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Abstract: Coal-fired power units, now balancing power shortages in the power system, must be
characterised by increasingly higher flexibility of operation. This means faster start-ups and the
capacity for frequent decreases and increases in the power output. These processes cause large
temperature gradients in elements of the power unit and the turbine and lead to an increase in
the stress level. At such an operating regime it is impossible to ensure safety based on start-up
characteristics only—it becomes necessary to constantly monitor stress levels in critical areas of
machinery and equipment elements. The stress level in turbine elements can be monitored on-line
using algorithms based on Green’s functions and Duhamel’s integral. This paper presents examples
of modifications of stress calculations in turbine valves and casings during start-ups. By modifying
basic algorithms, it is possible to take into account the impact of the variability of heat transfer
coefficients on the thermal stress level. Additionally, individual Green’s functions and correction
factors were determined for specific stages of start-ups. Due to modifications, it is possible to obtain
satisfactory agreement with the results obtained from FEM-based calculations for the entire heating
process. Equations are also given that enable estimation of values of the heat transfer coefficient in
turbine valves. The proposed modification of the algorithm will substantially improve the accuracy of
stress modelling in transient states of the turbine operation. On-line stress monitoring will enable an
increase in the flexibility of the power unit operation and facilitate operational control, ensuring safety
of individual elements at the same time. The stress values calculated in the on-line mode can also be
used to estimate fatigue life consumption and forecast the residual lifetime of individual components.

Keywords: thermal stresses; Green’s functions; on-line monitoring; heat transfer coefficients

1. Introduction

Power unit start-ups carried out according to the manufacturer’s recommendations
should ensure operating safety. Steam turbines are started based on start-up characteristics
showing the recommended rate of increments in relevant parameters, such as tempera-
ture, pressure and mass flow of steam, the rotor rotational speed, and the power output.
However, real measured values of the parameters may differ from those set out in the
recommendations. Moreover, coal-fired power units, which are now used to balance power
shortages in the power system, are required to demonstrate increasingly higher flexibility
of operation. This means faster start-ups and more frequent increases and decreases in
the power output [1–3]. Due to that, large temperature gradients arise in elements of the
power unit and of the turbine, and this creates a higher risk of a serious failure [4]. At
such an operating regime it is impossible to ensure safety based on start-up characteristics
only—it becomes necessary to constantly monitor stress levels in critical areas of machinery
and equipment elements. On-line stress control enables safe acceleration of start-ups and
improvement in the dynamics of the power unit operation. It also makes it possible to
assess the life consumption and forecast the residual lifetime of elements of power plants.
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The biggest challenge in the development of the method of on-line control of the
material stress-and-strain state is the way of determining thermal stresses. The response
of the element material to thermal stresses is more complex compared to loads caused
by steam pressure or the mass load due to the rotation of rotors. Many algorithms were
developed for the calculation of thermal stresses in boiler and turbine elements based
on on-line measurements of parameters carried out in power plants [5]. They were then
used to optimise the start-up process. Examples of such analyses are presented, among
others, in [6,7] for elements of the boiler and in [8,9] for elements of the turbine. The
way of using on-line stress monitoring systems to calculate the fatigue life of the material
of turbine rotors is presented in [10] and an on-line fatigue-creep monitoring system for
high-temperature components of power plants is discussed in [11].

This article discusses the stress monitoring methods based on Green’s functions and
the proposed modification of the basic algorithm (Section 2). The new method allows to
take into account the variability of the heat transfer coefficient during start-up, therefore
the method of determining the value of this coefficient on the surface of the turbine valve
is presented in Section 3. The calculated values of stresses were compared with the values
obtained by means of FEM for two components: the valve and the turbine inner casing.
Start-ups from different thermal states are considered (Section 4). In Section 5 the proposed
of the use of an online stress monitoring system to control turbine operation is described.
The performed research is summarised in Section 6.

2. Algorithms for Stress Calculation in Turbine Elements
2.1. Agorithms Based on Green’s Functions

The simplest algorithms mapping maximum stresses σmax arising in characteristic
points of elements are based on the measurement of temperature differences ∆T or temper-
ature derivatives dTm/dT in the element:

σmax = f (∆T) (1)

σmax = f
(

dTm

dt

)
(2)

More advanced algorithms make use of the so-called influence functions illustrating
the stress-related response of the material to the unit step function in the form of a jump in
temperature. Total stress is calculated using the superposition method, i.e., summing unit
responses (cf. Figure 1).
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Green’s function fG(t) is used as the influence function T(τ) describing the material
stress-related response to a change in the temperature of the fluid flowing around the
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element, whereas individual components of thermal stress σT in a given time instant are
calculated using Duhamel’s integral:

σT =

t∫
0

dT(τ)
dτ

fG(t − τ)dτ (3)

So-developed algorithms make it possible to map real-time changes in stresses. One
downside of the solution is that it does not take account of changes in the material properties
resulting from variations in the operating temperature; nor does it take account of changes
in the coefficients of the heat transfer between steam and the surface of individual elements.

