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Abstract: A general approach for the analysis and design of self-oscillating resonant converters
is presented in this paper, for a particular class of circuits in which the change of input voltage
polarity is caused by the zero-crossings of the input inductor current. The key features of
the method are an analytical description in the time-domain of a spiral that eventually converges into
an ellipse, and a frequency–domain analysis that explains the behavior of the ellipse as a limit cycle.
On a theoretical basis, this class of circuits behaves as loss-free resistors (LFR) because in steady-state
the input inductor current is in phase with the first harmonic of the input voltage. The proposed
analytical procedure predicts accurately the amplitude and frequency of the limit cycle and justifies
the stability of its generation. This accuracy is reflected in the close agreement between the theoretical
expressions and the corresponding simulated and measured waveforms. Third and fourth order
resonant converters are designed following simple guidelines derived from the theoretical analysis.

Keywords: resonant power converter; resonant conversion; loss-free resistor; self-oscillation;
limit cycle; stability; design

1. Introduction

A variable structure system (VSS) is characterized by the change of its physical configuration
depending on its internal state. Switching converters are a clear example of VSS because their
change of structure and, therefore, the subsequent repetitive sequence of circuits take place when
a function of the converter variables attains a certain value. This function usually depends on
a combination of the state-variables and an external signal establishing the switching period as,
for example, in pulse-width modulated (PWM) converters.

In resonant converters, the change of structure is performed in the input-excitation stage with
the aim of generating a square waveform at the input of the resonant tank. As in PWM converters,
the corresponding change of polarity is forced in most of the cases by means of an external signal
given by the control system setting the frequency of the excitation [1]. Nonetheless, the change of
polarity can also be determined by the change of sign of some converter variables, or a function of
them, this being the basis of the self-oscillating resonant conversion mode.

Scattered in the literature, this mode has been attained by means of different techniques [2–15],
all having in common the change of the input voltage polarity induced by the internal state of
the resonant converter. Some of these papers made contributions in the realization of the controller,
detailing the driving circuits for self-oscillation [2,4,11–15]. Others focused on the dynamics: using
graphical methods in state-plane or in the frequency response plots [3,4,6], with the describing function
method [5,7,10], the Hamel locus [9], and/or showing small-signal models [5,8].
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Nonetheless, due to the absence of a unified approach in their analysis and the lack of
parametric conditions resulting in the desired operation, self-oscillating converters have been
relegated to a secondary role in resonant conversion, where the conventional approach is mainly
based on frequency and/or phase-modulation, of which a general overview is given in [16,17].
In frequency-based modulation [18–21], the regulation of the power converter is carried out by
regulating the switching frequency above or below the resonant frequency point. In phase-shift
(or amplitude) modulation [20–25], the activation of the switches of the converter is controlled to
regulate the amplitude of the main component at the input of the resonant tank.

A renewed interest for self-oscillating resonant converters has emerged in the last few years
due to their relatively simple implementation and their operation being much closer to the resonant
frequency than that of conventional resonant converters regardless of changes in the resonant tank
or in the load [26–28]. One of the applications that has shown interest in this mode of operation is
wireless power transfer, such as in [15], and in a more recent example that combined conventional
and self-oscillating control [29].

A self-oscillating parallel resonant converter (SOPRC) using a mechanism for changing the input
voltage polarity based on the inductor current sign was analyzed in previous works [30,31] showing
that a limit cycle with an oscillating frequency equal to the circuit natural frequency could be generated
provided that the Q factor of the resonant tank was above a minimum value of approximately 3.15.
Using this design constraint, the trajectories of the two converter configurations were combined to
generate a growing spiral in the iL − vC phase-plane that eventually became an ellipse when it reached
the attraction perimeter of the limit cycle.

The self-oscillation mechanism presented in [30,31] is investigated in this paper in a class of
resonant converters characterized by the existence of a series inductor at the input port of the resonant
tank as depicted in Figure 1a, where the input voltage has the positive value Vg for iL ≥ 0 and
the negative value −Vg for iL < 0. The aim of the control law given by the binary signal u is to lead
the converter dynamics to the steady-state behavior illustrated in Figure 1b, where it can be observed
that the inductor current is in phase with the first harmonic of the input voltage, which confers
a resistive behavior on the input port of the resonant tank. Since the rest of the resonant tank is
composed of reactive elements, the power absorbed at the input port is totally transferred to the load
at the output port. Thus, the resonant tank with this control law can be modelled as a loss-free resistor
(LFR) [32–34].

The first goal of the paper is to extend the analytical approach of [30] to 3rd and 4th order resonant
converters by explaining the mechanism of limit cycle generation and demonstrating its stability.
The study combines time-domain and frequency–domain analyses to justify that a spiral starting
from zero initial conditions eventually converges into an ellipse that corresponds to the steady-state
behavior of the limit cycle. The second goal is that the design-oriented analysis involved in this study
should result in simple design guidelines predicting the steady-state operating point of the converter.
The converters considered in the analysis are the series resonant converter (SRC), parallel resonant
converter (PRC), plus LCC, LCL, and LCLC resonant converters as depicted in Figure 2. Note that all
of them have a series inductor at the input port of the resonant tank in agreement with the definition
of the class of resonant converters considered in this study. The presence of second order converters
is justified because the analysis of its self-oscillating operation is reviewed and the stability of its
associated spiral analyzed in order to facilitate the extension of the analytical procedure to a third and
fourth order structures.
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(a)

(b)

Figure 1. Operating principle of self-oscillating resonant converters with LFR characteristics (u = 1
for iL ≥ 0, u = 0 for iL < 0): (a) circuit diagram; (b) steady-state waveforms of the input current and
the input voltage at the resonant tank.

