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Abstract: A cubic Bézier-profile plate for multimodal vibration energy harvesting was developed.
The design of the plate was based on an optimization procedure in which the profile of the plate
was optimized via the parameters of a cubic Bézier curve to meet the requirements. The multimodal
energy harvesting of the plate exploited its first bending mode and its first twisting mode. The
conversion of vibration energy into electrical energy was by electromagnetic induction with a magnet
attached to a corner of the plate. These two closely spaced vibration modes achieved the multi-modal
energy harvesting of the device. Prototypes of the device were manufactured using a numerical-
control machining process. The experimental results were in good agreement with the design
specifications. With the same base lengths, height, and thickness, the maximum von Mises stress of
the proposed plate was much lower due to its bell-shaped profile. The cubic Bézier curve chosen for
the plate profile was effective for design of the closely-spaced multimodal vibration energy harvester.
With the flexibility of its controllable parametric curve, a high design freedom of the energy harvester
with specified frequency ratios could be achieved.

Keywords: multimodal; energy harvesting; Bézier curve

1. Introduction

Traditionally, vibration energy harvesting devices are operated at their first resonance
frequency for single-frequency ambient energy harvesting [1]. When the ambient vibration
is at a single frequency, the design of the energy harvesting device can be tailored to the
ambient frequency available. In recent years, a considerable effort was focused on the
development of multimodal vibration energy harvesters or power generators due to the
multi-frequency content of the vibration energy sources. In order to effectively scaveng-
ing vibration energy from the source with multiple vibration modes, design flexibility
of the multimodal energy harvester is required. The self-powered sensing/actuating de-
vices located near vibration sources with specific vibration modes further demand robust
multimodal energy harvesters.

To account for the frequency variations of the vibration sources, a device with an
array of structures with various resonant frequencies can be utilized [2–6]. For miniature
energy harvesters applied in microsystems, harvesters made of multiple structures may
occupy a large area on device wafers. The other possible route to account for the random
ambient vibration sources is to minimize the mechanical damping or maximize the elec-
tromechanical coupling of the device [1]. Yang and Lee [7] investigated a nonresonant,
electromagnetic wideband energy harvester. The damping effects on the free-standing
magnet packaged inside a sealed hole contributed to the wide operation frequency band of
their device. Many studies have been focused on incorporating nonlinearities into harvester
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designs to increase the bandwidth of the devices [6–16]. Nguyen et al. [8] presented a
wideband micro-electrostatic energy harvester utilizing a strong softening-spring effect. For
increasing levels of random broadband vibration, their harvester displayed a broadening
bandwidth response. A bias voltage input as large as 28.4 V was necessary for proper
operation of their electrostatic harvester. Andò et al. [9] reported a bistable microdevice for
wideband vibration energy harvesting. They found that the nonlinear system exhibited a
low-pass filter behaviour suitable for harvesting ambient energy at a low-frequency range.
Masana and Daqaq [11] investigated the energy-harvesting performance of a bistable
piezoelectric beam in its monostable and bistable configurations. They found that for
a bistable beam with shallow potential wells, the activation of interwell dynamics can
generate large voltage outputs in the low-frequency range. Using a piezoelectric cantilever
with magnet repulsion, Ferrari et al. [12] demonstrated a 400% increase in the output
voltage when their harvester operated in the bistable regime compared to the monostable
case. Stanton et al. [17] analytically predicted the existence and stability of intrawell and
interwell oscillations of a bistable piezoelectric energy generator. They showed that the
high-energy orbit of the bistable device existed in a very wide frequency range, especially
at lower frequencies. Arrieta et al. [10] investigated a piezoelectric bistable plate generator
with seismic masses attached to the corners of the plate. High voltages were obtained for
chaos and large amplitude limit-cycle oscillations of their device.

