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Abstract: A modified closed binary Brayton cycle model with variable isothermal pressure drop
ratios is established by using finite time thermodynamics in this paper. A topping cycle, a bottoming
cycle, two isothermal heating processes and variable-temperature reservoirs are included in the new
model. The topping cycle is composed of a compressor, a regular combustion chamber, a converging
combustion chamber, a turbine and a precooler. The bottoming cycle is composed of a compressor,
an ordinary regenerator, an isothermal regenerator, a turbine and a precooler. The heat conductance
distributions among the six heat exchangers are optimized with dimensionless power output as
optimization objective. The results show that the double maximum dimensionless power output
increases first and then tends to be unchanged while the inlet temperature ratios of the regular
combustion chamber and the converging combustion chamber increase. There also exist optimal
thermal capacitance rate matchings among the working fluid and heat reservoirs, leading to the
optimal maximum dimensionless power output.

Keywords: finite time thermodynamics; modified binary Brayton cycle power plant; power output;
energy saving; heat exchanger optimization

1. Introduction

Due to the characteristics of high power density (PD), small vibration, high automation,
low operating pressure and easy lubrication, gas turbine plants (Brayton heat engine cycle) are
extensively applied in the fields of aviation, energy, transportation, etc. According to the different
working fluid (WF) circulation modes, the Brayton cycle is divided into open and closed cycles,
and many works concerning the classical thermodynamic analyses and optimizations for various
Brayton cycles have been performed [1-3]. The WF of closed Brayton cycle is not directly connected
with the atmosphere, and does not participate in the combustion process. Hence, it is applied to
convert nuclear energy, geothermal energy, solid fuel and other primary energy into electricity energy.

For the case of simple heating, the temperature of the gas elevates in the direction of a duct when
the subsonic compressible gas flows through the smooth heating duct with a fixed cross-sectional area.
For the case of simple cross-sectional area change, the temperature drops when the gas flows through
the smooth adiabatic duct with a reduced cross-sectional area. Based on these two gas properties,
the isothermal processes can be realized when the subsonic compressible gas flows through the smooth
heating duct with a reduced cross-sectional area. Vecchiarelli et al. [4] presented a combustion chamber
where the WF could be heated isothermally. The introduction of this type of combustion chamber
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could effectively improve the thermal efficiency (TEF) of the Brayton cycle, and reduce the emissions
of nitrogen oxides and other harmful gases. Goktun and Yavuz [5] applied the isothermal heating
combustion chamber to the regenerative Brayton cycle, and discovered the isothermal pressure drop
ratio impacted the cycle performance significantly. Based on [5], Erbay et al. [6] compared the optimal
performances of an isothermal heating regenerative Brayton cycle under maximum power output
(PO) and maximum PD. Jubeh [7] found the exergy efficiency was enhanced by adding the isothermal
heating combustion chamber in regenerative Brayton cycle. El-Maksoud [8] combined the isothermal
concept and double Brayton cycle to establish a new cycle model. Based on [8], Qi et al. [9] derived the
specific work and exergy efficiency, and analyzed the impacts of different parameters on the exergy
efficiency. All those works were carried out by using classical thermodynamics.

Finite time thermodynamics (FTT) [10] have been extensively applied in the analyses and
optimizations of many thermodynamic systems. The purpose of FTT is to reduce the irreversibilities
of processes and cycles and to improve the energy utilization rates [11]. Plenty of FTT studies
have been conducted for various heat engine cycles, including the Novikov engine [12], the Stirling
engine [13], Rankine cycles [14-21], heated gas expansion process [22], thermoelectric generators [23-26],
the fuel cell hybrid cycle [27], the gas—mercury combined cycle [28], the thermocapacitive heat
engine [29], the Maisotsenko-Diesel cycle [30], the trigeneration cycle [31], Dual-Miller cycles [32-34],
Feynman'’s ratchet [35], the Kalina cycle [36] and so on.

For the Brayton cycles, FIT studies have been also conducted for simple cycles [37],
regenerative cycles [38—40], multi-intercooling-and-regenerative cycles [41-43], the fuel cell-Brayton
combined cycle [44], Maisotsenko-Brayton cycles [45,46], Brayton cycle-based cooling, heat and power
combined cycles [47,48] and so on.

For the Brayton cycles with isothermal heating modification, Kaushik et al. [49] optimized
the regenerative Brayton cycle with isothermal process whose optimization objective was the
PO. Tyagi et al. [50-56] optimized the performances of the isothermal heating modified simple,
regenerated and intercooling Brayton cycles with different optimization objectives. Based on [49-56],
Wang et al. [57,58] and Tang et al. [59,60] analyzed and optimized the endoreversible simple, irreversible
simple and irreversible regenerative Brayton cycles with isothermal processes. Arora et al. [61]
optimized the regenerative Brayton cycle with isothermal process by employing the NSGA-II algorithm.

Based on El-Maksoud’s classical thermodynamic model [8], Qi et al. [62] established a closed
endoreversible binary Brayton cycle model with two isothermal processes, without internal irreversibility,
and coupled to constant-temperature reservoirs (CTRs). They derived the functional expressions of PO,
TEEFE, PD and ecological function, respectively. The impacts of different thermodynamic parameters on
the relationships among performance indexes and the pressure ratio of the topping cycle were analyzed,
and the heat conductance distributions (HCDs) among heat exchangers were further optimized.

Based on the previously established cycle models in [8,62], a modified closed binary Brayton
cycle (MCBBC) with variable isothermal pressure drop ratios and internal and external irreversibilities
will be established by using FTT in this paper. The HCDs will be optimized with dimensionless PO.
The influences of different thermodynamic parameters on the optimal performance will be analyzed,
and the thermal capacitance rate matchings (TCRMs) among the WF and the heat reservoirs will be
also discussed.

2. Cycle Model

Figure 1a shows the schematic diagram of the MCBBC with two isothermal heating processes [8].
A topping cycle and a bottoming cycle are included in the model. The topping cycle is composed of a
compressor (Com1), a regular combustion chamber (RCC), a converging combustion chamber (CCC),
a turbine (Turl) and a precooler (PC1). The bottoming cycle is composed of a compressor (Com?2),
an ordinary regenerator (OR), an isothermal regenerator (IR), a turbine (Tur2) and a precooler (PC2).
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Figure 1. (a) Schematic diagram of the cycle [8]; (b) T-s diagram of the cycle.

Figure 1b illustrates the T-s diagram of the MCBBC. In the figure, processes 1 — 2,2 — 3,3 — 4,
4—-5,5—-6,6—7and 7 — 1 represent the irreversible adiabatic compression, isobaric heating,
isothermal heating, irreversible adiabatic expansion and three isobaric exothermic processes of the
WF in Com1, RCC, CCC, Turl, IR, OR and PC1, respectively. Processes 1a — 2a, 2a — 3a, 3a — 4a,
4a — 5a and 5a — 1a represent the irreversible adiabatic compression, isobaric heating, isothermal
heating, irreversible adiabatic expansion and isobaric exothermic process of the WF in Com?2, OR,
IR, Tur2 and PC2, respectively. Processes 1 — 2s, 4 — 5s, 1a — 2as and 4a — 5as are the isentropic
processes corresponding to the processes 1 — 2, 4 — 5, 1a — 2a and 4a — 5a respectively.