(a) (b)

(c) (d)

(e)

Figure 2. Resonant converters considered in the paper in self-oscillating mode: (a) series resonant
converter (SRC); (b) parallel resonant converter (PRC); (c) LCC resonant converter; (d) LLC resonant
converter; and (e) LCLC resonant converter.
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This paper is organized as follows: Section 2 reviews the self-oscillating behavior in a parallel
resonant converter and introduces the stability analysis of the limit cycle generation by means of
a discrete-time recurrence. The generation mechanism of a three-dimensional limit cycle in an LCC
resonant converter operating in self-oscillating mode and its corresponding stability are analyzed
in Section 3 and verified by experiments. In Section 4, the theoretical predictions of a frequency–domain
analysis concerning amplitude and frequency of the different variables associated with the limit cycle
in a LCLC resonant converter are verified by simulations. Finally, conclusions are summarized
in Section 5.

2. Stability of Self-Oscillating Parallel Resonant Converter

This section describes analytically the self-oscillating mechanism in the PRC by means of
a mathematical model of a spiral, which is characterized by a recurrence relating the values of
the capacitor voltage after two successive zero-crossings of the inductor current. It has to be pointed
out that in [30] the analysis in a generic TON interval was used to predict the amplitude and frequency
of the limit cycle by assuming that the initial and final conditions of the derived transition equation
were opposite, i.e., by assuming that the mentioned interval was a semi-cycle of the limit cycle.
Therefore, it was not proved that starting from zero initial conditions the growing spiral describing
the self-oscillating mechanism converged into an ellipse, which would have justified the stability of
the waveform generation.

Now, the objective of the analysis is to justify the stability of the self-oscillation by means of
a procedure that can be extended to high order converters.

The phase trajectories of TON and TOFF states in the PRC (Figure 2b) were combined in [30]
to generate a growing spiral that started from the origin of the phase-plane vC − iL and eventually
reached the attractive perimeter of the limit cycle. The control law established TON and TOFF state
operations for iL ≥ 0 and iL < 0, respectively.

As it was demonstrated in that work, the capacitor voltage in a PRC under conditions of
underdamped behavior can be expressed for TON state during a generic interval t2 < t < t3 and initial
conditions vC(t2) = −vC2n and iL(t2) = 0 as follows:

vC(τ) = e−ξω0τ

{
(−vC2n −Vg) cos ωdτ −

(−vC2n + Vg)

2RCωd
sin ωdτ

}
+ Vg (1)

where τ = t− t2, ωd = ωo
√

1− ξ2, ωo and ξ being respectively the natural oscillation frequency and
the damping factor given by ωo =

1√
LC

and ξ =
√

LC
2CR .

Equation (1) has its maximum value vC2n+1 at instant τC given by

ωdτc = tan−1

(
−

2ξ
√

1− ξ2vC2n

Vg + vC2n(1− 2ξ2)

)
+ π (2)

vC2n+1 = e−ξω0τc
√

V2
g + vC2n

2 + 2VgvC2n(1− 2ξ2) + Vg (3)

Under conditions of large Q, it is apparent that ξ << 1, or equivalently, 1− 2ξ2 ≈ 1 and ωd ≈ ω0,
so that Equations (2) and (3) become

ω0τc ≈ tan−1
(
−

2ξvC2n

Vg + vC2n

)
+ π ≈ π (4)

vC2n+1 = e−ξπ(Vg + vC2n) + Vg (5)
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Equation (5) is a recurrence describing the transition from the initial point of a generic branch
of the spiral to its final point for the corresponding TON interval as depicted in Figure 3. A similar
analysis for a generic TOFF interval will result in

− vC2n+2 = e−ξπ(−Vg − vC2n+1)−Vg (6)

Introducing (5) into (6) yields the mathematical description of the spiral for a complete cycle

−vC2n+2 = e−ξπ(−2Vg − e−ξπVg − e−ξπvC2n)−Vg

= −Vg(1 + e−ξπ)
2 − vC2n e−2π

(7)

(A
)

(V)

Figure 3. Matlab simulation of the self-oscillating PRC trajectory in the phase plane vC − iL for
C = 10.5 nF, L = 8µH, R = 400 Ω, Vg = 20 V. The green branch corresponds to a generic TON interval.

It can be observed that (7) describes a stable system since the term multiplying vC2n is less
than unity.

On the other hand, if n is the n-th cycle of the spiral, recurrence (7) for n = 1 will describe
the transition from −vC2 to −vC4 as follows:

− vC4 = G− vC2r (8)

where G = −Vg(1 + e−ξπ)
2 and r = e−2π . After n cycles:

− vC2n+2 = (G + Gr + Gr2 + ... + Grn−1)− vC2rn (9)

Therefore,

lim
n→∞

vC2n+2 =
G

1− r
=

Vg(1 + e−ξπ)
2

1− e−2ξπ
=

Vg(1 + e−ξπ)

1− e−ξπ
(10)

Equation (10) gives the value of the amplitude of the limit cycle, which corresponds to the negative
excursion −VC in Figure 3 and coincides with the value derived in [30] by assuming the recurrence
in Equation (5) in the limit cycle, i.e., considering symmetric excursions for the capacitor voltage,
so that vC2n+1 = vC2n .

Finally, the period of the limit cycle will be given by

T =
2π

ω0
(11)



Energies 2020, 13, 3743 6 of 23

which is the equation derived in [30] assuming symmetry conditions in the transition equation
describing a generic TON interval.

3. 3rd Order Self-Oscillating Resonant Converters

The application of the previous approach to a SRC resonant converter (Figure 2a) is
straightforward, but its extension to third order converters is more complex because it involves
the analytical description of a three-dimensional spiral. However, this difficulty can be overcome by
analyzing the spiral projection in two phase-planes, each of them associated with the input inductor
current and one of the remaining state variables. This idea is illustrated in Figure 4 for the LCC
resonant converter (Figure 2c), where the three-dimensional spiral in Figure 4a is projected in the phase
planes iL − vCp and iL − vCs in Figure 4b,c respectively. The problem is thus reduced to obtaining
the corresponding recurrences describing the limit cycle generation in Figure 4b,c.

