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Abstract: The paper will present a mathematical model for the guideway as a continuous system,
followed by a moving force coming from the capsule and the capsule as a discrete system.
The theoretical problem selected for analysis comes from a group of technical problems, which solve
the dynamics of systems subjected to moving loads. Dynamic reactions in the system are described
by a system of coupled partial and ordinary differential equations. Their solution was obtained
using approximate numerical methods. The article concerns the analysis of Hyperloop vehicle
guideway displacement in the occurrence of magnetic levitation phenomenon, which appears
when starting, driving and braking the vehicle. The analysis was carried out using a numerical,
three-dimensional model of the guideway. The results of the analysis are illustrated with calculation
examples. The displacement of the guideway and magnet elements was determined by simulations.
The simulations were conducted using MBS software. The presented results refer to the movements
of the capsule of Hyperloop vehicles.

Keywords: Hyperloop; magnetic levitation; vehicle dynamics; mechanical systems;
mechanical engineering

1. Introduction

Hyperloop is the concept of a new (fifth) mode of transport, also called a vacuum train. In this
concept, the vehicle, being a hermetically sealed capsule with a load or passengers being carried,
moves in a reduced pressure pipe. Assumptions adopted by the creators of this transport speak of lower
than high-speed rail infrastructure costs and energy savings due to reduced resistance to movement.
Lower resistance to movement is caused by lower air resistance due to the reduced pressure inside the
tube being the track and the use of magnetic cushions or other solutions of the chassis systems [1–7].

Attention is paid to the ecological qualities of this type of transport, because linear electric motors
would be used for propulsion, which could be powered by electricity from, inter alia, photovoltaic
batteries produced for this type of transport and placed above the tubes used to transport the capsules.
The characteristic features of the Hyperloop system are that the vehicle suspension is above the
guideway without using the wheels and, therefore, also without cooperation with the rails and through
the drive with an induction linear motor. The mechanical system describing the dynamics of the impact
of a vehicle operating on the basis of magnetic levitation is a complex spatial system. Tests are usually
limited to a vertical plane. Transverse dynamics tests of the system are more important than tests in
the vertical plane and complement the dynamics of systems in the horizontal plane.

Detailed analysis of the literature in the field of modeling the dynamics of rail vehicles, due to the
popularity of the subject and the variety of issues considered, is not possible to present on several pages.
Hence, it was limited to discussing modeling methods used by other authors. In works [8] and [9],
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rectangular linear coordinate systems associated with the earth (non-inertial system) and a system
whose origin of the rectangular coordinate system lies in the center of gravity of individual system
solids and axes coincide with central inertia moments are presented. Angles are rotations around these
axes (angular velocity vectors lie on the axes of a rectangular coordinate system associated with rigid
bodies). Such coordinate systems are used to build vehicles, i.e., Hyperloop, which are used to simulate
the movement of a vehicle moving on a beam with a constant cross-section. In work [8], based on the
second order Lagrange equations, motion equations for the vehicle system were derived with linear
elastic-damping elements also containing elements of the magnetic levitation system. The author
of work [10] presented models describing different variants of force action (single, multiple) on the
guideway treated as a beam with a constant cross-section. The equations of motion were derived for
Hyperloop solids using the second order Lagrange equations.

These methods enable the automatic generation of motion equations and constraints, leading to
a system of differential equations for which a number of methods of solving them were developed,
initiated by work [11]. In work [12], a description of the model containing a flexible body, along with
an analysis of the impact of this structure on the results of calculations can be found. A detailed
description of the construction of models is presented in the cycle of works [13–15]. They contain
different models of magnetic systems and suspension systems. In work [16], a vehicle model was
presented containing several differential equations. These works show the possibilities offered by the
use of Lagrange formalism and coordinates in a non-inertial system.

Recently, there has been a growing interest in research into new methods of integrating vehicle
traffic equations. For example, in work [17], the Runge–Kutta–Rosenbrock method was used to
solve the equations of motion of the system with elastic-damping elements. The authors of the
article [18] presented some modification of the Runge–Kutta method, enabling effective integration of
rigid equations.

