energies

Article

Selected Mathematical Models Describing Flow in

Gas Pipelines

Andrzej J. Osiadacz '* and Marta Gburzyriska 2

check for
updates

Citation: Osiadacz, A.J.; Gburzynska,
M. Selected Mathematical Models
Describing Flow in Gas Pipelines.
Energies 2022, 15, 478. https://
doi.org/10.3390/en15020478

Academic Editor: Dameng Liu

Received: 5 November 2021
Accepted: 7 January 2022
Published: 10 January 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Building Installations, Hydrotechnics and Environmental Engineering, Warsaw University of
Technology, 20, Nowowiejska Street, 00-653 Warsaw, Poland

“I. Moscicki” State Vocational College in Ciechandéw, 9 Gabriela Narutowicza Street,

06-400 Ciechanéw, Poland; gburzynska.marta@puzim.edu.pl

*  Correspondence: andrzej.osiadacz@pw.edu.pl; Tel.: +48-607-666-608

Abstract: The main aim of simulation programs is to study the behavior of gas pipe networks in
certain conditions. Solving a specified set of differential equations describing transient (unsteady)
flow in a gas pipeline for the adopted parameters of load and supply will help us find out the value
of pressure or flow rate at selected points or along selected sections of the network. Transient gas
flow may be described by a set of simple or partial differential equations classified as hyperbolic or
parabolic. Derivation of the mathematical model of transient gas flow involves certain simplifications,
of which one-dimensional flow is most important. It is very important to determine the conditions of
pipeline/transmission network operation in which the hyperbolic model and the parabolic model,
respectively, should be used. Parabolic models can be solved numerically in a much simpler way
and can be used to design simulation programs which allow us to calculate the network of any
structure and any number of non-pipe elements. In some conditions, however, they describe the
changes occurring in the network less accurately than hyperbolic models do. The need for analysis,
control, and optimization of gas flows in high-pressure gas pipelines with complex structure increases
significantly. Very often, the time allowed for analysis and making operational decisions is limited.
Therefore, efficient models of unsteady gas flows and high-speed algorithms are essential.

Keywords: mathematical modeling; lumped models; gas networks simulation

1. Introduction

Nowadays, gas transmission networks require computer calculation programs to
operate reliably or to be extended. Reliable operation of gas networks is based first and
foremost on supplying gas in accordance with the provisions of gas supply contracts made
with gas users, and on minimizing broadly understood operating costs. On the other hand,
proper network expansion depends on the choice of a variant which will meet the adopted
criterion of operating and construction costs.

Therefore, the services responsible for gas transmission should use the software based
on mathematical models of network elements as a basic work tool.

A mathematical model is a set of equations which represent the real system in a
certain way and with a specified degree of accuracy. Naturally, a mathematical model is a
simplification of the real system as it includes only these aspects of the system which meet
the requirements set for the model.

The models can be classified according to the criteria adopted by those who designed
them. If a system involves variables which are changing continuously in time, then dynamic
models described by ordinary differential equations should be used. If the variables are not
a function of time, static models described by algebraic equations should be applied. The
choice of a model depends on the situation. For instance, in a low-pressure gas network,
changes of pressure and flow rate are very fast. They are omitted in most of the cases under
consideration, hence the application of steady-state models, i.e., algebraic equations. In
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the case of high-pressure networks, the dynamics of the gas flow rate are much slower due
to large volumes of gas stored in the pipelines. Its omission would lead to major errors in
the description of this phenomenon. Therefore, it is necessary to use mathematical models
such as differential equations.

The main aim of simulation programs is to study the behavior of gas networks in
specified conditions. Solutions to a set of algebraic or differential equations describing the
gas for the adopted parameters of gas network load and supply will give us the value of
pressure or flow rates at the selected points or along the selected sections of the network.
Thanks to simulation algorithms, the cost of measurement equipment for the gas networks
can be substantially diminished, and—assuming the models are correct—complete and
accurate information about the system can be obtained.

Unsteady gas flow may be described by a set of ordinary or partial differential equa-
tions classified as hyperbolic or parabolic. The mathematical model of unsteady gas flow
involves certain simplifications, of which one-dimensional flow is most important. It is
reasonable to assume one-dimensional gas flow if the length of the pipeline is several times
greater than its diameter, and the pace of change of such parameters as pressure, density,
temperature, or speed in the direction normal to the streamline is negligible compared to
the pace of change of the parameters along the streamline. This means that the gas flow
parameters at any cross-section of the pipeline are treated as constant and the flow—as
homogenous. In addition, it is assumed that the radius of curvature of the pipeline is
long when compared to its diameter, the cross-section of the pipeline is constant (at fixed
intervals), the pipeline is rigid (it does not deform under internal pressure in the pipeline),
and the shape of speed and temperature profiles (in the case of nonisothermal flow) are ap-
proximately constant along the pipeline. In the case of isothermal flow, for the simulation of
unsteady state in the gas pipeline, both parabolic and hyperbolic/quasi-hyperbolic models
are used. Basic information about the models used for the description of the unsteady state
in the pipeline can be found in [1-3].

