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Abstract: This study provides the engineering science underpinnings for improved characterization and
quantification of the interplay of gases with kerogen and minerals in shale. Natural nanoporous media
such as shale (i.e., mudstone) often present with low permeability and dual porosity, making them
difficult to characterize given the complex structural and chemical features across multiple scales.
These structures give nanoporous solids a large surface area for gas to sorb. In oil and gas applications,
full understanding of these media and their sorption characteristics are critical for evaluating gas reserves,
flow, and storage for enhanced recovery and CO2 sequestration potential. Other applications include
CO2 capture from industrial plants, hydrogen storage on sorbent surfaces, and heterogeneous catalysis
in ammonia synthesis. Therefore, high-resolution experimental procedures are demanded to better
understand the gas–solid behavior. In this study, CT imaging was applied on the sub-millimeter scale to
shale samples (Eagle Ford and Wolfcamp) to improve quantitative agreement between CT-derived and
pulse decay (mass balance) derived results. Improved CT imaging formulations are presented that better
match mass balance results, highlighting the significance of gas sorption in complex nanoporous media.
The proposed CT routine implemented on the Eagle Ford sample demonstrated a 17% error reduction
(22% to 5%) when compared to the conventional CT procedure. These observations are consistent in the
Wolfcamp sample, emphasizing the reliability of this technique for broader implementation of digital
adsorption studies in nanoporous geomaterials.

Keywords: nanoporous media; adsorption; computed tomography

1. Introduction

Nanoporous materials are ubiquitous throughout industrial applications, such as separations and
catalysis, and in natural settings including energy resources. In unconventional shale resources, pore sizes
may be on the order of a nm but properties vary over greater length scales (micrometer to millimeter).
Characterization of static and dynamic properties over multiple spatial scales is frustrated by the inherent
trade off in imaging between image resolution and sample size. X-rays computed tomography (CT) has
the potential to provide quantitative details of in situ properties, such as porosity (void fraction), with fine
spatial resolution over macroscopic length scales; however, processing of CT images to obtain such details
is frustrated by gas sorption. Improved methods of laboratory scale characterization of shale samples
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are motivated by small ultimate recovery factors of 20–30% of gas resources and the rapid decline in
production rates [1,2]. An increased understanding and characterization of nanoporous geomaterials is
foundational to developing methods that improve and enhance recovery factor.

The small recovery percentage is a consequence of the tight shale matrix composed of pores with sizes
ranging from 1 to 100 nm and small porosity, multi-phase flow blocking, clay swelling, slow matrix-fracture
diffusion, and so on [3–6]. Characterizing shale and the gases within it is difficult because most of the
matrix porosity is distributed in nanopores in organic matter and clays [7]. As a result, the accessible
porosity for various gases is dependent on the pore-throat size. The wide pore-size distribution in shale
necessitates the use of various laboratory techniques at different scales to capture the entire range [8–10].

There are various methods mentioned in the literature for determining gas storativity in
shale on the core (mm) scale. The pulse decay method is used often to measure shale porosity,
permeability, and adsorption [11–14]. However, this technique is laborious and only provides bulk
storage properties. Contrary to the pulse decay technique, X-ray Computed Tomography (CT) is
capable of measuring the in situ porosity at the scale of voxels. Characterization of in situ porosity
helps identify features or mineralogy associated with increased or decreased local gas storativity.
Furthermore, these voxel-by-voxel porosity values represented on a 3D grid can then be averaged to
yield a CT-derived bulk porosity for comparison with pulse decay derived bulk porosity. CT combined
with X-ray attenuating penetrants, such as krypton (Kr), has been used in applications related to porosity,
diffusion, adsorption, and enhanced recovery quantification [15–21]. CT shale applications also include
measuring fracture apertures [22,23] and visualizing mineral dissolution [24], among many others.
However, little work is found in the literature seeking to validate CT-derived results with storativity
or porosity results computed via mass-balance techniques.

The ability to validate CT results with results from mass-balance methods ensures that CT
depictions are consistent with mass-balance results when both methods are used concurrently.
Additionally, repeated consistency provides flexibility of usage as both techniques have their benefits
and drawbacks. Pulse decay experiments for samples with small permeability are often long and require
extensive prior calibrations, whereas experiments involving CT are often quicker. In addition to bulk
storativity, CT also quantifies and depicts local gas storativity.

