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Abstract: Non-invasive diagnostic methods for electric machines’ diagnostics, which can be used during
their operation in a drive system, are needed in many branches of the production industry. For the
reliable condition assessment of electric machines, especially those operating in drive systems, various
tools and methods have been suggested. One diagnostic method that has not been fully recognized and
documented is a diagnostic method based on zero-sequence voltage component (ZSV) applications for the
condition assessment of induction machines. In this paper, the application of ZSV in induction machine
diagnostics is proposed. A factor that speaks in favor of applying this signal in such diagnostics is the
high sensitivity of the signal to damage occurrence, and the distinct change of extracted symptoms in the
case of asymmetry. It is possible to obtain a high signal amplitude, which simplifies its processing and the
elaboration of reliable diagnostic factors. This ZSV-based method is also able to be applied to big machines
used in industry. Due to the saturation effects visible in the ZSV signal, new diagnostic symptoms can
appear, which allows for an easier condition assessment of certain machines. The usefulness of the
described diagnostic method in machine condition assessment was shown through an equivalent circuit
modeling process, finite element analysis, and laboratory tests of the machine.

Keywords: zero-sequence voltage (ZSV); eccentricity; broken rotor bars; induction motor diagnostic;
saturation; fault diagnostic

1. Introduction

Electric machine fault detection using diagnostic signal analysis is one of the most commonly
used diagnostic methods. Currently, in the electric machine fault detection process, it is one of the most
relevant diagnostic approaches for machine condition assessment based on the measured signals of the
operating machine. Non-invasive electric machine fault detection methods that can be used during the
machine’s operation in a drive system are very important in many industry branches. Unpredictable
machine damage might lead to production stopping, and large economic losses.

For over 30 years, electric machine fault detection methods have constantly been developed and
improved. This is still a current research topic, and many researchers continue to seek new diagnostic
tools and methods. For reliable machine condition assessment, especially of those in critical drive
systems with high expected reliability, objective methods, tools, and means for realizing the diagnostic
process are required. The most important induction machine diagnostic methods are based on the
frequency analysis of signals (FFT). In the literature, these methods are known as motor current
signature analysis (MCSA). The most representative, simple, and easy to illustrate diagnostic method
is induction machine rotor cage fault detection, based on the analysis of left sideband slip harmonics
f 0(1 − 2s) (LHP).
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For all these methods, it is important to have a formula for extracting characteristic features and
diagnostic factors for the machine technical condition assessment.

In most cases, all analyses are able to be carried out during the machine’s steady operating state.
For signals collected during the dynamic operating state, time-frequency signal analysis methods
are used.

Generally, based on the induction machine’s start-up current, the usefulness of these methods
when used during dynamic states is clear.

In many papers, the state-of-art on electric machine diagnostic methods is presented. In selected papers,
one can find the state-of-art on diagnostic methods and their respective development directions [1–3].
In diagnostic-related issues, the definition of damage types and their classification, diagnostic methods,
software for diagnostics, and modernity of the used approach and maintenance, as well as their compatibility
with Industry 4.0 philosophy, are very important.

One of the research fields in induction machine diagnostics is induction motor cage fault detection.
In the literature, one can find applications of various signals and methods. Stator current-based
analysis methods [4–9], zero-sequence component of stator current [10–15], zero-sequence component
of voltage [6,13,16–19], and zero-sequence component of axial flux [20–27], were all taken into account.
These methods allow for the detection of various rotor cage asymmetries. In the literature, one can also
find descriptions of many methods of rotor eccentricity fault detection. Similarly to rotor cage damage,
for diagnosis of eccentricity-related faults, one can use stator current [5,7,28–30], the zero-sequence
component of current [10,31], or the zero-sequence component of voltage or axial flux [32–35]. Another
issue that has been widely discussed in the diagnostic-related literature is bearing fault detection. The most
commonly used diagnostic signals are vibration and noise [36]. Bearing faults can be detected through
the symptoms contained in the stator current [5,29,37] and axial flux [33,38]. In the case of stator winding
short circuit detection, based on the experience of various authors, one can state that the most appropriate
signal for detecting this type of fault is axial flux [23,24,39]. One may also encounter the application
of the stator current [28,40,41] and the zero-sequence component of current [10]. The zero-sequence
component of flux and zero-sequence voltage have been used for sensorless control [42]. One can also
see the application of the current zero-sequence component of machines supplied from an inverter for
the control algorithm [43]. This paper proves that the zero-sequence component of current should be
damped, since it does not contribute to torque generation but causes harmful effects, such as power loss
and torque ripple [43]. The zero-sequence component of current has also been used in the diagnostic
process for converter fault detection [44,45]. In the paper exploring this, a practical online method of
open switch fault detection was presented. The negative sequence component of the stator current has
also been used for rotor asymmetry detection [46]. In this paper, an algorithm of low computational
complexity, used for the induction machine’s rotor asymmetry detection, was presented. The proposed
approach is based on calculation of the negative sequence component of stator start-up currents, and
allows for visualization of the characteristic pattern of the transient state lower bandwidth component
(LSH) [46]. Analysis of the possibilities for fault detection in induction machines based on rotor cage
bars current measurement has also been presented [47]. Types of electrical and magnetic asymmetries
and their influence on rotor cage bar currents were investigated. The competitive accuracy of induction
machine fault detection and its advantages over traditional statistical methods [48] have been shown
using deep learning methods [49]. Convolutional neural networks (CNNs) were applied in order to
automatically extract solid functions from images in grey scale to diagnose faults in induction machines.
It is possible to carry out non-invasive fault detection of electric machines using thermal imaging [50].
In the investigation of this approach, the authors developed an original method for thermal images’
feature extraction, and described fault detection techniques that could be useful for the protection of the
three-phase induction motor and other types of electric rotating machines, such as DC motors, generators,
and synchronous motors. Using computational fluid dynamics and a module for thermal analysis, one
can accurately investigate the influence of an asymmetric rotor on the thermal efficiency of the motor [51].
An interesting approach in diagnostics is advanced fault detection of rotors in big induction machines
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based on internal measurement of the air gap magnetic flux [52]. The experiment was carried out in the
laboratory, but it can be applied to big induction machines with Hall sensors used in mining processes.
The complex hybrid diagnostic approach is based on various factors related to mechanical and electrical
faults [53]. The state-of-the-art early fault detection and its application for rotating machines is described
in [54]. In this paper, a survey and summary on early fault diagnosis tests of gears, rotors, and bearings
were described. One of the diagnostic methods that has not been fully recognized and documented in the
literature is a diagnostic method, which uses zero-sequence voltage for induction machine condition
assessment. In this paper, an application of ZSV for the detection of various faults of induction machine
rotors was proposed. A factor that is favorable for the use of this signal for diagnostics is the high signal
sensitivity to faults, and the visible change of extracted symptoms in the case of asymmetry occurrence.
It is possible to obtain a high signal amplitude, which simplifies its processing and development of reliable
diagnostic factors. The ZSV-based method can be implemented and practically applied in big machines
used in industry. Due to the saturation effects visible in the ZSV signal, new diagnostic symptoms
allow for a simpler machine condition assessment. This paper presents a full chain of research on the
application of the ZSV signal for fault detection. First, a mathematical model of the machine based on the
winding function, including magnetic saturation faults, such as eccentricity and rotor cage asymmetry,
was developed. The mathematical model allowed us to extract the formula for the zero-sequence voltage
and then, using the assumptions for the machine’s steady state, the formulas for typical fault frequency
components were derived. In order to verify the correctness of the mathematical formulas, finite element
analysis and laboratory tests were carried out. The procedure of the experiment and results verification
are presented in Figure 1.
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Figure 1. Diagram of the workflow for the tests and result validation.