The analysis of the interaction between the Hyperloop vehicle and the guideway should be
considered in two aspects of the analysis of dynamic systems: the vehicle (capsule) with suspension
and the connection of the capsule with the guideway. The elasticity of the guideway should also be
taken into account. In a situation where the Hyperloop vehicle capsule moves along the guideway,
it is affected by external forces caused by the capsule as well as forces resulting from the dynamics
of the suspension system, which causes the appearance of linear and rotational accelerations of the
vehicle body. The suspension system reacts to vehicle movement and guideway dynamics as well
as irregularities in the guideway surface. In most mechanical models, the guideway is shown as a
beam with a constant cross-section in the shape of a T. Moving forces appearing on the suspensions
and on the guideway cause forces to arise on the guideway support components. Movements on
the guideway support elements are related to the foundation dynamics’ characteristics as well as the
forces and moments of the guideway reaction to the support elements [19,20]. This highly coupled
process is extremely complicated for mathematical description, which translates into the definition of
appropriate assumptions simplifying the mathematical description [21].

The perpendicular deflection of the guideway can be calculated using the modal analysis
method. The basis of this method is adopting the guideway model as the Bernoulli–Euler equation.
The movement of the guideway y(x, t), which is variable in space and time, is represented as the
sum of its natural modes (vibration cycles). This method is suitable for solving the problem of
one-dimensional oscillations. Based on the assumption that vertical movement dominates and that the
vertical, lateral and torsional movements of the guideway are independent, in this article, attention will
be focused mainly on the deflection of the vertical guideway when analyzing the Hyperloop/guideway
interaction [22,23]. The methods of identification of guide bar wear are discussed in the publication [24].

In the process of determining the natural vibrations and the displacement of the guideway, it is
important to be able to accurately predict the reaction of the guideway to the action of the mechanical
system, which is a capsule with elastic-damping suspension. In addition, the guideway must ensure
acceptable riding efficiency (low deflections) and should be characterized by very good material
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strength. To assess the scope of design of running rails in the Hyperloop system for different operating
conditions, it is necessary to develop a simulation technique for the capsule–guideway interaction
system. The dynamic interaction process can be modeled with different levels of accuracy and edge
conditions characterizing the guideway model as a beam with a constant cross-section with a moving
mass with elastic-damping elements. The research described in the article includes dynamic models for
a vehicle with magnetic levitation moving at a constant speed on a straight guideway. The mechanical
model under consideration can be divided into two types. The first vehicle is simulated as moving
forces on guideways, and those that model the vehicle as a system with many degrees of freedom,
describing vehicle dynamics and suspensions in the form of masses of solids, springs and linear
shock absorbers. The complex capsule–guideway interaction model, which consists of a guideway,
vehicle body, bogies, electromagnetic suspension system and guideway surface irregularities, can be
simulated using numerical integration algorithms that calculate system dynamics in real time using
information contained in a mechanical model. Therefore, the models built cannot be too complicated,
as the calculation time and the number of necessary data characterizing the modeled real object
increases as the model complexity increases. On the other hand, too simple models may not reflect
all the properties of real objects relevant to applications in real conditions. It is difficult for them to
achieve compliance with the results of experimental studies characterizing the behavior of real objects.
The models used for computer simulation contain a number of simplifications that have a decisive
impact on the quality of the results obtained. The model presented in the work is composed of a series
of rigid bodies connected with elastic-damping elements. The second order of Lagrange equation
method was used to derive the equations of motion. Movement equations are generated by their
own computer program, based on an algorithm that takes into account the structure and degree of
complexity of the model.

2. Construction of the Nominal Model

Capsule models and quantities of geometric parameters, susceptibility and linear and angular
coordinate systems to describe the phenomena of the guideway and capsule will be presented.

The model of the tested Hyperloop type object is shown in Figure 1. For the analyzed mechanical
model, the tube length specified by L was defined. The Hyperloop-type vehicle will be treated in
mathematical considerations as a discrete model of a solid of a mass of m1 (capsule) and two magnetic
sets. Individual elements included in the discrete model of the vehicle of Hyperloop type were
connected by linear flexible elements.

Figure 1. Hyperloop vehicle capsule model.