To reduce the divergences between the calculated and the real stress level, the above-
mentioned algorithm is modified. Paper [12] presents a method of determining stresses in
the rotor of a supercritical turbine high-pressure part. Instead of using the temperature of
steam flowing through the element, the method uses the direct temperature of the metal,
which can be determined by means of the finite element or the finite difference method.
Paper [13] presents an alternative method using neural networks to determine stresses in
turbine elements.

Paper [14] describes the way of introducing temperature-dependent variations in
material properties into the algorithm. The process of the element heating is divided
into a few stages for which separate Green’s functions are determined taking account
of the material properties in a given temperature. A neural network is then used. The
network is subjected to a self-teaching process based on determined influence functions.
The new Green’s functions are modified through an introduction of a weight coefficient.
The coefficient ensures limitation of the divergences between stresses obtained by means
of the described method and those found using the FEM. The way of taking account of the
temperature-dependent variability of steel properties is also discussed in [15,16].

A modification of the Green’s function-based method that makes it possible to take
account of the variability of the heat transfer coefficient in the calculations is presented
in [17]. The change in steam temperature T(τ) in Equation (3) is replaced with a modified
temperature calculated as:

Tmod =
α(τ)·(T(τ)− Tm(τ))

αmod
+ Tm(τ) (4)

where α(τ)—is the heat transfer coefficient at a given time instant, Tm(τ)—is the metal
temperature at a given time instant, and αmod—is the heat transfer coefficient for which the
Green’s function was determined.

2.2. Modification of the Algorith for Thermal Stress Determination

The steam turbine start-up involves an intense and variable heat exchange over time
between the surface of the turbine components and the steam flowing through them. This
produces a very wide range of changes in the heat transfer coefficient values. They vary
from a few to a few thousand W/m2K depending on the monitored area. In the case of
such big differences, the basic stress calculation algorithm using Green’s functions and
Duhamel’s integral proves insufficient. A need therefore arises to modify the method.
The start-up period is divided into stages defined using intervals of the heat transfer
coefficient values that change during the process. For each interval, an individual constant
or in-time-varying correction factor k is introduced to minimise the difference between the
results obtained using Green’s functions and those considered to be closest to reality and
calculated using the finite element method. The factor is used to determine the modified
temperature of steam based on Equation (4) modified as follows:

Tmod =
α(τ)·(T(τ)− Tm(τ))

k
+ Tm(τ) (5)
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The obstacle to the method application is the determination of the time-dependent
temperature of metal in the monitored area. Unlike steam parameters, this temperature is
not controlled by the measuring systems. To estimate the temperature at any moment of the
start-up process, influence functions fTn(τ) are determined. The functions can be defined
using the finite element method and are assigned to specific intervals of the heat transfer
coefficient values. The metal temperature is then found using the following equation [10]:

Tm =

t∫
0

dT(τ)
dτ

fTn(t − τ) (6)

Like in the case of influence function fTn(τ), Green’s functions ( fn) are assigned to
each interval of the heat transfer coefficient. The thermal stress components are determined
from the following relation:

σT =

t∫
0

dTmod(τ)

dτ
fGn(t − τ)dτ (7)

The complete algorithm of actions needed to determine thermal stresses is presented
in Figure 2.
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3. Determination of Heat Transfer Coefficients

The essence of the proposed modification of the algorithms for thermal stress calcula-
tion is to make them take account of the heat transfer coefficient variability between steam
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and the surface of the heated elements. This change in the heat transfer conditions has an
impact on the temperature gradients arising in the elements and thereby affects the thermal
stress level. Heat transfer coefficients are defined on the surface of the main elements, i.e.,
valves, casings, shafts, blade grooves, rotor labyrinth seals, etc.

