the heat pump heating system, yet it also details the multi
objective analytical-numerical energy optimization procedure, and the obtained results.

By analyzing the system, it is determined that the water-to-water heat pump heating
system (HPHS) has nine degrees of freedom. The degree of freedom can be based on the
energy (power of the well pump, circulation pump, and compressor), the construction
(surface area of the evaporator and condenser, the pipeline of the cold and warm water
loop), and the physical parameters (input temperature of the cold and warm water). Other
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researchers have reached similar results too. Jensen et al. [1] described that in the refrigera-
tion system from a control and operational point of view, there are five steady-state degrees
of freedom; the compressor power, the heat transfer in the condenser, the heat transfer in
the evaporator, the choke valve opening, and the active charge in the cycle.

Of the mentioned nine degrees of freedom, only three are related strictly to energy,
referring to the power of the well pump, circulation pump, and compressor. These three
degrees of freedom include seven possibilities, three local, three global optimums, and one
total energy optimum of the heat pump heating system.

Taking into account the above-mentioned limiting facts of the seven possible opti-
mumes, in practice only the two local and the global, i.e., multi objective energy optimums
are relevant. The local energy optimums: with respect to the power of the well pump
or circulation pump and one global multi objective energy optimum: with respect to the
power of both pumps. Accordingly, two local energy optimum condition equations and the
global multi objective energy optimum condition equation systems are defined in this work.

The topic of energy optimums of heat pump heating systems has not been extensively
discussed in the leading journals, so the above-mentioned condition equations are as yet
unpublished. In fact, the leading journals have published a great number of articles on
the optimum of the heat pump systems, but with different objectives. Olympios et al. [2]
wrote about the operational optimization performance of an air-source heat pump aimed at
providing space heating and domestic hot water to a single-family dwelling. The novelty
was the development of comprehensive thermal network models. Three objective functions
were used and the non-linear optimization problems were solved by employing a genetic
algorithm. Ma et al. [3] carried out a multi objective optimization of the system. The
aim was to find the optimum storage temperature, taking into account economic and
energy criteria. Finally, an exergy analysis was performed under optimum conditions.
Atasoy et al. [4] studied the energy consumption, noise level, and operating time of the heat
pump used for water heating. A multi objective particle swarm optimization algorithm
was applied. Results: A 17% decrease in energy consumption, 3.9 dBA increase in noise
level, and 82 min longer operating time. Zhou et al. [5] implemented the performance
assessment and techno-economic optimization of a residential ground source heat pump
(GSHP). The Taguchi method was proposed to investigate the impacts of five parameters
on the thermal and economic performance of a GSHP, and obtained the optimal parameters
set. Kriitzfeldt et al. [6] proposed a mixed integer linear program as a mathematical
optimization framework to determine the economical optimal heat pump system design
for a single-family house. By optimizing the system, the investment costs were reduced
by about 45%, in comparison to normative standards. Hosseinnia et al. [7] optimized the
solar assisted ground source heat pump from the aspect of the energy and the design
costs. As an objective function, the total annual cost was defined for a 20-year lifetime
design. Delac et al. [8] dealt with the cost optimality between heating, ventilation, and air
conditioning (HVAC) systems operating with air-to-water heat pumps (AWHP) and water-
to-water heat pumps (WWHP). The analysis is performed for a certain number of heat pump
units with fixed and variable capacities made by four manufacturers, and available on the
European market. Nordgard-Hansen et al. [9] studied the energy system of the residential
house. The energy system consists of photovoltaic systems with batteries and ground
source heat pump systems for energy storage. In the case study, using mixed integer linear
programming, they carried out the optimization of the design and operation of the energy
system. Halilovic et al. [10] presented a procedure to determine the optimal well layouts
of groundwater heat pumps using the adjoint approach. The numerical groundwater
simulation was based on the finite element method. The aim was to determine the optimal
position of the extraction and injection wells of such systems to avoid negative interactions.
Santa et al. [11] presented a steady state lumped mathematical model and optimization
of a water-to-water heat pump system. The model was validated with 118 tests using
R134a refrigerant. The optimization procedure was carried out numerically and the optimal
operating point was determined using optimization matrices. Granryd [12] also dealt with
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energy optimization and applied analytical methods in the optimization procedure. In the
article, only one kind of energy optimum of an air-to-air cooling system was physically
and analytically analyzed and determined, yet the other potential energy optimums of
the system were not discussed comprehensively. In that case study, the velocity of airflow
through the fans of the air-to-air cooler was analytically optimized. The objective function
was the coefficient of performance of the ideal Carnot cycle. However, in the COP, the
following facts were not taken into account: the efficiency factor of the fans, the vapor
superheater section of the evaporator, and the vapor cooler section of the condenser. The
advantage of the procedure was that the obtained optimization expression was algebraic
and explicit. Using this expression, it becomes relatively easy to calculate the approximate
optimal velocity and flow rate of the air. The analytical optimization method of the “first
partial derivative of the objective function with respect to the velocity equal to zero” was
applied. The article published by Edwards [13] was related to the above article because
the authors applied the expression deducted by Granryd [12]. The authors studied the
optimal control of a water-to-air heat pump heating and cooling system. The aim was
to determine a control algorithm based on the time-varying optimum mass flow rate of
water. The algorithm determined the frequency of the electric motor of the circulation
pump, so that its power and revolution were a function of the time-varying optimum mass
flow rate of water. The objective function was the time-varying seasonal COP of the heat
pump heating-cooling system. The COP was dependent on the water mass flow rate, so
the COP was partially derived with respect to the water mass flow rate. The obtained
derivative was a polynomial and was equal to zero. It was the equation of the analytical
optimum condition. In fact, the polynomial was the control algorithm. Nyers, in his Ph.D.
thesis [14], examined the energy optimum of the warm water loop of the heat pump heating
system in great detail. Instead of an analytical study, Nyers used a numerical procedure for
determining the optimum of the warm water mass flow rate, and thus the optimum of the
circulation pump power. In that numerical procedure, the COP varied widely, depending
on the real power of the circulation pump and the compressor. The numerical results were
presented in a three-dimensional diagram (3D). In the 3D graph, the maximum value of the
COP appeared as a function of the real power of the compressor and the optimum power of
the circulation pump. In the thesis, the real COP was used as an objective function, but the
efficiency of the circulation pump was neglected. Furthermore, Nyers applied the modified
model of the condenser [14], but in the condensation section, the heat flow expression
was not yet complete; therefore, in this form, the model was not suitable for analytical
energy optimization. Consequently, in the present study, the heat flow expression was
completed and applied in a case study. Nyers et al. [15,16] published the idea, method,
and basic equations of the analytical energy optimization of the heat pump heating system,
but without the completed modified model, optimizer model, case study, validity, and
measurements. Eordoghne Miklos in [17], investigated the energy efficiency of pumps
applied to the heating system. The efficiency of three pumps was tested with measurements.
The results were presented graphically.