There are numerous publications on the problems of simulation or optimization of gas
networks, in which the authors use different models describing the unsteady gas flow in
the pipeline, that do not always explain why a given model was chosen.

In [4], where the aim of the test was to find an effective numerical simulation method
for unsteady gas flow in horizontal pipelines, it was assumed that the mathematical model
used for the simulation should be an isothermal-hyperbolic model. In [5], the derived
model of unsteady state for a nonplanar gas pipeline—represented in the form of equations
of state—was based on a set of hyperbolic equations. In [6], the hyperbolic model, which
was used in the gas network control algorithm, was proposed to describe the dynamics of
the pipeline. In [7], the efficiency of the solution of a linearized hyperbolic equation describ-
ing unsteady gas flow in terms of basic variables and of the effectiveness of the linearization
method was tested. In [8], simulation of an unsteady state gas network was discussed,
using the hyperbolic model and taking into account the compressors characteristics.

Application of a decomposition method in [9], on the basis of a hyperbolic model,
helped us develop a very effective algorithm of simulation of a gas network of any structure.
Hyperbolic models were also used in [10-12]. A comparative analysis of the three gas
pipeline models which describe unsteady gas flow was carried out in [13]. Hyperbolic and
parabolic models, as well as a model described by means of a transfer function, were tested.
Verification was carried out along a straight pipeline section. A comparative analysis of
a hyperbolic and parabolic model for a specific case was performed in [14]. On the other
hand, in [15], the developed simulators based on a nonlinear and linearized parabolic—-
isothermal model were discussed. The tests showed that the linearized model is much
faster than the nonlinear model; however, the differences between the obtained results
are rather insignificant. In [16], a mathematical model and its numerical implementation
to the simulations of complex gas networks in unsteady state was presented, including a
mathematical formula, experimental validation, and application in relevant case studies
for the Portuguese natural gas transmission network. Parabolic models were used in [17]
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to assess the effect produced by the pipeline slope on simulation results. A simplified
nonlinear parabolic model was used in [18] to develop an algorithm of natural gas trans-
mission system control as a tool to assist the network operator. In [19], we discussed a
package for simulation of gas networks in unsteady state, using a parabolic-linearized flow
model, used for simulation of a gas network in Great Britain. The parabolic model was also
applied in [20], where a numerical analysis was carried out and the structure of a package
for high-pressure gas network simulation was discussed.

Another very important problem is to define the gas pipeline/transmission system
operating conditions for which the hyperbolic model should be used and those for which
the parabolic model should be applied. As we know, due to its structure, the hyperbolic
model describes the quickly changing gas parameters triggered by the abrupt changes
of boundary conditions more accurately. This means that there is a certain boundary
frequency of changes of boundary conditions above which it is recommended to use the
hyperbolic model due to the accuracy of description. It should be also remembered that the
gas pipeline reaction to the disturbance depends not only on the quality of disturbance but
also on the gas pipeline accumulation capacity or on the average pressure in the pipeline.
It is very important to formulate clear criteria for the choice of models to meet the gas
pipeline operating conditions. As it is easier to solve a parabolic model numerically, there
are many numerical algorithms which are effective in terms of calculation. Last, but not
least, it is much easier to formulate a simulation algorithm for a network of any structure,
containing non-pipe elements of different operating variants.

Although they are much easier to be solved numerically and to be used to design
simulation programs calculating networks of any structure and any number of non-pipe
elements, in certain situations, parabolic models less accurately describe the changes
occurring in the pipeline compared to hyperbolic models. The latter, on the other hand,
are more demanding in terms of calculation and more difficult to use to create an effective
simulator of a network of any structure.

Simplified lumped models of unsteady gas flow have emerged as a tool to speed
up computations over partial differential equations (PDE) models. In simplified models,
pressure and mass flow values are analyzed only at the ends of the pipe segments. For
many tasks of analysis, optimization of gas flows, and their control, this is accurate enough.
Such models for a gas pipeline can be described by linear or nonlinear ordinary differential
equations or transfer functions [13,21-26].