The rest of the paper is organized as follows: In Section 2, the concept of ZSV application to
induction machine fault detection is described. Section 3 contains a description of three methodologies
of permeance function derivation, including the influence of magnetic saturation for various types
of eccentricity faults. The winding function-based mathematical model of a cage induction motor
for estimating characteristic frequencies contained in the zero-sequence voltage signal is presented
in Section 4. Section 5 presents an Finite Element Model (FEM) of the machine, which was used
for validation of the winding function-based machine mathematical model. In Section 6, the results
obtained from the FEM model and laboratory measurements are presented. In Section 7, the analysis
of the results is presented. Finally, conclusions are given in Section 8.
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2. Application of ZSV to Induction Motor Fault Detection

The zero-sequence component of voltage u(0)
s is defined as the sum of all phase voltages induced

in stator winding, divided by three:

u(0)
s =

1
3
(us1 + us2 + us3), (1)


us1

us2

us3

 = RSIS +
d
dt

ΨS +
d
dt

ΨSR, (2)

where RS is the stator winding resistance matrix, IS is the stator current vector, ΨS is the stator flux
linkage vector, and ΨSR is the mutual stator-rotor flux linkage vector. The method for ZSV measurement
is shown in Figure 2 [13,18].
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The defining voltage equations are shown below:
e1 − us1 − uAN = 0
e2 − us2 − uAN = 0
e3 − us3 − uAN = 0

. (3)

Next, by adding both sides and dividing by three, one can obtain:

uBN︷             ︸︸             ︷
1
3
(e1 + e2 + e3) −

u(0)s︷                 ︸︸                 ︷
1
3
(us1 + us2 + us3) − uAN = 0. (4)

u(0)
s = uBN − uAN (5)

Balance resistors R were used in the measurement system in order to symmetrize the supply
voltages. These resistors are necessary in the case of asymmetry of the supply voltage amplitudes.
In the case of symmetrical supply voltages, the uBN voltage is equal to zero, so ZSV can be measured
with reference to neutral wire N:

u(0)
s = −uAN. (6)

During the initial measurements, it was noticed that motor fault occurrence and supply voltage
asymmetry have a strong impact on the ZSV waveform. Figure 3 shows the FFT of the analyzed cases:
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(a) Symmetry, (b) broken bars, and (c) eccentricity proved that the frequency spectra contained harmonics,
which can be identified by means of known MCSA patterns.Energies 2020, 13, x FOR PEER REVIEW 5 of 26 
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Figure 3. ZSV time waveforms and frequency spectra of the cage induction motor.

After the initial analysis of these frequency spectra, one can observe some similarities; however,
in the case of ZSV, the dominant harmonic is the harmonic coming from the magnetic circuit saturation.
One can conclude that taking into account this effect in the mathematical model allows for developing
the right formulas for specific types of faults.

3. Permeance Function Including the Influence of Magnetic Circuit Saturation for Different Types
of Eccentricity

In order to interpret registered ZSV signals, the tests started with the development of the right
mathematical model of the induction motor. The basis of such a model is the permeance function,
which takes into account the influence of magnetic circuit saturation and variable air gap width caused
by eccentricity. Such a permeance function can be derived using amplitude modulation, as presented
in Figure 4.
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Figure 4. Illustration of the permeance function derivation method.

The function that models the variation of magnetic permeance depending on the saturation of the
magnetic circuit depends on the magnetizing current vector IM and the electrical angle α. It can be
defined as [17,55–57]:

Λpu
sat(x,α, IM) =

∑
µ∈Hµ

Λpu
µ (IM)e jµp(x−αM), (7)
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where Hµ = {0,±2,±4 . . .}. The research described in the author’s paper [57] proves that for a
satisfactory saturation effects approach, two series components µ = {0,±2} are sufficient.

Figure 5 shows an example graph of the magnetizing current vector IM = |IM|e jαM , representing
the maximum value of EMF in the stator circuit for the pole pair number p = 1. In the case of a higher
number of pole pairs, it is more convenient to use the electrical angle, defined as α = p · αM:

Λpu
sat(x,α, IM) =

Λ0︷  ︸︸  ︷
Λ0(IM) +

Λ2︷                    ︸︸                    ︷∑
{−2,2}

Λ2(IM)e jµ(px−α). (8)
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The constant component of series (8), Λ0, can be interpreted as a function that models permeance
decrease uniformly around the entire circumference of the machine due to magnetic core saturation.
The same effect can be achieved by increasing the air gap length. The second component of the series
models the saturation during a local increase of the air gap length in the place pointed out by the
electrical angle α of the magnetizing current vector.