For the analytical energy optimization, the basic mathematical model is steady-state
and lumped, since the water-to-water heat pump system operates at least 98% in the steady-
state operation mode and is lumped because of the analytical optimization procedure it
requires. The basic model of the system involves the equation of the COP, condenser,
compressor, circulation pump, refrigerant, and the symbol of the evaporator and well
pump power. The two forms of the COP system were the objective functions [15,16]. In
both cases, the COP was improved with the efficiency of the pumps and compressor, and
the mass flow rates of the cold and warm water were introduced into the expression of the
heat flows and powers.

The analytical optimization procedure starts with the partial derivation of the equa-
tions of the COP with respect to the effective power of the pumps, and after that with
respect to the mass flow rate of cold and warm water.
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The obtained derivatives of the COP are the condition equations of the energy op-
timums of the system in a partial differential equation form. In the optimum condition
equations, the heat flows into exchangers and the power of the pumps is an expression as a
function of the cold or warm water mass flow rate. Using the proposed procedure, two
local and one global multi objective energy optimum conditions were defined [16].

In the case study, the goal was to determine the local energy optimum of the circulation
pump, the well pump power, and the compressor power is a variable constant.

To determine the energy optimum of the heating system, an optimizer model was set
up that includes the equation of the COP, the condition equation, the partial derivatives
of the circulation pump power, and the heat flows in the condenser. The equations in the
optimizer model are coupled, nonlinear, large, and algebraic. Such a complex equation
system can be solved using a numeric method, e.g., the Newton linearization and Gauss
elimination. The program involves the algorithm of the method that is part of MATLAB [18].

The measurements conducted in the case study confirmed the validity of the energy
optimization procedure and the obtained results. The validity results show that the maxi-
mum COP and the circulation pump optimum power obtained by the analytical-numerical
optimization differ by 0.6% and 1.5% from the measured values, respectively.

Based on the numerical results, it can be concluded that by optimizing the power of
the circulating pump, the COP value of the system increases by 5.34%.

The achieved results and a few novelties of this study are: The energy optimum
condition equations of the local and global multi objective optimum were defined. The fin-
ished version of the condenser-lumped modified mathematical model was presented. The
optimizer mathematical model was set up and applied. The control function was created.

The research on the analytical-numerical energy optimization of the heating system
can be continued. In the present study, from the practical and mathematical points of view,
the theoretical basics of the analytical energy optimization are defined. Hence, in the next
case studies would be to determine the cold-water loop local energy optimum and a great
challenge define the global-multi objective energy optimum as a common optimum of the
cold and warm water loop.

2. Physical System

Configuration of the physical system depends on the type of heat pump Figure 1. There
are various heat pump heating systems used in practice [2-10]. However, the most energy-
efficient water-to-water heat pump heating system is probably also the most commonly
used one [11,14-16]. The statement is especially valid for the Pannonian Plain (Hungary,
Serbia, Croatia), since in-ground drilling for a U-tube heat exchanger is relatively easy.
Recently, air-to-air or air-o-water heat pumps have become more and more popular [2-10].
While their energy efficiency is lower, the price of the complete system is lower as well.