A structure with multiple resonant frequencies may be considered for energy harvest-
ing from random vibrations with multiple resonant peaks; for example, a segmented
composite beam with embedded piezoelectric layers [18], V-shaped and open delta-
shaped plates with attached magnets [19], trunk-shaped beam structures [20], and zigzag
beams [21–23]. Karami and Inman [24] proposed a zigzag microstructure that had several
resonant frequencies, ranging from 100 Hz to 1000 Hz. Their microscale device could be
easily fabricated using microfabrication technology. Arafa [25] proposed a trapezoidal
plate with two closely spaced vibration modes in order to harvest energy across a broader
bandwidth. Arafa [25] adjusted the length of the free edge of the trapezoidal plate to
obtain the desired natural frequency ratios for the given height and the base length. For
the frequency ratios close to one, the adjusted length might be much larger than the base
length. In that case, an extraordinary stress concentration can occur at the corner of the
trapezoidal plate. Ching et al. [26] utilized the resonant modes of a spiral spring with
a mass at its center to design a multimodal energy harvester. Liu et al. [27] employed
concentric rings to support a proof mass for multimodal vibration energy harvesting. Five
vibration modes were adopted to harvest vibration energy with frequencies lower than
1490 Hz. The in-plane stiffness of their device could be relaxed in order to increase the
energy output at higher vibration modes. Berdy et al. [28] presented a multimodal en-
ergy harvester with distributed inertial masses attached to a meandering beam. A wide
bandwidth of their harvester was enabled by close natural frequency spacing. Rezaeisaray
et al. [29] suspended a proof mass using two beams in a parallel configuration to construct
a vibration energy harvester. The first three resonant modes were employed to harvest
ambient vibration in the low-frequency range. Mallick et al. [30] improved the design of
Rezaeisaray et al. [29] by using four beams in a square configuration to support a proof
mass for multimodal vibration energy harvesting. Mei and Li [31] used two cylindrical
shells and proof masses to form a multimodal vibration energy harvester. Due to the large
mode numbers in the frequency range below 1 kHz, their double-wall device exhibited
a wide bandwidth for vibration energy harvesting. Castagnetti [32] presented a fractal-
inspired beam-type structure for multimodal energy harvesting. The fractal structure had
three slots curved along its longitudinal axis in a self-similar pattern.

Salmani and Rahimi [33] showed that the voltage output of a beam-type energy
harvester can be improved by tapering the beam with an exponential profile. Parametric
curves may be used to describe the profiles of plates for vibration energy harvesting
applications. In parametric form, each coordinate of a point on a curve is represented as a
function of a single parameter [34]. Parametric-curve-based geometry is flexible enough to
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give a much better control over the profile of plates to achieve the design goals of desired
frequency ratios and high vibration amplitudes. It also has high potential to keep the
stress in the plate low. Hosseni and Hamedi [35] reported that variation in geometry and
configuration of energy harvesting devices could be utilized to increase the output power.

In this investigation, we developed a plate with a cubic Bézier profile for multimodal
vibration energy harvesting. The optimal design of the Bézier plate, with its first two vibra-
tion modes closely spaced, was sought by using a multiobjective optimization algorithm.
Finite element analyses were used to evaluate the frequency response of the plates. Proto-
types of the Bézier plates were fabricated by a numerical-control (NC) machining process.
A permanent magnet was fixed at a corner of the plate for energy harvesting through
electromagnetic induction. Voltage was induced in a stationary coil by the movement of
the magnet. The fabricated device was mounted on an electrodynamic shaker and tested.
The experimental results were compared with the results of the analyses. The performance
of the proposed design was compared with that of a trapezoidal design in terms of the
closeness of the first modal frequency to the second modal frequency and the stress in the
plate for multimodal energy harvesting.

2. Plate Design

Figure 1 schematically shows a Bézier-profile plate with a permanent magnet attached
to one corner of the longer edge of the plate. A stationary coil is also shown in the figure.
The vibration energy was converted to electrical energy according to Faraday’s law of
induction. The plate was designed to work near its first (bending) mode and its second
(twisting) mode. The shorter edge of the plate with a length of A was fixed to a vibrating
host structure. The length of the longer edge, B; the height, H; and the thickness, T of
the plate are indicated in the figure. Figure 2a,b show schematics of the bending and
twisting modes, respectively. Given the dimensions A, B, H, and T of the plate, the desired
values of the first two resonant frequencies could be obtained by proper design of the plate
profile. The permanent magnet located at one corner of the front edge of the plate had
a large displacement when excitation frequencies were near the first and second modal
frequencies of the plate. As the plate resonated in response to external vibrations in the
designed frequency range, the multimodal power generation by means of electromagnetic
induction was achieved. Erturk et al. [36] employed a permanent magnet as a tip mass of
their structure to tune the modal frequencies to certain values for energy harvesting in the
interested range of frequencies. This magnet-configuration-based effect on the vibration
modes is not within the scope of this investigation.