The values of the heat transfer coefficient for these surfaces are determined using the
following general form [18]:

Nu = CRemPrn (8)

where Nu—Nusselt number, Re—Reynolds number, Pr—Prandtl number.
Exemplary equations for the heat transfer coefficient calculations developed based on

the literature data and using the results of our own studies are discussed, among others,
in [19–21]. The phenomena of heat and mass transfer show analogies, so the problem
of determining the heat transfer coefficients can be reduced to the determination of the
average and local mass transfer coefficient using the Chilton Colburn analogy. The method
described in detail, among others in [20,21], was used to determine the heat transfer
coefficients in turbine valves using sublimation of naphthalene in air for mass transfer
modelling. A detailed description of the measurements, the measurement stand, the results,
and their discussion are presented in [20].

Based on the results from [20], the heat transfer coefficient distribution in a model
turbine valve (cf. Figure 3) was determined and general equations were developed for each
of the areas marked in Figure 3:

Nu = CRe0,8 (9)

where:
Nu =

αdk
λp

, Re =
wdk
νp

(10)

where dk—diameter of the valve inlet connector pipe.
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Based on the results obtained from experimental testing, the values of coefficient C
were estimated using Equation (9). Exemplary equations for the calculation of the areas
schematically shown in Figure 3 have the following form:

Nu1 = 0.066Re0,8

Nu2 = 0.069Re0,8

Nu4 = 0.055Re0,8
(11)
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A correlation function similar to (9) was also determined, which defines the mean
value of the Nusselt number (Nu) for the whole valve chamber.

Nu = 0.06315Re0,8 (12)

The above equations for the calculation of the heat transfer coefficient were used to
modify the algorithm for calculating the stresses in the pressure components of the turbine.

4. Application of the Proposed Algorithm for Stress Calculation in Turbine
Pressure Components
4.1. Turbine Inner Casing

The proposed calculation scheme was used to monitor stresses in selected pressure
components of a 200 MW steam turbine. The finite element method using the ANSYS soft-
ware was applied to identify critical areas that should be covered by the stress monitoring.
The tetrahedral mesh type with 72,176 elements was selected. The analysis was conducted
in two stages. Initially, the calculations of the temperature distribution in the component
were carried out, where the boundary conditions were the fluid temperature and heat
transfer coefficient. The structural analysis was then performed with the fluid pressure
as an additional boundary condition. Effective stresses distribution in the turbine inner
casing during a start-up from the cold state carried out according to the steam parameters
shown in Figure 4 is presented in Figure 5.
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The monitored point (cf. Figure 6) is situated on the inner surface of the casing in
the steam inlet area. This area is characterised by high values of stresses and also by high
temperatures of metal, which intensifies the creep-related life consumption process.
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Figure 6. Point monitored in the turbine inner casing.

The turbine start-up from the cold state can be carried out with or without feeding
heating steam into the inter-casing space. This means that, depending on the start-up
type, higher or lower heat transfer coefficients occur on the casing outer surfaces. Due to
this difference, the influence functions, both for the metal temperature and for the arising
stresses, have to be developed for both variants of the start-up.

Considering the relatively small range of variation of the heat transfer coefficient
in the area monitored during the start-up (∆α ≈ 70 W/m2K), only one interval (n = 1)
was adopted, according to Figure 2, and influence functions were determined showing
the change in the metal temperature due to a unit increase in the temperature of steam
washing the element. Influence functions were determined for αmodI = 23 W/m2K and
αmodII = 37 W/m2K, respectively, for the variant with and without heating in the inter-
casing space, based on FEM calculations (cf. Figure 7).
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Figure 7. Influence function for the metal temperature in the inner casing (start-up with and with-
out heating).

The FEM was also used next to determine Green’s functions for individual stress
components at a constant heat transfer coefficient value of αmodI = 23 W/m2K (variant
with heating) and αmodII = 37 W/m2K (variant without heating). Figures 8 and 9 present
the obtained relations for the normal and the tangential stress component, respectively.
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Based on the comparison of thermal stresses obtained using the finite element method
and the algorithm using Green’s functions, variable correction factors were selected:
k(t) = 0, 9·α(t) (variant with heating) and k(t) = α(t) (variant without heating). The
factors were selected based on an analysis of a few kinds of start-ups.

The turbine inner casing is a pressure component and therefore it is necessary to
determine stresses being an effect of loads due to steam pressure. The correlation between
pressure and the stress it produces can be written as follows:

σp = a·p + b (13)

where a, b—coefficients determined individually for each stress component, p—steam pres-
sure.