From the energetic and structural point of view, the water-to-water heat pump heating
system consists of three heat carrier circuits, two water loops, and one refrigerant cycle.
During operation, the working medium in all three loops flows and transports the heat from
a lower temperature to a higher one. The energy for the flow is provided by electric motors.
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Figure 1. Heat pump heating system with heat flows, powers, and variables. 1. Cold water loop with
the well pump. 2. Cooling cycle with the compressor. 3. Warm water loop with a circulation pump.

3. Mathematical Methods
3.1. Description of the Method

The goal of energy optimization is to achieve the maximum COP. An analytical-
numerical method was used for optimization. The objective functions are COP; and COP,.
The conditions for maximum COP are the first derivatives of the COP have to be equal to
zero. The derivation was carried out indirectly, first according to power and then according
to the mass flow rates [15,16]. Namely, the term functions in the COP do not directly
depend on the power, but on the mass flows. The functions are the heat flows (g1, 92) in
the condenser and the evaporator, the power of the pumps (P, Pyp) and the efficiency of
the pumps (77cp, 77wp)- In the optimizer model, these functions were partially derived. The
obtained derivatives were used in the equation of the maximum COP condition.

In the optimizer model, the equations are algebraic, non-linear, coupled, and large.
The equation system can be solved numerically.

3.2. Objective Functions of the Heating System—COP

COP; applies to the condenser loop and it is suitable for determining the optimal
power of the circulation pump, since some terms of COP, are a function of the mass flow of

hot water. _ .
COP, = 1e(1mr) + e (1) , 1)
Pcom,r + Pwp,r + Pcp,e (mCP) 'WCP_l (mcp)
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COP, applies to the evaporator loop and is suitable for determining the optimum
power of the well pump, since some terms in the COP, are the function of the cold-water
mass flow rate.

e (mwp> + Pcom,r"?com + Pcp,e
COP, = 2

Peom,r + Puwpe (mwp) ‘Uwp_l (mwp> + Pcp,e’Tlcp_1

3.3. Local Energy Optimum as a Function of the Circulation Pump Power

In the equation of COP,, the terms of the heat flow in the condenser, the circulation
pump power, and its efficiency are given as a function of the warm water mass flow rate.

Mathematically, the condition of the local energy optimum is the partial derivative of
the COP, with respect to the effective power of the circulation pump and the warm water
mass flow rate. Based on the analytical extremum condition, the derivative should be equal
to zero.

9COP. @ 9c (11ep) + Pepe (1ep) dnitcy

' . . : e 0 3)
amcp amcp Pcom,r + Pwp,r =+ PCp,C (mcp) '77CP_1 (mcp) cpe

The equation of the local energy optimum condition after the derivation is given below:
If: Peom r = var. const., Pyp,r = var. const.,

P, Pepe Ofcy Om
== T 1> ’ <Pcom,r +Pwp,r + ’;P,E) - (qc +PCP,6)' <77c}71 - 2. Ter ’ -+ ) =0 4

2 .
cp Mep™ Omey, OPcp,e

3.4. Local Energy Optimum as a Function of the Well Pump Power

In this case, the expression of COP, contains the functions of the heat flow in the
evaporator, the compressor real power and its efficiency are given as a function of the
cold-water mass flow rate.

The condition of the local energy optimum, if the partial derivative of the COP, with
respect to the cold-water mass flow rate and the power of the well pump equals zero, is
seen here.

0COP, arﬁwp 0 e (ﬁ”lwp) 4 Peom,r Heom + Pcp,e 9%;7 _0 )
amwp aPZUP,C aﬁ’lwp Pcom,r + Pwp,e <mwp) .Uwp—l (mwp) + PCp,E'Tlcp_l anp,e
3.5. The Local Energy Optimum Condition after the Derivation Is as Follows
If: Peom,r = var. const., Pyyp,, = var. const.,
P, P, Pupe Offwp Om
Promy + wp,e + cp,e) _ (qe + Peomyr + Pcp,e)' Wwpfl _ wPfZE_ 177017 5 “Pr—o (6)
Twp Nep Mwp™ Oy Pup,e

3.6. The Global Multi Objective Energy Optimum

The equation system of the global multi objective energy optimum condition of the
heat pump heating system involves the two local energy optimum condition Equations (4)
and (6). The condition Equation (4) is as a function of the effective power of the circulation
and (6) depends on the well pump effective power.

From a practical point of view, the global multi objective energy optimum is crucial
because it incorporates both local energy optimums, the optimal mass flow rates of warm
and cold water; therefore, the optimum power of the circulation and the well pumps can
be determined as well [16].
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4. Case Study

Energy optimization is a wide-ranging topic; therefore, in the case study, only the
analytical-numerical energy optimization procedure is presented for determining the opti-
mum power of the circulation pump in the warm water loop is to reveal the influence of
the circulation pump power on the COP.

4.1. Physical Model of the Warm Water Loop

The active energy components of the warm water loop are the condenser, the compres-
sor, the circulation pump, and the piping with the heating elements. In this case, the well
pump is a passive participant, a variable constant.

In the plate heat exchanger, the high-temperature vapor flowing from the compressor
transfers its heat to the warm water, thereby it is condensing. The warm water flows using
the energy obtained from the circulation pump and transports the heat to the heating
elements Figure 2.