The design of the plate was based on an optimization procedure in which the profile of
the plate was optimized via the parameters of a cubic Bézier curve to meet the requirement
of the specified closely spaced resonant frequencies of its first two vibration modes. The
cubic Bézier curve was determined by a four-point Bézier polygon Q0Q1Q2Q3, as shown in
Figure 3. Due to the symmetry of the geometry, only half of the plate is shown in the figure.
As described by Rogers and Adams [34], the first and last points, Q0 and Q3, respectively,
on the curve were coincident with the first and last points of the defining polygon. The
tangent vectors at the ends of the curve had the same directions as the first and last polygon
spans, respectively. The parametric cubic Bézier curve is given by [34]:

P(t) =
[
(1− t)3 3t(1− t)2 3t2(1− t) t3

]
PQ0

PQ1
PQ2

PQ3

 0 ≤ t ≤ 1 (1)

where t is the parameter and PQi is the position vector of the point Qi.
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Figure 1. Schematic of a Bézier plate with a magnet fixed to a corner of the plate’s longer edge.
Voltage is generated in the coil according to Faraday’s law of induction.
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Figure 3. A profile of a Bézier plate and its four control points (Q0, Q1, Q2, and Q3 ).

The profile of the plate was optimized by allowing points Q1 and Q2 to move in the
design space enclosed by the dashed rectangle seen in Figure 3. The positions of the points
Q0 and Q3 were fixed by the specified dimensions of the plate, A, B, and H. The plate was
assumed to have a uniform thickness of T. An optimization procedure was developed
and outlined (Figure 4). The nondominated sorting genetic algorithm [37] was applied
to the optimization of the plate profile. The algorithm is suitable for solving constrained
multiobjective problems. Given the specified values of A, B, H, and T, the design variables
were the (x, y) coordinates of the control points Q1 and Q2 bounded in the design domain,
as shown in Figure 3.

In the optimization process shown in Figure 4, initially, the geometry parameters A, B,
H, and T were specified. The objective functions of the optimization problem are:

Min
∣∣∣ f2

f1
− S

∣∣∣
Min

∣∣∣U1
U2
− 1
∣∣∣ (2)

where f1 and f2 are the first and second modal frequencies of each population in a gen-
eration of the plate, respectively, and S is defined as the specified ratio of f2 to f1. U1
and U2 are the vibration amplitudes at the first and second modal frequencies, f1 and f2,
respectively. Due to damping, U1 is generally much greater than U2. The second objective
function, Min |U1/U2 − 1|, can increase the amplitude of the second mode for the purpose
of multimodal energy harvesting. In this investigation, we focused on the design of the
Bézier-profile plate with closely spaced vibration modes. The electrical output of the device
was examined in experiments.



Energies 2021, 14, 4735 6 of 18
Energies 2021, 14, x FOR PEER REVIEW 6 of 18 
 

 

 
Figure 4. Flowchart of the optimization procedure. 

Due to the geometric complexity, the modal frequencies, 1f  and 2f , and the vibra-
tion amplitudes, 1U  and 2U , of the Bézier plate were computed numerically. Finite ele-
ment analysis using the commercial software ANSYS was utilized to obtain modal fre-
quencies and vibration amplitudes of the plate through harmonic analyses. The mode-
extraction method, Block Lanczos, was used for the modal analysis to find the geometry 
parameters of the plate with its resonant frequencies within the interested frequency 
range [38]. The velocity-proportional Rayleigh damping was considered in the harmonic 
analyses. The Rayleigh damping matrix C  has the form: 

KMC βα +=  (3) 

where M  and K  are the mass matrix and stiffness matrix, respectively, and α  and β  
are constants. The values of α  and β  were taken as 3 1s−  and 0 s , respectively, in the 

Given dimensions
A, B, H, T

Setting number
of generation N

Creating initial population
of Bezier curves for

plate profile

Extract the1st, 2nd
modal frequencies f , f

Input each individual into ANSYS

Harmonic analysis

Extract the amplitudes 
at eigenfrequencies U ,U 

Objective functions
Min |f /f -S|

Min |U /U -1|

Nondominated sorting
genetic algorithm

Best individual
after N generations

i = N

Selecting best genes
for new generation

Yes

No

Position of two moving
control points Q  ,Q 1 2

12

1 2

1 2 21

�

Figure 4. Flowchart of the optimization procedure.