Deriving both recurrences requires obtaining first the characteristic polynomial of the system.
As in the PRC case, the analysis of the converter in a generic TON interval is performed next with
the aim of obtaining the duration of the interval. The hypothesis of large separation between the real
parts of the converter poles allows solving the equation of the interval duration. The particularization
of the obtained generic interval equation to the TON interval of the limit cycle leads to the amplitude
of the converter signals in steady-state. The subsequent hypothesis of large Q associated with
the parallel capacitor yields the equation of the oscillation frequency of the limit cycle and facilitates
the identification of the rest of the parameters. The corollary of this analysis in both time and frequency
domains is a simple design procedure and a discrete-time model that justifies the unconditional
stability of the self-oscillation.

3.1. Characteristic Polynomial

In the LCC resonant converter shown in Figure 2c, transfer functions H(s) and Y(s) relating
respectively input to output voltage and input voltage to inductor current (input admittance) are
given by

H(s) =
VCp(s)
Vin(s)

=

s
LCp

s3 + s2

RCp
+

Cs+Cp
LCsCp

s + 1
LCsCpR

(12)

Y(s) =
IL(s)

Vin(s)
=

1
LCpR s(CpR s + 1)

s3 + s2

RCp
+

Cs+Cp
LCsCp

s + 1
LCsCpR

(13)

From now onwards, it is assumed that the poles of the system consist of one negative real pole
and two complex conjugates poles with negative real part, due to the passive nature of the circuit.
Under this assumption,

s3 +
s2

RCp
+

Cs + Cp

LCsCp
s +

1
LCsCpR

= (s + α)(s2 + 2ξω0s + ω2
0) (14)

can be written.

3.2. Analysis in a Generic TOn Interval

Assuming that the converter is in a TON interval with initial conditions vCs(tj) = −VCs2n ,
iL(tj) = 0, vCp(tj) = −VCp2n , where tj is the initial instant of such interval, then the input voltage will
be vin(t) = Vg, and therefore the equation of the series capacitor voltage will be given by

vCs(τ) = Ae−ατ + Be−ξ ω0 τ sin ωdτ + Ce−ξ ω0 τ cos ωdτ + Vg (15)
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where ωd = ω0
√

1− ξ2, τ = t − tj and A, B, C are constants corresponding to the solution of
the homogeneous differential equation of the system.

(A
)

(V)

(V)

(a)

(A
)

(V)

(b)

(A
)

(V)

(c)

Figure 4. Matlab simulation of the self-oscillating mechanism in the LCC resonant converter under
the following conditions. Vg = 24 V, L = 16 µH, Cs = 500 nF, Cp = 50 nF, R = 100 Ω. The green branches
represent generic TON intervals: (a) Three dimensional trajectory; (b) projection in the phase-plane
iL − vCp; (c) projection in the phase-plane iL − vCs.

On the other hand, since vL(t) = L diL/dt and iL(t) = Cs dvCs/dt, the inductor current and
voltage can be expressed as follows:

iL(τ) = −Cs Aαe−ατ − Cse−ξω0τ(Bξω0 + Cωd) sin ωdτ + Cse−ξω0τ(Bωd − Cξω0) cos ωdτ (16)

vL(τ) =LCs Aα2e−ατ + (−2LCs B ξ ω0 ωd + LCsCξ2ω2
0 − LCCsω2

d)e
−ξω0τ

cos ωdτ

+ (LCsBξ2ω2
0 − LCsBω2

d + 2LCsCξωdω0)e
−ξω0τ

sin ωdτ
(17)

Moreover, voltages in the circuit are related by

vCp(t) = Vg − vCs(t)− vL(t) (18)

At the beginning of the interval, i.e., t = tj, or equivalently at τ = 0, it can be written:

dvCs(0)
dt

=
iL(0)

Cs
= 0 (19)
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Particularizing Equations (15)–(19) at τ = 0 results in the following set of equations relating
constants A, B, C with the initial conditions of the interval and circuit parameters 1 0 1

−α ωd −ξ ω0

α2 −2ξ ω0 ωd ω2
0 (2ξ2 − 1)


A

B
C

 =

 −Vg −VCs2n

0
Vg+VCs2n+VCp2n

LCs

 (20)

Solving the previous set of equations leads to:

A =
1
∆

(
(Vg + VCs2n)ω2

0 −
Vg + VCs2n + VCp2n

LCs

)
(21)

B =
1

ωd∆

Vg + VCs2n + VCp2n

LCs
(ξω0 − α)

+ (Vg + VCs2n)ω0α(ξα− 2ξ2ω0 + ω0)

 (22)

C =
1
∆

Vg + VCs2n + VCp2n

LCs

− (Vg + VCs2n)(2ξω0α− α2)

 (23)

where ∆ = ωd
[
2ξω0α− α2 −ω0

2].
In addition, the TON interval will end at instant τ0 for which iL(τ0) = 0. Taking into account (16),

the following equation is derived:

Aαe−ατ0 = e−ξω0τ0 ((Bξω0 + Cωd) sin ωdτ0 + (Bωd − Cξω0) cos ωdτ0) (24)

Now, in order to find the value of τ0 satisfying Equation (24), it is assumed that the time constant
associated with α is much bigger than the time constant associated with ξω0, i.e., α is the dominant
pole of the system. This implies that the term Ae−ατ will be practically constant along the generic TON
interval, and therefore its time derivative will be zero in such interval. Note that this fact is equivalent
to impose α = 0 in (19)–(24). Hence, (24) can be expressed as follows:

e−ξω0τ0 ((Bξω0 + Cωd) sin ωdτ0 + (Bωd − Cξω0) cos ωdτ0) = 0 (25)

whose solution is

ωdτ0 = tg−1
(

Cξω0 − Bωd
Bξω0 + Cωd

)
+ π. (26)