N
Laath T T A kp (mcp)
VAV S
&%
PCp (ﬁ1cp)
water side
tw,0 tw,i
O
Fe2 Fet.
O
tfo tfi, mf
‘refrigerant side

Pcom (mf, Alictlat)

Figure 2. Warm water loop with heat flows, powers, and variables.
1. Vaper cooling section, 2. vaper condensing section.

4.2. Basic Mathematical Model of the Condenser

Based on its operation, the condenser consists of the vapor cooling and condensation
section, thus the basic model of the condenser is divided into two parts and involves
three + three heat flows governing and several auxiliary equations [16].

4.2.1. Governing Equations of the Condenser

In the vapor cooling section, the three heat flow equations are:
Heat capacity decrement of the refrigerant is (Appendix A):

Je1 = rhf~Aif1 ~ mf-c,,f~ (tﬁ — tfm), Cpr = average 7
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Heat transfer over the wall is:
g1 = k1-Fa-Otym (8)
Heat capacity increment of the water is:
1 = mcp'Aiw = Thcp'cpw‘(tzum — twi) pr = const. )

In the condensation section, the three heat flow equations are:
Latent heat of the refrigerant is:

Qoo = Mg-Big g = e (aco +actly, a2, + ) tin = tro = const.  (10)
Heat transfers over the wall is:
Ge2 = ko-Fop- Aty (11)
Heat capacity increment of the water is:
Ge2 = MepBin = Mep Cpuo* (two — tom) (12)
The total heat transfer surface of the condenser is:
Fe=Fa+Fo (13)
The total heat flow in the condenser is:

dec = qc1 +4qc2 (14)

4.2.2. Auxiliary Equations

The logarithmic temperature difference in the vapor cooling and condensation section
was approximated to the arithmetic. This linearization requires the analytical optimization
procedure. The formed deviation between the logarithmic and arithmetic temperature
difference is only 0.2% [16].

The logarithmic and arithmetic temperature difference of the vapor cooling section:

Aty = ((tfi — twi) — (tfm — tvm))' (lnttﬁ_twi> - N ((tfi - twi) + (tfm - twm>) (15)

fm — twm 2

The logarithmic and arithmetic temperature difference of the vapor condensing section:

te, —t ! Erm — twm ) + (o — two
Aty = ((tfm *twm) - (tfotwo))'<lan> = <<f )2 <f >) (16)
The overall heat transfer coefficient is approximated, since the wall thickness of the
heat exchanger is (0.3-0.5) mm, therefore the /A = 0 term in the equation is equal to
or close to zero. The heat transfer coefficient of the water is the same in the cooling and
condensation section.
The overall heat transfer coefficient [19,20] is:

-1
1 ) 1 Qg lf10

ko=(—+Y++—| =¥—"— 17

12 (‘Xw ) aw+06fl,2 17)

1. Vapor cooling section,
2. Condensation section.
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4.3. Modified Mathematical Model of the Condenser

The basic model of the condenser is not applicable to the analytical optimization
procedure, since contains six unknown variables. The modification eliminated the un-
known temperatures and surfaces (tqy, tym, tio, two, Fe1, Fe2), while the known input data
(Fe, twisties Puwp,rs Peom,r,) and the two unknown heat flows (g1, g2) remain. As a result,
the condenser’s modified model contains only two coupled algebraic equations with two
unknown variables (41, 42)

The unknown surfaces (F.1, Fr) are expressed from the equation of the overall heat
flow (8), (11), and substituted into the total surface Equation (13).

Upon eliminating the unknown surfaces (Fj, F.»), the first equation of the modified
model is [16]:

- qc1 qc2
e (kl'Atlnl - kZ'Atan)

The unknown temperatures (f For tom, two) are in the logarithmic — arithmetic temper-
ature difference, their elimination is possible by substitution. The unknown temperatures
were expressed from the heat flow equations of the vapor cooling (7), (9), and conden-
sation (12) section, then the logarithmic — arithmetic temperature difference functions
were substituted.

In the condensation section, the condensation heat flow using the latent heat was deter-
mined. In the analytical optimization procedure, the polynomial form is the most suitable.

(18)

G2 = mf'Aif,lat = mf (llco + acl'tgfo + ﬂcz-tffo +-- ) tfo = const. (19)

The key task is to determine the unknown condensation temperature, ¢ ,. It is feasible
by applying the heat flow equation of the vapor cooling section (20) and the equation of
the compressor effective power (22), respectively.