Due to the geometric complexity, the modal frequencies, f1 and f2, and the vibration
amplitudes, U1 and U2, of the Bézier plate were computed numerically. Finite element
analysis using the commercial software ANSYS was utilized to obtain modal frequencies
and vibration amplitudes of the plate through harmonic analyses. The mode-extraction
method, Block Lanczos, was used for the modal analysis to find the geometry parameters
of the plate with its resonant frequencies within the interested frequency range [38]. The
velocity-proportional Rayleigh damping was considered in the harmonic analyses. The
Rayleigh damping matrix C has the form:

C = αM + βK (3)
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where M and K are the mass matrix and stiffness matrix, respectively, and α and β are
constants. The values of α and β were taken as 3 s−1 and 0 s, respectively, in the initial
design stage of the plate. The genetic algorithm and the optimization procedure were
programmed with the MATLAB software. In order to design the plate efficiently, the
genetic algorithm, the design parameters (the 4 control points Qi of the Bézier curve), and
the geometry constraints were written in a script file in MATLAB. The input file for the
ANSYS harmonic analysis to obtain the modal frequencies and the vibration amplitudes
was created by the MATLAB file. The output of the ANSYS harmonic simulation was used
to evaluate the objective functions for the optimization process.

3. Analyses
3.1. Finite Element Model

Figure 5 shows a typical mesh for a three-dimensional finite element model of a Bézier
plate. A Cartesian coordinate system is also shown in the figure. The finite element model
had 204 20-node elements. A mesh convergence study was performed to obtain accurate
solutions. The displacements in the x, y, and z directions of the nodes on the back edge
of the plate, indicated in Figure 5, were constrained. The magnet was modeled as a mass
element. The mass element was located at a node on the front edge (the longer base edge)
of the plate, as indicated in the figure. The 20-node quadratic element, Solid186, and the
structural mass element. Mass21, were used for the plate and the magnet, respectively, in
the finite element model. In this investigation, the material of the plate was assumed to be
linear elastic. A mild steel (SS 41) was used for the plate material. The Young’s modulus,
Poisson’s ratio, and density of the plate were taken as 210 GPa, 0.3, and 7800 kg m−3,
respectively. The magnet had a mass of 1.4 g.
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3.2. Numerical Analysis

In the optimization process, the number of generations, N, was set to be 50, and the
population of each generation was taken as 100. The height H, the base lengths A and
B, and the thickness T were specified as 3 cm, 1 cm, 6 cm, and 0.08 cm, respectively. The
deformed shapes of the first and second vibration modes of the model for the case of
S = 1.6 are shown in Figure 6a,b, respectively. The modal frequencies of 310 Hz and 500 Hz,
respectively, were responsive when the plate was subjected to external vibrations. Modal
analyses of the Bézier plate were carried out to find the first and second modal frequencies
in the range of 100–1000 Hz for the low-frequency vibration energy harvesting.
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Figure 6. Deformed shapes of (a) the bending mode and (b) the twisting mode determined by finite
element analyses.

Figure 7a,c shows the normalized frequency-response function of the optimized design
of the Bézier plate with the specified S = 1.6 and 2.0, respectively. The modal frequencies of
the first and second modes were 310 Hz and 500 Hz, respectively, for S = 1.6; and 264 Hz
and 528 Hz, respectively, for S = 2.0. The vibration amplitudes were normalized by that
of the first mode. The results showed that the plate possessed two resonance frequencies
well below 1000 Hz. The ratios of U1/U2, 9.29 and 9.24, for S = 1.6 and 2.0, respectively,
were high due to the deliberately selected value of the damping constant α of 3 s−1 during
the design stage of the plate. A lower value of α was expected through calibration with
experimental results. Figure 7b,d show the profiles of the optimized Bézier plate with the
specified S = 1.6 and 2.0, respectively. The positions of its control points are also shown in
the figure. Table 1 lists the coordinates of the four control points Q0, Q1, Q2, and Q3 for the
cases considered in this investigation.

Table 1. Coordinates of the four control points (Q0, Q1, Q2 and Q3) for various values of the specified S.