This is equivalent to
ωdτ0 = π. (27)

3.3. Obtaining the Signal Amplitude in the Limit Cycle

Assuming now that τ0 is the duration of TON interval in the limit cycle, we can write vCs(τ0) = VCs
and vCp(τ0) = VCp due to the symmetry of the limit cycle associated with the phase-planes iL − vCs
and iL − vCp respectively (Figure 4b,c). Hence,

vCs(τ0)|α=0 = Ae−ατ0
∣∣
α=0 + B|α=0e−ξπ sin π + C|α=0e−ξπ cos π + Vg = VCs (28)

From (21)–(23) and (28), it follows that

Vg(1 + e− ξπ) = VCs(2LCsω2
0 − 1− e− ξπ)−VCp(1 + e− ξπ) (29)
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Note that vCs(τ0) = VCs and vCp(τ0) = VCp = Vg − vCs(τ0) − vL(τ0). Therefore, vL(τ0) is
given by:

vL(τ0)|α=0 = 2LCsξω0ωd B|α=0e−ξπ + LCs C|α=0e−ξπ(ω2
d − ξ2ω2

0) (30)

Assuming a very small damping factor ξ << 1 allows for equating the natural oscillation
frequency ω0 and the damped natural oscillation frequency ωd. Under this assumption and considering
(21)–(23) and (30), the relationship linking the input and the capacitor voltages is as follows:

Vg(1 + e−ξπ) = VCs(1− e−ξπ) + VCp(1− e−ξπ) (31)

Solving the set of Equations (29) and (31) results in the capacitor voltage amplitudes of
the limit cycle:

VCs =
Vg(1 + e−ξπ)

LCsω2
0(1− e−ξπ)

(32)

VCp =
Vg(1 + e−ξπ)(LCsω2

0 − 1)
LCsω2

0(1− e−ξπ)
= VCs(LCsω2

0 − 1). (33)

3.4. Determining the Oscillation Frequency of the Limit Cycle

The difference of magnitude between the time constants has allowed us to establish the duration
τ0 of a generic TON interval. The subsequent particularization in the case of the limit cycle, i.e.,
the assumption that the duration of TON and TOFF intervals are equal, due to the cycle symmetry,
allows us to conclude that the period of the limit cycle is 2τ0 and that the angular oscillation frequency
is the damped natural oscillation ωd. In addition, the hypothesis of small damping factor has finally
led to equate the damped natural oscillation frequency and the natural oscillation frequency ω0. Now,
the frequency for which the input impedance exhibits a resistive behavior will be determined in order
to express the limit cycle oscillation frequency in terms of the circuit parameters.

From (13), the equation of the input impedance is derived

Zin(s) =
1

Y(s)
=

LRCpCss3 + LCss2 + R(Cs + Cp)s + 1
Cs(1 + RCps)s

(34)

Particularizing (34) in s = jω0 yields

Zin(jω0) =
−jLRCpCsω0

3 − LCsω0
2 + jR(Cs + Cp)ω0 + 1

jCs(1 + jRCpω0)ω0
(35)

Assuming that natural oscillation frequency ω0 is given by

ω0 =

√
Cs + Cp

LCsCp
(36)

Equation (35) becomes

Zin(jω0) =
−1

jCpω0(1 + jRCpω0)
(37)

If the parameters fulfill the following condition

RCpω0 >> 1 , (38)

the input impedance will be resistive:

Zin(jω0) =
1

RCp
2ω02

(39)
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Similarly, introducing condition (38) in (12) yields

H(jω0) = −jRCpω0 (40)

Under these conditions, if the input voltage is approximated by its first harmonic, i.e., vin(t) ≈
vin1(t) = Vm cos ω0t, where Vm = 4Vg/π, the equations of inductor current and parallel capacitor
voltage will be given by

iL(t) = Vm
RCp(Cs + Cp)

LCs
cos ω0t (41)

vCp(t) = Vm ω0Cp R sin ω0t (42)

From (41) and (42), it can be concluded that the LCC behavior under these conditions is similar to
that of PRC at the resonant frequency.

It can be observed that condition (38) allows considering that the capacitors are connected in series,
so that their respective voltages are proportional, i.e., they are in phase.

vCs(t) =
Cp

Cs
vCp(t) = Vmω0

Cp
2

Cs
R sin ω0t (43)

It can be also verified that the maximum value of Equation (43) coincides with (33).

3.5. Identifying Parameters α and ξ

Identifying in (14) the coefficients of the third order polynomial results in the following set
of equations:

1
RCp

= 2ξω0 + α (44)

Cs + Cp

LCsCp
= ω2

0 + 2ξω0α (45)

1
LRCsCp

= αω2
0 (46)

Fulfilling simultaneously (36) and (45) implies that constraint ω0 >> 2ξα must be satisfied.
Hence, (46) can be rewritten as

α =
1

R(Cs + Cp)
(47)

From (44) and (47), the following holds

2ξω0 =
Cs

Cp

1
R(Cs + Cp)

= KCα , (48)

where KC = Cs
Cp

, or equivalently

ξω0 =
KCα

2
(49)

Equation (49) shows that the hypothesis of large separation between time constants previously
employed in the calculation of τ0 is valid provided that the ratio KC between the capacitances is large
enough. Finally, the damping factor will be expressed by

ξ =
KC

2(KC + 1)RCp

√
KCLCp

KC + 1
(50)
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3.6. Converter Design, Simulation, and Experimental Results

Deriving an accurate expression of the generation mechanism of the limit cycle has required
an appropriate combination of frequency and time domain analyses with adequate parametric
constraints. Now, it will be shown that the converter design is very simple in spite of the apparent
complexity of the mentioned analyses.

