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Abstract: This paper focuses on the matter of cogging torque reduction by combining various methods
of cogging torque minimization. Due to the high costs of prototype construction, cogging torque is
minimized during the design phase by using numerical methods, while computer simulations are
used to find a magnetic circuit arrangement for which the cogging torque has the smallest possible
value. Cogging torque occurs as a result of combined impact of the magnetic field of a permanent
magnet located at rotor and stator with variable magnetic conductivity depending on an angle of
rotation. It is a pulsating torque and occurs permanently during machine operation, impacting the
operation of the entire device cooperating with the electric machine and causing vibrations, tension,
and noise. It results in braking torque and subsequent power losses and leads to faster wear and tear
of machine structural elements. High cogging torque values cause problems with rotational speed
adjustment. In the case of electric generators used in wind power plants, it impedes the start-up
of power plants at high wind speeds. Considering the above, the reduction of cogging torque in
permanent-magnet machines is extremely important.

Keywords: cogging torque; cogging torque minimization; finite element method; magnet
machines; multipolar

1. Introduction

Innovative electric machines are characterized by such parameters as high efficiency, high energy
density, high reliability and compact size. All these parameters can be achieved thanks to simultaneously
occurring progress in the area of machine design and to rapid development in related areas of science,
namely power electronics, materials engineering, and microprocessor techniques [1,2]. Reaching
high efficiency in electric machines is possible thanks to the application of advanced computer
techniques during the design process [3–5]. These techniques are used to calculate electromagnetic
field arrangement and to optimize machine structure. The development of power electronics
enables semiconductors to control machines with gradually increasing power capacities, while the
microprocessor technique ensures the realization of the control process. of the use of rare-earth elements
(NdFeB, SmCo) in magnets allows for the production of electric machines with energy density 10 times
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higher than by using traditional ferrite magnets and AlNiCo [1]. Combining these elements results in
the production of innovative energy-saving motors, widely used in industry, and permanent-magnet
electric generators used in renewable energy generation systems [6]. Permanent-magnet electric
machines have multiple pros and two cons: they are more expensive than asynchronous machines,
and are characterized by cogging torque that occurs as a result of the combined impact of the magnetic
field of permanent magnets and a stator with variable magnetic conductivity. It is a pulsating torque
and occurs permanently during machine operation [7], impacting the operation of the entire device
cooperating with the electric machine and causes vibrations, noise, braking torque, power losses and
problems with rotational speed adjustment [8]. As a result of these adverse phenomena, minimization
of the cogging torque is still an unsolved problem in permanent-magnet machines, and finding the
most efficient minimization methods is of high importance [9–15].

2. Cogging Torque

Permanent-magnet motor torque is the sum of three components depending on rotor position:
torsional excitation value, reluctance torque, and cogging torque.

Te(αm) = Tw(αm) + Tr(αm) + Tz(αm) (1)

where: Te is the torque, Tw is the torsional excitation value, Tr is the reluctance torque, Tz is the cogging
torque, and αm is the angle between rotor and stator.

Torsional excitation occurs as a result of the combined impact of the stator field and the rotor
magnetic field and constitutes the driving element of the rotor. The reluctance torque occurs as a
result of a change in rotor reluctance for the stator field. In permanent-magnet motors with magnet
permeability being close to vacuum permeability, the reluctance torque is negligibly low. The cogging
torque occurs as a result of the combined impact of the magnetic field created by permanent magnets
and the stator with angular variation of magnetic conductivity. The cogging torque is determined with
electric power disconnected, and is undesirable because it constitutes the braking torque, impedes
start-up of a machine, and increases vibrations and noise levels, leading to faster wear and tear of
motor components. Periods of oscillation for certain components depend on the numbers of Q grooves
and p pole pairs (Table 1):

Table 1. Periods of oscillation for certain components.

Torque Period of Oscillation

Torsional excitation 2π
p

Reluctance torque π
p

Cogging torque 2π
NWW(p,Q)

Electromagnetic torque 2π
p

The static electromagnetic torque in a brushless motor is a periodic function of the rotor tilt angle.
As a result of the complete elimination of the reluctance and cogging torques, the electromagnetic
torque will depend only on torsional excitation. In this paper, we focus on cogging torque reduction.