In this work, we independently measure pulse decay and CT gas storativity as well as apparent
porosity via the fluid substitution method [25] using Kr as a penetrant. A new CT processing method
is proposed that better matches the pulse-decay mass-balance results compared to the conventional CT
image processing method. CT processing and experimental procedure are detailed next. Finally, results are
presented followed by conclusions.

2. Computed Tomography (CT)

Imaging of Kr apparent porosity and storativity are attainable via CT. In this section, we detail a new
formulation for quantifying both Kr CT apparent porosity and storativity in shale that accounts for the
attenuation of the adsorbed gas phase. A similar workflow can be adopted for other gases that strongly
attenuate X-rays.

Diagnostic Methods

CT scanners generate cross-sectional images through the attenuation of X-rays. The cross-sectional
images are then interpolated to produce three-dimensional images. A GE HiSpeed CT/I third generation
CT scanner is used and operated at 140 kV, 120 mA, helical mode with 1 s per image exposure time.
The scanner was configured to output 0.195 mm by 0.195 mm by 1 mm voxel resolution per cross-section
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with 1 mm distance between each slice. The large X-ray energy of 140 kV was chosen given that metals
and rocks are difficult to penetrate [25].

A CT number is computed by normalizing the measured attenuation coefficient, µx, so that water
and air have CT numbers of 0 and −1000 in Hounsfield Units (HU), respectively,

CT = 1000 ∗ µx − µw

µw − µa
(1)

where CT is dimensionless HU (0.1% change in density with respect to calibration density scale), µw is
the linear attenuation coefficient of water, and µa is the linear attenuation coefficient of air. The linear
attenuation coefficient of a material depends on the incident X-ray intensity, the remaining detected
intensity, and the thickness of the object [26,27]. X-ray sources are limited to large energies (140 kV) to
minimize beam hardening that affects the linear attenuation coefficient as the incident beam intensity
depends on the voltage, current, and scan time [28]. Beam hardening is an error that results from
preferential attenuation of less energetic X-rays at sample interfaces. The result is a shift in detected
attenuation to higher (harder) values. Typically, beam hardening appears as an apparent ring of large
density material around a core image due to the abnormally large CT number measured. Therefore, 5% of
the core periphery is cropped typically before any CT analysis to further mitigate this issue. Cylindrical
geometry is used to avoid x-shaped artifacts [25].

Typically, water is used as a penetrant when measuring porosity using the fluid substitution method,
but the extreme difficulty of injecting water through a shale sample due to its small permeability suggests
the use of smaller-viscosity gases that attenuate X-rays. Kr attenuates X-rays strongly in the energy range
typical of clinical CT scanners, compared to air or vacuum, and is relatively easy to use to saturate shale
samples. The procedure starts by scanning a dry sample to obtain the voxel by voxel CT number of the
vacuum-evacuated rock, CTr,ar. Then, the sample is saturated with Kr and scanned once again to get the
voxel by voxel CT number of the Kr-saturated rock, CTr,Kr. It is necessary however, to measure the CT
number of gases saturating the pore network at different pressures because the CT number is typically a
function of fluid density.

Shale apparent porosity is obtained conventionally as [25]:

φapp =
CTr,Kr − CTr,ar

CTKr − CTar
(2)

where CTKr is the CT number of pure Kr and CTar is the CT number of air. Alnoaimi (2016) [29] measured
Kr CT number at various pressures up to 200 psia. Aljamaan et al. (2017) [30] conveniently expanded
this work by recording a database of pure Kr and CO2 at 20 ◦C up to about 1000 psia. Correlation from
Aljamaan et al. (2017) [30] was used to construct Figure 1, that shows the pure Kr CT number versus
pressure at 20 ◦C.

The CT number of pure Kr, CTKr, is usually measured by pressurizing Kr gas in a hollow aluminum
core holder while recording the corresponding CT numbers. Pure Kr CT numbers acquired using this
technique account for the free gas phase density only. This may lead to inaccurate values of porosity when
Equation (2) is applied to adsorptive samples (e.g., high kerogen content) as the in situ Kr CT number
measured captures both the free and adsorbed phases. Therefore, a new methodology is needed to capture
the pure Kr CT number in an adsorptive rock that accounts for the effective attenuation from the adsorbed
and free gas phases.