Another factor impacting the permeance is the mechanical changes of the air gap length caused by
the stator and rotor slotting and eccentricity. In this paper, we only considered the effects of permeance
variation caused by eccentricity.

Individual functions defining permeance variations caused by eccentricity are the reciprocal of
the magnetic field contour length function between the stator and rotor:

Λpu
ecc(x,ϕ) =

δ0

δ(x,ϕ)
. (9)

In order to derive such a function, first it is necessary to find the air gap magnetic field distribution
using the FEM method or simplified method, which is based on geometrical dependencies [58].

The individual permeance function for a non-uniform air gap can be approached by a Fourier
series of two variables, x and ϕ:

Λpu
ecc(x,ϕ) =

δ0

δ(x,ϕ)
=

∑
k∈Hk

∑
l∈Hl

Λk,le j(k+l)xe− jkϕ, (10)

where k ∈ Hk = {0, ±1, ±2, . . . kmax}, l ∈ Hl = {0, ±1, ±2, . . . lmax}.
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Depending on the type of eccentricity, the function Λpu
ecc(x,ϕ) assumes a general form for different

eccentricity types, as shown in Table 1.

Table 1. Permeance function for different types of eccentricity.

Machine’s Condition Λ
pu
ecc(x,ϕ) Harmonics Orders

Symmetry Λ0,0 = 1 l = 0 ∧ k = 0

Static Ecc.
∑

l∈Hl

Λ0,le jlx
l ∈ Hl ∧ k = 0

Dynamic Ecc
∑

k∈Hk

Λk,0e jk(x−ϕ)
l = 0 ∧ k ∈ Hk

Mixed Ecc.
∑

k∈Hk

∑
l∈Hl

Λk,le j(k+l)xe− jkϕ
l ∈ Hl ∧ k ∈ Hk

Considering the functions for modeling magnetic circuit saturation (8) and the eccentric position of
the rotor (10), while neglecting the slotting of the stator and rotor, one can approximate the permeance
of the motor with the formula obtained from amplitude modulation:

Λ(x,α,ϕ, IM) =
1
δ0

Λpu
sat(x,α, IM)Λpu

ecc(x,ϕ) =
∑

(m,µ,k,l)

Λm,k,µe− jµαe jmxe− jkϕ, (11)

where:
Λm,k,µ =

1
δ0

Λµ(IM) ·Λk,l, (12)

m =

sat︷︸︸︷
µp +

ecc︷︸︸︷
k + l , m ∈ Hm = {0,±1,±2, . . . , mmax}. (13)

Considering the magnetic permeance model, one should pay attention to the order of harmonic
m, which was developed from the sum of harmonic orders generated by saturation and eccentricity.
Combinations of numbers

{
µ, l, k

}
for certain m coming from Equation (13) will be crucial while deriving

the assumptions regarding frequency pattern generation necessary for harmonics identification in
the ZSV spectrum. The final number of function components (11) depends on the limitations of the
permeance model. The more components included, the more accurately the model maps the real state.
However, during the diagnostic process, it is better to base it on the most relevant fault symptoms,
hence the Hm set should be limited.

The next state in the mathematical model derivation for ZSV interpretation is the development
of inductance formulas. The method of sinusoidal equivalent windings and the previously defined
permeance function (11) were used for this task. The first part of this formula [59,60] has been
thoroughly investigated.

Mutual inductance between windings „a” and „b”, whose magnetic axes are in positions xa and
xb, is of the form:

Ms/r/sr
ab =

2µ0rc

π

lc/2∫
−lc/2

∑
ν∈Hν

∑
m∈Hm

∑
µ∈Hµ

Q1
Nak|ν|a Nbk|ν+m|

b
|ν||ν+ m|

Λm,k,µ e− jvxae j(ν+m)xbe− jkϕe− jµα

dz (14)

where Na, Nb is the number of winding loops a and b; k|ν|a , k|ν+m|
b is the winding factors a and b for

harmonics ν and ν+ m; rc is the stator inner radius; lc is the axial length of the magnetic core; µ0 is the
magnetic permeability of the vacuum; p is the pole pair number; and z is the radial coordinate.

For stator winding:
xa = (a− 1)βs; xb = (b− 1)βs;
a = 1, 2, 3; b = 1, 2, 3; b = 1, 2, 3

(15)
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For rotor winding:

xa = (a− 1)βr + ϕ; xb = (b− 1)βr + ϕ;
a = 1, 2, . . . , N; b = 1, 2, . . . , N; βr =

2π
N

(16)

Each of the stator windings “a” and “b” (Figure 6) of the pole pair number equal to p wound
symmetrically on the stator generates an electromotive force, which can be approximated by a Fourier
series of harmonic orders νs for winding “a” and ρs for winding “b” (15), belonging to the same set
Hνs =

{
(2i1 − 1)p; i1 = 0, ±1, ±2, . . .

}
, Hρs =

{
(2i2 − 1)p; i2 = 0, ±1, ±2, . . .

}
.

1 
 

 

Figure 6. Cross-section of the induction machine showing the vectors of the stator and rotor magnetic field.

Currents flowing in the symmetrical rotor cage of N number of bars generate magnetic fields,
which can be approximated by a Fourier series with harmonics numbers νr ∈ Hνr = {i1; i1 = ±1, ±2, . . .}
for winding “a” and ρr ∈ Hρr = {i1; i1 = ±1, ±2, . . .} for winding “b” (16).

Coefficient Q1, presented in Equation (14), can take only two values: 0 or 1, depending on the
logical condition described below:

Q1 =

{
1⇔ ν ∈ Hν ∧m ∈ Hm ∧ (−ν−m) ∈ Hρ

0 otherwise
. (17)

Logical condition (17) determines whether, for specified magnetic field harmonics ν and ρ,
generated by windings a and b, respectively, for a given permeance harmonic m, the inductance exists.
This condition can be reduced to the following, where: νs/r ∈ Hνs/r , ρs/r ∈ Hρs/r , and m ∈ Hm:

ν+ ρ+ m = 0. (18)

Such derived coefficients will be used for the estimation of all necessary parameters for the
mathematical model [57,60,61] of the machine.