It is assumed that the WFs of the topping and bottoming cycles are the same, both of which
are ideal gases. The specific heat at constant pressure, thermal capacity rate, specific heat ratio,
mass flow rate and gas constant of the WF are C,, C, fr k, m and Rg, respectively, where wa = Cprh
and m = (k—1)/k. The temperatures and pressures at different state points are signed as T; and
b; (i =1,2,3,4,5,6,7,1a,2a,3a,4a,5a,2s,5s,2as,5as), and the ambient temperature is Ty. The inlet
temperatures of the outer fluids in the RCC, CCC, PC1 and PC2 are Ty, Ths, T11 and Tr3, and the
outlet temperatures of outer fluids in the RCC, CCC, PC and PC2 are Trp, Tha, Tr2 and T4, respectively.
The thermal capacity rates of outer fluids in the RCC, CCC, PC1 and PC2 are Cyy, Cxp, Cr1 and Cpo,
respectively. The pressure ratios in the Com1 and Com?2 are T.om1 and Teom2, and the isothermal
pressure drop ratios at the CCC and IR are n; and 744, respectively. The heat conductances of the
heat exchangers for the RCC, CCC, OR, IR, PC1 and PC2 are U; (j =H1,H2,R1,R2,L1,L2), and the
corresponding effectivenesses are Ej; namely:

1 —exp[~Npu1(1 = Cximin/ CHimax)]

Ey1 = 1
s (CHimin/ CHimax) €Xp[=NH1 (CHimin / CHimax)] M
Erp =1—exp(=Nm2), Er1 = Nr1/(Nr1 +1), Egp = 1 —exp(—Nrg2) ()
E. - 1 —exp[=Nr1(1 = Crimin/ Crimax)] 3)
M 1= (Cramin/ Crimax) exp[=Nr1(CLimin/ CLimax)]
Ep = 1- exp[_NLZ(l = Cromin /CLZmax)] @

1 = (Cramin/ Cromax) €xp|=Nr2(Cromin / Cromax)]
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where,  Chimax = mﬂx{cwf, Cn)r CHimin = min{cwf/ CHl}r CLimax = mﬂx{cwf, Cua},
Crimin = min{wa, Cr1 }, Cromax = max{wa, CLZ} and Cpopin = min{wa, CLZ}- The numbers of heat
transfer units for the heat exchangers are calculated as:

N1 = U1/ CHimin, Na2 = U2/ Cho 5)
Nr1 = Ur1/Cyf, Nr2 = Ura/ Cyy (6)
Nr1 = U1/ Crimin, Nr2 = U2/ Cromin ()

When CHimax = CHimins CLimax = Crimin and Cromax = Cromin, Equations (1), (3) and (4) are
simplified into:

E1 = Nu1/(Nm1+1), Efp = Npi/(Npp+1), Efp = Npo/ (N2 + 1) (8)

The efficiencies in the Com1, Com?2, Turl and Tur2 are fcom1, Ncom2, Neur1 and Nur, respectively:

Ncoml = (T2s - Tl)/ (TZ - Tl) (9)
Ncom2 = (TZas - Tla)/ (TZa - Tla) (10)
Neur1 = (T4 —Ts)/ (T4 — Tss) (11)
Ntur2 = (Taa — T5a) / (Taq — Tsas) (12)

The heat absorbing rates of WF in the RCC, CCC, OR and IR are Q2_3, Q3_4, ng_gﬂ and Q3a_4a,
and the heat releasing rates in the PC1 and PC2 are Q7_1 and Qs,_1,. They are calculated as:

Qy-3 = Ci1(Tr1 — Trz) = Cuop (T3 = T2) = CriminEr (Trn — T2) (13)
Q34 = Cr2(Ths — Tra) = CriEna(Trs — Ts) = m(V3 = V3) /2 (14)
Qa0-30 = Caof(Taa = Taa) = Coop(Te = Triz) = CarfEr1 (T6 — Taa) (15)
Q3a-ta = Cuf(T5 = Te) = CuEra(Ts = Taa) = m1(V3, = V3,)/2 (16)
Q= Cuwf(T7=T1) = Cr1(Tr2 = Tr1) = CraminEr1 (T7 = Tr1) (17)
Qss-10 = Coof(Tsa = T1a) = Cra(Tra — T13) = CrominEr2(Tsa — Ti3) (18)

The power output and thermal efficiency of the cycle are W and 1), respectively:
W=0Q5+Q4~Qs1a- Q71 (19)

n=W/(Q3+Qs4) (20)

Processes 34 and 3a—4a are the isothermal ones, and the heat absorbing rates of the two processes are:

Q34 = 1i1(hy — h3) — 1t f vdp = 1R T3 In 11y (1)
3
. . a .
Qg-t0 = M(hag — hag) — 11 f: vdp = mRgT3, InTga (22)
1

Processes 1-2s, 1-2as, 4-5s and 4a-b5as are the isentropic processes; namely:

Tos/T1 =" =x, Tos/T1a = o Xa (23)

coml com2
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Ty/T5 = 1o 10 = xY, Tag/Tsq = e > T = XaYa (24)

where x, y, x;, and y, are the parameters of temperature ratios which can be calculated by the
pressure ratios.

The upper limits of 7i; and 7y, are 1, which means that the isothermal heating is not used.
When 7t; < 1 or 1144 < 1, the topping or bottoming cycle adopts the isothermal process. The isothermal
pressure drop ratios must meet the following constraints:

-1 -1
T 2 Teom1 Tta Z T om?2 (25)

—Cp(k—1) (M2 - M>
— Z)R( M) = —0.7(M3 - M2) (26)
8

~Cylk= (M3, ~ M3,
2R,

Inmy, = = -0.7(M3, - M3,) (27)
where M3 and My (M3, and My,) are the Mach numbers at the inlet and outlet of CCC (IR), respectively.
IfMs; =Mz, =0and My = My, =1, (Mﬁ —M%) and (Mia - M%a) get their maximum values of 1,
and 7ty and 7y, get their minimum values of 0.4966. For the initial velocity of the WE, the Mach numbers
satisfy M3 = Mz, = 0.2 and My = My, = 1, and the corresponding minimum values of n; and 7, are
0.5107. At the same time, W must be greater than or equal to zero; otherwise, the cycle is meaningless.

The major difference between the model in this paper and that in [8] is that all the heat transfer
losses in the six heat exchangers are considered in this paper. This is also the major difference between
classical thermodynamic model and FIT model. The major differences between the model in this
paper and that in [62] are two aspects: One is that the irreversible compression and expansion losses
are considered in this paper; this is also the major difference between the endoreversible model and the
irreversible one. Another is that the heat reservoirs are assumed to be variable-temperature ones in
this paper; this is one of basic characteristics of practical closed engineering cycles.

According to the above model, the dimensionless PO W and TEF 7 can be given by:

{102 + Tria = CrivminErin (a102 + Tei1) / Coo}CriEnia + CrrminEr (18 + Tryn)
+wa (ag —as) - wa [41827com1/ (Ncom1 + % — 1) + a3]

W =
CuwrTo

(28)

wa[(alaﬂ?coml)/ (ncoml +x- 1) +a3—aq + a5]
CHZEHZ{_CHlminEHl (@102 + Trn ) / Coof + m1az + TH3} + CHiminEr (@182 + T )

n=1- (29)
where a3, a3, a3, a4 and as are listed in Appendix A.

If Equations (21) and (22) are not considered when solving Equations (28) and (29), the final
analytical solutions for W and 7 of the cycle cannot be obtained. Considering Equations (21) and
(22), the values of x and y in Equations (28) and (29) are obtained by numerical calculation, and the
corresponding values of W and 1 can be obtained.

If Cr1, Crz, Cra, Cr2, Exn, Enz, Er1, ER2, EL1, EL2) Tcom1, Tcom2, Mturt @nd 12 take different values,
the model can be converted into different special models; Equations (28) and (29) can be reduced to the
corresponding dimensionless PO and TEF respectively, which have a certain universality.

When 7Neomi = Ncom2 = Mrurl = Mur2 = 1, Equations (28) and (29) can be reduced to the
dimensionless PO and TEF of a modified closed endoreversible binary Brayton cycle with two
isothermal heating processes and coupled to variable-temperature heat reservoirs (VTHRs):

Ce2Era{b1b2 + Tris = CetminErn (1h2 + T ) / Cug} = Caof[D1b2/x + b3] + CritminErn
(b1b2 + T) + Coof (bs — bs)
waTO

W:

(30)
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wa[blbz/x + b3 — by + b5]
Cr2Eria{b1b2 + Tris = [CrivminEr (bibz + Tent)1/ Cuog} + CritminEr (b1ba + Trn)

n=1 (31)
where by, by, b3, by and bs are listed in Appendix A.

When Cpyy = Cp = Cp1 = C1p — o0, Equations (28) and (29) can be reduced to the dimensionless
PO and TEF of a modified closed irreversible binary Brayton cycle with two isothermal heating
processes and coupled to CTRs:

CraEnz[c1c2 + Ths — Egi(cica + Th1)] = Cuflc1cancomt / (Meom1 +x — 1) + 3] + (c1c2 + T )
waEHl + wa(c4 - CS)
waTO

W =
(32)

~ Curlercancomt / (Neom1 +x = 1) +c3 — ¢4 + cs]
Cm2Emale1c2 + Ths — (c162 + Th1)] + CuwpEmn(c162 + Tn)

where ¢, ¢, c3, ¢4 and ¢s5 are listed in Appendix A.