Electromagnetic forces responsible for the attraction of the capsule to the guideway cause the
phenomenon of “rocking” of the object between the magnetic elements and the guideway, which are
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controlled by electrical circuits. The processes occurring during the movement of the capsule over
the tube result from the phenomenon of magnetic levitation. Flexible elements connecting mass
elements in Hyperloop constitute the first and second stage of suspension. In mathematical equations,
the symbol 1 denotes the value occurring in the suspension of the first degree, and the value 2 refers
to the suspension of the second degree. The geometric quantities characterizing the vehicle capsule
were defined as L × b × h, where L—the length of the capsule, b—width and h—height. The mass
of the capsule is denoted by mv and the mass of the magnetic element by mm. It was assumed that
the spring element and damper are linear subunits for which the elasticity coefficients and damping
coefficients were marked by Kh and Ch, respectively. According to Figures 1 and 2, two coordinate
systems were adopted: one O1X1, O1Z1, O1Y1 rigidly connected to the tube, and the other O2X2, O2Z2,
O2Y2, whose origin of the coordinate system lies in the center of the mass of the capsule and magnets
and the axes of the coordinate system on the axes of mass symmetry. This coordinate system also
adopts angular coordinates whose velocity vectors lie on the axes of the O1X1Z1Y1 system, and the
angles are rotation angles around these axes of the coordinate systems, which we call, respectively:
pitch, yaw and roll. These angles are marked θr,θp,θy, respectively. Following the work [8], a matrix
of zero–one directional cosines (ones on a diagonal) was adopted.

Figure 2. Hyperloop discrete model.

The suspension should also include a magnetic circuit, which consists of magnetic elements,
ferromagnetic guideways, and the air area between the magnets and the guideway. The resistance
and magnetic resistances occurring in the magnetic circuit are represented, respectively, by Ra and Rq

(a = q = 1, 2, 3 and 4). In the next stage of mathematical considerations, the iron guideway displacements
defined by w(t, x) for the x coordinate occurring at time t were defined. An analogous procedure
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was adopted for determining the displacement for the magnetic element acting on the guideway,
described as w1(t, x). For the magnetic element displacement, all four positions of the magnetic
elements indicated by ya and za (a = 1, 2, 3 and 4) should be taken into account. The displacements of
the capsule in the y and z axes were defined for the first and second stages of the Hyperloop suspension
in the O1X1Y1Z1 coordinate system shown in Figure 2. According to the linear properties of the spring
and damper and the equation describing the value of magnetic force, the following relationships
were obtained:

Force of elasticity for the capsule moving in the tube:

Kh(y1 − ya2), Ks(y1 − ya2), (a = 1, 2, 3, 4) (1)

Viscous damping forces for the capsule:

Ch

(
dy1

dt
−

dya2

dt

)
, Cs

(
dz1

dt
−

dza2

dt

)
, (a = 1, 2, 3, 4) (2)

Magnetic forces in the magnetic levitation system:

Fya =
ϕa1(t)
µ0Aa

, Fza =
ϕa1(t)
π
·

a2ea2

µ0Aa1
, a = (1, 2, 3, 4) (3)

where magnetic components of vertical forces occurring in vertical and transverse motion are determined
by Fya and Fza, this is magnetic permeability in a vacuum, Aa = c2a × (d2a − e2a), a = (1, 2, 3, 4) is the
active area between the capsule and the guideway. The magnetic field generated in this area was
defined as φa and is associated with magnetic resistance Ra. The mathematical relationship describing
the phenomenon of magnetic field shaping is as follows:

φa =
NIa(t)

Ra
, a = (1, 2, 3, 4) (4)

in which N is the number of coils used in the electric circuit, Ia represents the control current present in
the magnetic levitation system, and

Ra = R0 + rsa(t), a = (1, 2, 3, 4) (5)

where r = 2/µ0A0, sa(t) = δa(t) − δ0 a disturbance occurring in the y axis, in turn, the parameter
R0 means the magnetic resistance between the magnetic set and the guideway in a state of static
equilibrium, and δ0 means the gap between the magnetic set and the guideway. The quantity δa

determines the air gap and is described by the relationship:

δa(t) = ya2(t) −wa(t), a = (1, 2, 3, 4) (6)

3. Hyperloop Equations of Motion

Using the d’Alembert principle, the motion equations describing the dynamics of a Hyperloop
vehicle can be written:

mv
d2 ya2

dt2 −Ch

(
dy1
dt −

dya2
dt

)
−Kh(y1 − ya2) = mg− Fya, a = (1, 2, 3, 4)

mv
d2za2
dt2 −Ch

( dz1
dt −

dza2
dt

)
− (yz1 − za2) = Fza, a = (1, 2, 3, 4)

(7)
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and
Jp

d2θp

dt2 + Cp
d2θp

dt2 −Kpθp =
(
Jr − Jy

)
θr
dt ·

θy
dt − Lp

Jy
d2θy

dt2 + Cy
d2θy

dt2 −Kyθy =
(
Jp − Jr

)θp
dt ·

θr
dt − Ly

Jr
d2θr
dt2 + Cr

d2θr
dt2 −Krθr =

(
Jy − Jp

)θy
dt ·

θp
dt − Lr

(8)

where the parameters θp,θy,θr are angles describing, respectively, the rotation in the direction of pitch,
yaw and roll of the capsule in the O1X1Z1Y1 coordinate system associated with the capsule. The values
Jp, Jy, Jr mean the moment of inertia along these axes.