4. Mathematical Model of the Cage Induction Motor

Using inductance Equation (14), the mathematical model of the motor based on voltage equations
was derived and its transformation to a symmetrical components coordinate system was performed:[

UII
s

UII
r

]
=

[
RII

s
RII

r

] [
III

s
III

r

]
+

[
LII
σs

LII
σr

]
d
dt

[
III

s
III

r

]
+

d
dt

([
MII

s MII
sr

MIIT
sr MII

r

] [
III

s
III

r

])
. (19)

Such a transformation leads to a simplified inductance matrix, which helps to determine the
orders of harmonics in each matrix cell.
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For the stator self-inductance matrix MII
S :

MII
S (R, C) = 3

∑
νs,m,µ,k

Ms
νs,m e− jµαe− jkϕQs(R, C), (20)

Qs(R, C) =

 1⇔ νs + ρs + m = 0∧
(
νs
p

)
mod3 = R∧

(
−
ρs
p

)
mod3 = C

0 otherwise
, (21)

where R is the row number {0, 1, 2} and C is the column number {0, 1, 2}, related to the symmetrical
component of the stator current vector III

S .
For the mutual stator-rotor inductance matrix MII

S :

MII
SR(R, C) =

√

3 ·N
∑

νs,m,µ,k

Msr
νs,m e− jµαe j(νs+m−k)ϕQsr(R, C), (22)

Qsr(R, C) =

 1⇔ νs + ρr + m = 0∧
(
νs
p

)
mod3 = R∧−ρrmodN = C

0 otherwise
, (23)

where R is the row number {0, 1, 2} and C is the column number {0, 1, . . . , N − 1} related to the
symmetrical component of the rotor current vector III

R .
For further mathematical analysis of the model, only stator voltage equations were considered,

from which the formula for the zero-sequence voltage component was derived:

u(0)
s = 1

√
3



u(0)Rs︷                             ︸︸                             ︷
[

Rs0 R∗s Rs

]
i(0)s

i(1)s

i(2)s

︸   ︷︷   ︸
III
S

+

u(0)Lσs︷                                    ︸︸                                    ︷
[

Lσs0 L∗σs Lσs

] d
dt


i(0)s

i(1)s

i(2)s

︸   ︷︷   ︸
III
S

+

+

u(0)Ms︷                                                               ︸︸                                                               ︷

d
dt



[
MII

S (0, 0) MII
S (0, 1) MII

S (0, 2)
]

i(0)s

i(1)s

i(2)s

︸   ︷︷   ︸
III
S


+

u(0)Msr︷                                                                                    ︸︸                                                                                    ︷

d
dt



[
MII

SR(0, 0) MII
SR(0, 1) · · · MII

SR(0, N − 1)
]


i(0)r

i(1)r

...

i(N−1)
r

︸       ︷︷       ︸
III
R





(24)

where Rs0 = 1
3 (Rs1 + Rs2 + Rs3), Lσs0 = 1

3 (Lσs1 + Lσs2 + Lσs3), Rs = 1
3

(
Rs1 + aRs2 + a2Rs3

)
,

Lσs = 1
3

(
Lσs1 + aLσs2 + a2Lσs3

)
, and Rs1/2/3, Lσs1/2/3 is the resistance/leakage inductance of stator

winding, a = e j 2π
3 .

The equations are in the general form, but in the case of the zero-sequence voltage analysis of the
motor with the start connection of the winding, it should be assumed that i(0)s = 0.

In Equation (24), four voltages related to the specific matrix were extracted intentionally. From
each of these components, diagnostic patterns can be obtained. The initial analysis noted that the stator
voltage induced by the rotor magnetic flux u(0)

Msr contained the most diagnostic signals compared to the
other voltages [57]; hence, this voltage was subjected to further considerations.

Voltage u(0)
Msr is a derivative of the product of the first row of the MII

SR matrix and a vector of the
rotor current symmetrical components III

R . Since the frequency of the rotor current base harmonic
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can be easily estimated, it is sufficient to only consider the inductance related to the p-th symmetrical
component of the rotor current and reduce u(0)

Msr to the form:

u(0,p)
Msr =

d
dt

[ MSR(0, p) MSR(0, N − p)
] i(p)r

i(N−p)
r


. (25)

Using the formula: i(N−p)
r = i(p)

∗

r , MSR(0, N − p) = MSR(0, p)∗, and defining the current

i(p)r =
∣∣∣∣i(p)r

∣∣∣∣e jα(p)r , the formula was obtained:

u(0,p)
Msr =

d
dt

(
2Re

{
MSR(0, p) · i(p)r

})
, (26)

which after extending leads to:

u(0,p)
Msr = 2

√

3 ·N
d
dt

 ∑
(νs,m,µ,k)

Msr
νs,m cos

(
−µα+ (νs + m− k)ϕ+ α

(p)
r

)∣∣∣∣i(p)r

∣∣∣∣ ·Qsr(0, p)

. (27)

Using steady-state assumptions:
d
∣∣∣∣i(p)r

∣∣∣∣
dt = 0,

∂Msr
νs ,m
∂t =

∂Msr
νs ,m

∂IM

∂IM
∂t = 0, α = ωst + αs0, ϕ = ωt + ϕ0,

ϕ = ωt + ϕ0, and α(p)r = (ωs − pω)t + α
(p)
r0 , where ωs is the supply frequency ω = ωs

1−s
p , the formula

was obtained:

u(0,p)
Msr = 2

√

3 ·N
d
dt

 ∑
(ν,m,µ,k)

Msr
ν,m cos

 −µ(ωst + αs0) + (νs + m− k)(ωt + ϕ0)+

+(ωs − pω)t + α
(p)
r0

∣∣∣∣i(p)r

∣∣∣∣ ·Qsr(0, p)

, (28)

from which the formulas for characteristic frequencies contained in the zero-sequence stator voltage
component could be derived.

Formula for symmetry and eccentricity cases:

ω
(0,p)
Msr =

∣∣∣∣∣∣∣∣∣∣∣∣
MII

sr(0,p)︷                      ︸︸                      ︷
−µωs + (νs + m− k)ω+

i(p)r︷   ︸︸   ︷
ωs − pω

∣∣∣∣∣∣∣∣∣∣∣∣ =
∣∣∣(1− µ)ωs + (νs + m− k− p)ω

∣∣∣, (29)

f (0,p)
Msr =

∣∣∣(1− µ) fs + (νs + m− k− p) fr
∣∣∣, (30)

where fs is the supply frequency and fr = fs 1−s
p is the rotational frequency of the rotor.