In a permanent-magnet electric motor, the electromagnetic torque is produced by the combined
impact of the current flowing through the coil and the magnetic field of permanent-magnet excitation.
The value of the torque being created can be calculated as changed motor magnetic co-energy for
changed rotor angular position. This relation is expressed by the following equation:

Te =
∂Ec

∂α
(2)
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where Te is the electromagnetic torque, Ec is the magnetic co-energy, and α is the angular position.
If no voltage drops in the ferromagnetic part of the magnetic circuit and linear demagnetization of

a magnet are assumed, the magnetic co-energy and magnetic energy are equal. In this case, calculations
can be limited to the magnetic field parameters in an air gap:

Ec =
1
2

BδHδV =
Bδ2

2µ0
V (3)

where Ec is the magnetic co-energy, Bδ is induction in the air gap, Hδ is the air gap electric field, V is
the air gap volume, and µ0 is vacuum permeability.

Static field magnetic co-energy is a function of the position of a rotor and strand currents. For linear
demagnetization magnets, magnetic co-energy can be treated as the sum of components, depending
only on the E0

c (α, 0) position, and the component depending on position and current E′c(α, ik):

Ec(α, ik) = E0
c (α, 0) +

n∑
k=1

E′ck
(α, i1, . . . , in) (4)

where Ec is the magnetic co-energy, α is the angular position, ik is the instantaneous current in a given
strand, and k = 1, . . . n is the coil strand number.

With electric power disconnected, co-energy takes the form depending only on rotor position:

E0
c (α, 0) = Ec(α, ik) (5)

When the rotor rotates in relation to the stator, changes in magnetic co-energy occur, resulting
from variable permeance of the excitation flux. In a linear magnetic circuit, decreased permeance
results in displacement of the operating point from P1 to P2 of the demagnetization characteristics
(Figure 1). Operating point displacement results in a change of magnetic co-energy defined by the area
of the P1H1O triangle to the area of the P2H2O triangle [16].
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where Hc is the coercive voltage and Br is remanence induction.
Gap magnetic flux can be expressed as follows:

φ =

∫
S

BdS (6)
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where φ is the magnetic flux in the air gap, B is the air magnetic induction, and S is the gap area (the
surface of the cylinder inside the air gap).

Magnetic flow can be expressed as follows:

θ =

∫
l

Hdl (7)

where θ is magnetic flow, H is magnetic field strength, and l is gap length.
Internal energy can be expressed by means of an integral of magnetic flow in relation to flux:

E(α) =

φ∫
0

θdφ =

∫
φ

Λµ(α)
dφ (8)

where φ is the magnetic flux in the air gap, θ is magnetic flow, E is internal energy, Λµ(α) is permeance
for flux from magnets, and α is the rotor position in relation to the stator.

After substituting the relation from Equation (8) to Equation (3), the cogging torque can be
determined as:

Tz(α) =
∂Ec

∂α
=

∂
∂α

(∫
φ

Λµ(α)
dφ

)
=

∂
∂α


∫
φdφ

Λµ(α)

 = ∂
∂α

(
1

Λµ(α)

) ∫
φdφ (9)

where Tz is the cogging torque, Ec is the magnetic co-energy, φ is the magnetic flux in the air gap, Λµ(α)
is permeance for flux from magnets, and α is the rotor position in relation to the stator.

We can see in the Equation (9) that cogging torque occurs as a result of variable magnetic circuit
permeance for permanent magnet flux. Magnetic circuit permeance is a sum (Equation (10)) of the
constant component (Equation (11)) and the variable component (Equation (12)) depending on rotor
position. In order to simplify our deliberations the permeance variable component consists only of a
basic harmonic:

Λ(α) = Λs +Λz(α) (10)

Λs =
Λmax +Λmin

2
(11)

Λz(α) =
Λmax −Λmin

2
cos(NWW(p, Q)α) (12)

whereΛ is the magnetic circuit permeance,Λs is the permeance constant component,Λz is the permeance
variable component, Λmax is the maximum permeance value, Λmin is the minimum permeance value,
Q is the number of grooves, p is the number of pole pairs, NWW is the least common multiple, and α is
the rotor position in relation to the stator.