S f2/f1 U1/U2 Q0(cm) Q1(cm) Q2(cm) Q3(cm)

1.2 1.21 1.30 (0, 0.5) (1.37, 6.00) (2.66, 5.96) (3, 3)
1.6 1.61 9.29 (0, 0.5) (0.56, 2.65) (2.70, 3.00) (3, 3)
2.0 2.00 9.24 (0, 0.5) (2.79, 1.72) (1.35, 0.51) (3, 3)
2.6 2.58 13.39 (0, 0.5) (2.85, 3.70) (3.00, 0.75) (3, 3)
3.0 3.00 20.98 (0, 0.5) (2.91, 1.36) (3.00, 1.46) (3, 3)

For plates under external vibration, high stress may occur near the corner of their
edges. Stress concentration of a plate may be significantly less than that of the trapezoidal
plate reported by Arafa [25] for energy harvesting. The maximum von Mises stresses of
the optimized Bézier plate with a frequency ratio of 1.61 were 854 MPa and 120 MPa for
mode 1 and mode 2, respectively. The values of these maximum von Mises stresses were
much lower than those of the trapezoidal plate (3111 MPa and 562 MPa, respectively). For
fair comparison, the trapezoidal plate had the same base lengths, A = 1 cm and B = 6 cm;
thickness, T = 0.08 cm; and height, H = 3 cm, as those of the Bézier plate. The lower von
Mises stress of the Bézier plate could be attributed to its smooth profile. The high stress
concentration at the geometric discontinuity of the trapezoidal plate made it prone to
failure. Table 2 lists a comparison of the Bézier-profiled plate with the trapezoidal plate.
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With the same geometric parameters of A, B, T, and H, the U1/U2 ratio of the trapezoidal
plate was lower than that of the Bézier-profiled plate. The f2/ f1 ratio of the proposed
design was lower than that of a trapezoidal design with the same geometric parameters.
The f2/ f1 ratio was a measure of the closeness of the first modal frequency to the second
modal frequency. Lower values of the f2/ f1 ratio could be achieved by the Bézier plate.
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Table 2. Comparison of the Bézier-profiled plate with the trapezoidal plate.

U1/U2 f2/f1 Mode Modal Frequency Maximum Stress

This study 9.29 1.58 1 313 Hz 854 MPa

2 496 Hz 120 MPa

Arafa [25] 8.28 1.80 1 288 Hz 3111 MPa

2 517 Hz 562 MPa

The proposed Bézier plate was particularly effective in terms of the design flexibility
of the frequency ratio for the fixed base lengths, thickness, and height. Figure 8a,c show
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the normalized frequency response functions of the optimized design of the Bézier plate
with a specified frequency ratio S of 2.6 and 3.0, respectively. These plates had the same
base lengths A and B, the same thickness T, and the same height H as those of the Bézier
plate with the specified frequency ratio S of 1.6 and 2.0. Figure 8b,d show the profiles
of the optimized Bézier plate with the specified S = 2.6 and 3.0, respectively. For the
cases in which the first two modal frequencies were commensurate, a nonlinear energy
transfer between these modes could be activated [39]. A broadening in the bandwidth of
frequencies containing large-amplitude vibrations could be realized. With the flexibility
of the parametric curve, the Bézier plate could be tailored to the desired frequency ratios
between the first two vibration modes in the interested frequency range.
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Figure 9 shows the distribution of the population of several generations in the opti-
mization process for the case of S = 2.6. The abscissa represents the objective function
| f2/ f1 − 2.6|. The ordinate represents the objective function |U1/U2 − 1|. Values of the
objective | f2/ f1 − 2.6| of some populations in the 50th generation were decreased dramati-
cally at the expense of the slightly larger values of the objective |U1/U2 − 1|. The second
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modal frequency f2 was equal to 2.58 f1, of the best of the population in the 50th generation,
and is marked in the figure.
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4. Experiments and Discussions