In this article, a comparative analysis of simplified parabolic and hyperbolic models
described by transfer functions is carried out for different boundary conditions and different
states of the pipeline, based on the frequency analysis and time response.

At the same time, using the state-space method, the calculation results of the hyperbolic
and parabolic models are compared.

The paper is structured as follows: Section 1 provides basic information concerning
transient simulation of gas networks and a brief literature review. A mathematical model of
transient gas flow is explained in Section 2. In Section 3, examples of simplified models of
unsteady gas flow are characterized. The simplified lumped model is described in detail in
Section 4, while in Section 5, the frequency response analysis for hyperbolic and parabolic
models is characterized. Section 6 contains time response analysis for both simplified
models. The results of simulation using the state-space method are discussed in Section 7.
The last section presents the conclusions of this paper.

2. Mathematical Model of Transient Gas Flow
The following equations are used to create a mathematical model of isothermal tran-
sient (unsteady) gas flow in the pipeline [3]:

Continuity equation.
Equation of motion.
Equation of state.
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(@) Continuity equation

The continuity equation is a principle of mass conservation with reference to the
phenomenon of liquid flow. Mass, which is a measure of quantity of matter, cannot arise
or disappear; therefore, a change of mass in control volume may be caused only by a
difference between inflow to, and outflow from, the volume. Equation (1) represents a law
of mass conservation in a differential form:

dp _ 9(pw)

ot ox

)

P—gas density (kg/m?)
w—speed of gas stream (m/s)

When both sides of the equation are multiplied by cross-sectional area A, taking into
account that M = p-w-A, where; M—mass flow [kg/s], the following result is obtained:

dpA) oM
ot  ox

()

(b) Equation of motion

According to the equation of motion (Newton’s second law of motion), the algebraic
sum of forces acting on a fluid element of certain mass at a certain moment equals the
change of momentum of that element at that moment.

d(Mw) _

=R ©
The left-hand side of Equation (3) may be expressed as follows:
dMw) oMw)  o(Mww) 0 0 5
T w T o - m AW+ 5 (paw?)-dx @)

In the case of gas transmission in a pipeline, there are three components of the force
acting on the gas element:

Aw? 9
Y Fo=F +Fy+F; = gpA-dx-sina+ [ —pomAdx | + [ —LA J-dx  (5)
2D ox
Fi—force exerted by the weight of gas located inside the control surface (kgm/s?).
F,—force exerted by hydraulic resistance (kgm/s?).
F3—force exerted by gas pressure (kgm/s?).

Where:

a—angle of inclination of pipeline axis to the horizontal.
A—hydraulic resistance coefficient.

The following formula is obtained after transformations:

op  Apw?
9p + pw
ox 2D

2 ow)+ 2 (ow?) +

5 I —pgAsina =0 (6)

Equation (6) is a general form of Newton’s dynamic equation of motion for one-
dimensional isothermal gas flow.

In the above continuity equations and in the equations of motion, there are three
variables, i.e., pressure, density, and flow, which are functions of time and of a spatial
variable. It will be possible to determine their values when we add an additional equation,
i.e., equation of state.
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(c) Equation of state

Equation of state describes mutual relations between the parameters of gas state
(pressure, density, and temperature):

P
L =2zRT 7
o @)

where

R—universal gas constant (J/kgK).

z—coefficient of compressibility, which depends on the critical values of temperature and
pressure and their real values.

T—gas temperature (K).

In isothermal transformation (T = const), relationship between gas and density has
the following form:

P 2

~=c 8

0 (8)
where

c—speed of sound in gas (m/s).
p—gas pressure (Pa).

When Equation (8) is substituted into Equation (1), the following formula is obtained:

oM A ap_
x T2 0 ©)

3. Examples of Simplified Models of Unsteady Gas Flow

A detailed mathematical model [3] of unsteady isothermal gas flow in the pipeline has

the fOllO W ll’lg fOI'm:

or, after transformation:

éai_;’_aiM _0
a(pw) S F 1 1\?[ A_MM g (11)
c e () e

2DA? P

Assuming that we deal with a flat pipeline, and changes of the gas flow rate are slow,
the equation of motion can be simplified as follows:

dp ., A MM _

ox  2DAZ p

(12)

In the case of quick changes of the gas flow rate caused by, e.g., significant changes
in the gas pipeline load or by sudden changes in gas supply, the equation of motion must
include the inertial component. Then, the following equation is obtained:

o9, A MM

X &(P) DAZ p (13)

