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Abstract: In magnetomechanical applications, it is necessary to calculate the magnetic force or torque
of specific objects. If the magnetic fluid is involved, the force and torque also include the effect of
pressure caused by the fluid. The standard method is to solve the Navier–Stokes equation. However,
obtaining magnetic body force density is still under controversy. To resolve this problem, this paper
shows that the calculation of the torque of these applications should not only use the magnetic force
calculation method, but also consider the mechanical pressure using an indirect approach, such as
the virtual work principle. To illustrate this, we use an experimental motor made of a nonmagnetic
rotor immersed in a magnetic fluid. Then, we show that the virtual work principle in appropriate
approach can calculate the output torque of the nonmagnetic rotor due to pressure of the magnetic
fluid. Numerical analysis and experimental results show the validity of this approach. In addition, we
also explain how the magnetic fluid transmits its magnetic force to the stator and rotor, respectively.

Keywords: magnetic fluid; magnetic torque; pressure; virtual work principle

1. Introduction

There have been steady attempts to implement certain functions or improve perfor-
mance using magnetic fluids in electric devices. Magnetic fluid is made by combining
nanometer-sized magnetic particles in water or colloidal solution. Magnetic fluid has
various mechanical, magnetic, and other properties and can be used in various devices
and applications [1–5]. There are two main application categories: one is that it can move
similar to a liquid by receiving magnetic force from a magnetic field. This is the basic prin-
ciple of numerous magnetic fluid application microdevices, such as drug transport [6,7],
micropumps [8], sensors [9], and actuators [10]. The other application is using a higher
permeability than that of the air. If the magnetic fluid is filled in an appropriate space, the
magnetic field is more concentrated there. Several researchers are using this phenomenon
to improve the efficiency and torque of various rotating machines, for example, induction
machines [11,12], a linear motor [13], and an interior permanent magnet synchronous
motor [14].

To analyze the aforementioned devices accurately, it is necessary to calculate the
correct force and torque of specific object by pressure of the magnetic fluid. Solving the
Naiver–Stokes equation with magnetic body force density distribution provides the best
information: pressure and velocity distribution in all space. However, there have been
controversies about magnetic body force density within the magnetic materials, and there is
no generally accepted conclusion yet [15–27]. On the other hand, the virtual work principle,
with appropriate approach, gives up distributive information. Instead, some total physical
quantities can be obtained with certainty. Using this approach properly, it can find the total
force and total torque caused by outside pressure of the desired object.

Our purpose is to show that if the virtual work principle is appropriately used, the
force and torque, by pressure of the magnetic fluid, can be calculated without obtaining the
magnetic force density distribution. The virtual work principle here is to calculate the force
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and torque of a specific object by the change of energy, and this change is generated by
rearrangement of the object and the magnetic fluid. Then, as we show in Sections 4 and 5,
the calculated force and torque is the sum of the contribution of magnetic force of the object
itself and the pressure applied to the object surface caused by the magnetic fluid.

For verifying this, we devise an experimental motor, as shown in Figure 1. In this
motor, a rotor consists of a nonmagnetic material, and the gap space between the rotor and
stator is filled with a magnetic fluid. Since there is no magnetic force of the nonmagnetic
rotor, the experimental motor is driven only by the pressure that the magnetic fluid pushes
against the rotor. Then, we can show that the virtual work principle can calculate this
torque, taking into account the magnetic co-energy. We discuss in Section 6.2 when the
rotor is magnetic material.
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Figure 1. The experimental motor model; (a) top, (b) side view. Here: (1) bearing, (2) nonmagnetic
rotor, (3) air, (4) coil set, (5) iron cores, (6) magnetic fluid, (7) clay.

Throughout the paper, we assume that this experimental motor is static due to its very
slow rotation. Otherwise, the hydrodynamic phenomena of the magnetic fluid must be
predicted, and to do this, the full Navier–Stokes equation should be solved. In this study,
only the hydrostatic is considered, and the full Navier–Stokes equation is not dealt with,
because it is beyond the scope of our research. Nevertheless, we expect that our study will
be helpful with force or torque analyses of magnetic fluid devices research.

This paper consists of seven sections. Section 2 introduces the experimental motors
used in our paper. Section 3 shows the existence of ongoing controversies to this day of the
magnetic force density formula, showing the Navier–Stokes and hydrostatics equations.
Section 4 summarizes the virtual work principle and shows the process of applying it
to the experimental motor. Section 5 shows a numerical analysis and an experiment for
the validation. Section 6 is divided into two parts; one analyzes the results of Section 5,
and the other shows the derivation of two additional results: calculation of torques of the
stator and effect of torque by the magnetic fluid’s magnetic force on the stator and rotor.
Section 7 is the conclusion of the paper.