The heat flow equation of the vapor cooling section is:

o1 = mp-Cpyper (tfi - ffo) (20)
The vapor temperature f5; at the condenser inlet is:

,L + tfo = tfi (21)
mfCpfc

The compressor effective power is:

Pcom,e = mf'cpf,com' (tfi - tfe) (22)
The vapor temperature f5; at the compressor outlet is:

b com,e

= ——— + g (23)
mfCpf.com

The vapor temperature f; at the compressor outlet and the condenser inlet is the same.
Merging Equations (21) and (23), the condensation temperature can be expressed as:

tfo o~ Pcam,e . qc1 +tfe (24)

mg-Cppeom  MyCppe
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The second equation of the condenser’s modified model following the substitution of
the condensation temperature (24) is:

Aco + ac1- = Peome i el + tfe
~ mfCpfcom  MfCpfe
g2 = T’Hf p 2 (25)
+aC2' ( i com,e — qc1 _|_ tfe)
mCpfeom My Cpfe

4.4. Mathematical Model of the Circulation Pump
The basic steady state-lumped model of the effective power of the circulation pump is:

Pcp,e = T.”w'Pwil‘ 2111 Ap; (mcp) (26)

The pressure drops in the pipeline are a function of the water mass flow rate, according
to the Darcy—Welsbach equation, as seen here.

. . li 1Lt
Y Ap; (mcp) = (Z?:l &i(Re, 8)'171_ fZ?zl Ci,lok(goem))'z.AdZ' p£ (27)

Upon substituting the pressure drop (27), the modified equation of the effective
power is:

k R .
Pepe = —puw 1-mcp3 = kpmcp3 (28)
Pw
The coefficient of the characteristics of the pipeline is:
ky = k-‘ouf2 = pariable constant (29)

In fact, the k term depends on the mass flow rate, since it exists in the Reynolds number,
but its dependency is very weak, as confirmed by the measurement results, therefore it can
be considered as a variable constant. The value of the k term is defined by the constructive
shape and dimensions of the pipeline, and it is different for each case.

For the determination of real power, the dissipation of the power should be taken into
account by using the efficiency [17].

Pepr = Pcp,e"?cp_l (mcp) (30)

In this case, the efficiency factor [17] determination was performed based on the
measured values of the real pump. Using the measured real and calculated effective pump
power values, the efficiency was calculated and the 7y — Pp polynomial was created [21].

. . . 2
Nep (mcp> =dao+a1-Pepe+ aZ'Pcp,e2 +e=a0 + al'kp'mcp3 +az- (kcp'mcp3> (31)

4.5. Mathematical Model of the Compressor

To determine the local optimum power of the circulating pump, the real power of the
compressor is a known value and a variable constant. By applying the known real power,
the effective power of the compressor is:

Pcom,e = Pcom,r'Tlcom (Pcom,r) (32)

In this case, the efficiency of the compressor was calculated using the measured real
and calculated effective power values. The generated polynomial is [21]:

Heom (Pcom,r) =a,+ al'Pcom,r + aZ'Pcom,r2 + - (33)
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The effective power can be used to determine the mass flow rate of the refrigerant and

the vapor temperature on the compressor output.

The mass flow rate of the refrigerant is:
(34)

. -1

myg = Peom,er (if,i - if,e)
The vapor temperature at the compressor output is determined by applying the incre-
ment of the vapor enthalpy [22] by the compression, and the compressor effective power.
Peome = 7hf' (if,z' - if,e) = mf‘cp,f,com' (tf,i - tf,e) (35)

The average specific heat of the vaper during compression is:

Cpfeom = 05 (Cpp (1) +Cpp(tre)) (36)
The vapor temperature at the compressor output is:
tri & M +tge (37)
7£-Cp f.com

4.6. Optimizer Model of the Warm Water Loop
In the optimizer model, the partial derivatives (@, BIT—;’”, ;’?J) of the energy
Mep cpe Mep

optimum condition of Equation (4) should be determined.

4.6.1. Heat Flow Derivatives of the Condenser
The partial derivative of the first modified equation of the condenser, with respect to

the mass flow rate of warm water is:

oF, d
— = — A qu + X chz =0 F, = var.const. (38)
omey  Omgy Nl tem 2Dt
Following derivation:
J ok, o-t
ol '(kcl'Atc,lnl)7%1.< o Dt tke- 91”1)
dmcp Imep dmep
7 +
(kcl'Atc,lnl) (39)
9 ok ot
"hz ‘(kfz.AtC/IVlZ)*qCZ' €2 ‘Atc/ln2+k62' €,71n2
dmcp dmcp dmcp
+ ; =0
(kCZ'Atc,InZ)

The partial derivative of the second modified equation of the condenser, with respect

to the mass flow rate of warm water is:

Peomye qc1
Aco + Ac1" = — = +tfe
Iz _ 0 - mg-Cofeom  MfCppe ) (40)
. . P,
amcp amcp +11C2~ ( _ (C;)m,f I q(cjl + tf€>
MfCpf.eom MmgCpfe

The mass flow rate of the refrigerant does not directly depend on the mass flow rate of

the warm water. _
om f
— =0 41

my # f(mey) > o
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Following derivation, the final form is:

d P -1 d
qc2 — | ay +ap-| - com,e qc1 +th _9qc1

Micy mg-Cpfeom My Cppe

: : (42)
mf~CpCfC Iy

4.6.2. Partial Derivative of the Circulation Pump Effective Power

The partial derivative of the effective power of the circulation pump, with respect to
the mass flow rate of warm water is:

OPcp,e 9 (kp'm6p3>

e _ NPTV )k B, (43)
ey ey
From the above partial derivative:
ey oyl
o (k,,-3-mc,, ) (44)

4.6.3. Partial Derivative of the Circulation Pump Efficiency

The partial derivative of efficiency as a function of the mass flow rate of warm water is:

d d - . 3)2
Mep _ 3 (ao + kg + aa-(kyeie,?) ) (45)
omep Oy

Following derivation:

d . .
ﬂ — al’kp'3'mcp2 + ﬂz'kp2'6'mcp5 (46)
amcp

5. Numerical Procedure

In the optimizer model after partial derivation the obtained equation system is com-
posed of the coupled, nonlinear, algebraic and large equations. Such an equation system can
be solved numerically, e.g., by applying the Newton linearization and Gauss elimination
method [18]. The method is iterative, most of the algebraic equations are implicit, therefore
the value of the unknown variables at the start should be assumed. The experience shows
that the assumed values should be close to the solution, otherwise the iterations do not
converge Figure 3.

The Maximum COP; of the Heat Pump Heating System

The solution of the algebraic equation system of the optimizer model gives the op-
timum value of the warm water mass flow rate. Based on this, the optimum power
and efficiency of the circulation pump can be calculated. The procedure also determines
the heat flow of the vapor cooler and the condensation section, as well as the local opti-
mum COP yqx [18].
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Constants:
Cpw» 6, o, A
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Variable constants:
Pwp,rs Peom,rs tw,i Kp, Fe

v

Initial value of the implicit variables

v

Implicit variables:
Fcl: Fc2: dc1 9e2r rhcpa r.nf

<
<

Objective and condition equations:
Explicit algebraic, COP,, (1)
Partial differential. Energy optimum condition, (4)

v

Basic model of the condenser
Implicit and explicit algebraic equations, (7)-(17)

v

Modified model of the condenser
Implicit algebraic equations: q¢1, qc2, (18)-(25)

v

Model of the circulation pump
Explicit algebraic equations, (26)-(31)

v

Model of the compressor
Explicit algebraic equations (26)-(31)

v

Optimizer model
Explicit partial derivatives:
3qc1+9qc; 9Mep 0
qu. dc2 , D , T’Cp (38)-(46)
Omeyp O0Pcp e OMicp

v

Results:
COPc,maxa Pcp,r,opt

NO

Figure 3. Algorithm of the energy optimization procedure.
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6. Measurements and Measuring System

The accuracy of the analytical-numerical energy optimization procedure was validated
by measurements. The input data for the optimization procedure and the measurements
are the same.

Inputs of the series of measurements, Table 1:

Refrigerant vapor temperature at the input of the compressor t, = 4 [°C],

Warm water temperature at the input of the condenser t,,; = 40 [°C],

Series of adjusted pressure heads of the circulation pump Ap, = 2, 4, 6, 8, 10, 12 [m],
The real powers of c. pump Py = 44, 91, 152, 222, 298, 379 [W],

Well pump real power Py, = 505 [W].

Table 1. Data of the series of measurements.

tw,o [°C] 47.3 452 442 437 43 42.85
tw,i [°C] 40 40 40 40 40 40
Mep [hsg] 0.455 0.657 0.826 0.947 1.168 121
gc* W] 13,889 14,302 14,526 14,673 14,587 14,678
Ap,, [m] 2 4 6 8 10 12
Apep [%] 19,620 39,240 58,860 78,480 98,100 117,720
Py [W] 44 91 152 222 298 379
Pepe [W] 8.93 25.78 48.6 74.32 107.13 142.44
Mep [—] 0.203 0.283 0.326 0.334 0.359 0.376
Peom,r [W] 4192 4128 4116 4044 4028 3984
Heom [~] 0.83 0.84 0.85 0.865 0.867 0.87
Pup,x [W] 505 505 505 505 505 505
cop, [-] 2.939 3.010 3.035 3.059 3.066 3.019

In order to calculate the total heat flow, the water caloric equation was applied, since
the inlet and outlet water temperatures and mass flow rate are measured.

QC* = pr'mcp'(tw,o - tw,i) (47)

6.1. Measuring System
The measuring instruments of the measuring system include the following:

o  Glass-tube alcohol thermometers, 0.1 °C accuracy, range 0-100 °C,
Insa type water volumetric flow meter with a +-2% accuracy, range 0~100 m?,
Refco type manometers with a +2% accuracy, range 0-30 bar for measuring the
different pressure produced by the circulation pump,

e  Voltage and ampere meter for measuring the power of the compressor and well pump,
£1% accuracy, range 0-600 V, 0-20 A,

e  Stopwatch to determine the water volumetric flow rate, digital.

6.2. Physical System
The components of the physical system upon which the measurements were per-
formed, Figure 4:
e  Heat pump (Tera Term, Co.) with a scroll compressor with a nominal power of 4000 W
and plate heat exchangers with nominal 2 m?, i.e., 1.6 m? effective surface,



Energies 2023, 16, 2981 15 of 20

e  Circulation pump (Wilo, Dortmund, Germany) with a nominal power of 400 W and
frequency-control that enables the control of differential pressure, power, and number
of revolutions.