Formula for the rotor cage asymmetry case:
In the case of rotor cage asymmetry caused by bar damage, for example, additional harmonics

whose frequencies are defined by (2i1 + 1)sωs or (2i1 + 1)(ωs − pω), where i1 = ±1,±2, . . ., appear in
the p-th and (N-p)-th symmetrical component of the current. An example of such a spectrum obtained
from simulation of the circuit model of the machine in MATLAB is shown in Figure 7, where one can
observe new harmonics emerging due to rotor cage damage. Due to this phenomena, Formula (29)
was transformed to the form shown below:

ω
(0,p)
Msr =

∣∣∣∣∣∣∣∣∣∣∣∣∣
MII

sr(0,p)︷                      ︸︸                      ︷
−µωs + (νs + m− k)ω+

i(p)r︷         ︸︸         ︷
sωs(2i1 + 1)

∣∣∣∣∣∣∣∣∣∣∣∣∣
i1=±1,±2,...

=
∣∣∣((2i1 + 1)s− µ)ωs + (νs + m− k)ω

∣∣∣ (31)
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f (0,p)
Msr =

∣∣∣((2i1 + 1)s− µ) fs + (ν+ m− k) fr
∣∣∣. (32)
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Figure 7. Example spectrum of the p-th (blue color) and (N-p)-th (red color) symmetrical component of
rotor currents for healthy machines and machines with a broken rotor cage bar.

Although the formulas for specific frequencies (Table 2) are the same (excluding rotor cage
asymmetry), the calculated frequencies vary among each other since

{
µ, k, l

}
takes different values

depending on the type of asymmetry. Gathering all previous assumptions and formulas, the process of
characteristic frequencies calculation can be algorithmized knowing only the pole pair number p and
rotor cage bars number N. The algorithm is presented in Figure 8.

Table 2. Characteristic frequencies for particular fault types.

Machine’s Condition l k µ m Formula

Symmetry l = 0 k = 0

{0, ±2}

m = µp ∣∣∣(1− µ) fs + (ν+ m− k− p) fr
∣∣∣Static Ecc. l , 0 k = 0 m = µp + l

Dynamic Ecc. l = 0 k , 0 m = µp + k

Mixed Ecc. l , 0 k , 0 m = µp + l + k

Broken rotor bars l = 0 k = 0 m = µp
∣∣∣((2i1 + 1)s− µ) fs + (ν+ m− k) fr

∣∣∣
Algorithm of Characteristic Frequencies Calculation for a Given Type of Asymmetry

1. Define the set of harmonic orders approximating the magnetic field of the stator Hvs and rotor
Hρr , following the assumptions.

2. Define the set of harmonic orders, which model the air gap magnetic permeance Hm, determined
by eccentricity sets: Hl, Hk and magnetic core saturation Hµ.

3. Generate the combination of harmonic orders
{
νs,ρr, m

}
from sets Hvs , Hρr , and Hm, respectively,

which meet the inductance existence condition below:

νs + ρr + m = 0. (33)

4. Select the combination of harmonic orders generated in point 3, which are related to the cell
located in the 0-th row and p-th column of the stator-rotor mutual inductance matrix. Such
combinations

{
νs,ρr, m

}
meet the condition:

(
νs
p

)
mod3 = 0

−ρrmodN = p
. (34)
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5. Generate frequency patterns using Formulas (30) and (32), and next select the right patterns
depending on the type of fault, according to Table 2.
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An example of characteristic frequencies generation for a particular type of motor fault for a motor
of N = 28 stator slots and pole pair number p = 2.

Assumptions:

• The magnetic field of the stator winding with pole pair p = 2 and the magnetic field of the rotor cage
with rotor bars numbering N = 28 were approximated by a Fourier series containing harmonics
νs ∈ Hνs =

{
±p,±3p,±5p, . . . ,±15p

}
and ρr ∈ Hρr = {±1,±2,±3 . . . ,±N}, respectively.

• In the permeance function, the following harmonic orders were included: m ∈ Hm =

{0,±1,±2, . . . ,±8}, where: l ∈ Hl = {0,±1, . . . ,±4}, k ∈ Hk = {0,±1, . . . ,±4}, and µ ∈ Hµ = {0,±2}.

Considering Formulas (30) and (32) and the condition νs +ρr +m = 0∧
(
νs
2

)
mod3 = 0∧−ρrmod28 =

2, the formulas for the frequency calculation were generated for each case and placed in Tables 3–7.

Table 3. Harmonic orders and formulas for the symmetry case.

ν ρ m µ l k Formula

30 −30 0 0 0 0 fs + 28fr
6 −2 −4 −2 0 0 3fs

Table 4. Harmonic orders and formulas for the static eccentricity case.

ν ρ m µ l k Formula

6 −2 −4 0 −4 0 fs
−18 26 −8 −2 −4 0 |3fs − 28fr|
30 −30 0 2 −4 0 |−fs + 28fr|
30 −30 0 −2 4 0 3fs + 28fr
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Table 5. Harmonic orders and formulas for the dynamic eccentricity case.

ν ρ m µ l k Formula

−30 26 4 0 0 4 |fs − 32fr|
6 −2 −4 0 0 −4 fs + 4fr
−18 26 −8 −2 0 −4 |3fs − 24fr|
30 −30 0 −2 0 4 3fs + 24fr

Table 6. Harmonic orders and formulas for the mixed eccentricity case.

ν ρ m µ l k Formula

6 −2 −4 −2 1 −1 |3fs + fr|
6 −2 −4 −2 −1 1 |3fs − fr|
−30 26 4 2 −1 1 |−fs − 29fr|
−30 26 4 2 1 −1 |−fs − 27fr|

Table 7. Harmonic orders and formulas for the broken rotor cage.