Converting Kr gas pressure values at 20 ◦C, as shown in Figure 1(left), to their corresponding density
values, Kr density can be related to pure Kr CT number as shown in Figure 1(right). The curve depicted in
Figure 1 is then translated to compute the density change associated with the measured change in the CT
number after Kr saturation of the rock, as shown in Figure 2. The slope, β, of 5.9 HUm3kg−1, as shown in
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Figure 2, is used to capture the in situ effective (free and adsorbed) density of pure Kr at a particular pore
pressure given the assumption that the density–CT correlation remains linear and constant with pressure.
This assumption is validated given that µx is approximated as [31]

µx = Kc
Z4

e ρ

Ep
3 Ar

(3)

where Ze is the effective atomic number, Kc is a constant that depends on the electron shell, ρ is the fluid
density, Ar is the atomic weight, and Ep is the energy of the incident photon beam. Notice that the linear
attenuation coefficient is most sensitive to the effective atomic number and the energy of the incident
photon beam, and it is linearly proportional to fluid density. Clearly, β depends on temperature.

The voxel-by-voxel Kr density, ρKr−v, is computed using Equation (4)

ρKr−v =
CTr,Kr − CTr,ar

β
(4)

Figure 1. Pure Kr CT number versus pressure (left) and density (right) at 20 ◦C scanned at 140 kV and
120 mA. CT number versus krypton pressure correlation was acquired from Aljamaan et al. (2017) [30].

Figure 2. Pure Kr density versus ∆CT at 20 ◦C scanned at 140 kV and 120 mA.
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Knowing the CT scanner voxel dimensions, the mass of Kr in each voxel, mKr−v, and the total mass of
Kr in the imaged rock, mKr−t, are computed as shown below:

mKr−v = ρKr−v ∗ Vv (5)

mKr−s =
nvs

∑
j=1

mKr−vj (6)

mKr−t =
ns

∑
k=1

mKr−sk (7)

where Vv is the voxel volume, mKr−s is Kr mass in each imaged slice (cross section), nvs is the number
of voxels per slice based on the sample’s diameter, and ns is the number of acquired slices based on the
sample’s length. The voxels cropped to eliminate artifacts are accounted for during these computations
as their exclusion result in a significant loss in accuracy of mass. After reaching pressure equilibrium,
the computed total Kr mass is converted to apparent Kr pore volume, VKr−app, using the molecular weight
of Kr, MWKr, and the real gas law:

VKr−app =
mKr−t
MWKr

∗ ZRT
Pp

(8)

where Z is the real gas compressibility factor, T is the temperature, Pp is the pore pressure, and R is the
universal gas constant. Finally, the apparent Kr porosity, φKr−app, computed via CT is determined using
Equation (9)

φKr−app =
VKr−app

Vv ∗ nv
(9)

where nv is the total number of voxels in the image. We use the imaged rock dimensions instead of the true
rock dimensions as a small portion of the rock periphery is cropped during analysis of porosity to mitigate
beam-hardening artifacts. A more common method to quantify and compare rock storativity, SR, is by
presenting it in standard cubic feet (SCF) of gas stored in a ton of rock. To achieve this, the computed Kr
apparent pore volume is expanded to atmospheric pressure, Patm, and divided by the imaged rock mass,
MB (Vv*nv*ρB), as shown in Equation (10),

SR = VKr−app
Pp

PatmZMB
(10)

where ρB is the rock’s bulk density.

3. Sample Preparation

Experiments were conducted on an Eagle Ford core and a Wolfcamp core. Both cores are 2.54 cm
in diameter and the lengths of the Eagle Ford and Wolfcamp samples are 4.24 and 6.35 cm, respectively.
The dry weights and depths of the Eagle Ford and Wolfcamp samples are 49.8 g and 11,184 ft and 76.3 g
and 9708 ft, respectively. The mineralogy of both samples is captured in Table 1.

Core samples were sleeved between two 316 L grade stainless-steel end caps with 3–4 Teflon
heat-shrink tube layers. Aluminum foil was applied in between the Teflon tube layers to minimize
gas diffusion between the pore space and the confining fluid. Deionized water was used as the confining
fluid by injecting it in between the Teflon tube and the outer aluminum body of the core holder using
an ISCO pump. The aluminum body allows for sufficient CT transparency to image the in situ rock and
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saturating gas. Core preparations for drying and sleeving are identical to the procedure detailed by Elkady
and Kovscek (2020) [24].