2. Structure of the Experimental Motor for Analysis

Figure 1 shows the structure of the experimental motor. As shown in Figure 1a, the
stator and the coil are the same as the reluctance motor, except that the rotor is nonmagnetic.
Magnetic fluid fills all the space between the stator and the rotor. The coil area is also
slightly filled with the magnetic fluid, but this does not affect the characteristics and safety
of the motor. To minimize the amount of magnetic fluid and flux leakage, we placed a
nonmagnetic clay under the stator and rotor. The bearing supports the shaft of the rotor.
At the bottom, a conical hole is drilled, and some of the magnetic fluid seeps into this hole.
Since the magnetic fluid is oil-based, it acts as a lubricant.
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3. Controversies of Magnetic Force Density Formula in Magnetic Fluid

Among the magnetic fluid analysis methods, the Navier–Stokes equation method pro-
vides the best distributive information. The Navier–Stokes equation (in the incompressible
flow) is [1] (pp. 119–122):

ρ

(
∂v
∂t

+ v·∇v
)
= −∇P + fmag + η∇2v + ρg (1)

where ρ is the density.
v is the fluid velocity vector.
P is the pressure of fluid.
fmag is the magnetic force density vector.
η is the first coefficient of viscosity.
g is the local acceleration vector due to gravity.

For hydrostatics, let v = 0 and ignore the gravity. Then, Equation (1) is reduced to

0 = −∇P + fmag. (2)

Note that fmag has magnetic fields as variables. When the very-low-frequency elec-
tric current flows through the coil set, the magnetostatic equations have the following
relations [28] (pp. 139–140):

∇·B = 0 (3-1)

∇×H = Jf (3-2)

and its constitutive relation:
B = µ0H + M (4)

where B is the magnetic induction field vector.
H is the magnetic field intensity vector.
Jf is the free current density vector.
µ0 is the permeability of vacuum.
M is the magnetization vector.

The magnetic property of the magnetic fluid is contained in M.
Given the fmag formula, the mechanical pressure distribution in magnetic fluid can

be calculated by solving Equation (2). The surface integral of the pressure on the desired
object becomes the force or torque due to the pressure. However, it should be noted that
the magnetic force density formula is still under controversy. Looking at magnetic density
studies historically, several formulas for the magnetic force density have been proposed:
Kelvin force density [15], Korteweg–Helmholtz force density [16], and others based on
them [17–20]. Substituting different force density formulas into Equation (1) gives different
hydrodynamic phenomena. However, since the magnetic force density is intertwined with
numerous physics, it is very difficult to determine the correct solution from it [21,22]. We
include the discussions on this issue in the references [23–27].

Conventional electromagnetic force calculation methods are used to obtain the total
magnetic force and torque generated by the magnetic material itself. Such methods include
the Maxwell stress tensor [29], equivalent magnetic source [30], equivalent magnetizing
current [31], and virtual work principle [32]. Among the methods, the virtual work
principle can also consider the total outside pressure of the desired objects by differentiating
the whole magnetic co-energy.

4. Virtual Work Principle for Torque Analysis

The nonmagnetic rotor has no magnetic force and torque. This rotor generates the
torque only from the pressure of the magnetic fluid. This is the output torque of the
experimental motor. The magnetic fluid, however, does not transmit all the magnetic



Energies 2021, 14, 4669 4 of 12

force exerted in the fluid to the rotor. It transmits the magnetic force partially to the stator,
as well.

The virtual work principle derives a physical quantity through a change of energy
in an equilibrium state, through virtual change of some variable. The meaning of virtual
is that it is different from the actual change. During the virtual change, we can fix some
parameters, such as current density. If the variable is displacement, it derives a force. If it is
rotation, it derives a torque. The type of force or torque to be obtained differs depending on
what objects are rearranged by virtual displacement or rotation [33]. It should be noted that
the application of the virtual work principle to the whole energy includes both the force
generated by an object and the force acting outside the object. The outside pressure can
also be seen as the result of intertwined physics between magnetic field and hydrostatics.