The first component of Equation (8) is the product of the angular acceleration vector and the
moment of inertia vector appearing on the second suspension stage around the O1X1Z1Y1 axis,
which can be written, respectively:

Jp = 1
12 mv

[
L2 + b2

]
Jy = 1

12 mv
[
L2 + b2

]
Jr =

1
12 mv

[
h2 + b2

] (9)

and the parameters LP, Ly, Lr are inertia forces occurring around three revolutions around the O1X1Z1Y1

axis. The mathematical notation is as follows:

Lp = d1
2

[
Ch

(
dy4,2

dt +
dy3,2

dt −
dy2,2

dt −
dy1,2

dt

)
−Kh(ya,2 + ya,2 − ya,2 − ya,2)

]
cosθp a = (1, 2, 3, 4)

Ly = d1
2

[
Cs

(
dya,2

dt +
dya,2

dt −
dya,2

dt −
dya,2

dt

)
−Ks(ya,2 + ya,2 − ya,2 − ya,2)

]
cosθy a = (1, 2, 3, 4)

Lr =
d2
2

[
Ch

(
dya,2

dt +
dya,2

dt −
dya,2

dt −
dya,2

dt

)
−Kh(ya,2 + ya,2 − ya,2 − ya,2)

]
cosθr a = (1, 2, 3, 4)

(10)

Displacements occurring on the guideway taken as the Euler–Bernoulli beam can be written using
the equation:

EJ
∂4w
∂x4

+ Ch
∂w
∂t

+ ρ
∂2w
∂t2 = η1(t, x)

2∑
a=1

Fya

La2
+ η2(t, x)

4∑
a=1

Fya

La1
(11)

in which

η1(t, x) =

 1 f or vt− La1
2 ≤ x ≤ vt + La1

2

0

η2(t, x) =

 1 f or vt− d1 −
La2
2 ≤ x ≤ vt− d1 +

La2
2

0

(12)

where La1 = La2.

4. Subsection Discrete Mathematical Model of the Guideway Load by Hyperloop

In the mechanical model describing the behavior of electromechanical forces acting on the
guideway, it was developed based on two rigid masses representing the bogie and the mass of the
Hyperloop capsule (Figure 3). The model takes into account two degrees of suspension assuming
that the susceptibilities are linear. For mathematical equations describing the dynamics of Hyperloop,
three coordinates were taken into account for the vertical movement of the capsule, the vertical
movement of the magnet and the vertical displacement of the guideway (Figure 4). For the capsule
body, the equation of motion is given below:

mv
d2y2

dt2 + Ch

(
dy2

dt
−

dy1

dt

)
+ Kh(y2 − y1) = 0 (13)
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where: mv carriage body mass, y2 vertical displacement of the carriage body, y1 vertical displacement
of the levitation set, Ch damping of the second stage suspension system, Kh stiffness of the second
stage suspension.

Figure 3. Discrete mechanical model of the Hyperloop vehicle in horizontal movement.

Figure 4. Coordinate system for the body and levitation set.

The vertical motion equation for levitation suspension is as follows:

mv
d2y1

dt2 −Ch

(
dy2

dt
−

dy1

dt

)
−Kh(y2 − y1) + Cs

(
dy1

dt
−

dw(x, t)
dt

)
+ Ks(y1 −w(x, t)) = 0 (14)

where m1 mass of the levitation set, w(x, t) vertical displacement of the guideway in place x and time t,
Cs damping value of the first suspension stage, Ks stiffness of the first suspension stage.
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The equation of the guideway motion in the natural vibration range (14) can be written as [10]:

d2Ak(t)
dt2 + 2ζkωk

dAk(t)
dt +ωk

2Ak(t)

= (mm + mv)g + cs

(
dy1
dt −

dw(x,t)
dt

)
+ks(y1 −w(x, t))

√
2

mvL sin
(

kπvt
L

)
= 0

(15)

Displacements occurring on the guideway can be determined from the expression:

w(x, t) =
∞∑

k=1

Ak(t)φk(x) =
∞∑

k=1

Ak(t)
√

2 sin
(

kπvt
L

)
(16)

Ak(t)—displacements along the guideway.