ν ρ m µ l k i1 Formula

30 −30 0 0 0 0 −1 |−fs +
32fr|

−30 26 4 2 0 0 −1 |−3fs −
24fr|

6 −2 −4 −2 0 0 −1 fs(3 − 2s)
6 −2 −4 −2 0 0 −2 fs(3 − 4s)
6 −2 −4 −2 0 0 1 fs(3 + 2s)
6 −2 −4 −2 0 0 2 fs(3 + 4s)

The generated frequencies were identified based on Table 2 and associated with a specific machine’s
condition. Characteristic frequencies, which were generated with the magnetic core saturation effect,
included those where µ , 0. The most interesting formula cases occurred for µ = −2. In this case, the
formulas contained a triple supply frequency, which brought about a new quality of damage identification.
Obviously, there were more generated formulas for the declared sets, especially for mixed eccentricity.
For this paper, the most relevant frequencies up to 1 kHz were selected. The algorithm of the generation
of the reference frequencies has low computational cost and is not more complex than the algorithm
used for the MCSA method. The mathematical model of the machine is also quite simple in terms of
computational cost.

5. FEM Analysis

Careful analysis of the machine mathematical model provided a tool for identification of the
zero sequent component’s frequency spectrum content in the form of generated frequency patterns.
The next stage of tests was the verification of the correctness of the formulas, which started with
FEM analysis.

For simulation of a 2-D model of the induction motor, the Maxwell 2D with Transient Solver add-on
was used as a part of the Maxwell-ANSYS environment. The investigated machine was an Sg112M-4
motor whose parameters were as follows: PN = 4 kW, UN = 400 V, IN = 8.1 A, nN = 1430 rpm, p = 2, air gap
length δ = 0.3 mm, machine core length lc = 117 mm, inside stator radius ri= 59 mm, outside stator radius
ro = 92.04 mm, number of stator slots Ns = 36, and rotor cage bars number N = 28. The geometry of the
examined motor was modeled based on the schema of the machine’s winding, and technical drawings of
the stator and rotor. M19 steel with a non-linear magnetizing curve was used in the model. Figure 9
shows the electric circuit model in the FEM software, and the B-H curve.
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Figure 9. Electric circuit model in the FEM software, the B-H curve, the stator, and rotor slots’ dimensions:
(a) stator winding connection to supply the voltage and measurement equipment in the Maxwell Circuit
Editor; (b) B-H curve of the M19 steel sheet; (c) stator slot, where: d1 = 6.7 mm, s1 = 3 mm, h1 = 14.2 mm;
(d) rotor slot, where d2 = 5.3 mm, b2 = 2.4 mm, s2 = 1 mm, h2 = 16.85 mm.

A chain of simulations was performed for the following cases of machine condition: (1) Healthy
motor, (2) dynamic eccentricity 77%, (3) static eccentricity 77%, (4) mixed eccentricity (dynamic 20%
and static 20%), and (5) with broken rotor cage bars. The eccentric assembly of the rotor used in the
FEM simulations is shown in Figure 10. Modeling of rotor cage asymmetry was done by increasing the
resistance of a specific bar 100 times, while eccentricity was modeled by shifting the rotor axis with
respect to the stator axis.
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Stator winding was connected in a Y configuration and supplied from a symmetrical three-phase
voltage URMS = 400 V. The rotational speed of the rotor was set to 1450 rpm in all cases. Rotor skew
was not taken into account in the model, so one can expect to see a frequency spectrum in which
the harmonics of frequencies, due to the multiple rotor cage bars, will achieve higher amplitudes.
The simulation time was set to 10 s with 0.1-ms steps. Such parameters allowed us to obtain the
frequency spectrum up to 5 kHz, with sufficient resolution for harmonics identification.

6. Results

The following two sections contain the results obtained from FEM simulation and laboratory
measurements.

6.1. Simulation Results

In Figure 11, one can see the results of zero-sequence voltage analysis for different fault cases.
Signal time waveforms obtained from the simulation were then processed and subjected to FFT

analysis. Next, using the formulas contained in Table 2, harmonics associated with specific motors were
found and classified (bold blue color—symmetry, red—dynamic eccentricity, green—static eccentricity,
purple—mixed eccentricity, black—rotor cage damage). Each harmonic was also labeled with the
corresponding formula. Additionally, the ZSV spectrum of the motor with broken rotor cage bars was
zoomed in on, and compared with the ZSV spectrum of a healthy motor, as shown in Figure 12.

The amplitudes of the harmonics indicated by the previously generated formulas were measured
and compared to harmonics amplitudes of the same frequency for a healthy motor. The measurement
results were organized and are listed in Tables 8 and 9. Each indicated harmonic shows the relevant
increase of the amplitude in case of a fault. Of all fault types, rotor cage asymmetry has the strongest
impact on the ZSV spectrum, in form of harmonics separated by 2s fs from those identified for a
healthy motor.
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Figure 12. Comparison of ZSV spectra for the following cases: (a) symmetry (blue color) and (b) rotor
cage fault (black color).

Table 8. Results of harmonics amplitude measurements of the characteristic frequency for a given type
of eccentricity, obtained from FEM simulations.

Formula Broken (dB) Healthy (dB) Difference (dB)

Dynamic Ecc.

fs + 4fr 31.64 5.59 26.05
|3fs − 24fr| 32.55 5.14 27.41
|fs − 32fr| 41.37 18.01 23.36
|3fs + 24fr| 39.96 14.26 25.7

Static Ecc.

fs 37.83 0 37.83
|3fs − 28fr| 32.81 9.02 23.79
|−fs + 28fr| 51.16 12.51 38.65
3fs + 28fr 43.10 6.17 36.93

Mixed Ecc.

3fs − fr 38.02 0.7 37.32
3fs + fr 40.51 0 40.51

|−fs − 27fr| 50.37 0.6 49.77
|−fs − 29fr| 50.94 8.3 42.64

Table 9. Results of harmonics amplitude measurements of the characteristic frequency for a rotor cage
fault, obtained from FEM simulations.