3.6.1. Converter Design

The converter design is reduced to an appropriate choice of the resonant tank elements according
to the following steps:

1. Define the values of input voltage Vg and the amplitude of the output voltage in steady-state VCp.
2. Define the desired switching frequency ω0 and the load R.
3. Calculate Q = VCp/Vg.
4. Verify that Q� 1 holds.
5. Calculate the value of the parallel capacitance with Cp = Q

ω0R .
6. Select KC ≥ 8 (KC = Cs/Cp) and calculate the value of the series capacitor with Cs = KCCp.

7. Derive the value of the inductance with L = 1+KC
ω2

0KCCp
.

It is worth remarking that the LCC has been extensively used in electronic ballasts for lamps.
In such application, the impedance of the lamp is variable and, in such case, the design should take
into account the minimum real impedance of the load as R, which typically corresponds to the value
in steady-state operation.

3.6.2. Simulation Results

Figure 5 corroborates the validity of the previous design procedure by means of a PSIM simulation
for the following set of parameters and specifications: VCp = 180 V, Vg = 24 V, f0 = 190 kHz,
R = 100 Ω, Q = 6, KC = 10, L = 16µH, Cp = 50 nF and Cs = 500 nF. The roots of the characteristic
polynomial (14) provided by Matlab for the previous set of parameters are located in −18, 200 and
−90, 9× 103 ± j 1167, 7× 103 rads/s, which is in perfect agreement with the values predicted by
Equations (36), (47) and (50). In addition, from the observation of the waveforms of Figure 5, it can be
deduced that the oscillation frequency is f0 = 187 kHz, i.e., ω0 = 11.7× 105 rad/s, which is exactly
the value predicted by equation (47). The maximum values of voltages VCs and VCp are in Figure 5
VCs = 18 V and VCp = 180 V, which coincides with the values predicted by (32) and (33) respectively
as well as with those provided by (42) and (43) correspondingly. Note that voltages in both capacitors
are proportional as predicted by the analysis in Section 3.4.

(A
)

(V
)

(V
)

Figure 5. PSIM simulation of the inductor current and capacitor voltage waveforms
in the self-oscillating LCC starting from zero initial conditions.
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3.6.3. Experimental Results

An experimental prototype of the LCC resonant converter has been implemented taking into
account the set of parameters employed in the simulations of Figures 4 and 5, and a controller
based on the sign of the inductor current. Figure 6 shows the scheme of the implemented prototype,
wherein the power stage consists of an H-bridge connected to a resonant tank. The bridge uses four
MOSFETs (IPB200N15N3) activated by two driver ICs UCC27211. The sign of the inductor current,
which is sensed by a current transformer, is used to switch the branches of the H-bridge. A picture of
the converter and the laboratory stand is shown in Figure 7.

Figure 6. Circuit scheme of the implemented self-oscillating LCC converter.

(a) (b)

Figure 7. Detail of the experimental setup: (a) Picture of the laboratory workbench; (b) parts of
the converter prototype: (A) DC input (two connectors), (B) Current sensor, (C) Resonant tank (LCC),
(D) Dead-time circuit, (E) Driver circuit, (F) AC output, (G) activation relay.

Figure 8a shows the steady-state waveforms of current and output voltage of the LCC resonant
converter in self-oscillating operation. The circuit exhibits an oscillation frequency of 180 kHz
generating an output voltage of 175 V and supplying 130 W to the load. Figure 8b illustrates
the corresponding generation of the limit cycle. The propagation delay has been mitigated by selecting
a high-speed driver and a relatively low switching frequency, which results in a 70 ns delay not
impacting on the converter performance. In addition, the delay effect can be compensated by the use
of appropriate networks as it has been recently reported in the design of a 6.78 MHz self-oscillating
resonant converter [35].
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(a) (b)

Figure 8. Experimental waveforms of the self-oscillating LCC converter: (a) steady state current and
voltage; (b) limit-cycle generation in the phase-plane vCp − iL.

3.7. Stability Analysis

The mechanism of the ellipse generation consists in a spiral starting from zero initial conditions
which finally converges into an ellipse. However, it should be ensured that such convergence always
exists or equivalently the parametric conditions for such convergence should be found. With this
purpose, the generation mechanism is described now by means of a discrete-time model as established
by the zero current crossings in Figure 4b,c.

Taking into account the analysis made in Section 3.2, a generic TOFF interval in Figure 4b,c can be
described as

vA(k) = −Vg(1 + e−ξπ) + vCs(k)(1− e−ξπ)− vCp(k)e−ξπ (51)

vB(k) = −Vg
1 + e−ξπ

LCsω2
0

+ vCs(k)

(
1− 1 + e−ξπ

LCsω2
0

)
− vCp(k)

1 + e−ξπ

LCsω2
0

(52)

Moreover, the next TON interval will be characterized by

vCs(k + 1) = Vg
1 + e−ξπ

LCsω2
0

+ vB(k)

(
1− 1 + e−ξπ

LCsω2
0

)
− vA(k)

1 + e−ξπ

LCsω2
0

(53)

vCp(k + 1) = Vg(1 + e−ξπ) + vB(k)(1− e−ξπ)− vA(k)e−ξπ (54)

Introducing (51) and (52) in (53) and (54), the following discrete-time model can be obtained
after simplification (

vCs(k + 1)
vCp(k + 1)

)
=

(
φ11 φ12

φ21 φ22

)(
vCs(k)
vCp(k)

)
+

(
Γ1

Γ2

)
Vg (55)

The spiral will be stable if the eigenvalues of the discrete-time system (55) are located
within the unit circle. The corresponding characteristic polynomial is given by Q(λ) = λ2 + bλ + c,
whose coefficients are:

b =
−KC

2 + 2 + 2KC + 2KCe−ξπ − (KC + 2)2e−2ξπ

(1 + KC)
2 (56)

c =
(1− KCe−ξπ)

2

(1 + KC)
2 (57)