5. Hyperloop Vehicle Modelling in MBS Software

In Hyperloop studies [1,5,18], no studies dealing with the problem of capsule movement and the
cooperation of magnetic elements with the guideway placed in the tube are carried out. Vertical and
transverse displacements occur in the contact of the guideway placed in the tube with the elements
placed in the capsule (with the capsule moving). The lateral displacements may lead to the cooperation
of the magnetic elements of the capsule with the tube guideway. Prolonged contact of the two elements
can damage (mainly) the magnetic elements of the capsule. Therefore, the study of the transverse
displacements of the capsule is an important element that will be conducted.

The numerical analysis of the determined displacement trajectories in the capsule of the Hyperloop
vehicle required the construction of a nominal model. The nominal model consisted of a rigid
body-capsule, levitation suspension, beam as a guide, driving elements and a tube. The nominal
model was the basis for creating a mathematical model and then a calculation model. The calculation
model was designed in MBS class software environment. It consisted of 202 rigid solids. Each block
was assigned material, mass and moments of inertia. Moreover, the following were defined in the
calculation model: geometric bonds between individual solids, models of contact between selected
solids and vectors of forces and moments of inertia necessary for the simulation. The simulations and
numerical analyses were aimed at determining the displacements of generalized coordinates of the
capsule at different speeds and accelerations occurring in the analyzed system, both in the capsule and
the levitation system.

In the dynamic testing procedure of the vehicle was to build a simplified, 3D CAD model of the
structure. The model of an exemplary structure was made in Solidworks (Figure 5). In the model,
the mass distributions on the capsule’s base were recorded discretely. Individual components were
presented in the form of rigid solids of a given mass and placed in places of their actual position.
Thanks to this, it was possible to make a complete structure assembly, which will be used to calculate
mass moments of inertia and find the center of gravity of the capsule body (Figure 5). In the same way,
information about the design of the guideway was obtained. Thanks to the discretization of the CAD
model it is possible to quickly modify the distribution of masses of components for the capsule and the
levitation system. Moments of inertia in matrix form have been saved for two types of construction and
prepared for implementation into MBS. The exemplary capsule model consisted of three subsystems:
the body and the front and rear levitation set. The main parts of the model were created in three
steps. The first step was to define the location of the points determining the location of the parts.
Then, the actual part was created on the basis of the defined points with defined mass moments of
inertia. The last step was to add the geometry of the capsule part. For each subsystem, new templates
were designed, which were based on the vehicle’s technical documentation, technical and operational
characteristics of the vehicle and information obtained during the CAD modelling stage. The results of
the simulation are presented as generalized trajectories in the time domain. This article presents sample
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results for each of the listed generalized coordinates. Additionally, the amplitude–frequency spectra of
the capsule signals from all measuring points recorded on the driving distance at 1000 and 2000 km/h,
as shown in Figures 18–21 and 26–29. Due to the safety of using Hyperloop, the study of displacements
and vibrations resulting from the cooperation of electromagnetic elements with the guideway should
be performed in order to be able to correctly select the quantities characterizing the magnetic levitation
process. One of the basic simulations analyses to be carried out before the implementation of the
Hyperloop vehicle is the determination of the lateral displacements of electromagnetic elements caused
by the movement of the capsule.

Figure 5. Model of the guideway of the Hyperloop system used in computer simulations.

In the simulation process, a guideway model was adopted, shown in Figure 5.
The Hyperloop capsule is a unit to which elements generating the phenomenon of magnetic

levitation, responsible for propelling the capsule, are attached. It consists of two rigid bodies on which
modules with electromagnets and linear induction motors are mounted, and two counter-rotating
and decoupling mechanisms. The authors of the article formulated a dynamic mathematical model
described by means of second-degree differential equations taking into account concentrated magnetic
forces acting on the guideway. The magnetic force generated on each electromagnet acts vertically on
the tube guideway and is concentrated in the center of the magnets mounted on the capsule bogie of
the Hyperloop vehicle.