We first show the process of applying the virtual work principle to the experimental
motor. In Figure 2b,c, the rotor is rotating virtually, ∂θ, with respect to θ0. When rotating
virtually, not only the rotor but also the magnetic fluid is rearranged together. If the current
density in the coil set is fixed, this rearrangement causes a change in B and H, thus also
magnetic co-energy. The rotor torque by pressure of the magnetic fluid is as follows:

τ
pre
R (θ0) =

∂Wc
m

∂θ0
(θ0)

∣∣∣∣
Jf=const.

(5)

where, when the rotor angle is θ0,
τ

pre
R (θ0) is the rotor torque by pressure of the magnetic fluid at θ0.

the subscript Jf = const. means to fix the free current density on all spaces.
Wc

m is the total magnetic co-energy:

Wc
m(θ0) =

∫
Vall

(∫ B

0
H·dB

)
dV (6)

where Vall refers to all spaces, including the experimental motor.
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Figure 2. Virtual rotation of rotor of the experimental motor for Equation (5), with changes of magnetic flux; (a) the rotor is
aligned at θ0 = 0; (b) before virtual rotation, the rotor is at θ0; (c) after virtual rotation, the rotor is ∂θ away from θ0 in the
CCW direction. The magnetic fluid, B, H, and co-energy also change accordingly. In this process, the current distribution
Jf,0 is fixed. We use these figures in the Section 5 numerical analysis and experiment. Then, Jf,0 matched input current is
used for Section 5, and specifications of the experimental motor are presented in Table A1.

We explain this process in comparison with the case of calculating the total force of an
object immersed in water in a gravitational field. An object in water receives two forces:
one is its gravity, and the other is the buoyancy, the total object force by pressure in water.
Note that the pressure is created by gravity in the water. If the force of the object is derived
by using the virtual work principle, it is the sum of its gravity and the buoyancy.

The mathematical structure of the virtual work principle of the magnetic field is
similar to the case of the gravitational field. Here, the gravity of the object corresponds to



Energies 2021, 14, 4669 5 of 12

the rotor torque by its magnetic force (if the rotor is made of magnetic material), and the
buoyancy corresponds to the rotor torque by pressure of the magnetic fluid. In addition, the
gravity density of water corresponds to the magnetic torque density of the magnetic fluid,
fmag, but they are not taken into account here. Instead, unlike fmag, the total gravitational
energy, Wg = (1/2)

∫
Vρ

ρψg dV (where Vρ refers to space occupied by ρ, ρ is mass density,
and ψg is gravitational potential), and the total magnetic co-energy from Equation (6) are
indisputably well known, respectively. Using these total energies, force or torque can
be acquired.

Torque calculation using the virtual work principle is not just for the gravity or
magnetic force. It yields the sum of all forces that maintain equilibrium for the virtual
displacement or rotation [33]. Thus, this method derives, in the gravitational field, the
gravity of the object plus the buoyancy, and in the magnetic field, the rotor torque by its
magnetic force plus by pressure of the magnetic fluid. If the rotor is nonmagnetic, the
rotor receives only pressure from the magnetic fluid. Here, it is unnecessary to know the
magnetic force distribution of the magnetic fluid, only the total magnetic co-energy.

5. Numerical Analysis and Experiment

We analyzed numerically and experimented with the experimental motor in Figure 1,
made with the specifications shown in Appendix A. Here, we applied a direct current to
only one of the three phases. This is to simplify the experiment as much as possible because
our purpose is to verify that the virtual work principle in Equation (5) can calculate the
output torque of the experimental motor.

In numerical analysis, we used the finite element method to calculate B, H, and the
total magnetic co-energy. The magnetic saturation of the iron core and the magnetic fluid
was considered [34].

We derived the output torque by approximating Equation (1) as forward difference:

τ
pre
R (θ0) ∼=

Wc
m(θ0 + ∆θ)−Wc

m(θ0)

∆θ

∣∣∣∣
Jf=const.

(7)

where ∆θ is the approximation value of ∂θ. To do this, we first calculated Wc
m(θ0) at

1-degree intervals from θ0 = 0 to 180. In addition, by setting ∆θ = 0.1 degrees, we
also calculated Wc

m(θ0 + ∆θ). There is almost no difference in torque value in the case of
backward and central difference approximation. The solid lines in Figure 3 show these
numerical analysis results.
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Figure 3. The rotor torque by pressure of the magnetic fluid, that is, the output torque of the experimental motor graph,
when the input current is (a) 0.32 A, (b) 0.65 A, (c) 0.97 A. In numerical analysis, the interval is 1 degree. In the experiment,
the interval is 3 degrees.