When 1com1 = Ncom2 = Mtur1 = Nrur2 = 1 and Cyy = Cpp = Cpy = Cra — o0, Equations (28) and
(29) can be reduced to the dimensionless PO and TEF of a modified closed endoreversible binary
Brayton cycle with two isothermal heating processes and coupled to CTRs [62]:

—Cyfldrda/x + c3] + CppEnz[dida + Ths — Egi(didz + Tai)] + CopErn (didz + Ta)+

_ Coof(ds — ds)
wf\#4 5
W = 34
o (34)
Cyrldido/x+ds—dy +d
_— wr (d1dz 3 —dy+ds) 35)

* CreEmaldidz + Tz — En (dhda + T )] + CaofEpit (d1da + Tt )

where d1, dy, d3, dy and ds are listed in Appendix A.

When Eg; = Ery = Er2 = 0, Equations (28) and (29) can be reduced to the dimensionless PO and
TEF of a modified closed irreversible Brayton cycle with an isothermal heating process and coupled
to VTHRs:

Caof¥Y(Cr2Er2 T3 + CraminE11 Tia) + ChrminEen T { [Coop — CrizEriz2 + CriminEra (Neurt = 1)]
xY = ClaminEr1Meurt } + ef =Xy [ChrtminCuof Bt + CriEr2 (Caof = ChtminErn)) + CriminEr1 (Coog
~CriminEr) [(Mturt = 1)xy = Neurt ]}

W= (36)
c Toxy
ChttminCriminEr ELtuun Tt = XY CotminErn Trt [Coop = CrzEriz2 + CraminEra (Meurt = 1)) + Caoy
(Cr2Er2Ths + CraminEra Tun)} + efxy[CritminCuofErn + Cr2Eria(Coof = ChrminErn )] — Enn
Cramin(Caof = CHminEr) [(Meurt — 1)xy — T)t1]}
0= 37)

xy{el €2[C2CofEn2 + CHiminEH1 (Coof = Cr2En2)] + CHiminEl1 TH1 (CH2Ep2 — Coof) =
Cr2Cy fEHzTHs}
where e is listed in Appendix A.
When Ery = Erp = E;p = 0and Cyy = Cyp = Cr1 — oo, Equations (28) and (29) can be reduced
to the dimensionless PO and TEF of a modified closed irreversible Brayton cycle with an isothermal
heating process and coupled to CTRs:

xY(Cr2En2Ths + CufE1Tr1) + Em THl{[wa — Cm2Em2 + CopfEpa (Meur1 — 1)]xy — Copp
Erimer} + ble{ELwa(l = Er)[(Meur1 = 1)xy = Neurt] = [CoopEp + CraEpn (1 - EHl)}xy}

W =
waToxy

(38)
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CowfEmErinun Tr - xy{EHlTHZ [Cof = CH2En2 + CorErt (Mturt —1)] + (Cr2Em2Ths + CurEr
T11)} + b1ba{[CuopErn + Cria (1 = Epnn ) Enpz)xy — CoofEr2(1 = Epit) [y (nturt — 1) = N ]| 39)
7] =
xy{b1b2[CrizEra + Epn (Cuop — CrnErin)] + Eent (CriaEria = Coof) Tt = ChaEri This)
When Ery = Ery = E;p = 0 and fcom1 = Nwur1 = 1, Equations (28) and (29) can be reduced to
the dimensionless PO and TEF of a modified closed endoreversible Brayton cycle with an isothermal

heating process and coupled to VTHRs [59,60]:

wax{CummafELlTu (y=1) + CraEma[Coof Tha(y - 1) + CuminEmTHsTley” + CHimin
EHl{CleinELl [CofTh1(x = 1) + Cop Trax(1 = xy) + Cu2Emx(Tr1xy — Tha)| + Coppx[Coof
Tr1(y = 1) + CmEn2(Taz — Ta1y)))

W= > (40)
waTOX[way - (wa - CHlminEHl)(wa - CleinELl)]
Caof ToX{CriminCuofEr1Tu1 (v = 1) + CriaEpia[Coof Ta(y = 1) + CraminEry (Ths — Traxy)] )+
CritminEr{CraminEra[Coof Trn (x = 1) + Coop Tax(1 = xy) + ChaErx(Traxy — Tas)] + Cog
¥[CufTr1 (y = 1) + CroEr2 Tz — Trny)]}
. (@)

waTox{CmmmEHl (€2 ¢ Tr1 (¥ = 1) + C2CafErn2(Thz = Tny) + CraminCaofErt (T = Traxy)
+Cr2CrminEn2EL1 (Traxy — Tua)] + C2CofEn2 [Cof Tz (v — 1) + CraminEra (Ths — Tley)}}

When Eg; = Erp = Erp =0, Cy1 = C2 = Cp1 — 0 and fcom1 = Nwur1 = 1, Equations (28) and
(29) can be reduced to the dimensionless PO and TEF of a modified closed endoreversible Brayton
cycle with an isothermal heating process and coupled to CTRs:

H{CuofEnaTua(y = 1) + CooEria[Tra(y = 1) + Ep TrsTpaxyl} + Epn{Epa [Coof Trn (x = 1)+
CofTrax(1 = xy) + Cr2Enpx(Traxy — Thz )] + x[Cof Th1 (v — 1) + CroEpr2(Ths — THl]/)]}

W= waTox[y—(l—EHl)(l_ELl)]

(42)

Tox{CufEr1 T1a (y = 1) + Cr2Eri2 [T (y = 1) + Era (This = Traxy)]} + Ern {Era [Coof Trn (x = 1)
+Cof Trax(1 = xy) + CrinErax (Traxy = Ths)] + X[Coof Tt (v = 1) + CrizEria (Ths = Trny)} @)
! Caof ToX{Ei1 [Caof Tr1 (v = 1) + CroEri2 Tz = Tny) + CoopEra (Tt = Traxy) + CrnEraEpy
(Traxy = Tuz)] + Cr2Em2 [Trz (v = 1) + EL(Tas — Traxy)]}
When Epp = Er; = Erp = Ep = 0, Equations (28) and (29) can be reduced to the dimensionless
PO and TEF of a closed irreversible simple Brayton cycle coupled to VTHRs [37,63]:

{Tlcoml Cuf = (1= Nour1 + Mtur1 /%) [(Coof = CLiminEL1) (¥ = 1+ Neom1) + Neom1 CleinELﬂ]CHlminEHl
TH1 — {(x =14 Neom1) [(Caof = CrrtminEr1) (1 = Meurt + Mtur1 /%) + CeiminEm1] — Neom1 wa}CleinELl
Ncom1Cuf? = (¥ =14 com1) (Cwf = CriminEH1) (Cuwf = CriminEr1) (1 = Nturt + Mtur1 /%)
_ En[Enineom1 a1 (1= Meurt + Meur1 /%) = Neom1 + (X =1 + 1com1) (1 = Egn) (1 = Neurt + Meurt /)]
Er{tai[Meomt = (X =1+ Ncom1) (1 = E1) (1 = Nturt + Nturt /%)) = E1(x = 14 Neom1)}

When Epp = Eg1 = Erp = Er2 = 0and Cpyy = Cyp = Cp1 — o0, Equations (28) and (29) can be

reduced to the dimensionless PO and TEF of a closed irreversible simple Brayton cycle coupled to

CTRs [37,63]:

W=

(44)

=1 (45)

{Em1ta1{Ncom1 = (1 = Neurt + Mewr1 /%) [(x =14 Neom1) (1 = E1) + Neom1 EL1]} = {(x = 1 + Ncom1)
(1= Ngurt + Mewr1 /%) (1 = Ef1) + Eg1] = Neom1) E1}

Ncom1 — (X =14 Necom1) (1 = Epr1) (1= Er1) (1 = Nturt + Neur1 /X)

W= (46)
Er1[Meom1Ef1TH1 (1 = Mrurt + Mtur1 /%) = Neom1 + (X = 1+ Necom1) (1 = Eg1 ) (1 = Neur1 + Neur1 /X))
Er{[ncom1 = (x =14 Necom1) (1 = E£1) (1 = Ntur1 + Mur1 /%) |Th1 = Ep1 (¥ = 1+ Nlcom1)}

When Exp = Er1 = Erz = Erp2 = 0 and 7com1 = Nwr1 = 1, Equations (28) and (29) can be
reduced to the dimensionless PO and TEF of a closed endoreversible simple Brayton cycle coupled to
VTHRs [64]:

Cr1minCrLiminEm1 EL1 (x = 1) (11 — x711)

W=
CriminCwfEL1 + CHiminEm (Cwp — CriminEr1)

(48)
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n=1- x! (49)