Figure 4. Photo of the measurement system with the heat pump.

6.3. Measurement Process

The values of the five variables (mc,,, twi, two, Pwp,r, Peom,r,) were simultaneously read
in 40 °C water temperature at the inlet of the condenser. During the series of measurements,
the water mass flow rate was constant and its value was determined indirectly. The volume
of the flow water was measured by the water meter. The volume was divided by the time
shown on the stopwatch and multiplied by the density of the water.

The circulation pump power was measured by the built-in electronic instrument of
the pump and the current value was read from the display. The instantaneous value
of the compressor power was calculated using the measured values of the current and
voltage. The outlet and inlet water temperatures were read directly from the 0.1 [°C]
alcohol thermometers.

Based on the measured values Table 1. the COP. — P, diagram was constructed
Figure 5. The simulated result obtained by the analytical-numerical optimization procedure
presented in the Figure 6.

Comparison of the simulated and measured results Table 2.

Table 2. Comparison of the results obtained by the analytical optimization or measurements.

COP c,max [—] P, cp,opt [W]
Analytical optimization 3.096 238.5
Measurements 3.077 242

Difference 0.019/3.077 = 0.006 0.6% 3.5/238.5=10.0151.5%
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MEASURMENT COPmax = 3.077, Pcp,r,0pt = 242 [W].

3.08
3.06
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2.9
2.HA
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2% YT T 1 r 1711 [ r 7171 [ 1 17 1T [ T 1T 7 T [ T T 7T T [ T T T T [ T T 17T
50 100 180 200 250 300 350 400

Circulation pump's real power - Pcp,r [ W]
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Coefficient of performance - COP [ -]

o

Figure 5. The measured values of the COP and P, presented in the diagram [21].

ANALYTICAL COPmax =3.096, Pcp,r,opt=238.5[W].

o

Coefficient of performance - COP [-]

2'50:IIIIIIIII|IIIIIIIII]IIII|IIII|IIII]IIII

0 50 100 150 200 250 300 350 400
Circulation punp's real power - Pcp,r[ W]

Figure 6. The solution obtained by the analytical-numerical optimization procedure. The point in
the green circle presents the energy optimum of the heat pump heating system. According to the
calculation COP, qx = 3.096, which is ensured by the optimal real power of the circulation pump,
whose value is Prp,opr = 238.5 [W] [21].

7. Results and Discussion

The heating system has nine degrees of freedom, but only three are important from
the point of view of energy optimization. Separately, two local energy optimums and these
two locals together form the global multi energy optimum. To determine the optimums, we
used an analytical-numerical procedure. The advantage of the analytical method is that it
creates a connection between mathematics and physics. The disadvantage is that it requires
a higher level of mathematical knowledge.

The objective functions are the COP. and COP, values of the system, expanded with
mass flow rates and efficiencies of pumps and a compressor, therefore, they follow reality
approximately well, and can be they considered almost real.
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The aim of the optimization is to determine the optimal power of the two pumps;
therefore, COP, refers to the warm water loop with the condenser, while COP, refers to the
cold-water loop with the evaporator.

Since the heat flows, powers, and efficiencies in the COP are functions of the mass flow
rates, the partial differentiation of the COP was carried out indirectly when determining the
optimum conditions. First according to the powers, then according to the mass flow rates.

Nowadays, the majority of the water-to-water heat pump heating systems operate
with on-off control, so the mathematical description of the system elements is possible
with stationary and lumped equations. Such a system of equations enables the application
of an analytical optimization procedure. The model of the system had to be designed
according to the expectations of the analytical procedure. The six equations in the basic
condenser model contain six unknown and several known variables. The unknowns were
eliminated by merging the equations. The modified model contains only two equations
and two unknown variables, i.e., two heat flows.

A key problem was the determination of the condensation temperature using the
known variables. As a solution, the vapor temperatures leaving the compressor and enter-
ing the condenser were equalized. The Equations used are (20)-(23), and the result is (24).

The results obtained by the analytical-numerical procedure were validated by the
measurements. The measurements were carried out with traditional instruments. The
reliability of the measurement depended on the accuracy of the instruments and the person
reading the values.

The important recognition that the optimization of the circulation pump power in-
creases the COP; value to a small extent. It was one of the reasons why, in the case study,
the optimal power of the circulation pump was determined separately.

The COP; — P, diagram in Figure 5 was constructed based on the measured values
presented in Table 1. From this diagram, the maximum COP, ;;5x and the real optimum
power Py, of the circulation pump can be visually determined. The diagram was created
using a program that provides an exact numerical calculation of the COP yqx and P, as
well. Both the calculations and the diagram indicate that the heating system has a local
maximum at COP. y.x = 3.077 when the real optimum power of the circulation pump is
Pep,r = 242 [W]. At the same time, the values of the real power of the compressor and the
well pump are constant: Peoy,r = 4050 [W], Pyp, = 505 [W].

Table 2 highlights that the results of the comparisons that prove the accuracy of the
optimization procedure. Since the value of the COP, 4y is 0.6%, the optimum power of
the circulation pump Py opt is 1.5% different, which is obtained with the optimization and
the measurements.