In the experiment, we manufactured the experimental motor as shown in Figure 4,
and set up experimental equipment as shown in Figure 5. The iron rod was inserted
perpendicularly through the shaft of the motor. This was in contact with the pressure
sensor 6.5 cm from the axis. We measured forces applied to the pressure sensor when the
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rotor was at rest, and repeated it at 3-degree intervals until 180 degrees. Then, we converted
forces into torques by multiplying the radius of the rod. The triangular marks in Figure 3
represent the experimental results. Compared to the numerical analysis results, both are
well matched. The difference between the two is estimated to be caused by numerical
errors, experimental equipment and measurement errors, and the deterioration state of the
magnetic fluid in the experiment. This result shows that the output torque calculation for a
magnetic fluid-applied motor using the virtual work principle is valid.
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6. Discussion
6.1. The Significance of Results

In Figure 3, when the input current rises from 0.32 A to 0.65 A, the maximum output
torque of the experimental motor is increased by four times. This is the same as the solid
reluctance motor when not in saturation. However, when it rises from 0.65 A to 0.97 A, the
increase in the maximum output torque is not proportional to the square of the current.
This is because as the input current increases, the magnetic fluid is saturated. Relatively,
the core is far from the saturation region.

Minimum and maximum output torque occurs when the rotor is positioned at just
before 30 and after 60 degrees, respectively. This is because the magnetic fluxes flow more
in the 30- and 60-degree teeth than in the others (note that the number of teeth is 36). This
means that the change in magnetic fluxes, that is, change of B and H, are greatest just
before 30 degrees and after 60 degrees. Thus, by Equation (6), the change of the total
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magnetic co-energy is also extremized at these angles. As the rotor enters 30 degrees,
the output torque is minimized because the nonmagnetic rotor rapidly absorbs a large
number of magnetic fluxes and converts them to smaller H. Then, by Equation (6), the total
co-energy also decreases most rapidly. The situation is reversed when the rotor escapes
from 60 degrees.

Each angle–torque curve in Figure 3 includes an oscillating component. Referring to
Figure 2, when the rotor moves near 30 degrees, it moves closer to the current source. From
here, up to about 60 degrees, magnetic fluxes are distributions that oscillate as it moves
back and forth between teeth and teeth. Then, when the rotor locates this angle domain,
the output torque contains an oscillating component. When the rotor exceeds 60 degrees,
the magnetic field does not exist in the form of oscillation, and therefore the output torque
also becomes a gradual curve.

6.2. Additional Derivations for Stator and Magnetic Fluid

In this subsection, we derive two additional results. For generalization, the rotor is
assumed to be a magnetic material. The total rotor torque is

τtot
R (θ0) = τ

mag
R (θ0) + τ

pre
R (θ0) (8)

where, when the rotor angle is θ0,
τtot

R (θ0) is the total rotor torque.
τ

mag
R (θ0) is the rotor torque by its magnetic force.

τ
pre
R (θ0) is the rotor torque by pressure of the magnetic fluid.

In this case, the virtual work principle is to calculate τtot
R (θ0). This is because when

the rotor is a magnetic material, torques concerned in its virtual rotation are τ
mag
R (θ0) and

τ
pre
R (θ0). Thus, τtot

R (θ0) is the output torque of the motor that is composed of the magnetic
rotor and the magnetic fluid.

The magnetic fluid also applies pressure to the stator. The total stator torque, as in the
case of the rotor, is the sum of the contributions of its magnetic force and pressure:

τtot
S (θ0) = τ

mag
S (θ0) + τ

pre
S (θ0) (9)

where, when the rotor angle is θ0,
τtot

S (θ0) is the total stator torque.
τ

mag
S (θ0) is the stator torque by its magnetic force.

τ
pre
S (θ0) is the stator torque by pressure of the magnetic fluid.

τtot
S (θ0) can also be obtained by the virtual work principle, which applies the virtual

rotation to the stator; however, if the coordinate system is fixed to the stator, it turns out
that the virtual rotation of the stator is the same operation that differs only toward the
virtual rotation of the rotor. So,

τtot
S (θ0) = −τtot

R (θ0). (10)

Equation (10) means that the total stator torque can be directly calculated from
Equation (5).