When Exp = Er1 = Ere = E12 = 0, Ncom1 = Ntur1 = 1 and Cpp = Cpp = Cpp — 00, Equations (28)
and (29) can be reduced to the dimensionless PO and TEF of the closed endoreversible simple Brayton
cycle coupled to CTRs [65,66]:

EmEr(1-1/x) (T — x1r1)

W pu—
Emi +Ep —EmEp

(50)

n=1-x71 (51)
3. Optimal Heat Conductance Distributions

With W as the optimization objective, the heat conductances of six heat exchangers will be
optimized by fixing the total heat conductance (THC); namely, Ut = }, U;(j = H1,H2,R1,R2,L1,L2).
The HCDs in the RCC, CCC, OR, IR, PC1 and PC2 are defined as:

u j = Uj/ UT (52)
where u; must meet the following constraints:

Y upj=1,0<u <1 (53)

The dimensionless PO of the MCBBC can be maximized by optimizing the HCDs.
Finally, the maximum dimensionless PO (Wnax) and the corresponding optimal HCDs ((ugy1)w

Wmax
(MHZ)Wmax, (uLl)Wmax’ <uL2)Wmax’ (uRl)Wmax and (uR2>Wmax) can be obtained. Moreover, the optimal
isothermal pressure drop ratios ((71¢)7; and (7)3; ) can be calculated based on the optimal

HCDs. The values or ranges of the variables are listed in Table 1. The flow chart of dimensionless PO
optimization is displayed in Figure 2. Calculate the negative number of the dimensionless power output,
and then the function “fmincon” in MATLAB is used to solve the minimum value. The parameters of
“fmincon” are: “TolCon” is 107, “TolConSQP” is 300 and “TolFun” is 107°.

Table 1. Values or ranges of the variables.

Parameters Symbol Initial Value  Range Unit
Thermal capacity rate of outer fluid at RCC CH1 1.2 —_— kW/K
Thermal capacity rate of outer fluid C 1 L
kW /Kat CCC H2
Thermal capacity rate of outer fluid Cit 12 _
kW /Kat PC1
Thermal capacity rate of outer fluid at PC2 Cro 1.2 —_— kW/K
Thermal capacity rate of WF Cuf 1 —_— kW/K
Specific heats ratio k 1.4 —_— —_—
Gas constant R 0.287 — K/(kg-K)
Ambient temperature To 300 —_— K
THC Uiot 18 8-36 kW/K
Compressor efficiencies flcom/ 0.9 0.7-1 —
Necom?2
Turbine efficiencies Nturl, Ntur2 0.9 0.7-1 —_—
Inlet temperature ratio of outer fluid at RCC TH1 4 3-6.67 —_—
Inlet temperature ratio of outer fluid at CCC T3 5 3-6.67 —
Inlet temperature ratio of outer fluid at PC1 T1 1 e e
Inlet temperature ratio of outer fluid at PC2 TI3 1 e —_—
Pressure ratio at Com1 Tl —_— 2-20 —_—

Pressure ratio at Com2 T —_— 1-6 —_—
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\ 4 ‘ Calculate the dimensionless ‘
Input the known data power output by using Eq.(28)
Initialize the heat conductance ¢
distributions //Tl@n ‘fmincon’ in MATLA]
No{ is used to determine whether the negative ~
- ~_number of the dimensionless power outputis
’ Calculate the isothermal pressure drop ‘ \ the minimum _—

ratios by using Eqs. (21) and (22)

Yes

parameters under the maximum

-
—
dimensionless power output

‘ Calculate thermodynamic

// T
__—Do the isothermal pressure drop ratios meet Egs. (25) - (27%\\&

(\\\\\and the heat conductance distributions meet Eq.(53) —

Figure 2. Flow chart of dimensionless power output (PO) optimization.

Figure 3a,b, Figure 4a,b, Figure 5a,b and Figure 6 illustrate the relationships of the maximum
dimensionless PO (Wmax), the corresponding dimensionless PO (WtOP)Wmax of the topping cycle,
dimensionless PO (Wbot)w of the bottoming cycle, TEF Ui isothermal pressure drop ratios

((mt)gy, and (mu)yy ) and HCDs ((up)gy, o (um2)w o (e o (ue2)g o (e, o (URe)g
and (uR2)W ) versus the pressure ratios (7i¢com1 and m¢om2) in the Com1 and Com?2, respectively.

T
coml

(@) (b)

Figure 3. (a) Relationships of Winax Versus Teomi and Teomo; (b) relationships of (Wtop)w and

max

(WbOt)Wmax Versus Tleom1 and Teom2-

). 5 0.71 ),
0.38 ,"=E“ ‘ {lVestl I’
o AT RN S,E bl llllllllll‘l‘l”’lillllllllll;;;l
= T il
AN = ’””’,’////’/W%f?/
— = Iy
Ty =5 0.53 W%%i/
U, = 18KW/K 0.50 2/

g 7 com2

(b)

(a)

Figure 4. (a) Relationships of 157 versus mtom1 and meoma; (b) relationships of (1)

Wmax and (nta)wmax

Versus TMeomi and Teom?.
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Figure 5. (a) Relationships of (uy1)yy  and (upp)y;  versus meom1 and Teomo; (b) relationships of
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Figure 6. Relationships of (ug1)y; and (ug2)jy  versus Teom1 and Teomo-
max max

Figure 3a shows that Wy increases first and then decreases as 7t¢om1 Or Ticom2 increases. There is

a set of optimal pressure ratios ((choml)w , and (T(comZ)W 2), so that Wpay achieves the double

maximum dimensionless PO Wmax,Z- This is because when 7.0y gradually increases, Q,_3, Q7_; and
Qs,_1, gradually reduce, and Qs_4 slightly increases. With the increase in 7tcom2, Q,_3 decreases, Q3_4

decreases slightly, Q,_; decreases first and then increases, and qu—m decreases. Under the given

conditions, Wiax 2, (Ttcom1 )7y , and (Ttcom2)7y , are approximately 1.01, 7.7 and 2.8, respectively.

Figure 3b shows that (Wtop)w increases first; then decreases as 7.om1 increases; and remains
max

substantially unchanged with the change of Tcom2. (Wbot)w decreases at first and then tends
to remain unchanged with the increase in 7om1, the value of which is much smaller than that of
(Wtop)w . This is because T5 decreases at first and then tends to be constant as 7t.om1 increases.

As Tteom2 increases, (Wbot)w increases at first and then tends to be constant when .o is smaller;
max

(WbOt)Wmax increases at first and then decreases to zero when Tty is larger. That is, Q2a_3a and Q3a_4u
can only be used to maintain the operation of the bottoming cycle. Figure 4a shows that 7 increases
at first and then becomes constant with the increase in 7t.om1 O Tleom2-

Figure 4b shows that (7;) . remains unchanged as 7i¢om1 O Tcom2 increases, and is always

Wma
located at the lower limit. This indicates that the degree of the isothermal heating in CCC always

reaches the maximum. Therefore, Q3_4 only slightly changes with the change of Tcom1 O Tcom2.
When 7tcom1 OF Tlcom? is smaller, (ﬂm)w decreases slightly with the increase in 7.0y and reaches
the lower limit with the increase in mt¢om2. That indicates that under this condition, the degree of the

isothermal heating in IR increases as m¢om1 OF Teom2 does; when m¢om1 and meom2 are larger, (T‘fﬂ)W
max

increases with the increase in Ttcom1 Or Tteom2; When (Whot)yy s zero, (T )3y remains substantially
max max

unchanged as Ticom1 OF Tlcom2 INCreases.
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Figure 5a shows that when (ur1 )y is not zero, (uy1)y  increases slightly at first and then

decreases slightly with the increase in mom1; (qu)Wmax decreases first and then tends to remain

unchanged with the increase in 7tcom2. When (ug1 )3y is zero but both of (1) and (Wbot)w

are not zero, (1 )me decreases as Teom1 OF Tlcom2 iNcreases; when both of (g1 )Wmax and (mg)wmaX are

zero but (WbOt)WmX is not zero, changing 7com1 OF Teom2 does not change (qu)WmaX; when (ugr1)y

max

(nm)wmax and (WbOt)Wmax are zero, (qu)Wmax decreases with the increase in Ticom1 OF Teom2, and is

far less than (up1)y; . With the decrease in (ug1)y; , Eq1 decreases, and then Q,_5 decreases.