Table 1. Summary of Eagle Ford and Wolfcamp samples mineralogical data by wt%. Data for the Eagle
Ford core were obtained from Aljamaan et al. (2017) [30], and the Wolfcamp mineralogical data are based
on FTIR data made available by the core provider.

Sample TOC Clay Carbonates Quartz Feldspar Pyrite Plagioclase/Chlorite

Eagle Ford 5.1 20.3 48.9 18 3.8 3.9 0
Wolfcamp 25 15 50 3.1 2.2 4.7

4. Experimental Procedure

We characterized the rock samples porosity and storativity using the pulse decay technique detailed
in Elkady and Kovscek (2020) [32]. The accuracy of the pulse decay storativity measurements depends on
the pressure transducers’ precision, the accuracy of the pre-measurement of the upstream and downstream
reservoir volumes, and the pore volume to reservoir volume ratio. The pressure transducers’ precision
is within 1 psi and the accuracy of the upstream and downstream reservoir volumes are within 2%.
The reservoir volumes were chosen to be comparable to the sample’s pore volume to achieve reasonable
pressure sensitivity. Reservoir volumes that are too large result in minimal pressure change during a
pressure pulse experiment, while reservoir volumes that are too small introduce very little gas into the rock
resulting in small pressure buildups. The experimental setup shown in Figure 3 was designed to obtain
the mass balance derived storativity. Therefore, the setup was placed on a CT table for image acquisition
to compare CT-derived storativity results with the pulse decay results.

Figure 3. Pulse decay experimental setup for mass balance determination of gas storativity in rock. Setup is
placed on a CT table for image acquisition after reaching pressure equilibrium for each pressure pulse.
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Once the core was sleeved and vacuum evacuated, a full CT scan of the rock was acquired.
The upstream reservoir was then pressurized by opening the first (leftmost) valve to a Kr source while
keeping the second valve closed. The first valve was then closed and the upstream pressure was monitored
until the reading stabilizes. The second valve was then opened to allow Kr to pass through the core
to the downstream end. The last (right-most) valve was always kept closed. The pressure upstream
and downstream of the sample was recorded using pre-calibrated Precise Sensors transducers rated
up to 2000 psig. A second full scan was obtained after the pore pressure remains constant with time.
The equilibrium condition was identified when the upstream and downstream pressures were equal and
had not changed for 6–12 h.

The confining pressure was initially set to 500 psia above the average pressure of the charged
upstream and downstream reservoirs. Once a better estimate of the equilibrium pressure became apparent,
the confining pressure was adjusted again during the saturation process to ensure the 500 psia effective
stress at equilibrium. Successive pulses were initiated by repeating the same steps while cautiously
maintaining a 500 psia effective stress. Here, instead of starting at vacuum conditions, each additional
pulse added more Kr moles to the closed system, thus increasing equilibrium pore pressure, as illustrated
in Figure 4 for the Eagle Ford sample. Kr successive pressure pulses were performed under the CT scanner
so that the vacuum evacuated rock image and Kr-saturated rock images were acquired and used at the
end of each pulse to compute the CT-derived porosity and storativity values. The CT-derived results were
compared against the results obtained via mass balance. Note that the procedure and results summarized
in Figure 4 are also useful to measure the matrix to fracture transfer function [33].

Figure 4. Pressure history of all Kr pressure pulses for the Eagle Ford sample. The black arrow illustrates
that CT acquisitions are taken at the end of each pulse. This specific example shows a CT scan acquired at
the end of Pulse 2. Slight unsteadiness in equilibrium pressure is observed in the last few pulses due to
room temperature fluctuations that have greater influence at higher pressures.

5. Results

This section presents the porosity and storativity results for the Eagle Ford and Wolfcamp samples
obtained via CT. Comparisons are drawn against the mass balance results as well as results obtained using
the conventional CT method.
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Krypton Storativity via CT

We compare the pulse decay results with the proposed CT methodology for computing Kr storage
capacity. This is essential as CT computed Kr apparent porosity is often referenced against helium (He)
pulse decay porosity to highlight adsorption. However, there is a lack of testing to prove that both the
pulse decay and CT methods are capable of producing similar results for Kr.