Thus, the period of oscillation for the permeance variation component is determined by the value
of the least common multiple of the numbers of grooves and pole pairs:

TΛ =
2π

NWW(p, Q)
(13)

where TΛ is the permeance period of oscillation, p is the number of pole pairs, Q is the number of
grooves, and NWW is the least common multiple.

Considering Equations (9) and (13), cogging torque permeance depends on the least common
multiple of the numbers of grooves and pole pairs.

The amplitude of the permeance variable component depends on the machine’s material and
structural parameters. In order to minimize the cogging torque and maximize the electromagnetic
torque, permeance should have the highest possible value of the constant component and no variable
component. The most common method used to minimize the permeance variable component and the
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cogging torque is groove beveling [17]. Due to the high costs of prototype construction, the cogging
torque is minimized during the design phase by using numerical methods, while computer simulations
are used to find a magnetic circuit arrangement for which the cogging torque has the smallest
possible value

3. Simulation Tests

Two DCPM motors were selected for tests. The magnetic circuits of the motors are presented in
Figure 2.
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The output parameters of the motors are presented in Table 2.

Table 2. List of parameters of the DCPM motors being tested.

Parameter Value

power 150 W

velocity 500 rpm

torque 3 Nm

voltage 24 V

current 6.25 A

number of inductors 9

number of coils 70

wire diameter 0.8 mm

outer stator diameter 125 mm

inner stator diameter 78 mm

air gap 1 mm

rotor diameter 76 mm

sheet metal plate package width 20 mm

magnets (magnetized diagonally) 20 × 5 × 20 mm

pole pitch filling coefficient 75%
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The numbers of stator teeth in the motors differ: there are 9 in the asymmetric motor and 12 in the
symmetric motor. There are eight rotor magnets in each of the machines.

The simulation models [18–21] were developed from the software FEMM 4.1 library. We selected
materials used for simulation and defined the areas containing coils. Certain model areas were assigned
to the selected materials, and coils were assigned to current values. It was initially assumed that the
magnetic field would not go beyond the machine, so the zero boundary conditions were defined for
the stator. A series of trial calculations were performed in order to select a size of the calculation grid
enabling us to obtain uniform, linear-like torque characteristics for a satisfactory calculation period
length. If a 2D software is used, the number of reduction methods that can be used for tests is limited.

Among the known cogging torque reduction methods [3,22], the following were selected for tests:
asymmetric arrangement of rotor magnets and decreasing of groove orifice width.

It was decided to test all possible combinations in the parameter variability range being selected.

4. Testing of the Asymmetric Machine

The stator of the asymmetric DCPM motor has nine teeth and there are eight diagonally magnetized
NdFEB37 neodymium magnets in the rotor. In order to provide symmetric arrangement of magnets
in the rotor, the angle between them is 45 degrees. Asymmetric arrangement occurs by displacing
magnets in relation to a previous one by a fixed angle. For simulation purposes, the angle change to be
applied between adjacent magnets was determined to be between 44 and 45 degrees with a pitch of
0.1 degree.

Figure 3 presents an example of the asymmetric stator with the symmetric rotor, for which the αsd

angle is 45 degrees, and with the asymmetric rotor, for which the αsd angle is 44 degrees.
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Figure 3. Example of the asymmetric machine with the symmetric rotor (a) and the asymmetric
rotor (b).

Groove orifice width was adjusted from 12.58 mm, being equal to stator tooth width, to 2.25 mm
with a pitch of circa 1 mm. The calculation automation script generated the grid, calculated cogging
and useful torque values, displaced the rotor to the next position, and repeated the calculations.
Results were saved in text files for subsequent editing and importing to a spreadsheet. For motor useful
torque calculation, a default grid turned out to be sufficient. The cogging torque required thickening of
the grid in the gap to the size of 0.1 mm.
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For the purposes of useful torque calculation, additional coils were mounted around the stator’s
teeth and the number of coils in each inductor and current flowing through an inductor were determined,
as shown in Figure 4. The i+ currents are marked in red and the i- currents are marked in blue.
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Apart from minimizing the cogging torque itself, cogging torque reduction methods also change
the useful torque. With the intention of finding a model with the highest possible Tu/Tz coefficient,
it was decided to determine the ratio between the useful torque and the cogging torque for all
simulations. The results are presented in Table 3 and in Figure 5.