When formulating the dynamic equations of the Hyperloop vehicle model, the following
assumptions are made:

• The distribution of the magnetic field throughout the Hyperloop capsule bogie is uniform along
the entire face of the electromagnets.

• The penetration of the magnetic field of the electromagnet resulting from the phenomenon of
magnetic levitation and its edge distribution is ignored.

• The set of electromagnets is a rigid body so that the levitation slots in its subsections can be
defined by the slots at the ends of the electromagnet’s module.

• Inequalities in the guideway are ignored (neglected).
• The tube guideway will be considered as a rigid beam, so any deformations on the guideway can

be ignored.

Simulation Tests

Computer simulations will be carried out to determine the dynamic behavior of the mechanical
system of the levitation unit and the tube guideway. The influence of the Hyperloop vehicle speed on
the arising vertical and lateral clearances is investigated. Vehicle speeds of 1000 and 2000 km/h are
used for the analyses. The guideway parameters adopted in the simulations are presented in Table 1,
while the capsule parameters are presented in Table 2.
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Table 1. Quantities characterizing the Hyperloop vehicle.

Vehicle Parameters

Length of vehicle L 25 m
Carriage mass mv 15,000 kg

Carriage body pitch inertia Iv 1.75 × 106 kgm2

Total mass levitation frames mm 22,000 kg
Total primary stiffness Kh 1.18 × 108 N/m

Total secondary stiffness Ks 6.812 × 105 N/m
Total primary damping Ch 2.15 × 106 Ns/m

Total secondary damping Cs 8.46 × 104 Ns/m

Table 2. Quantities characterizing the guideway.

Guideway Parameters

Length of guideway l 600 m
Guideway mass per unit length mg 3500 kg/m

Modulus of elasticity E 35.748 × l09 N/m2

Moment of inertia I 0.543244 m4

Damping coefficient ξ 0.6%

Due to the safety of using Hyperloop, the study of displacements and vibrations resulting from
the cooperation of electromagnetic elements with the guideway should be performed in order to be
able to correctly select the quantities characterizing the magnetic levitation process. One of the basic
simulations analyses to be carried out before the implementation of the Hyperloop vehicle is the
determination of the lateral displacements of electromagnetic elements caused by the movement of
the capsule.

In computer simulations, special attention was paid to the phenomenon of the movement of the gap
between the magnets mounted on the Hyperloop capsule bogie. In the conducted research, the changes
in the gap at different vehicle speeds were examined, taking into account the displacement of the
magnets, the article investigates whether the discussed phenomenon affects the travel of the capsule
along the guideway and whether the levitation magnets will not touch the guideway. The results were
carried out for two different speeds of 1000 and 2000 km/h.

The simulation results in Figures 6–13 relate to four cases. Two cases related to two types of
magnets were considered: guidance magnet and levitation magnet. For each of these magnets,
simulations for 1000 and 2000 km/h of capsule motion were performed. The lateral displacement
and the rate of changes in these displacements were determined. The presented diagrams show
that none of these magnets exceed the permissible clearances between the magnets and the guide.
The guidance magnet clearances at 1000 and 2000 km/h are of the same nature. The right and left sides
work against phase. For the nominal start-up for this type of magnet, the displacement values are
within the permissible clearance—2 mm.
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Figure 6. Change in the gap width on the levitation magnet in the lateral direction resulting from the
capsule speed of 1000 km/h.

Figure 7. The speed of the gap width change on the levitation magnet in the lateral direction obtained
at the capsule speed of 1000 km/h.
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Figure 8. Change in the gap width on the guidance magnet in the lateral direction resulting from the
capsule speed of 1000 km/h.

Figure 9. The speed of the gap width change on the guidance magnet in the lateral direction obtained
at the capsule speed of 1000 km/h.
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Figure 10. Change in the gap width on the levitation magnet in the lateral direction resulting from the
capsule speed of 2000 km/h.

Figure 11. The speed of the gap width change on the levitation magnet in the lateral direction obtained
at the capsule speed of 2000 km/h.
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Figure 12. Change in the gap width on the guidance magnet in the lateral direction resulting from the
capsule speed of 2000 km/h.

Figure 13. The speed of the gap width change on the guidance magnet in the lateral direction obtained
at the capsule speed of 2000 km/h.