Formula Broken (dB) Healthy (dB) Difference (dB)

Broken Rotor Bars

fs(3 − 4s) 71.08 2.25 68.83
fs(3 − 2s) 77.54 5.59 71.95
fs(3 + 2s) 58.42 4.98 53.44
fs(3 + 4s) 50.49 9.71 40.78
−fs + 32fr 72.34 18.01 54.33

|−3fs − 24fr| 71.75 14.26 57.49

The results of FEM analysis proved that the results shown before the modeling method of the
phenomena in an induction machine are correct. Model-based derived formulas were successfully
applied in motor fault identification. FEM models provide the possibility to accurately shift the
symmetry axes of both the stator and rotor. It allows for the creation of a machine model with
dynamic or static eccentricity, which might not always be feasible in the laboratory. FEM modeling of
motor faults allows the inclusion of unique construction features, which could be too hard to model
mathematically. Moreover, it should be mentioned that the motor used during the simulation was
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supplied from a perfect sinusoidal voltage source, which eliminated the impact of higher harmonics;
hence, the obtained frequency spectra can be treated as a reference.

6.2. Laboratory Tests

Laboratory tests were carried out for the machine, with geometry based on an Sg112M-4 motor whose
parameters were as follows: PN = 4 kW, UN = 400 V, IN = 8.1 A, nN = 1430 rpm, p = 2, number of stator slots
Ns = 36, and rotor cage bars number N = 28. This machine (Figure 13) was modeled using FEM software.
A machine with three types of rotors was measured: (a) Symmetrical, (b) broken bars, and (c) mixed
eccentricity. The motor was loaded with a resistance-loaded separately excited DC generator PZM5545,
whose parameters were PN = 4.5 kW, UN = 230 V, IN = 19.6 A, nN = 1450 rpm, and If = 0.86 A.
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Figure 13. Laboratory testbench for diagnostic tests.

For measurements of the motor with rotor cage asymmetry, a rotor with two adjacent broken bars
was used, and for measurements of the machine’s eccentricity case, a rotor assembled on eccentrically
mounted bearing shields and an eccentrically mounted shaft of the rotor was used. During mechanical
machining of bearing shields, the symmetry axis was shifted by 0.12 mm, which allowed a static
eccentricity level of εs = 0.4 to be obtained. Additionally, during mechanical machining of the rotor,
while mounting the steel sheet on the rotor shaft, its symmetry axis was shifted by 0.12 mm, which
allowed a dynamic eccentricity level of εd = 0.4 to be obtained.

Thanks to the modifications of bearing shields and the rotor of the machine of interest, a mixed
eccentricity was obtained.

A machine with mixed eccentricity was obtained eventually. This means that in the frequency
spectrum of the measured signal, there were harmonics not only associated with mixed eccentricity but
also with static and dynamic eccentricity. As a result, in the spectrum analysis, all three types of eccentricity
were visible. A diagram of the electric system used in the laboratory tests is presented in Figure 14.

Input signals were provided to the analog inputs of a National Instruments BNC 6259 measurement
card. Signals were registered for 60 s with a 10 kS/s sampling frequency. In order to minimize the
electromagnetic distortion of the signal, shielded cables were used. Before each measurement, the
shafts of the motor and loading machine were aligned in order to eliminate mechanical vibration
caused by shaft misalignment. In all cases, the machine was loaded in such a way that the stator
current was 5 A.

The obtained voltage waveforms were subjected to FFT analysis. Based on formulas for characteristic
frequencies contained in Table 2, harmonics indicating specific fault types were highlighted (Figure 15).
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Figure 14. Measurement system where ASM is the cage induction motor, DCM is the separately excited
DC generator, Robc is the resistor, L f is the field winding, R is the resistor 100 kΩ, and DAQ is the
measuring card.
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Similarly to the FEM analysis, the spectra obtained from laboratory tests were analyzed using FFT.
Harmonics indicated by the formulas obtained from the mathematical model were selected, and their
amplitudes were measured and compared with the amplitudes of a healthy machine. The results,
together with calculated differences, are listed in Table 10. In this particular case of machine eccentricity
(dyn. εd = 0.4, sta. εs = 0.4), harmonic amplitudes related to mixed eccentricity increased the most.
Their amplitudes in the case of a healthy motor are almost as low as those of the noise, contrary to
the amplitudes of harmonics related to dynamic and static eccentricity. One could conclude that the
identification of eccentricity based on harmonics analysis is unambiguous. The harmonic amplitudes
are listed in Table 10 for faulty and healthy cases.

Rotor cage faults manifest their presence in ZSV by the strongest harmonics appearing close to
harmonics related to saturation and the number of rotor cage bars. The differences between harmonic
amplitudes obtained from measurements for healthy and damaged motors are not as high as in the
case of FEM simulation. This is due to the fact that a symmetrical machine is far from perfect, as it
exhibits some asymmetry. The ZSV spectrum of the rotor with one broken bar is presented in Figure 16,
where the characteristic harmonics and their formulas are marked. The harmonic amplitudes are listed
in Table 11.
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Table 10. Results of harmonics amplitude measurements of characteristic frequencies for a given type
of eccentricity, obtained from laboratory tests.

Formula Broken (dB) Healthy (dB) Difference (dB)

Static Ecc.

f s 88.15 82.03 6.12
|3f s − 28f r| 55.14 51.4 3.74
|−f s + 28f r| 57 51.4 5.6
3f s + 28f r 61.19 55.82 5.37

Dynamic Ecc.

f s + 4f r 80.14 74.88 5.26
|3f s − 24f r| 45.42 29.66 15.76
|f s − 32f r| 62.95 52.74 10.21
|3f s + 24f r| 65.35 55.62 9.73

Mixed Ecc.

3f s − f r 72.62 31 41.62
3fs + f r 72.26 42 35.26

|−f s − 27f r| 78.54 42.13 36.41
|−f s − 29f r| 76.68 49.67 27.01
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Figure 16. ZSV spectrum measured during laboratory tests for the case of a broken rotor cage bar: (a) window
around 150 Hz, (b) window around 732 Hz.

Table 11. Results of harmonics amplitude measurements of the characteristic frequency for a rotor cage
fault, obtained from laboratory tests.