In order to verify the effectiveness of the proposed device, prototypes of the Bézier
plate were fabricated by numerical-control machining of a stainless-steel (SS 41) plate.
Dimensions of the prototypes were based on the optimized design of the plate with
a frequency ratio of 1.61. Figure 10a is a schematic of the experimental apparatus for
measurement of the displacement/vibration of the plate when subjected to base excitation
provided by an electrodynamic shaker (VS-5V, Vibration Source Technology Co., Ltd.,
New Taipei City, Taiwan). The plate was mounted on a fixture with screws. A permanent
magnet with a mass of 1.4 g, a diameter of 2 mm, and a thickness of 1 mm was attached to
a corner of the front edge of the plate. The oscillating displacement of the magnet and the
plate was measured by a laser displacement sensor (LK-G5001, KEYENCE Corporation,
Osaka, Japan). The LK-H020 laser head was held by a micromanipulator. The measurement
was recorded and analyzed with KEYENCE software (LK-Navigator2). Figure 10b shows
a photo of the experimental setup. The voltage induced by the coil was recorded and
analyzed with a data-acquisition unit (NI-9234, National Instruments Co., Austin, TX,
USA). The acceleration of the shaker was measured with an accelerometer (352A24, PCB
Piezotronics, Buffalo, NY, USA) glued to the top surface of the shaker. The accelerometer
was connected to a sensor signal conditioner (480E09, PCB Piezotronics, Buffalo, NY, USA).

Figure 11 shows the measured vibration amplitude of the magnet fixed on the Bézier
plate as a function of the excitation frequencies in the range of 100 Hz to 700 Hz. The
frequency response of the vibration amplitude based on the finite element analyses with
Rayleigh damping is also plotted in Figure 11. The experimental first and second modal
frequencies of the plate were 313 Hz and 496 Hz, respectively. The experimental modal
frequencies were in a good agreement with those predicted by the analyses, 310 Hz and 500
Hz for mode 1 and mode 2, respectively, with damping of α = 3 s−1 and β = 0. It appeared
that the simulated vibration amplitudes at the modal frequencies were much smaller than
the experimental results. The value of α for the Rayleigh damping was decreased to fit the
simulated vibration amplitudes at the modal frequencies of the experiments. The fitted
frequency response curve with α = 0.5 s−1 and β = 0 is also shown in the figure. The simu-
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lated first and second modal frequencies of the plate were 309 Hz and 500 Hz, respectively,
for the case with α = 0.5 s−1 and β = 0. The experimental vibration amplitudes at the first
and second modal frequencies were overestimated and underestimated, respectively, by
the model with α = 0.5 s−1 and β = 0. The design based on these damping ratios could be
conservative to meet the design objective of Min |U1/U2 − 1|. Usually, the amplitude of U1
is much larger than that of U2 due to the effects of damping. The error between the modal
frequency predictions with and without damping was less than 0.3% for the design cases
considered in this investigation.
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of 1.61.

The small discrepancy between the experimental and simulated modal frequencies
could be attributed to the manufacturing error and the misalignment of the plate with the
fixture in the experimental setup. The experimental frequency ratio of 1.61 was very close
to the specified ratio of 1.60. The measured open-circuit voltage induced by the coil is
shown in Figure 12. The ordinate represents the output voltage per base acceleration, and
the abscissa represents the frequency of the base excitation. The output voltage had peaks
at 314 Hz and 494 Hz, which were very close to the first and second modal frequencies,
313 Hz and 496 Hz, respectively, based on the experiments. The experimental results of the
voltage output served the purpose to demonstrate the potential of the device for energy
harvesting. The model for prediction of the voltage output of the device was not developed.
In this investigation, the emphasis was on the design of the plate profiles for closely spaced
modal frequencies. Figure 13 shows the frequency-response function of the output power.
The two peaks of 251.3 µW and 6.0 µW per acceleration occurred at 314 Hz and 494 Hz,
respectively. The output power at the second mode was extremely low compared to that
of the first mode. This was due to the relatively high frequency ratio f2/ f1 of 1.61. For
practical applications, higher power output at the second mode can be expected for designs
with lower frequency ratios.