The eigenvalues will be located within the unit circle if the following conditions, derived from
the application of Jury’s criterion to a second order algebraic equation [36], are fulfilled:
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1. Q(1) > 0⇒ 1 + b + c > 0⇒ 1 > e−2ξπ

2. Q(−1) > 0⇒ 1− b + c > 0⇒
⇒ KC

2(1 + e−2ξπ) + 2(1 + KC)e−2ξπ > 2KCe−ξπ

3. |c| < 1⇒
∣∣1− KCe−ξπ

∣∣ < 1 + KC

It can be verified by simple inspection that conditions 1 and 3 are always satisfied. It can be
also easily demonstrated that condition 2 is always fulfilled by substituting x = e−ξπ , and observing
that the function g(x) = KC

2(1 + x2) + 2(1 + KC)x2 − 2KCx is always positive. Therefore, it can be
concluded that the generation of the spiral in the LCC self-oscillating resonant converter is always
stable. Similarly, it can be noted that imposing vCs(k + 1) = vCs(k) and vCp(k + 1) = vCp(k) in (55)
yields Equations (32) and (33), which corroborates the validity of the model.

4. 4th Order Self-Oscillating Resonant Converters

The approach described in the previous section can be directly applied to a LLC resonant converter
(Figure 2d), but its extension to 4th order converters like the LCLC (Figure 2e) is apparently a difficult
task. This is due to the complexity of the time-domain description of the 4th order differential equations
involved. For that reason, the transient-state associated with each pole position is not exhaustively
analyzed now but rather used as a conjecture to predict which poles are determinant in the generation
of the limit cycle. In addition, the proved fact that the input impedance is resistive in the limit cycle
will be used again to eventually establish the period of the resulting self-oscillating response.

Two different cases are now analyzed, they being characterized by the pole-zero diagrams depicted
in Figure 9 and the constraint LsCs = LpCp. The first case in Figure 9a assumes the same natural
oscillation frequency for the two pairs of complex conjugate poles while the second one in Figure 9b
considers a big difference between the two natural oscillation frequencies.

(a) (b)

Figure 9. Pole-zero diagram of the proposed LCLC converter with: (a) ω02 = ω01 = ω0, (b) ω02 >> ω01.

4.1. Equal Natural Oscillation Frequency

The analytical prediction lies in the following conjecture: If ξ2 >> ξ1 in Figure 9a,

the self-oscillation will be determined by the complex conjugate pair −ξ1ω0 ± jω0

√
1− ξ1

2.
Note that, in any TON or TOFF subinterval, the time component associated with the pair of

complex conjugate poles −ξ2ω0 ± jω0

√
1− ξ2

2 will be much more damped than the one associated
with the other pair of complex conjugate poles. It will exhibit a very low oscillating frequency, so that
it will rapidly decrease to negligible positive values near zero but without crossing this threshold.
Therefore, the zero crossings of input inductor current will be determined by the term associated with

−ξ1ω0 ± jω0

√
1− ξ1

2, which is significantly underdamped.
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4.1.1. Parameter Identification

The input to output transfer function and input impedance of the LCLC resonant converter
(Figure 2e) are given respectively by Equations (58) and (59):

H(s) =
(

s2

LsCp

)
/
(

s4 +
s3

RCp
+

(
1

LsCs
+

1
LpCp

+
1

LsCp

)
s2 +

s
RCpLsCs

+
1

LpCpLsCs

)
(58)

Zi(s) =
(

LpLsCpCsRs4 + LpLsCss3 + R(LsCs + LpCp

+LpCs)s2 + Lps + R
)

/
(

Cs(LpCpRs2 + Lps + R)s
) (59)

Expressing the normalized parameters ξ1, ξ2 and ω0 of Figure 9a in terms of the converter
parameters requires first equating the characteristic polynomial of the input–output transfer function
of the LCLC to the normalized polynomial derived from the pole-zero diagram:

s4 +
s3

RCp
+

(
1

Cs
+

1
Cp

)
s2 +

s
RCpLsCs

+
1

LpCpLsCs
=

=
(

s2 + 2ξ1ω01s + ω01
2
) (

s2 + 2ξ2ω02s + ω02
2
) (60)

If ω02 = ω01 is imposed in (60), it is found that

ω0
4 =

1
LpLsCpCs

(61)

In addition, since LsCs = LpCp, then

ω0
2 =

1
LsCs

=
1

LpCp
(62)

Introducing (62) and s = jω0 into the input impedance transfer function Zi(s) yields

Zi(jω0) = R. (63)

Thus, the behavior of the LCLC converter under these conditions is similar to the SRC, where
the output is equal to the input at the resonant frequency.

In order to obtain the conditions for the existence of self-oscillation, a relationship between ξ1 and
ξ2 has to be established. Identifying the coefficients in (60) leads to:

2(ξ1 + ξ2)ω0 =
1

CpR
(64)

2ω0
2(1 + 2ξ1ξ2) =

2
LsCs

+
1

LsCp
(65)

2ω0
3(ξ1 + ξ2) =

1
LsCpCsR

(66)

Then, from (64), it is deduced that

ξ1 + ξ2 =
1

2CpRω0
(67)

and from (65) it is obtained that

ξ1ξ2 =
1

4ω02LsCp
(68)
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From (67) and (68), it is derived:

ξ2 − 1
2CpRω0

ξ +
1

4ω02LsCp
= 0 (69)

ξ1,2 =
1

4CpRω0
± 1

4ω0

√
1

Cp
2R2
− 4

LsCp
, (70)

Therefore:
ξ2

ξ1
=

1
2

κ

(
1 +

√
1− 4

κ

)
− 1 , (71)

where κ =
Ls
Cp
R2 .

Thus, if κ ≥ 8, then ξ2 ≥ 5.82 ξ1 and it can be assumed that the initial hypothesis on a large
difference between damping factors holds.