We initially used Equation (2) to compute Kr storativity via CT and realized that the both the shape
and values of the curve do not match the mass balance results. Fundamentally, Equation (2) normalizes the
subtracted rock images with the CT number of Kr in free phase that does not take into account the denser
adsorbed phase. The proposed CT method, however, does produce a storativity curve that better matches
the material balance results (within 5%) for the Eagle Ford sample, as shown in Figure 5. The proposed
method captures the effect of adsorption by assuming a linear relationship between Kr density and CT
number that results in effective CT numbers that lay on the curve shown in Figure 2. Therefore, an effective
Kr density in each voxel is obtained directly. Knowing the voxel dimensions, the Kr mass in each voxel is
visualized via CT to show areas with low and high storativity, as seen in Figure 6.

Both CT methods are corrected for 0.4 cm3 dead space captured by the material balance method but is
invisible to the CT. This includes small volumes occurring from the slightly uneven rock surface that creates
small dead pockets between the rock and end caps as well as any minuscule crevices between the rock and
sleeving material. This is especially relevant given that 5% of the rock periphery is cropped out before
CT analysis due to artifacts. An uneven rock surface produced during rock cutting was confirmed via CT
showing a small pocket between one of the end caps and the rock (see Figure 7). In future experiments,
this correction can be eliminated or reduced by precise cutting, tight sleeving of the core, and upstream
and downstream reservoir volume measurements after rock sleeving.

Figure 5. Comparison of proposed and conventional CT formulations for Kr storage capacity in Eagle Ford
sample. Note the excellent agreement between the mass balance method (pulse decay) and the imaging
approach that takes into account Kr density more accurately. The proposed CT routine and conventional
CT method yield storativity values within 5% and 22%, respectively, of the mass balance derived results
The CT curves are corrected to account for an additional 0.4 cm3 of pore volume captured by the pulse
decay material balance but not visible to the CT scanner.
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Figure 6. 3D CT images showing increasing Kr storage in the rock with pore pressure in the Eagle Ford
sample. The color scale represents the mass of Kr in each voxel in Kg multiplied by the total number of
voxels per slice, 10,545. Warmer colors indicate more gas in place.

Figure 7. CT slice depicting the core and end cap boundary where the color scale reflects CT number in
HU. The lighter (2000 HU range) areas reflect etching in the end caps that allows for a more distributed
inflow of gas into the core. The changing CT numbers or density in these etched areas reflect the uneven
contact surface between the rock and end cap. The low CT number (less dense) blue zone suggests that a
void exists between end cap and core in that region.
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The Wolfcamp core Kr CT porosity results are compared in Table 2 for three different pressure pulses.
The Wolfcamp sample permeability was 2–3 times smaller than the Eagle Ford sample, therefore pressure
pulses took longer to equilibrate. Given that the pulse decay experiments were conducted under
CT, only three pressure pulses were attainable in a reasonable time frame on this multiuser scanner.
Nevertheless, each data point (whether Eagle Ford or Wolfcamp) was used independently to test the new
CT processing approach.

Apparent porosity is used as an alternative to storativity to illustrate that these quantities may
be used interchangeably to quantify the storage capacity of the rock. The results presented in Table 2
show that the new CT formulation is in better agreement with the pulse decay derived Kr porosity.
Moreover, the decreasing trend captured by the pulse decay method is also reflected by the new CT
method that is a result of the increasing free gas phase contribution to total porosity. The conventional
method predicts a smaller Kr porosity that is even less than the pulse decay measured He porosity
(11.0%) [32]. Additionally, Table 2 shows an increasing Kr porosity with increasing pore pressure.
This contradicts observations made from the pulse decay results. The increasing porosity captured
by the conventional method is due to the increasing contribution of the free phase gas to the total porosity
as pore pressure increases. As the conventional method considers the free phase gas only, the increased free
phase contribution with pressure is reflected as greater porosity. Figure 8 depicts 3D CT images showing
the apparent porosity distribution using both CT methods for the Wolfcamp sample. The proposed method
suggests that adsorption results in local Kr apparent porosity close to 25%, whereas other areas have
almost no gas storativity.