With the flexibility of the controllable parametric curve, a cubic Bézier curve, a high
design freedom of the energy harvester with specified frequency ratios could be achieved
without resorting to blanking out material from the device, as reported by Arafa [25] for
a trapezoidal plate. In order to demonstrate the effectiveness of the proposed device for
closely spaced modal frequencies, a ratio of S = 1.2 was selected for design, with a height
H = 3 cm, base lengths A = 1 cm and B = 6 cm, and a thickness T = 0.08 cm. The lower
and higher boundary of the design space for points Q1 and Q2 to move were taken as A/4
and B, respectively, as shown in Figure 3. Rayleigh damping with the damping constants
α = 0.5 s−1 and β = 0 was considered in the finite element model during the optimization
process. Figure 14a shows the frequency-response function of the optimized solution. The
vibration amplitudes were normalized by that of the first mode. Figure 14b shows the
profile of the Bézier plate based on the optimized design. The modal frequencies of the
first and second modes were 251 Hz and 305 Hz, respectively. The vibration amplitude
ratio of U1/U2 was 1.30, based on the optimized solution with f2/ f1 = 1.21. Compared
to the frequency-response function for the case with S = 1.6, α = 0.5 s−1, and β = 0 shown
in Figure 11, the vibration amplitude ratio, 1.3, in this case was much lower. With a more
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realistic damping ratio α = 0.5 s−1, the effectiveness of the Bézier plate could be assessed
by the comparable vibration amplitudes at the first two modal frequencies. This result
indicated that the power-output ratio between the first mode and the second mode for
the case with the specified S = 1.2 could be lower than that with the specified S = 1.6. The
results indicated that the plate profiled with the cubic Bézier curve may have potential
applications in closely spaced multimodal vibration energy harvesting.
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Figure 14. Normalized frequency response function for S = 1.2 (a), and the profile of an optimized Bézier plate for S = 1.2 (b).

In order to understand the effects of the geometric parameters of the device for the
frequency ratio f2/ f1 and the vibration amplitude ratio U1/U2, a parametric study was
carried out based on the optimized case, as shown in Figure 14. First, various cases with
different lengths of the longer edge B were considered. Figure 15 shows the profiles of
these cases. Figure 16a shows the values of f2/ f1 and U1/U2 as functions of B; f2/ f1 and
U1/U2 increased as B increased for the values of B ranging from 2 cm to 10 cm. Figure 16b
shows f2/ f1 and U1/U2 as functions of the thickness T with a profile the same as that of
the optimized case in Figure 14b; f2/ f1 and U1/U2 decreased as T increased from 0.04 cm
to 0.14 cm. As the plate with the geometric parameters was perturbed by an optimized
solution, a range of solutions with various f2/ f1 and U1/U2 values can be found to fulfill
the design requirements without resorting to the optimization design procedure if an
optimized solution is not required.
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For broadband performance of multiresonance harvesters, closely spaced resonant
frequencies and a relatively large vibration amplitude in each mode are required [40].
However, the present design exhibited narrow-band harvestable vibration modes. As
Xie et al. pointed out in [41], through design optimization, the spectral spacing between
these modes can be minimized to provide an effective, multimodal device that operates
across a desired frequency band. Frequency ratios and vibration amplitude ratios were
used as two design objectives to screen the Bézier plates. This investigation focused on
the Bézier-profiled plates with acceptable vibration amplitudes in the first and second
modes. The obtained designs can be viewed as near-optimal for the specified frequency
ratios and comparable vibration amplitudes. This approach provides design candidates
for further screening of all possible configurations of the plates for optimal power output.
The present design used electromagnetic-induction means to convert vibration energy
into electrical energy. High current and low voltage output are generally expected for an
electromagnetic energy harvester. The Bézier-profiled plate can be applied in piezoelectric
energy harvesting by attaching piezoelectric strips near the fixed end of the plate to generate
high-voltage power output.
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5. Conclusions

A plate with a Bézier profile for design of closely spaced multimodal vibration energy
harvesting was proposed. The vibration energy was converted to electrical energy through
electromagnetic induction. A design procedure using a multiobjective optimization al-
gorithm and finite element analyses was developed to optimize the frequency ratio of
the first modal frequency to the second modal frequency of the plate, and the vibration
amplitude ratio at the modal frequencies. This procedure could be used to design the
plate with different frequency ratios for various dimensional requirements. Prototypes
of the device were fabricated and tested to verify the effectiveness of the proposed plate.
The experimental results were in good agreement with the design specifications. With the
same base lengths, height, and thickness, the maximum von Mises stress of the proposed
plate was much lower than that of the trapezoidal plate proposed for energy harvest-
ing. The experimental results showed that the proposed design was particularly effective
for closely spaced multimodal energy harvesting. With the flexibility of the parametric
curve, the Bézier plate could be designed with two closely spaced vibration modes in the
low-frequency range to harvest the ambient vibration energy.
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