The following relations were determined for the monitored area of the casing (the
coefficients were calculated for the pressure given in MPa):

ax = −0.904, bx = 0
ay = −0.772, by = 0

az = 1.462, bz = −0.925
axy = −0.904, bxy = 0
ayz = −1.141, byz = 0
axz = 0.629, bxz = 0

(14)

Individual components of thermal and mechanical stresses arising due to the impact
of steam pressure are summed, and effective stress is determined next:

σred =
√

σ2
X + σ2

Y + σ2
Z − σXσY − σYσZ − σXσZ + 3

(
τ2

XY + τ2
YZ + τ2

XZ
)

(15)

The results of the effective stress calculations were compared to the values obtained
using the finite element method. The analysis was conducted for start-ups from three
different thermal states. Figure 10 presents curves illustrating changes in stresses in the
monitored point of the casing during a cold start-up carried out according to the change in
steam parameters shown in Figure 4. The start-up from the cold state is carried out with
steam fed into the inter-case space.
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Figure 10. History of changes in stresses in the turbine inner casing during the cold start-up.

The warm start-up was carried out according to the change in steam parameters shown
in Figure 11, with no additional heating of the inter-casing space. The results obtained from
the modified method using Green’s functions and from the FEM are compared in Figure 12.
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The last variant under analysis was the start-up from the hot state, which is also
carried out without feeding heating steam into the inter-casing space. It is characterised by
the highest temperature of steam fed at the beginning of the process, which can be seen in
Figure 13. The history of changes in effective stresses for the monitored point of the casing
is presented in Figure 14.
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4.2. Turbine Cut-Off Valve

The second analysed element was the turbine cut-off valve. The place of the occurrence
of the highest effective stresses was selected as the valve critical area. The area was localised
based on the results of the valve stress-state simulation during a start-up from the cold state.
The finite element method in ANSYS was selected again. The hex-dominant mesh type
with 63,640 elements was used. The calculations were performed in two stages: the thermal
and the structural analyses with the same boundary condition types as for the inner casing.
Figure 15 presents the change in steam parameters during this start-up. Figure 16 illustrates
the distribution of effective stresses at the moment that their maximum values appear.
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The cut-off valve monitored area selected based on the results of the described analysis
is presented in Figure 17.
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Figure 17. Monitored area in the turbine cut-off valve.

The change in the heat transfer coefficient in the monitored area of the valve calculated
using the relations given in Section 3 is relatively big and exceeds 8000 W/m2K. Due to
such a big increment, it is necessary to divide the start-up into two intervals depending on
the values of the coefficients:

• Interval I: α ≤ 2000 W/m2K,
• Interval II: α > 2000 W/m2K.

Influence functions are assigned to each interval (both for temperature and stresses),
which are determined using the finite element method at constant values of the heat transfer
coefficient. The relations are determined at αmodI = 942 W/m2K and αmodII = 2986 W/m2K
for Interval I and Interval II, respectively.

Figure 18 presents the metal temperature influence functions due to a unit increment
in temperature.
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Figures 19 and 20 present Green’s functions for the monitored point in the valve for
different stress components (normal and tangential, respectively) determined for heat
transfer coefficients αmodI and αmodII .
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Figure 20. Green’s functions for the stress tangential components in the cut-off valve.

Based on the comparison of thermal stresses obtained using the finite element method
and the algorithm using Green’s functions, constant correction factors were selected for the
two intervals under consideration:

• Interval I: kI = 942
• Interval II: kI I = 2986

Like the inner casing, the turbine cut-off valve is a pressure component. Therefore,
relations were determined for the selected area between steam pressure and stresses arising
due to the pressure impact using Equation (13). The coefficients for individual components
take the following values (for pressure given in MPa):

ax = 3.031, bx = 0
ay = 0.794, by = 0
az = 3.340, bz = 0

axy = 1.247, bxy = 0
ayz = 0.853, byz = 0

axz = −0.248, bxz = 0

(16)

Effective stresses were found using Equation (15). The histories of stresses obtained
for the three start-up kinds (cold, warm, and hot) were compared to the results obtained by
means of FEM calculations. Figure 21 presents a comparison drawn for the cold start-up
realised according to the characteristic shown in Figure 15.
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Figure 21. History of effective stresses in the turbine cut-off valve during the cold start-up.