(u HQ)W remains basically unchanged, Epp is constant and the variation of Q3_4 is very small.
max

Figure 5b shows that when (ug; )Wmax isnot zero, (up; )Wmax increases as Tioom1 iNcreases; it decreases

first and then increases slightly as m¢om2 increases; (uLz)W decreases first and tends to remain
max
unchanged with the increase in 71.om1; it increases first and then tends to be the same with the increase
in Teoma- When (ugy)z  iszerobutbothof (1y;)  and (Wpet)w  arenotzero, (1) decreases
. . Wmax . Wmax . Wmax . Wma.x .
sharply with the increase in T.om1 O Ticom2, While (MLZ)W increases sharply with the increase in
max
.7zcom1 or nc(?mz. Whe.n both .of (uRl)W_max and (nt“)Wmax are zero but (WbOt)W_max is n.ot zero, (uLl)Wmax
increases slightly with the increase in m¢om1 Or Teom2, and (uLz)W remains basically unchanged
max

with the increase in chon}l Or Tleom2.- When (uRl)quxl (nta)wmax and (WbOt)WmaX are zero, (uLl)Wmax
decreases and (uLZ)Wmax increases as Tleom1 OF Tlcom?2 iNCreases.
Figure 6 shows that (ug; )W decreases to zero with the increase in 7t.om1, and increases at first
max

and then decreases to zero as meom2 increases. When (nm)w is not zero, (uRZ)W increases with the
max max
increase in Teom1 OF Teom2- When (7tt)75  is zerobut (Wpot )3y isnotzero, (ura)yy  decreases with
max max max

the increase in Tcom1 OF Tcom2. When both of (711)7;  and (Wt )7y are zero, (urp)yy  increases
. . . L Winax Winax . Winax
with the increase in 7¢om1 Or Tieom2- Because increasing (u RZ)W leads to the increases in Egy and
max

Q3a_4a so as to avoid the negative value of (Wbot)wmax, namely, inverse dimensionless PO of the
bottoming cycle.

According to the numerical calculation, the influences of the temperature ratios,
compressor efficiencies, turbine efficiencies and THC on optimization results are further analyzed.
Figure 7a,b illustrates the relationships of the double maximum dimensionless PO (Wmax,Z) and
the corresponding TEF (nwmax/z) versus the temperature ratios (7y; and 7g3). As can be seen from

figure 7a,b, both Wmax,z and 1y , increase first and then tend to be unchanged with the increase

in Teom1 OF Tleom2- There is an optimal temperature ratio (ty3) opt which makes Wmax,Z reach the
optimal. The corresponding fitting expression is (THg)OPt = l.17y; + 0.14, and the correlation
coefficient is r = 0.9964. As for U there also exists (THg)Opt that satisfies the fitting expression:
(ty3) opt = 1.1ty + 0.18, and its correlation coefficient is also = 0.9964. In the actual design process,
71 and 13 should meet the relationship similar to (ty3) .y = 1.1tg1 +0.14 01 (TH3) oo = 1.171 +0.18,
in order to obtain as much Wy and YA possible and reduce the requirement for high
temperature resistances of materials.

Figure 8a illustrates the relationships of Wiayx 2, (Wtop)w ) (V_Vbot)w ,

opt opt

and 1y , versus
Neom2- It shows that Wmax,Zr W, and (Wbot)w , increase and (Wtop)w , decreases slightly with
the increase in f)comz. With the increase in 1com2, Q2_3 and Q7_1 basically increase. With the increase
in Neom2, Q3_4 remains substantially unchanged, Qs,_1, decreases and Qj,_4, increases. The amount

of change in Wmax,Z is mainly affected by that in Qg,_q,. It should be noted that when 1¢om2 < 0.75,
Winax2, Ty ) (Wtop)W , and (Wbot)W , do not exist and are indicated by dashed lines.
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Figure 8. (a) Relationships of Wiax 2, M, (V_\/top)w ,and (Wbot)w , Versus Tcomo; (b) relationships
of (T(C"ml)Wmax,z’ (ncomz)wmale (m)wmxl and (nm)wmxr2 versus feom2 ; (¢) relationships of (u]-)WmaXl2

Versus Neom2-

Figure 8b illustrates the relationshi f — — — and —

g € 8 s €s ere ons pS o (ncom]')Wmax,Z/ (Tlcomz)wmaxll (Tct>wmax,2 (Tlm>wmax,2

Versus fcomz- It shows that (7com1)7y , decreases and (7tcom2 )7y , increases as fcom2 iNcreases.
max, max,

The decrease in (7com1 )7y , reduces Ty, thereby increasing Qz_g. Under the given condition, Ty,

is less than Ts, when 1com2 is less than or equal to 0.76. As feom2 increases, (nt)W , remains the
lower limit, which indicates that the degree of the isothermal heating in CCC always reaches the

maximum. As 7)¢em2 increases, <nf“)W R decreases to the lower limit, which indicates that increasing
max,

Neom2 improves the degree of the isothermal heating in IR.
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Figure 8c illustrates the relationship of (u ]) A Versus feom2. It shows that as 1¢om2 decreases,
(qu)Wmax/Zl (qu)V\/mX’2 and (uRl)V\,“m2 remains basically unchanged; (uu)wmax’2 decreases first
and then tends to remain unchanged; (ur2)y; , increases first and then tends to be unchanged;

max,’
(uRz)Wmax,Z increases. B

Similarly, both of Wyax2 and U increase as Neom1, Nturl and Ny increase. The effects of
Neom1 and N1 0N Winax 2 and MW a2 AT€ greater than those of 1com2 and 7uro. (Wtop)wmaxl increases
with the increases in f)¢om1 and g1, while (Wtop)w R decreases with the increases in 1¢om2 and

max,’
Ntur2- (WbOt)Wmax,Z decreases with the increases in 1¢om1 and N1, while (WtOP)Wmax,z increases with

the increases in 7)com2 and 7gyr2- It should be noted that when 1,2 < 0.74, Wmax,2/ MW,y (Wtop)w

max,2
and (Wbot)— also do not exist. When 1o > 0.74, the change of 1y has little effects on Wiayx 2
and 1y W1th1n the given range, the changes in Wmax » and MW, do not exceed 7% and 4%,
respectlvely In practical design of improving cycle performance, it is suggested to give priority to
appropriately increasing fcom2 and nyyr2. Then one can choose to increase 1¢om1 and My, successively.
Apart from this, Wpax 2 and MW increase as Ut increases.

4. Optimal Thermal Capacitance Rate Matchings

The W of the cycle also affected by the TCRMs. By taking W as the optimization objective, TCRMs
are optimized. Figure 9a,b illustrates the relationships of V_\/max and W, ., VETsus Cu1/Cy f and Crpp /Cy, f
when Cr1/Cy1 = 1 and Crp/Chp = 1.2. The figures show that both of Wiax and T, increase,
and then tend to remain constant with the increase in Cyq /C,, £ or Cr /Cy - These indicate that there
is a set of the optimal Cpy1/Cy, f and Cyp/Cy S that Wax gets the optimal value. Similarly, there is a
set of the optimal Cpy1 /Cyr and Crz/Cyf, s0 that ... 8ets the optimal value.

V4
IIII Illl’ ' =

.

ﬁ\\\\\\\\\\\\\\

I Illllillillllliiﬂ[’fi,’;"{‘\“\

" ovt0 Y Le
(a) (b)

Figure 9. (a) Relationships of Winax versus Cyp /Cyp ¢ and Cp /Cw 5 (b) relationships of n;  versus
Cu1/Cyf and Cra/Cyf-
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Figure 10 illustrates that the effects of Cr1/Cpy; on the characteristics of Winax — Cy1/ Cuwf and
My, — Ch1/Cyp when Crp = 1 and Cr2/Cpp = 1.2. It shows that when Wiax and 7 reach
the optimal values, Cr1/Cp1 mainly reduces the corresponding Cy/Cy, and has little effect on the
optimal values of Wpax and MWW Similarly, C1/Cp mainly reduces the corresponding Cp1/Cy ¢
when Wy and MW reach the optimal values, and has little effects on the optimal values of Wmax

and 1y .