In the next computer simulations, measurements of the lateral and vertical displacements of the
capsule were carried out. In the case of vertical and lateral displacements, the sensors in the Hyperloop
vehicle model were placed between the capsule and the levitation set. The whole process, as it was in
the case of determining the displacement of the levitation set, was carried out for two different speeds
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of 1000 and 2000 km/h. Detailed analyses of the recorded displacement waveform were performed,
and the values of extreme spectral amplitudes were determined. These values will be compared for
the displacement simulations of levitation magnets discussed in the next section.

An exemplary list of vertical displacement waveforms on the capsule in the y direction, determined
for the travel speeds of 1000 and 2000 km/h, are shown in Figures 14 and 15, and the transverse
directions of the capsule for the z direction are shown in Figures 16 and 17.

Figure 14. Lateral displacement in the direction from the capsule at a speed of 1000 km/h.

Figure 15. Lateral displacement in the direction from the capsule at a speed of 2000 km/h.
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Figure 16. Vertical displacement in direction y of the capsule at a speed of 1000 km/h.

Figure 17. Vertical displacement in direction y of the capsule at a speed of 2000 km/h.

The vibration frequencies were determined on the basis of the analysis of forced displacements
during the travel of the capsule and the calculations of the spectral density. The spectra were made with
MATLAB software using fast Fourier transform (FFT). Spectral analysis (determined values [m/Hz])
will allow us to determine which frequencies will appear in the trajectory of movement of individual
generalized coordinates describing the Hyperloop solids. The determination of these frequencies will
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allow for the determination of dynamic couplings between different frequencies of individual solids
of systems, e.g., frequencies of eigenmodes of continuous systems. Mendelstam’s theory is used in
the definition of dynamic couplings. Spectral analysis is an essential element for analyzing dynamic
phenomena occurring in Hyperloop. Such analyses will be the subject of further analytical studies of
dynamic phenomena in Hyperloop. The waveforms of the spectrum are shown, respectively, for the
vertical displacements in Figures 18 and 19 and in Figures 20 and 21 for the transverse displacements
of the capsule.

Figure 18. Spectrum generated from lateral displacement in the direction z of the capsule at a speed
of 1000 km/h.

Figure 19. Spectrum generated from lateral displacement in the direction z of the capsule at a speed
of 2000 km/h.
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Figure 20. Spectrum generated from vertical displacement in the direction y of the capsule at a speed
of 1000 km/h.

Figure 21. Spectrum generated from vertical displacement in the direction y of the capsule at a speed
of 2000 km/h.

Based on the analysis of the determined values, it can be concluded that in the vertical displacements
of the capsule there are components with the lowest frequencies equal to f 1 ≈ 120 Hz for vibrations
in the vertical direction. For lateral displacements at 1000 km/h, the frequencies have two maxima:
one around 120 Hz and the other around 350 Hz. At a speed of 2000 km/h, a maximum remains around
120 Hz, while the maximum at 350 Hz is canceled.

Then simulations were made to determine the acceleration of the magnet around the z axis and
around the y axis for speeds of 1000 and 2000 km/h.
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From the graphs presented (Figures 22–25), it can be seen that in none of these movements is a
contact of magnets with a guideway (friction). The clearances in the y-axis direction are 8 mm and in
the z-axis direction 2 mm.

Figure 22. Acceleration on the levitation system in the direction z for 1000 km/h.

Figure 23. Acceleration on the levitation system in the direction z for 2000 km/h.
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Figure 24. Acceleration on the levitation system in the direction y for 1000 km/h.

Figure 25. Acceleration on the levitation system in the direction y for 2000 km/h.
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Then, a spectral analysis of the obtained acceleration quantities in both directions was carried out.
In the z-axis direction, the spectrums for speed of 1000 km/h are shown in Figure 26, and for 2000 km/h
in Figure 27.

Figure 26. Spectrum generated from acceleration on the levitation system in the direction z for 1000 km/h.

Figure 27. Spectrum generated from acceleration on the levitation system in the direction z for 2000 km/h.

The spectral analysis of the gaps between the guideway and the levitation set mounted on the
bogie will also be performed, as well as the spectral analysis of the change in the size of the lateral
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clearance between the guideway tube and electromagnetic elements. These results can be used to study
the relationship between the frequencies appearing on the movement of the Hyperloop capsule and on
the guideway, which may cause the appearance of dynamic couplings. It will be possible to determine
whether a dynamic coupling can arise between the capsule and the guideway, if it is assumed as a
deformable beam (according to Mendelstam’s theory).