The magnetic fluid torque by its magnetic force is the negative value of the total mag-
netic force of the remaining parts, according to the law of action–reaction of Lorentz force:

τ
mag
F (θ0) = −τ

mag
S (θ0)− τ

mag
R (θ0) (11)

where τ
mag
F (θ0) is the magnetic fluid torque by its magnetic force. Applying Equations (8)–(10)

into (11) gives the following result:

τ
mag
F (θ0) = τ

pre
S (θ0) + τ

pre
R (θ0). (12)
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Equation (12) states that when the magnetic fluid receives torque by its magnetic force,
it transmits in the form of pressure to the stator and rotor, respectively. Figure 6 shows
a plot of τ

mag
F (θ0), τ

pre
S (θ0), and τ

pre
R (θ0), respectively. Note that, using a virtual air gap

method [35], it becomes possible to extract the torque by the magnetic force of each part,
τ

mag
R (θ0), τ

mag
S (θ0), and τ

mag
F (θ0), separately [36]. Appendix B explains how to calculate

the magnetic force by a virtual air gap method.
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7. Conclusions

The purpose of our paper was to find an approach to calculate the force and torque
of a desired object immersed in the magnetic fluid. When the magnetic force density is
used as a forcing term, solving the Navier–Stokes equation directly raises a problem of
reliability because the most important forcing term, the magnetic force density, is still under
controversy. To resolve this problem, this paper showed that the calculation of the torque
of these applications should not only use the magnetic force calculation method, but also
consider the mechanical pressure using an indirect approach, such as the virtual work
principle. To illustrate this, we devised and created an experimental motor composed of a
nonmagnetic rotor immersed in a magnetic fluid. If the virtual work principle is applied
by differentiating the whole magnetic co-energy, it can calculate the nonmagnetic rotor
torque received by pressure of the magnetic fluid. The comparison between numerical
and experimental analysis shows its validity. Further discussion also shows the case of the
stator, and reveals the origin of stator and rotor torque by pressure. Our future work is to
apply this approach to the motors having the rotor of magnetic materials.
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Abbreviations

B magnetic induction field vector (T)
fmag magnetic force density vector (N/m3)
g local acceleration vector due to gravity (m/s2)
H magnetic field intensity vector (A/m)
Jf free current density vector (A/m2)
M magnetization vector (T)
P pressure (N/m2)
v fluid velocity vector (m/s)
Vall all spaces (m3)
Vρ space occupied by ρ (m3)
Wc

m total magnetic co-energy (J)
Wg total gravitational energy (J)
Greek letters
η first coefficient of viscosity ((N/m2)·s)
θ0 rotor angle (rad)
µ0 permeability of vacuum (N/A2)
ρ density (Kg/m3)
τ

mag
F (θ0) magnetic fluid torque by its magnetic force (N·m)

τtot
R (θ0) total rotor torque (N·m)

τ
mag
R (θ0) rotor torque by its magnetic force (N·m)

τ
pre
R (θ0) rotor torque by pressure of the magnetic fluid (N·m)

τtot
S (θ0) total stator torque (N·m)

τ
mag
S (θ0) stator torque by its magnetic force (N·m)

τ
pre
S (θ0) stator torque by pressure of the magnetic fluid (N·m)

Subscript
Jf = const. fix free current density in all spaces

Appendix A

Table A1 contains detailed specifications of the motor we used in the numerical
analysis and experiment in Section 5. It is based on the model in Figure A1. Table A2 shows
magnetic properties of the magnetic fluid and the core.

Table A1. Specifications of the experimental motor for numerical analysis and experiments.

Quantity Value Quantity Value

Phase number 3 Stack length 81 mm
Pole number 4 Stator outer diameter 160 mm
Slot number 36 Stator inner diameter 93 mm
Area per slot 108 mm2 Rotor outer diameter 91 mm
Turn number 48 Air gap length 1 mm

Parallel number No Rotor axis diameter 40 mm
Phase resistive 3.3 Ω Rotor wing width 12 mm

Table A2. Magnetic properties of the magnetic fluid and the core.