Table 3. List of ratios between useful torque and cogging torque in the DCPM motor being tested for
full rotor revolution.

δsz (mm)
αsd (o)

44 44.1 44.2 44.3 44.4 44.5 44.6 44.7 44.8 44.9 45

2.25 68.48 70.16 70.93 66.86 65.28 65.81 71.31 82.62 102.20 125.36 137.34

3.31 41.47 45.60 50.10 52.58 55.26 58.49 65.19 76.15 93.67 106.13 112.39

4.36 26.93 29.95 33.73 38.81 45.75 55.97 71.16 95.38 130.95 179.03 221.89

5.4 18.85 20.68 22.72 25.24 28.35 32.67 39.39 50.67 72.65 131.24 331.41

6.44 14.67 16.35 18.43 21.08 24.15 27.99 33.33 42.02 58.10 89.33 121.58

7.48 11.63 13.04 14.73 17.02 20.17 24.66 31.48 42.06 60.80 97.40 140.07

8.51 9.40 10.54 11.85 13.48 15.53 18.41 22.79 30.15 45.28 92.96 113.16

9.53 7.81 8.79 10.00 11.50 13.44 16.05 19.54 25.29 36.59 67.08 149.38

10.55 6.48 7.30 8.34 9.68 11.47 13.90 17.50 23.15 34.22 62.73 115.89

11.57 5.41 6.09 6.96 8.10 9.53 11.51 14.46 19.30 29.53 60.19 408.94

12.58 4.56 5.16 5.91 6.88 8.14 9.91 12.44 16.62 24.70 47.04 136.98
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In Table 3 in the green-marked area (δsz 3.31–12.58, αsd 44–44.5), where stator and rotor are
asymmetric parts, there is a clearly visible minimum in the 3D graph, while a change of any parameters,
displacement angle of adjacent αsd magnets, or δsz groove orifice width cause displacement towards
areas with higher efficiency. Better parameters can be achieved for the model with a symmetric
rotor than for the model with an asymmetric one. This part of the graph is irregular and has several
local maxima.

5. Testing of the Symmetric Machine

The stator of the symmetric DCPM motor has 12 teeth, and there are 8 diagonally magnetized
NdFEB37 neodymium magnets in the rotor. In order to provide a symmetric arrangement of magnets
in the rotor, the angle between them is 45 degrees. Asymmetric arrangement occurs by displacing
magnets in relation to a previous one by a fixed angle. For simulation purposes the angle change to be
applied between adjacent magnets was determined to be between 44 and 45 degrees with a pitch of
0.1 degree. Figure 6 presents an example of the symmetric stator with the symmetric rotor, for which
the αsd angle is 45 degrees, and with the asymmetric rotor, for which the αsd angle is 44 degrees.
Groove orifice width was adjusted from 10 mm to 2 mm with a pitch of circa 1 mm.
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As in the previous model, the LUA language script was written to generate the calculation grid,
calculate the useful torque and the cogging torque by means of the Maxwell stress tensor method [23,24],
and displace the rotor to the next location, as specified in the programmed pitch. Calculation results
were saved in text files. In this case it was sufficient to use a default grid to calculate the motor useful
torque. The cogging torque required thickening of the grid in the gap to the size of 0.1 mm.

For the purposes of useful torque calculation in the basic model of the DCPM motor being tested,
additional coils were mounted around the stator’s teeth, and the number of coils in each inductor and
the current flowing through an inductor were determined, as shown in Figure 7. The i+ currents are
marked in red and the i− currents are marked in blue.
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Apart from reduction of the cogging torque itself, cogging torque minimization methods can also
change the useful torque. Considering the above, it is necessary to look for a model with the best
possible ratio between the useful torque and the cogging torque. It was decided to determine the Tu/Tz

coefficient for all configurations being tested. Results are presented in Table 4.
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For better illustration of the results from Table 4 we decided to construct a 3D graph for the Tu/Tz

coefficient depending on the displacement angle for the adjacent magnets αsd and δsz groove orifice
width. The graph for all measurements is presented in Figure 8.
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Figure 8. 3D graph for the Tu/Tz coefficient for the asymmetric DCPM motor.