0. 54
- 0.50
- 0. 46
=== =7q042
CI,I/C[I] =2 I
40.38 &
Cu/cm =12
C,/Cp =1 q0.34
C, /C, = 0.83
Ll/ H1 _ O. 30
CI.I/CHI =0.5
- 0.26
H1 H1
0.15 L t . i i 0.22
0 1 2 3 4 5 6 7 8 9 10
CHI Cw/

Figure 10. Effects of Cp1/Cpyp on the characteristics of Wmnax — Cr1/ Corand iy = CH1/Cyy-

5. Conclusions

Based on the previous established models in [8,62], a modified closed binary Brayton cycle model
coupled to VTHRs with two isothermal heating processes and variable isothermal pressure drop ratios
is established by using FIT in this paper. The HCDs of the six heat exchangers are optimized, and the
effects of Ty1, Th3, UT, Ncom1, Neom2, Mturl, Miur2, Ch1/ Cyp and Cra/ Cypy on the optimal performances
are analyzed by taking W as the optimization objective. The results show that there is a set of Ttcom1
and Teome which makes Wiax reach Wmax,z = 1.01. 7y and ty3 have certain linear relationship
((th3) opt = 1.1t + 0.14, and the correlation coefficient is ¥ = 0.9964), which makes Wmax,Z optimal.

Wmax,2 increases with the increases in Ut, com1, com2, Mtur1 and nNeur2. It should be noted that when
Neom2 < 0.75 or o < 0.74, Wmax,Z does not exist. Wmax,Z increases first and then remain unchanged
with the increases in Cy1/Cyr and Cra/Cyyp. This cycle can effectively improve energy efficiency and
reduce emissions of nitrogen oxide and other harmful gases. Additionally, the optimal results can
guide the practical designs for the gas turbine plants.
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Nomenclature

a,b,c,de,m,x,y

C Thermal capacity rate (kW/K)
Cp Specific heat at constant pressure (kJ/(kg-K))
E Effectiveness of heat exchanger
k Specific heat ratio

M Mach number

N Number of heat transfer units
Q Heat absorbing rate or heat releasing rate
Rq Gas constant (kJ/(kg-K))

T Temperature (K)

u Heat conductance (kW/K)

u Heat conductance distribution
144 Power output(kW)

w Dimensionless power output
Greek symbol

1 Efficiency

4 Pressure ratio

T Temperature ratio

Subscripts

bot Bottoming cycle

com Compressor

H Hot-side heat exchanger

L Cold-side heat exchanger

R Regenerator

s Isentropic

t/ta Converging combustion chamber/isothermal regenerator
tot Total

tur Turbine

top Topping cycle

wf Working fluid
1,2,3,4,5,6,7,1a,2a,3a,4a,5a,2s,5s,2as,5as State points

Abbreviations

CCC Converging combustion chamber

CTR Constant-temperature reservoir

FIT Finite-time thermodynamics

HCD Heat conductance distribution

IR Isothermal regenerator

MCBBC Modified closed binary Brayton cycle

PO Power output

PD Power density

OR Ordinary regenerator

RCC Regular combustion chamber

TCRM Thermal capacitance rate matching

TEF Thermal efficiency

THC Total heat conductance

Tur Turbine

VTHR Variable-temperature heat reservoir

WF Working fluid

Intermediate variables

15 of 21
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Appendix A

ap = {CLZminELZ [(Ntur2 = 1)XaYa — Wturz]{—cwf(ZERl = 1)(Er2 = 1) (Ncom1 +* = D[(Murt = 1)xy = Mturt ] (CrrtminEr + Crimin

Ev1) + CritminCraminEr1 E11 (2Er1 = 1) (Er2 = 1) (Neomt + ¥ = 1) [(Mur = 1)xy = Neurt] + C5, ({(2Er1 = 1) (Erz = 1) (Ncoma + x—
Dneurt (xy = 1) + xY{ER1 [com1 + 2% =2 = 2ERa (Mcom1 + X = 1)] + ER2 (Mcom1 +x = 1) —=x + 1}}}/{(77c0m1 +x- 1)waxy[ERl

(2Erz = 1) = Ega) (Cuof = CraminEr1)} + {=CritminErn (Erz = 1) [(Mart = 1)%Y = Nturt }¥aYa[~Er1 (Neomz + 2% — 2) + X, = 1]

+(2ER1 - 1)’]tur2(7]com2 +Xg— 1) (xuya - 1)}/ (x}/) + Ci,f’?coml {xa}/a [(UcomZ +x,—-1- ER27]com2)ER1 — Xz + ” — Ntur2 (ERl_

1) (Ncom2 + %a = 1) (XaYa = 1)} / [(Neom1 + % = 1) (Cws = CriminEr1)] + Cof (Erz = 1) [(Mturt — 1)xy — Neurt {(2ERr1 — 1)T]tur2(Tlcom2
+%3 = 1) (XaYa = 1) + Xa¥a[Xa = 1 = Er1 (com2 + 2%a = 2)]}/ (x)}/[( = 2Er1Er2 + ER1 + ER2) (com2 + Xa = 1)]}/ (xaYa)

ap = {{Xuya{CleinELl{CLzminELz(f)comz + %2 = 1)[ER1T13(2ER2 = 1) + (Er1 = 1) (Mtur2 = 1) Tr1 = EraTr3] = Coof Tr1 [ER1com2

(Er2 + Ntur2 = 1) + Er1 (Ntur2 = 1) (¥a = 1) = Ntur2 (Neom2 + %a) + Ntur2 + o = 1]} = [Er1 (2Er2 = 1) = Era]CraminCufE12T13 (%0
Hcom2 = 1)} +CriminEr1 a2 Tia (Er1 = 1) (eom2 + %o = 1)(Caog = CraminEr2)}/{ (Neom2 + o = 1)Xa¥a(Cuos = CraminEr1) [Era

(2Er2 = 1) = Era]} = CriminEn1 (Erz = 1) Ten [(eart = 1)xy = na J{(2Er1 — 1) CraminEr2 (Neomz + Xa = 1) (Meur2 + XaYa — XaYa

Ntur2) + CwpXaYa[ER1Mcom2 (2tur2 = 1) + 2ER1 (Mtur2 = 1) (Xa = 1) = (Meom + Xa) Meur2 + Neur2 + %o — 1] = Copprur2 (2ER1 — 1) (%a
Hcom2 = DI/ {Caopxyxaa[Er1 (2Er2 = 1) = Era] (Neom2 + X = 1))

a3 = {a1Eg1[Er1(2Er2 = 1) = ERoa.{Ch1min Er1 (Er2 = 1) [(Mtur1 = 1)%Y = Nturt HCL1minCraminEL1 EL2 (Meom1 + X = 1){XaYa[Er1

(M2 = 1)Tr1 = Er1 Tr3 + T13] = Ert w2 Tea} + CraminCowof ELERI TL1 (Meomt + % = 1) (Meur2 + XaYa — XaNtur2Ya) + CraminCuofEr2l
ER1Mcom1 Mur2 TH1 + XaYa[ER17com1 (TH1 + T3 = w2 Ten) + Eri Tra (x = 1) = Tr3(Neom1 + %) + Tr3]}/ Cop + CifERlncomlTHl [(Mtur2
~1)%aYa = fur2]} + CraminEr1 (Meom + % = 1) (st = 1)y = Nart | (Erz = D{[(Caof = CraminEr2) Era o (1eurz = 1) + CraminEr2

(Er1 = 1)T15)%aYa + Er1 a2 Tia (CraminEr2 = Coof )} = CraminCoop Er2Tis¥aYal (Er1 = 1) (Erz2 = 1) st (Neoma + % = 1) (xy = 1)+
JC]/[ERl (EKZ + Neom1 + X — 1- 2ER27]com1 - ERZX) + ERZ(Ucoml +x— 1) -x+ 1}}}/[xxayyﬂ(ncom1 +x- 1)] —alazERz(ER]—

1)(Er1 + Era2 = ZERlERZ){CHminEm Er1(Cuf = CraminEr1) (Er2 = 1) [(Mtur1 = 1)xy = Neur1]/ (CoorERaxY) + Er1Meurt (Era — 1)

(Cwf = CriminEr1)/ (Eraxy) = Er1(Er2 = 1) (Mturt = 1)(Cuwf = CraminEL1) /Er2 + Copfflcomt (Er1 = 1)/ (Meom1 + X = 1)} + Era(

Er1 —1)(=2ERiEr2 + Er1 + ERZ){—CHlminEHlEm (Er2 = 1)Th1(Coof = CraminEr1) [(Mur1 = 1)xy = Neur1]/ (Cuof ER2XY) = CLimin
Er1(Eri = 1) T}/ [(Coof = CraminEr1 ) (Er1 + Ere — 2Er1 Er2)°]

as = {neomafl @12 (Ery = D CrrtminErrn (Err = 1) (Era = 1) [(1urt = 1)xy = urt ]}/ (Caopxy) + [(Er1Era = 1) Capficom |/ [(x