4.1.2. Converter Design and Simulation Results

Taking into account the previous parameter identification, the design of a self-oscillating LCLC
resonant converter acting as SRC can be simplified to an appropriate choice of the resonant tank
elements according to the following steps:

1. Define the value of input voltage Vg.
2. Define the desired switching frequency ω0 and the load R.
3. Select an arbitrary value of Cp.
4. Determine the value of κ given by κ = Ls

CpR and the constraint κ ≥ 8.

5. Calculate the value of the series inductor Ls from Ls = κR2Cp

6. Calculate the value of the parallel inductor Lp from Lp = 1
ω0

2Cp
.

7. Calculate the value of the series capacitor Cs from Cs =
1

ω0
2Ls

.

As an example, a switching frequency of 160 kHz and a κ value of 10 are established for a load of
R = 100 Ω and a DC input voltage Vg of 12 V. Moreover, a parallel capacitor Cp of 10 nF is selected,
leading to Ls = 1 mH, Lp = 100µH, Cs = 1 nF. The validity of the design is verified in the simulation
of Figure 10, where the indexes of the depicted waveforms are in perfect agreement with the theoretical
predictions, i.e., vCp, peak = 15.3 V, iLs, peak = 153 mA, vCs, peak = 153.6 V and iLp, peak = 153 mA and
oscillation frequency of 160 kHz. It has to be pointed out that vCs and iLp are in phase exhibiting
a phase-shift of−90◦ with respect to vCp and iLs, which, in turn, are in phase. This characteristic allows
for representing the resulting four-dimensional limit cycle in a bi-dimensional plane just by adding
the state-variables that are in phase. Thus, the following signals are associated taking into account
the mentioned phase-shift among them:

x1(t) = vCp(t) + iLs(t)(×1Ω) (72)

x2(t) = vCs(t) + iLp(t)(×1Ω) (73)

This new representation method in a bi-dimensional plane facilitates the verification of the limit
cycle generation in high-order converters. Figure 11 depicts the state-trajectory using this compact
representation, for the previous simulation example. It can be seen that the proposed representation
provides a convenient method to verify easily the correctness of a new design.
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Figure 10. PSIM simulation of the time-domain waveforms of a self-oscillating resonant converter
LCLC acting as SRC with Vg = 12 V, f0 = 160 kHz, κ = 10, R = 100 Ω, Ls = 1 mH, Lp = 0.1 mH,
Cs = 1 nF, Cp = 10 nF.

Figure 11. Matlab simulation of the compact representation of the limit cycle generation
in the SRC-like LCLC.

4.2. Different Natural Oscillation Frequency

A second conjecture for the analytical predictions can be expressed as follows:
If ω02 >> ω01 and ξ2ω02 >> ξ1ω01 in Figure 9b, the self-oscillation will be determined by

the complex conjugate pair −ξ2ω02 ± jω02

√
1− ξ2

2.
Note that, in any TON or TOFF subinterval, the time component associated with the pair of complex

conjugate poles −ξ1ω01 ± jω01

√
1− ξ1

2 will be less damped exhibiting a low oscillating frequency,
so that it will be practically constant during the decay of the highly underdamped term created

by −ξ2ω02 ± jω02

√
1− ξ2

2, whose zero-crossings will establish the change from TON to TOFF and
vice versa.
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4.2.1. Parameter Identification

Taking into account the design constraint LsCs = LpCp, the following identities can be obtained in (60):

ξ2ω02 =
1

2CpR
(74)

ω02
2 =

2
LpCp

+
1

LsCp
=

2Ls + Lp

LsLpCp
(75)

ω01
2ω02

2 =
1

Lp
2Cp

2 (76)

2ξ1ω01ω02
2 + 2ξ2ω02ω01

2 =
1

LpCp
2R

(77)

From (75) and (76), it can be deduced

ω01
2 =

1
Lp

2Cp
2

ω022 =
Ls

LpCp(2Ls + Lp)
(78)

and, from (74), (75), (77) and (78), it is derived

ξ1ω01 =
1

2CpR
Ls
(

Ls + Lp
)(

2Ls + Lp
)2 (79)

Hence, from (74) and (79), we can write

ξ2ω02

ξ1ω01
=

(
2Ls + Lp

)2

Ls(Ls + Lp)
=

(
Lp
Ls

+ 2
)2

Lp
Ls

+ 1
(80)

Then, in order to satisfy the hypothesis ξ2ω02 >> ξ1ω01, a minimum value of 7 for the ratio Lp
Ls

is

required since for this value ξ2ω02
ξ1ω01

> 10. Moreover, (75) and (78) yield

ω02
2

ω01
2 =

(
2Ls + Lp

)2

Ls
2 =

(
Lp

Ls
+ 2
)2

(81)

Fulfillment of ω02
ω01

> 10 in Equation (81) will be accomplished if Lp
Ls

> 8. Consequently,
denoting Lp/Ls = Kl , a value of Kl greater than 8 has to be selected in order to have self-oscillation
with the predicted amplitude and frequency in this configuration.

On the other hand, introducing LpCp = LsCs in Equation (59), the input impedance Zi(s) of
the LCLC converter becomes:

Zi(s) = Lp
2Cp

2 ·
s4 + s3

CpR +
(

2
LpCp

+ 1
LsCp

)
s2 + s

LpCp
2R

+ 1
Lp

2Cp
2

Cs s
(

1 + LpCps2 +
Lp
R s
) (82)

In addition, the assumption of self-oscillation due to the pair of poles −ξ2ω02 ± jω02

√
1− ξ2

2

suggests that the limit cycle will eventually present an oscillation frequency given by ω02, as it was
the case in 2nd and 3rd order converters. Therefore, the input impedance at that frequency must
exhibit a resistive behavior.
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Particularizing the input impedance at s = jω02 yields after some manipulations

Zi(jω02) =
RLp

Cs

Kl(Kl + 2)

(Kl + 1)2R2 +
Lp
Cp
(Kl + 2)

+ j
Kl + 1
Csω02

R2 +
Lp
Cp
(Kl + 2)

(Kl + 1)2R2 +
Lp
Cp
(Kl + 2)

, (83)

which implies

tan(]Zi(jω02)) =
Kl + 1

ω02

R2 +
Lp
Cp
(Kl + 2)

RLpKl(Kl + 2)
(84)

On the other hand, from (75), it can be written

ω02 =

√
2Ls + Lp

LsLpCp
=

√
Kl + 2
LpCp

(85)

Hence, (84) becomes

tan(]Zi(jω02)) =
(Kl + 1)

Kl(Kl + 2)
3
2

(
Qp +

Kl + 2
Qp

)
, (86)

where Qp = R√
Lp
Cp

.