Decreasing the gap and the angle between the adjacent magnets results in increasing values of the
Tu/Tz coefficient. In this case, the single best solution is determined for the entire range being assessed,
regardless of which cogging torque reduction method is selected first.

Figure 9 shows the Tu/Tz coefficient at the single graph for both the symmetric model (on the left)
and the asymmetric model (on the right). The figure proves that the asymmetric motor is the better
solution in terms of energy-related values.
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6. Experimental Determination of the Cogging Torque

In order to verify calculation results the prototype motor was constructed (Figure 10) and cogging
torque measurements were performed [25].
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Figure 10. Real model (a) and simulation model (b) of the motor being tested.

The static cogging torque calculation method specified below is performed as follows: the machine
rotor is permanently connected to the balanced lever in the form of a single-side-weighted flat bar.
The end of the lever with the weight is placed on a digital scale. The machine rotor is connected to
the indexing head (Figure 11). Change of indexing head revolution angle results in changed stator
position in relation to the rotor, thus leading to changed pressure of the level on the scale.
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Figure 11. Cogging torque measurement stand.

The cogging torque is calculated as defined by Equation (14) on the basis of scale read-outs and
knowledge of the lever arm.

Tz = mn ·g ·rd (14)

where Tz is the torque being tested, mn is the scale read-out, g is standard gravity, and rd is the
lever radius.
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In order to compare the results of the laboratory measurements and the simulation calculations,
the joint graph for both cases was developed (Figure 12). On both graphs, measurement and calculation
errors were detected. The measurement and simulation results are convergent, and thus cogging
torque computations should be deemed correct. The lab index refers to lab measurements, while the
Femm index refers to calculation results obtained by means of the finite element method.
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7. Conclusions

On the basis of the performed tests, the following conclusions were drawn. 2D calculations give
results that are very similar to the real ones. Modification of the machine’s magnetic circuit may result
in the occurrence of additional harmonics in the cogging torque, and this is particularly detectable
during transformation from the symmetric structure to the asymmetric structure. The accuracy of
cogging torque calculations depends mostly on the gap grid density (the higher, the better). In other
parts of the magnetic circuit, the grid can have default values. As the cogging torque is not the only
criterion assessed during the design of electric machine magnetic circuits, the design of machines with
optimum parameters should be performed using genetic algorithms considering multiple parameters
and their reciprocal impact. Due to magnetic circuit structure, not all cogging torque reduction methods
appropriate for application in a given motor will be suitable for use in another. The use of just one
method causes significant reduction of the cogging torque. The best cogging torque minimization
results are obtained for the following configurations: symmetric stator with asymmetric rotor or
asymmetric stator and symmetric rotor. Other configurations produce worse results. Application of
another method for the model with an already-reduced smallest value of the cogging torque results
in its additional reduction, though not to the same extent as the primary method. In the case of the
application of two cogging torque reduction methods in a different order, we can obtain the machine
with the smallest cogging torque value.
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silniku prądu stałego z magnesami trwałym. Autoref. Rozpr. Dr. 2007, 322, 27–28.

7. Ziółek, M. Rozprawa Doktorska, Analiza Pracy Silnika Bezszczotkowego z Cylindrycznym Uzwojeniem i Zewnętrznym
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Wrocławskiej, Studia i Materiały; Oficyna Wydawnicza Politechniki Wrocławskiej: Wrocław, Poland, 2006.

12. Glinka, T. Maszyny Elektryczne Wzbudzane Magnesami Trwałymi; Wydawnictwo Politechniki Śląskiej: Gliwice,
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18. Krykowski, K.; Silnik, P.M. BLDC w Napędzie Elektrycznym Analiza, Właściwości, Modelowanie; Wydawnictwo
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synchronicznej metodą MES. Pomiary Autom. Kontrola 2012, 58, 1019–1021.

Publisher’s Note: MDPI stays neutral with regard to jurisdictional claims in published maps and institutional
affiliations.

© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution
(CC BY) license (http://creativecommons.org/licenses/by/4.0/).

http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction 
	Cogging Torque 
	Simulation Tests 
	Testing of the Asymmetric Machine 
	Testing of the Symmetric Machine 
	Experimental Determination of the Cogging Torque 
	Conclusions 
	References