+1com1 = 1) (Cwf = CraminEr1)] = [(Er1 = 1) (Era = 1) (xy = 1)nwunt]/ (xy) + Er1Era — Er1 — Erz + 1}}/(ER1 + Er2 — 2ER1
Er2){Er1 {l CetminEr Er1 et (Erz = 1) [ (ntart = 1)xy = un [}/ (Caopxy) +[CraminEr1 EraTua (Er1 = 1))/ (Coof = CraminErr)}

}/(Er1 + Erz = 2Eg1Er2) = {{CrrminErn Er1 (Erz = 1) Ter1 (Cag = CraminErt) [(Murt = 1)y = eurt )}/ (CoopEraxy) + Ena Tra

Crimin (Er1 = 1)}/ [(Er1 + Er2 = 2ER1ER2) (Cwr — CriminEr1)] + {CriminEnt (Er2 = 1) Tr [(Meurt — 1) xy = 1]}/ (CoprErz
xy)}}/[(ERl - 1)(Wc0m2 +Xp — 1)]

a5 = [1/(CowsEraxxayYa)][(Mur2 = 1)XaYa = N2 {={{a182Er2{Cra1min Er1 (2Er1 — 1) (Er2 = 1) [(Mtur1 = 1)y = Munt ] + [xy

Neom1 (Er1 — 1)C§,f}/[(77com1 +x =1)(Cor = CraminEr1)] = Cuop (2Er1 = 1)(Era = 1) [(Nur1 — 1)xy — Umrﬂ}}/(Ekl +Er2—2
EriEra)} + {CHlminEHlERl Tr1 (Er2 = 1)(Cop = CoiminEr1) [(Meur1 = 1)xy = Near1] + (Er1 = 1) Cramin waELlERzTley}/{[ERl

(2Ega = 1) = Ea] (Caof = CraminEL1)} +CrriminErn (Era = 1) Trrn [ (Meart = 1)y = st ]}

b = {_CLZMinELZ{wax(ZERl = 1)(Erz = 1) (CrtminErn + CraminEr1) = CHiminCriminEm ELix(2Er1 — 1) (Egz — 1) + Cif
(2Eg1 —1)(Erz — 1) (xy — 1) +xy[Eg1 (2x — 1 = 2Egox) + Egox — x + 1]} /{[ Eg1 (2Er2 — 1) — Ega] Coof¥?y(Coof — CraminEi1
N+ {CHlminEHl (Erz = D{[xa = 1+ x4(2Er1 = 1) (xaYa — 1) — Er1(2%a — 1)]xaa}/ (xy) + Ci}f{xaya[(xﬂ —Er2)ER1 — %
+1] - xa(ERl - 1)(xaya - 1)]/[X(wa - CleinELl)] - wa(ERZ - l){xa(ZERl - 1)(xaya - 1) + xaya[xa -1-Ery (Zxa - 1)
1}/ (xy)} 7 [xa(Eg1 + Erz = 2Eg1ER2) ]}/ (Xa¥a)

by = {{ xuya{CL]minELl{CLZminELZXn [Er1T13(2ER2 = 1) = EreTra] = Copf Tra [Er1ER2 = (1 + xa) + xa}} = CrominCuE12T13
Xa[ER1(2Er2 = 1) = Er2]} +CriminEr1 TraXa(Er1 = 1)(Copf — CLZminELZ)}/{xg]/a(wa = CriminEr1) [Er1(2ER2 = 1) — Eg2
1} + CritminErn Tent (Er2 = 1){(2Er1 = 1)CrominEr2¥a + CoopXayalEr1 — (14 %a) + Xo] = (2E1 = 1) Coopxa}/{Coopxya2ya
[Er1(2ER2 = 1) = ERa]}

by = {bl Eri[Er1(2Er2 - 1) - ERZ]{_CH]minEHl (Er2 — 1){CL]minCL2minEL1 Epox[%aya(Trs — Er1Tra) — EriTra] + CufEnn
CraiminEr1 TL1x + CLZminwaELZ{ERl Th1 + XaYa[¥Er1T13 — T3 (1 +x) + Tr3]}/Cof — CifERlTHl} = xCriminEr1 (Erz = 1)[xa
Er2CrominTr3Ya(Er1 = 1) + Er1 Tr1 (CrominEr2 = Cuof)] = CrominCuwfE1aTraXaYalx (Er1 — 1) (Er2 — 1) (xy — 1) + xy[Er1 (Er2
+x = 2Egp — Egox) + Egox — x + 1)1}/ (x2%ay¥a) — bib2Era (Er1 — 1) (Eg1 + Ero — ZERlERz){—CHmmEHlERl (Cup—En1
Crimin) (Er2 = 1)/ (CorEr2xy) + Er1(Cof = CLiminEr1) (Erz = 1)/ (Eraxy) + Cof (Er1 — 1)/36} + Ero(Er1 —1)(Er1 + Ero
—ZERlERz){CHminEHlERl Tr1(Cuwf = CraminEr1) (Erz = 1)/ (CwfEr2XY) = CLiminEr1 (Er1 = 1)TL1}}/ [(Cwf = CraminEr1)(
Er1 + Er2 — 2ER1Era)?]

{x
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by = {{{ biba(Ert = I{[ = CraminErn (Er1 = 1) (Era = 1)]/(waxy) + [(Er1Er2 = 1)Cuf]/ [x(Cof = CraminEr1)] = [(Er1 = 1)
(Erz = 1)(xy = 1)}/ (xy) + Er1Er2 — ER1 = Er2 + 1}}/ (Era + Er1 — 2ER1ER2) + {Ert{[~Ch1minEr1 Er1 (Er2 = 1) T ]/ (
Cuwfxy) + [CriminEr1ER2T1a (Er1 = 1)]/(Coof = CriminEr1) / (Er1 + Era = 2ER1ER2) — :[—Em ChiminEr1 Ta1 (Era — 1) (Cos
~CuaminE11)]/ (CaofErxy) + CrminEr1 Tua (Ert = 1)}/ [(Caoy = CuaminErr) (Er1 + Erz = 2Er1Era) + [~ChitminErit (Erz = 1)
Trn]/ (CooEraxy) |}/ (e (Er1 = 1)]

bs = [—1/(waEszxayya)]{—{{blszkz{—CHlminEm (2Eg1 = 1)(Erz = 1) + [C ;xy (g1 = )]/ [=(Coof = CraminEr1)]+
Cuy(2Er1 = 1)(Er2 = D} / (~2Er1Era + Er1 + Er2)} + {~CritminErs Era Trt (Erz = 1) (Caog = CrtminEr1) + CraminCoof Ert
EraTraxy(Ert = 1)}/{[Er1 (2Er2 = 1) = Era] (Caof = CraminE11)} = CertminErn Ten (Era — 1)

= {waELZ[(qturZ - 1)xayu - UturZ]{_wa(ZERl - 1)(ER2 - 1)(T]coml +x— 1)[(7]tur1 - 1)xy - Uturl](cwaHl + waELl)""
EchzzufELl (2Er1 = 1)(Er2 = 1) (com1 + x = 1) [(Ntur1 — 1)xY — Newr1] + szvf{r]turl (2Er1 = 1)(Er2 = 1)(Ncom1 +x = 1) (xy — 1)+
xy{ERl [ncoml +2x-2- 2ERZ(T]cornl +x- 1)] + ERZ(T]coml +x- 1) -X+ 1}}}/{(T]coml +x- 1)[ER1 (ZERZ - 1) - ERZ]Cif
xy(1-Epn)} + {_waEH] (Er2 = D[(Mur1 = 1)xy = M1 ]{%aYa [¥a = 1 = Er1 (Ncom2 + 2% = 2)] + Meur2 (2Er1 = 1) (Ncom2 + X
_1)(xaya - 1)}/(xy) + szufncoml{xaya[(flcom2 +x,-1- ERZTIcomZ)ERl — X+ 1] - T]tur2(ER1 - 1)(T]com2 +Xp — 1)(xaya -1