In order to achieve the energy optimum in each operating point, the condition is
that in this point, the power of the circulation pump should be optimal. Based on the
control function, a control algorithm can be created. The controller measures the inlet water
temperature and based on that, it calculates the optimum power and optimum revolution
of the pump. The revolution can be realized using a frequency converter [13].

8. Conclusions

e  The analytical part of the energy optimization procedure provides a linked insight
into the interaction between mathematics and the physical system. The numerical
part of the procedure provides accurate results for the local and global multi objective
optimum power of the pumps,

e  The advantage of the procedure is, by varying the temperature of the input warm
water, it is possible to determine the optimal power of the circulation pump and the
maximum COP; .y in each operation point,

e  The accuracy of the energy optimization procedure was proven through measurements.
The difference in the maximum COP, 4y is 0.6% and 1.5% in the optimal power of the
circulation pump, only. Table 2,
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The algorithm presents the complete mathematical method of the procedure with the
type and number of variables,

The values obtained by the procedure presented in tables and graphs provide an
important guide for practice. The evaluation with numbers and data can be found in
the points below,

The efficiency of the circulation pump has a significant impact on the COP, 44, since
its values are small, varying between 0.203 and 0.376 despite the fact that the real
power is 242 [W] only,

The compressor efficiency is significantly better and varies in the narrower range of
0.83-0.87 (measured), but its power is 4050 [W], so the influence of the compressor’s
efficiency on the COP, is also significant,

The simulation value of the maximum COZP; ;5 without the efficiency of the com-
pressor and circulation pump is COP; ;;0x = 3.61. With the efficiencies, based on the
measurements, its value is only COP; ax = 3.07 or the analytically-numerically opti-
mized value is COPe ynax = 3.091 In percentages, the COPc yqx has (17.3 — 16.8)% times
higher value, as calculated without efficiencies,

The COP; — Py, parabolic graph (Figure 5) is smooth and flat, the COP. difference is
only COP; yax — COP, iy, = 0.147, so the effect of the power of the circulation pump
on the COP. is weak. Although, the increment of the real power of the circulation
pump is relatively large 44 — 379 = 335 W, the rate of change is 379:44 = 8.6, (860%),
Since the COP, graph is flat, reducing the power of the pump only slightly reduces
the COP, value. So, a pump of 100 W that has less than the optimal power of 242 W,
reduces the COP; by only 1.2%. Therefore, it is reasonable to carry out the multi
objective optimization using the economic and energy objectives,

At the optimum point, the measured and optimized value of the circulation pump
is 242 W and 238.5 W, while the compressor power is 4050 W. The power ratio is
4050:242 = 16.7. Therefore, the dominance of the compressor power on the COPF, is
significantly larger, in proportion to the ratio of the powers,

By optimizing the power of the circulation pump, the COP, value increases approxi-
mately, ACOP, = 3.096 — 2.939 = 0.157 i.e., 0.157 : 2.939 = 0.0534, 5.34%. However,
by optimizing the power of the circulation and well pumps globally, the COP increase
will be significantly greater.
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Abbreviations

Symbol Meaning Dimension
i Mass flow rate [kg/s]

k Owerall heat transfer coefficient [W/m? /K]
Cp Specific heat, p = const. [0/kg/K]

t Temperature [°Cl, [K]

At Temperature difference [°Cl, [K]
Ap Pressure drop [N/m?]

P Pressure [N/m?]

F Heat transfer surface [m?]
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References

Symbol Meaning Dimension

Ay Cross section area [m?]

Ai Latent heat [J/kgl

i Specific enthalpy [J/kg]
Performance or power [W]

q Heat flow [W]

k Coe]:‘ﬁcit.?nt gf hydraulic resistance [Ws®/kg?]
of pipeline in warm water loop

o Convective heat transfer coefficient [W/m? /K]

cor Coefficient of performance [-]

7 Efficiency of pump and compressor [-]

I Length of pipe [m]

d Diameter of pipe [m]

Ci Coefficient of hydraulic friction [-]

€ Relative roughness of pipe [-]

Re Reynolds number [-]

0 Density [kg/m?3]

Subscripts and Superscripts

w Water

f Refrigerant

i Input

0 Output

e Evaporator

c Condenser

com Compressor

cp Circulation pump

wp Well pump

la Latent

opt Optimum

In Logarithm natural

e Effective

r Real

1 Vapor cooler section

2 Vapor condensation section

Appendix A
Specific Heat of Refrigerant R134a

In the proposed analytical optimization procedure, the heat flow was used to deter-
mine the condensation and post-compression temperatures of the vapor, which involves
the enthalpy increment of the ideal gases.

. tf2 . C,n+C
_ ~ _ ~pfl p.f2
q=my 1 CP,f (tf) dl’f = Cp,f'mf'Atfl’CP,f = f (A1)

In the analytical procedure, the integration cannot be performed, therefore lineariza-
tion was applied with the average specific heat. For determining the specific heat, the
correlation proposed by Astina and Sato was applied [22].
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