The next case in the analysis was the start-up from the warm state. The change in
steam parameters is presented in Figure 22. The histories of effective stresses calculated
using Green’s functions and the FEM are compared in Figure 23.
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Similar calculations were performed for the start-up from the hot state. Figure 24
presents the change in steam parameters during the heating process. The results of the
calculations of effective stresses are shown in Figure 25.
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5. Controlling the Change in the Turbine Load Depending on the Stress Level

In real conditions, the start-up of the turbine is strongly related to the start-up of
the boiler. Considering that the boiler operation may cause unexpected changes in steam
parameters, making them differ from the optimal values, some solutions have to be used
that will protect the turbine elements against an excessive increase in stresses. This role
is performed by thermal limitation systems, which, based on the algorithms discussed
above, model stresses in the turbine critical elements in the on-line mode; if stresses exceed
allowable values, they send a signal to the turbine control system and the rate of increments
in the power output and rotational speed is reduced.

The reaction to the increasing stress level in the turbine critical element depends on the
current location of the point with the following coordinates: element temperature (T)and
maximum stress in the element (σ) in the chart shown in Figure 26.
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Figure 26. Control areas.

The entire region of possible combinations of the coordinates (T, σ) for a given element
was divided into four areas (I, II, III, and IV). The areas are limited by segments with
characteristic points A, B, C, D, E, F, and G. The coordinates of the points (A, B, C, D, E, F,
D, E, F, and G) are the element characteristic quantities taking account of both the kind of
the material and the technical state of the element.
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Area I in Figure 26 means that the current stress state of the element is included within
the allowable range. The stress level is below 80% and there is no need to change the
start-up rate. Area II between points B, C, F, G, E, and B means that the element stress
state is also in the allowable range. The stresses are between 80 and 100% of allowable
values, but their further increase is undesirable. It is therefore necessary to take measures
to reverse the current trend. Area III marks a high level of the material stress state (between
100 and 120% of allowable stresses) and therefore drastic measures must be taken to reduce
the element load. Area IV denotes the unacceptable region of the element operation. The
assumptions presented above indicate that the region of stress values to be controlled is
Area II. The way of affecting the rate of the increase in the steam temperature is shown in
an example. Let us assume that at a given time instant the element temperature is Tx (cf.
Figure 27).
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Figure 27. Control range for an element with temperature Tx.

If under current stress σ the element is still in Area I, there is no need to change the
start-up rate. If the stress value reaches point “a”, the start-up rate should be reduced in
the following manner: assuming that the instantaneous rate of the increase in the steam
temperature at the moment that stress reaches the value at point “a” is 100%, the rate is
linearly decreased to 0 in the case when stress reaches the value “b” (cf. Figure 28).
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Figure 28. Method of changing steam temperature.

If a further increase in stresses occurs in Area III, the system stops the steam tempera-
ture increase: dTp/dt = 0.

A similar procedure applies to the cooling of steam, i.e., negative values of derivatives
dTp/dt. For this reason, the derivative in Figure 28 should be treated as an absolute value.
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6. Conclusions

The stress level in turbine elements can be monitored on-line using the described
algorithms based on Green’s functions and Duhamel’s integral. By modifying these algo-
rithms to take account of the impact of the variability of heat transfer coefficients on the
thermal stress level, it is possible to obtain satisfactory agreement between the stress calcu-
lation results and the results obtained using the finite element method. It is particularly
important for elements for which the heat transfer coefficient values change during the
heating process by several orders of magnitude. For the inner casing, the range of changes
in the heat transfer coefficient during start-up is 10–70 W/m2K on the monitored point and
10–260 W/m2K on the casing outer surface. For the cut-off valve, the range of changes is
much wider and amounts to 10–8000 W/m2K.

In the examples of stress modelling presented in this paper for selected pressure
components of the turbine, i.e., the inner casing and the valve, the maximum relative error
in stress determination using the two methods, i.e., the finite element method and the
described algorithm for the analysed start-ups of the turbine, totalled a few percent. The
greatest effective stresses occur during start-ups from cold state and reach values of 90 MPa
for the turbine inner casing and 150 MPa for the turbine cut-off valve. When the initial
temperature of element is higher (during warm or hot start-ups) the maximum stresses
drop to approximately 50 MPa in the casing and 80 MPa in the valve.

The introduction of a stress control system based on the above-described calculation
algorithm makes it possible to improve the power unit operating flexibility and facilitates
operation control while ensuring the safety of individual elements. The presented simple
load-control algorithm depending on the current stress level enables maintaining opera-
tional safety. Additionally, the acquired data can be used to calculate fatigue-related life
consumption as well as to predict the residual lifetime of individual elements and enable
rational planning of the diagnostic and repair management.
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