W/ [Cowf (Meom1 +x = 1)(1 = Ep1)] 4 Coof (Era = 1) [(Meur1 = )Xy = Neur1 [{(2Er1 = 1) (Neom2 + ¥a = 1) (XaYa = 1) Ntur2 + XaYa[Xa
~1—Er1(fcomz + 2x2 = 2)]} / (xy)} /[(Er1 + Er2 — 2Er1ER2) (Ncom2 + Xa = 1)]}/ (XaYa)

c2 = {{%aYa{Cuf Era{CuoEr2 (Meom + %o = 1) [Er1 T3 (2Er2 = 1) + (Er1 = 1) (w2 — 1) T11 = EraTis] = Coof Tra{ (Erz + Mius2
_1)ER177c0m2 +Ers (7]mr2 - 1) (xa - 1) - T]tur2(7kom2 + xu) + Nrur2 + Xg — 1}} - CifELZTL?) [ERl (2ER2 - 1) - ERZ] (Tkomz + X;—
D) +C2 Enar Te (Bt = 1) (eomz + % = 1)(1— ELZ)}/{(nmmz + %0 = 1)%YaCoof (1~ E11) [Er1 (2Er2 = 1) = Era]} = Cuy
Emi(Erz = 1) Tr [(Mewr — 1)y — ﬂtuﬂ]{cwaLz(ZERl = 1) (Ncom2 + %a = 1) (Mtur2 + Xa¥Ya = XaMtur2¥a) + CooXa¥a [ER1Mecom2 (2
Ntur2 — 1) +2Er1 (nturZ - 1)(xu - 1) - (Ucom2 + xa)nturZ + Nur2 + Xa — 1] - wanturz(ZERl - 1) (77c0m2 +Xq — 1)}}/{(77c0m2 + X
=1)CusxyxaYa[Er1 (2Er2 — 1) - Era]}

3= {Cl Eri1[Er1 (2Er2 = 1) = ERz}{waEHl (Erz = 1) [(Mtur1 — 1)y — nturl]{CZZUfEL]ELZ(Ucoml +x = D{Er1Mtur2Te1 — XaYa[
EriTri (N2 —1) = EriTis + Tr3l} + CifELlERl T11(Ncom1 + % = 1) (Mtwr2 + Xa¥a — XaMtur2¥a) + CoofEL2{ER1 Meom1 Mur2 TH1 + Xa
Ya[T13 + Eri7comt (Tr1 + Trs = Mur2Ta1) + Eri Tra (x = 1) = T3 (Neomt + %)]} +C120fER17]coml T [(ur2 = 1)%aYa = WturZ]} + Cuy

(Neom1 +x = D)Er1 [(Mturt = 1)xy = Neur1 | (Er2 = 1){xayu [CwfER1Tr1 (1 = Er2) (Mtur2 = 1) + CoppEr2 (Ert — 1) Trs] + Er1Mtur2 Tra
CuwfEr2 - wa)} - CfvaLzTLaxuya{(flturlERl =1)(Erz = 1) (Neom1 +x = 1) (xy = 1) + xy[Er1 (ER2 + Ncom1 + X = 1 = 21com1 Erz
_Esz) + Eﬂz(ﬂcoml +x - ]) -x+ 1}}}/[Xx,;]/]/a(77com1 +x— 1)] - CICZERZ(ERl — 1)(ER1 + Egy — ZERIERZ){Cif(l —En
)(Erz2 = 1)Eg1Eri [(Meurt = 1)%Y = eur1]/ (CoofEr2xY) 4 ER1 Coof (Era = 1) (1 = EL1 ) tur1 / (Er2XY) = Coof (Meur1 = 1) (1 = E1)
(Erz2 = 1)Er1/Er2 + Coofticomt (Er1 = 1)/ (Neom1 + ¥ = 1)} + Era(Er1 = 1) (Er1 + Er2 = ZERlERZ){_Ci,fEHIERlTHl (Era—
1)(1 = E)[(Murt = 1)y = Nean) / (CupEr2xy) — CoopEraTia (Ert = 1}/ [Cap (1= Era) (Ert + Erz = 2Er1 Er2)’)

¢4 = {Neomz2{{ c12(Er1 = D{Epn (Er1 — 1) (Erz = D[(Mrur1 — 12y = Neunt ]/ (xy) + Ncom1 (Er1Er2 = 1)/ [(eom1 +x = 1)(1 - Epy
) = Nturt (Er1 = 1) (Er2 = 1) (xy = 1)/ (xy) + Er1Era = Er1 = Er2 + 1}/ (Er1 + Er2 = 2ER1ER2) + {Er1{(Er2 = 1)EmEr1
Trn[(fart = 1)y = 1]/ (xy) + [E11 EraTea (Err = 1))/ (1= Epa) 1/ (Egs + Erz — 2Er1 Erz) = {{Cug (Erz = 1) (1 = E11)Cu
ErnEri Tt [(Meart = 1%y = a1} / (CwpEraxy) + CuopEaTia (Ert = 1)}/ [Cog (Ert + Era — 2Eg1Erz) (1 = Er1)] + {CupErn (
Erz = 1)Trn[(Mturt = 1%y = tunt ]} / (Caog Er2xy) / [(Ert = 1) (Meoma + %o = 1)]

cs = [1/(CarEroxXayya)|[ (w2 = 1)XaYa — T]turz]{—{{ClczERz{waEHl (2Er1 = 1)(Erz = )[(neurt = 1)xy = neurt] + Cupxy
Neom (Er1 = 1)/ [(eomt +% = 1) (1 = E11)] = Cupf (2Er1 = 1)(Erz = 1) [(11rt = 1)xy = nurt]}} / (Ert + Exo = 2Eri Ega)} + {
CofEmEr1 Trn (Era = 1)(1 = Ep1) [(Mtur1 = 1)%y = Neur1] + CoofEraEro Traxy (Er1 — 1)]/{ [Er1(2Egr2 = 1) — Er2] (1 = E1)}+
CuwfEm Th1 (Erz = 1)[(Mtur1 — 1)xy — Thm]}

dy = {—waELz{Cifx(ZERl —1)(Erz = 1)(Eg1 + Ep1) — CZZUfEHlEle(ZERl -1)(Erp - 1) + szuf{x(ZERl —1)(Era - 1)(

Xy — 1) -+ xy{ERl [2X -1- ZEsz] + Epox —x + 1}}}/{Cifx2y(l — ELl)[ERl (2ER2 - 1) - ERZ]} + {waEHl (ERZ - 1){x,1
ya[_ERl (Zxa - l) +x -1+ xa(ZERl - 1)(xaya - 1)]}/(xy) + wa{xnya[(xa - ERZ)ERI =Xz + 1] _xn(ERl - 1)(xaytx_
1)}/[)((1 -Epn )] - wa(ERZ - 1){xu(2ER1 - 1)(xayu - 1) + XaYa [xa -1-Er1 (2xﬂ - 1)” /(xy)}/[xﬂ(ERl + Ero —2ERy

Er)]}/ (xaYa)

d> = {{ xa]/a{cifELl{Eszn[ERlTLS(ZERZ —1) = EraT13) = Tra(EriEr2 = 1)} = CfufELzTLsxa[ERl (2Erp —1) - ERZ]}+
Cf,,fELlTleu(Em -1~ ELZ)/{waxL%}/u(l —Ep)[Er1(2Er2 = 1) - ERz]} + szufEHlTHl(ERZ = D{(2Er1 = 1)Er2%a+
XaYa(Eg1 = 1) = Xa(2Eg1 = )}/ {Cupxyx2ya[Er1 (2Er2 — 1) - Ero]}

dz = {dl Eri1[Er1(2Er2 - 1) - ERZ]{_waEHl (Er2 - 1){C§,fELlEL2X[XayaTL3(1 —Er1) —EriTua] + foUfEuERl Tia + Cof

Ero{Er1Ta1 + XaYalEr1 Trs + Er1Tra (¥ — 1) = Trsx]} _CIZUfERlTHl} ~{Er2Ti3%eYa(Er1 = 1) + (Er2 = DEr Tia}C,, oxEna (
Epp—1) - Ci}fELszxaya{xy[Em (Erz + x — 2ERy — EroX) + Egox —x + 1] + x(Eg1 — 1)(Erz = 1) (xy = 1)}/ (x2xayya)
—dydaERa (ER1 = 1) (ER1 + Er2 — ZERlERZ){_CZZUf(l —Ep1)(Ere — 1)EmEr1 / (CyrEroxy) + CopfEr1 (1= Epn) (Era — 1) /(
Eraxy) + Copp(Er1 — 1)/X} + (Er1 + Er2 — 2ER1 ER2) Er2 (ER1 — 1){CfvaH1ER1TH1 (1=Er1)(Er2 = 1)/ (CupEraxy) — Cupf
Er1(Er1 = 1)T1a}/ [(Cuf = CuwpEr1) (Er1 + Era = 2EgiErp)’]
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