Formula Broken (dB) Healthy (dB) Difference (dB)

Broken Rotor Bars

fs(3 − 4s) 90.08 72.69 17.39
fs(3 − 2s) 93.14 78.27 14.87
fs(3 + 2s) 53.99 54.05 −0.06
fs(3 + 4s) 54.58 57.23 −2.65
−fs + 32fr 76.08 55.47 20.61

|−3fs − 24fr| 75.38 59.02 16.36

Laboratory tests, similarly to the FEM simulation, also proved the correctness of the applied fault
identification procedure in the ZSV spectrum. Each highlighted the harmonic, excluding fs(3 + 2s) and
fs(3 + 4s), for the rotor cage fault case responded with an amplitude increase during the appearance of
damage. As the results showed, ZSV responds most strongly to rotor cage faults and mixed eccentricity.
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7. Discussion

7.1. Algorithm

The presented method of frequency pattern generation, based on a mathematical model, became
a tool that could be used for ZSV spectrum interpretation. The results obtained from FEM analysis
and laboratory tests proved the correctness of the method, indicating that the harmonics increased
their amplitudes due to the occurrence of a fault. The algorithm allows for the selection of only the
most relevant harmonics for observation, by choosing the lowest possible numbers (i1, k, l) related to
asymmetry of the rotor and eccentricity. When using module functions in the algorithm, one does
need to know the type of inductance matrix influenced by the pole pair number p and rotor cage bars
number N. Moreover, the algorithm derives the formulas only for the harmonic orders for which the
inductance exists, and rejects all the other combinations. The algorithm can be easily implemented in a
programming environment, such as MATLAB, with prior declaration of the selected harmonics set.

7.2. Rotor Cage Asymmetry and Dynamic Eccentricity

When analyzing frequency patterns obtained from the algorithm and measurement results, it is
apparent that the harmonics sets assigned to rotor cage asymmetry and dynamic eccentricity coincide.
By properly selecting the harmonic order i1 related to Formula (32) and k ∈ Hk related to Formula (30),
the same frequencies were obtained. Therefore, ZSV-based diagnosis of rotor cage faults and dynamic
eccentricity is unambiguous. When observing the amplitudes of these harmonics in the spectrum
obtained from FEM analysis and measurements, one can notice a difference. First of all, ZSV reacts
most strongly to rotor cage asymmetry. However, according to the authors of this article, one can
confuse the symptoms of a rotor cage fault with dynamic eccentricity.

7.3. Static Eccentricity

One of the advantages of eccentricity diagnosis based on spectral analysis of ZSV is the possibility
to diagnose static eccentricity, which is not always possible with MCSA since the harmonics coincide
with those of a symmetrical motor. The algorithm presented before clearly indicates the harmonics that
appear when this type of fault occurs. The only existing issue with static eccentricity diagnosis is that a
motor’s inner asymmetry or unbalanced supply voltage might cause similar symptoms, which can be
excluded through additional measurements [57]. For instance, one of the methods of separating from
voltage supply asymmetry is ZSV measurement with an artificial neutral point, as shown in Figure 2.

7.4. Mixed Eccentricity

Simulations of the FEM model or equivalent circuit model have one undisputed advantage.
They allow for accurate fault modeling; hence, the obtained results can be treated as a reference.
The spectra of such waveforms contain harmonics related to symmetry and specific types of faults.
However, such a situation does not occur in a real machine. During a machine’s eccentricity diagnosis,
in the ZSV spectrum, one may notice harmonics related to dynamic, static, and mixed eccentricity.
The latter type of eccentricity is the key to general eccentricity diagnosis, since it cannot be confused
with a rotor cage fault nor with the voltage supply or stator winding asymmetry. In spectra obtained
from FEM simulations and laboratory measurements, one can always indicate the harmonics of
frequencies 3 fs − fr, 3 fs + fr and

∣∣∣− fs − 27 fr
∣∣∣, and

∣∣∣− fs − 29 fr
∣∣∣, but many others are also easy to identify.

7.5. Drawbacks of ZSV-Based Cage Induction Motor Fault Detection

A drawback of ZSV-based diagnosis of cage induction motors is the method of measurement, shown
on Figure 2. Induction motors operating in industry are usually supplied from a medium voltage source;
hence, the measurement system should be certified and appropriately adapted. Another important issue is
the accessibility of a neutral point of stator winding, which might not be accessible on a machine’s terminal
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box, making the measurement impossible to carry out. However, there are situations when a neutral
point is grounded via a resistor for safety reasons, which might be successfully used for measurement.

8. Conclusions

In summary, this paper presents the entire cycle of research on the application of zero-sequence
voltage (ZSV) for induction machine diagnostics, which began with a poly-harmonic model of an
induction motor, including eccentricity, rotor cage asymmetry, and magnetic circuit saturation.

This method is based on the analysis of the ZSV frequency spectrum and comparison of harmonics
amplitudes obtained for a healthy motor and a motor with faults. This involves measurement of a
healthy motor and obtaining the ZSV spectrum, which can then be used as a reference. Although in
modern drive systems and other induction motor applications condition monitoring is used, in some
cases it is unavailable. This means that sometimes it is impossible to obtain the required signals of
the machine from the period when the machine was healthy. In such cases, only the FEM simulation
and mathematical model of the machine can provide the reference ZSV spectrum and harmonics
amplitudes. This might be a limitation for this method, as the machine models have a limited accuracy.
In order to obtain accurate results from FEM simulation, the geometry of the examined machine
must be known. Moreover, when including magnetic core saturation effects, the steel sheet of the
machine’s magnetic core must be known and well modeled. During FEM simulation, very often only
the magnetization curve of the steel sheet is used instead of the full hysteresis loop, which might affect
the obtained results.

When performing fault detection of induction motors using the ZSV-based method, it is important
to have a reliable reference. When such reference signals cannot be obtained by measurement, FEM
analysis and a mathematical model of the machine must be sufficient. Such an approach requires some
experience for the person performing the diagnostic analysis.

This method can be quite easily implemented during control tests, such as in electrical machinery
repairs or at the workplace in industry. Additionally, at the production stage of the machine in the
factory, it would be possible to start serial assembly of additional elements enabling the measurement of
the residual voltage, with low financial outlays. This signal, in combination with a signal proportional
to the axial flux, vibrations, temperature, or other useful signals, could be very useful in the construction
of smart machines that meet the assumptions of the Industry 4.0 concept.
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