Quantity Value Quantity Value

Magnetic fluid initial
susceptibility 1 2.2 Core initial

Susceptibility 2 322

Magnetic fluid
saturation

magnetization 1
0.04 T Core saturation

Magnetization 2 1.7 T

1 EFH1; 2 S45C.
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Appendix B

The concept of the virtual air gap method is to assume that, between surfaces of
two magnetic materials, there exists a very thin virtual plate of air, named the virtual
air gap [35]. In this gap, B0(r) and H0(r) are created inside, and they are derived from
the existing fields in the magnetic material on either side materials. Figure A1 shows the
process of creating the virtual air gap.
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Figure A1. Virtual air gap creation process: (a) Magnetic materials 1 and 2 are in contact, and the surface is expressed by the
position vector r. In each material, B1(r) and H1(r), B2(r) and H2(r) exist at vicinity of r, respectively. The contact surface
has normal vector n̂(r) and tangent vector t̂(r). (b) A very thin “virtual” gap of air, namely virtual air gap, is created in the
surface. Within this gap, B0(r) and H0(r) are derived by Equations (A4) or (A5), plus (A6).

We first introduce boundary conditions of the magnetic field, without the surface free
current [28] (p. 145):

B1(r)·n̂(r) = B2(r)·n̂(r), H1(r)·t̂(r) = H2(r)·t̂(r) (A1)

where at the position vector of surface r,
B1(r) is the magnetic flux density on the side of material 1.
B2(r) is the magnetic flux density on the side of material 2.
H1(r) is the magnetic field intensity on the side of material 1.
H2(r) is the magnetic field intensity on the side of material 2.
n̂(r) is the normal vector.
t̂(r) is the tangent vector.

Note that B1(r)·n̂(r) refers to the normal direction component of B1(r), and H1(r)·t̂(r)
refers to the tangent direction component of H1(r). All others are the same.

In order to derive B0(r) and H0(r) in the virtual air gap, we first expand these fields,
respectively, as follows:

B0(r) = [B0(r)·n̂(r)]n̂(r) + [B0(r)·t̂(r)]t̂(r) (A2)

H0(r) = [H0(r)·n̂(r)]n̂(r) + [H0(r)·t̂(r)]t̂(r). (A3)

Thus, four fields, B0(r)·n̂(r), B0(r)·t̂(r), H0(r)·n̂(r), and H0(r)·t̂(r) are needed. The
first and fourth fields are derived from boundary conditions of the air–magnetic material
interface. Taking the boundary between the virtual air gap and material 1 as a reference:

B0(r)·n̂(r) = B1(r)·n̂(r), H0(r)·t̂(r) = H1(r)·t̂(r) (A4)

or, between the virtual air gap and material 2 as a reference:

B0(r)·n̂(r) = B2(r)·n̂(r), H0(r)·t̂(r) = H2(r)·t̂(r). (A5)
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Fields derived from (A4) and (A5) are all the same, according to (A1). The second and
third fields can be obtained from Equation (4) in air as follows:

B0(r)·t̂(r) = µ0[H0(r)·t̂(r)], H0(r)·n̂(r) = (1/µ0)[B0(r)·n̂(r)] (A6)

M = 0 because the virtual air gap is filled with air. Then, (A2) and (A3) produce B0(r)
and H0(r) at the surface r, respectively.

All magnetic force calculation methods can calculate the magnetic force or torque of
materials in contact with each other by applying this virtual air gap [37–40]. Among these,

we describe the case of the Maxwell stress tensor method. The Maxwell stress tensor
↔
T is

the three-dimensional second-order tensor, expressed as a dyadic notation among various
tensor representations:

↔
T = B(r)⊗H(r)− 1

2
[B(r) ·H(r)]

↔
I (A7)

where ⊗ is the dyadic product operator and
↔
I is the 3× 3 identitiy tensor.

Integrating the Maxwell stress tensor over a closed surface surrounding some object
volume gives the force and torque of the object as follows:

Fm =
∮

∂V
n̂·
↔
TdS, τm =

∮
∂V

n̂·
(

r×
↔
T
)

dS (A8)

where ∂V refers to the closed surface surrounding the object volume V. Equation (A8),
however, cannot calculate properly when two magnetic material objects are in contact.
The reason is that the exact expression of the Maxwell stress tensor in matter is under
controversy [27,41–43]. In fact, Equation (A7) is just one of many expressions. They,
however, all coincide in air [44]. Applying the virtual air gap method to the Maxwell stress
tensor uses this fact.

If B(r) and H(r) in Equation (A7) are substituted with Equations (A2) and (A3),
respectively, the Maxwell stress tensor is expressed as follows:

↔
T = B0(r)⊗H0(r)−

1
2
[B0(r) ·H0(r)]

↔
I (A9)

Substituting Equation (A9) into Equation (A8), the magnetic force or torque of the ob-
ject can be obtained precisely, even if the object is in contact with another magnetic material.
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