As can be seen from the graphs presented, two peaks appear for the speed of 1000 km/h:
one within approx. 130 Hz and the other within approx. 350 Hz. This is due to the features of the
electromechanical system, which can be seen on the graph of the displacement of the magnet in the
z-axis direction. The increase in speed causes the second peak to be eliminated, which seems reasonable
as the elimination of certain system features show displacements in the z-axis direction.

For acceleration in the y-axis direction, the spectrum for the speed of 1000 km/h is shown in
Figure 28, and for 2000 km/h in Figure 29.

Figure 28. Spectrum generated from acceleration on the levitation system in the direction y for 1000 km/h.

The analysis of the simulation results (Figures 26–29) shows that low-frequency components are
dominant, as in the case of the rail vehicle, while for increasing the speed of the capsule.

When analyzing the above results, one can observe:

• Negligible influence of the slit width on the spectrum in the case of a change in capsule velocity
and a clearly marked band of frequencies dominating in the signals (approximately 60–150 Hz).

• Clear influence of the substrate on which the guideway is located on the spectrum in the event of
a change in the speed of the capsule.
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Figure 29. Spectrum generated from acceleration on the levitation system in the direction y for 2000 km/h.

From the graphs presented, it can be seen that the increase in speed causes the maximum frequency
spectrum to be shifted almost twice. This is consistent with the physics of such phenomena.

In Figures 18–21, and 26–29, we can see that, when damping occurs, the displacements also
disappear as the distance from the source of harmonic extortion increases, creating a fading standing
wave. However, in the case of an extortion with a frequency higher than the natural frequency, two
peaks are excited that do not disappear. As the frequency increases further, the amplitude of these
waves and their length decreases. A case of fading of waves in a perfectly resilient system is also
obtained in the case of a periodic system in space. The effect similar to strong attenuation with energy
dissipation is caused by a given spatial periodicity in the frequency range, which we call the fade
band. It should be noted that, in case of a perfectly elastic periodic structure, the periodic structure
is not an obstacle to the propagating waves. Waves do not fade away. A qualitative difference in
propagation of the disturbances can occur at any small frequency difference. It is only important that
there is a borderline between the two frequencies of the forcing band and the fading band. In the real
circuit, the case of the frequency band is unfavorable. In order to counteract unfavorable phenomena
occurring in systems with periodic structure, the "mistuning" effect is applied. As it results from
the presented spectra, the largest frequency components concern measurement points located on the
shaft of the levitation unit. Their frequency is about 60–150 Hz. Other measuring points do not have
higher amplitudes.

6. Conclusions

The presented method of modeling the Hyperloop system together with the guideway and
magnet elements as a combination of a discrete and continuous model gives the opportunity to
assess the behavior of individual masses during movement. The presented equations of motion were
implemented for mass-inertial linear values of susceptibilities and levitation forces in a form enabling
the introduction of various detailed quantities, which may be different for different constructions.
A model with one guideway and four magnet systems was considered. Simulations were carried out
for specific systems, which showed that in horizontal and vertical movement there are amounts of
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displacements that are within the limits of transverse and vertical clearance between the guideway
and the magnet elements, they are for the transverse direction of 2 mm, and for the vertical direction
of 8 mm. In none of the simulation cases did the phenomenon of magnet contact with the guideway
occur. The spectra have shown that for transverse displacements the nature of the spectra is similar
for different speeds, while for vertical displacements, the spectra for different speeds are significantly
different, but the shift in the maximum quantities of these spectra almost twice results from a double
increase in Hyperloop speed.

In all the examples analyzed in the article, the maximum values of frequencies, both in the
designated displacements and accelerations, contained in the range between 60–160 Hz, appear,
which results in the appearance of eigenfrequencies both on the caps and on the first levitation system.
The indicated research problem will be considered in another article.

Based on the analysis of the test results, it was found that the capsule could be allowed to move
Hyperloop vehicles with a maximum speed of 2000 km/h. The computer model used in the simulations
took into account the dominant values of the interactions in the form of vertical and transverse forces
caused by the mass of the capsule moving at different speeds in the tube on a straight guideway.
However, there are other random factors influencing the size of the displacements, which depend
not only on the speed and parameters of the levitation set, but also on local track irregularities
(side impacts) and the elastic characteristics of the tube. The factor that significantly influences the
solutions, especially the acceleration values, is the damping. It is planned to carry out further works
related to the calibration of the calculation model, taking into account the change in gaps between
the magnets.
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