For a given value of Kl , the function f (Qp) =
(

Qp +
Kl+2

Qp

)
has a minimum at

Qp ,min =
√

Kl + 2 (87)

Therefore, the minimum value of (86) will be given by

min, tan(]Zin(jω02)) =
(Kl + 1)2

√
Kl + 2

Kl(Kl + 2)
3
2

=
2(Kl + 1)
Kl(Kl + 2)

(88)

It can be observed from (88) that the phase-shift between input current and input voltage decreases
monotonically to zero as Kl increases from its minimum value Kl = 8.

In addition, note that the value of the module of the input to output transfer function H(s) given
by (58) at the resonant frequency (s = jω02) can be obtained approximately by means of the pole-zero
diagram depicted in Figure 12. A very small damping factor ξ2 is assumed, so that

ωd2 ' ω02 (89)

As ξ2 << 1, the modules of the vectors can be approximated by the length of their vertical
cathetus. Therefore, |D1| = ξ2ω02, |D2| = 2ω02, |D3| = ω02 −ω01, |D4| = ω02 + ω01 and |N1| = ω02

2.
Thus,

|H(jω02)| =
Kl√

Kl + 2
Qp . (90)

For the minimum value of Qp given by (87), Equation (90) becomes

|H(jω02)| = Kl (91)

Since Kl must be bigger than 8, it can be concluded that the self-oscillating LCLC converter will
operate as a high-gain voltage step-up stage.
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D1

D2

D3

D4

N1

Figure 12. Pole-zero diagram of Figure 9b for evaluation of the input to output transfer function at
s = jω02.

4.2.2. Converter Design and Simulation Results

Considering the previous identification, the design steps of a self-oscillating LCLC resonant
converter for high-gain voltage step-up operation can be summarized as follows:

1. Specify voltage gain Kl (Kl > 8), load resistance R and oscillation frequency ω0.
2. Obtain the value of the parallel capacitor Cp = Kl+2

Rω0
.

3. Calculate the value of the series capacitor Cs = KlCp.

4. Calculate the value of the parallel inductor Lp = Kl+2
ω0

2Cp
.

5. Determine the value of the series inductor Ls =
Lp
Kl

.

The design procedure is validated by the simulations illustrated in Figure 13a,b where a sinusoidal
output voltage of 130 V amplitude and a frequency of 62 kHz is obtained for a load of 330 Ω and
an input voltage of 12 V, which implies a voltage gain Kl = 8.5. The corresponding resonant tank
parameters are Cp = 82 nF, Cs = 700 nF, Lp = 850 µH and Ls = 100 µH. Both the amplitude of the output
voltage and the resulting oscillation frequency coincide with their respectively specified values. Like
in the case of LCLC acting as SRC, the limit cycle generation can be described by a phase-plane
compacted representation x1(t)− x2(t) because capacitor voltages are in phase and inductor currents
are out of phase, while both sets of signals are orthogonal. Hence, x1(t) = vCp(t) + vCs(t) and
x2(t) = iLs(t)− iLp(t).
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Figure 13. Waveforms of the compact representation of the limit cycle generation in a voltage step-up
LCLC self-oscillating resonant converter. The parameters of the converter are Vg = 12 V, f0 = 62 kHz,
Kl = 8.5 and R = 330 Ω: (a) Matlab simulation of the phase-plane trajectory (x1(t) = vCp(t) + vCs(t),
x2(t) = iLs(t)− iLp(t)); (b) Steady-state waveforms in a PSIM simulation.



Energies 2020, 13, 3743 21 of 23

5. Conclusions

The generation of the limit cycle in self-oscillating resonant converters employing the sign
of the input inductor current to establish the change of topology has been proven to be effective
in converters of 2nd, 3rd and 4th order. As a result, the input current and the first harmonic of the input
voltage are in phase, which ensures a unity power factor to the steady-state operation of the resonant
converter. This fact confers a nature of loss-free resistor to the two-port description of the converter.

In this context, predicting accurately the converter behavior in steady-state and deriving
simple design rules to guarantee such behavior has required the assumption of several hypotheses
on the converter parameters mainly related to big separation between poles and significant
underdamping.

The hypotheses have allowed establishing a discrete recurrence considering two successive
zero-crossings of the input inductor current after completing a generic oscillation cycle. The stability
of the limit cycle generation has been demonstrated by proving the stability of the recurrence.
This approach has successfully explained the generation of two-dimension and three-dimension
spirals in 2nd and 3rd order converters respectively and has allowed determining the amplitude and
period of the limit cycle at steady state by applying symmetry conditions.

The extension of the previous analytical procedure to 4th order converters has been interrupted
by the complexity of the time-domain analysis involved. Instead, a conjecture on the dominant poles
eventually provoking self-oscillation has been successfully used to predict the amplitude and period of
the limit cycle in two different operation modes that share the same design constraint. The assumption
about the dominant poles on the spiral generation has been analytically complemented by the fact that
the input impedance is resistive at the oscillation frequency of the limit cycle.

Other steady-state solutions can be found empirically using the sign of the input inductor current
to establish the change of topology in resonant converters but their exact analytical prediction is
an open problem.
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VSS Variable structure system
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