Observing Table 2, the new CT formulation Kr porosity is still smaller than the pulse decay results.
The difference is about 20% for the measurement of 556 psia. A 0.5 cm3 void space in-between the core,
sleeving Teflon, and ends caps would account for this discrepancy. Nonetheless, the new CT formulation
agrees substantially with the pulse decay Kr porosity compared to the conventional method. In most,
if not all, cases, the new CT method will produce slightly lower porosity values compared to the pulse
decay method. One could argue that the new CT method is more accurate as the pulse decay method
slightly overestimates porosity due to very small dead spaces around the core that cannot be avoided and
are virtually unquantifiable. Further experimentation and comparisons are needed before a definitive
conclusion can be made with regard to the method that is more accurate. In conclusion, a better CT
processing method is proposed that is more consistent with pulse decay results.

Table 2. Wolfcamp core Kr porosity results comparison using pulse decay (PD), conventional CT, and new
CT methods.

Pressure (Psia) PD φKr−app (%) Conventional CT φKr−app (%) New CT φKr−app (%)

216 16.6 9.0 14.4
397 16.4 9.9 13.4
556 15.9 10.1 12.8
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Figure 8. 3D CT images of Kr apparent porosity for the three pressure pulses conducted on the Wolfcamp
sample. Local areas with relatively greater storage are consistent in both methods; however, the magnitude
by which Kr stores in these areas differ.
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6. Summary

Both pulse decay and X-ray CT imaging were used independently to establish consistency between
storativity results derived from each method. New image processing routines for CT data were developed
that better match mass balance derived porosity and storativity results compared to conventional CT
methods. This consistency between both techniques was not previously attainable in shale using the
conventional CT method.

Measurement of in situ porosity via CT scanning is improved by incorporating the contribution
from both the free and adsorbed gas phases in our formulation. In shale characterization work found
in the literature, little cross-examination is made between He pulse decay porosity and storage capacity
determined using Kr in shale because of the difficulty of correcting for the sorption of gases. This motivated
initiating comparisons between both characterization methods to establish consistency. The newly
proposed methodology was tested on two shale samples (Eagle Ford and Wolfcamp) at various equilibrium
pore pressures. In all cases tested, the proposed method had better agreement with the pulse decay
results than the conventional method. After dead volume correction, the proposed CT routine and
conventional CT method yield storativity values within 5% and 22%, respectively, of the mass balance
derived results. Moreover, the reduction in apparent porosity with increasing pore pressure was also
consistent between pulse decay and the proposed CT method. The reduction in Kr apparent porosity with
increasing pore pressure is a consequence of the increasing contribution of the free gas phase. On the other
hand, the conventional method occasionally exhibited unrealistic apparent porosity numbers where Kr
CT porosity was lower than the He pulse decay porosity. We strongly encourage the use of the newly
proposed method for future CT porosity computations in rocks that strongly adsorb gas, such as shale.

Further testing can be made to compare results for strongly adsorbing (shale) and weakly adsorbing
rocks (sandstones and carbonates) to test the performance of both CT methods. Additionally, upstream and
downstream reservoir volumes should be measured while the core is sleeved into the setup to account for
void spaces that may lead potentially to slight discrepancies between CT and mass balance methods.
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Abbreviations

The following abbreviations are used in this manuscript:

PD Pulse decay
SCF Standard cubic feet
HU Hounsfield units
CT Computed tomography
Z Real gas compressibility factor
Pp Pore pressure
T Temperature
R Universal gas constant
MWKr Kr molecular weight
VKr−app Apparent Kr pore volume
nv Total number of voxels in imaged rock
φKr−app Apparent Kr porosity
SR Rock storativity
Patm Atmospheric pressure
Vv Voxel volume
mKr−v Voxel-by-voxel Kr mass
nvs Number of voxels per slice
mKr−s Kr mass in each slice
ns Number of slices
mKr−t Total Kr mass in imaged rock
MB Mass of imaged rock
ρB Bulk rock density
ρKr−v Voxel-by-voxel Kr density
β Slope of Kr CT number versus Kr density
Ar Atomic weight
ρ Density
Ep Energy of the incident photon beam
Kc Constant that depends on the electron shell
Ze Effective atomic number
CTr,Kr CT number of Kr saturated rock
CTr,ar CT number of dry rock
CTKr CT number of pure Kr
CTar CT number of air
µw Linear attenuation coefficient of water
µa Linear attenuation coefficient of air
µx Linear attenuation coefficient of sample x
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