After integrating Equation (12) with continuity Equation (9), a model of unsteady
isothermal gas flow described by a set of two partial differential equations of parabolic

type is obtained:
Ad | M _

p A MM _
3X+2DA2 p =0
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MM

On the other hand, the equation of motion, Equation (12), in combination with conti-
nuity Equation (9), forms the following set of two quasi-linear partial differential equations

of hyperbolic type:
Ad | M _
{ o 2875 700 a5
w A
gt +7§+2DA2 p =0

3 MM
where terms (S;N) e, 8 MM haracterize gas inertia and flow resistance.

Both the parabolic model, Equation (14), and hyperbolic models, Equations (11) and (15),
are nonlinear. In practice, to simplify mathematical description, they are linearized in order
to formulate an approximate linear description of the phenomenon, which is important in
the area of the chosen point of work on static characteristics (this point usually corresponds
to the nominal and average system operating conditions). Study of linear systems is carried
out for two reasons. Firstly, many systems maintain their linearity in useful working ranges.
Secondly, precise mathematical analysis of linear systems is much simpler than a more
general analysis. Let us observe the behavior of model variables around steady state, i.e., let
us analyze variable deviations from their values in steady state. As the model variables are
x and t functions, their deviation from the values in steady state are also x and t functions,
according to the following equation:

u(x, t) = us + Au(x, t) (16)

These deviations are called incremental variables and are denoted as Au(x, t), while
us denotes the value of steady state. It is assumed that incremental variables meet the

condition | &%

Values of mcremental variables should be small enough for the terms of equation
including these values to be omitted, i.e.,

Jou d oAu oAu
us- = (us + Au)— I (us + Au) = Us— — + AuW (17)
which means that the last term in Equation (17) can be omitted as insignificant.
Using Equation (17), let us present values of pressure p(x, t) and of mass flow M(x, t)

in the pipeline, in the following form:

pxt) = ps(x) +Ap(xt) (18)
M(x,t) = Mg+ AM(x, t) (19)

where Ap(x, t) and AM(x, t) denote minor deviations from steady state of pressure p,(x)and
flow M, respectively.

The nonlinear terms in Equation (11) are linearized by expanding the equation into
the Taylor series around the point of steady state with M;, ps coordinates. In result of
linearization, the following was obtained:

p

_ |MS|MS{1+ [ZAM Ap}

Ps

AM\? _ AMAp < Ap ) 3 3
+ +0-(AM?, A 20
( M, ) M, o5\ ps ( ) (20)
Substituting the values of density and speed ( ps(x), ws(x)) with average values along
lengths (ps, ws), after transformation, we have

Mg Ps

laAM aAip_LMsMs aAp 2 Ms 9AM A IMs|Ms A Mg
A + AZ p2c2 + ox  DA?Z p22 Ap + DAZ Ps AM (21)

=0

Finally, the equation of motion has the following form:

p 1 MM, 9p _ 1AM _ 2 Mi3AM | A [Ms|Ms A_IMs| Ang (22)

ox A2 p22 ox Aot AZ ps Ox DAZ p22 " DA? ps
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Equations (4) and (21), for minor deviations with insignificant terms removed, can be
presented as the following set of equations:

dAp  IAM

/7 =

C=r+ = =0 (23)
dAp  ,0AM  _,0Ap JOAM

o TS~ T~ Pap L S A RAM =0 (24)

where

= C%—capaci’cive reactance per unit of length.

L' = L —inductance per unit of length.
T = 1 MsMg
T AT pZ2

—constant of the convective term depending on pressure per unit of length.

R = ﬁ % —constant of the hydraulic resistance term depending on flow per unit
of ﬁngtﬁ.
/ A |MS‘MS . . .
= DAl i —constant of the hydraulic resistance term depending on pressure per
unit of length.
S = é I\;—: —constant of the convective term depending on flow per unit of length.

Equations (23) and (24) are partial linear differential equations of constant coefficients.

4. Simplified Lumped Models

The transfer function is a compact description of the input-output relation linear
time-invariant dynamical system. Transfer functions appear as relevant mathematical
tools because they are usually easy for modification and easy for solution. They need only
dynamics input-output data to represent even complex systems. They can be applied
to different systems; however, they are most often employed to estimate the response of
dynamical systems and analysis of control systems. Mathematically, the transfer function
is a function of complex variables. Using the Laplace transform, a set of partial differential
equations is approximated by a set of ordinary differential equations. The following set of

equation is obtained:
0AM

p— ! .
5 = C's-Ap(s) (25)
3 e / L's— R
T — O ap(s) - (i ame) 26
where
e=

Equations (25) and (26) can be formulated as follows:

aaATp _ [ Y1 Y2 }{ Ap(s) } (27)
agTM -vs 0 AM(s)
where
Y1 = g 1C_,”fj_P,/ Y2 = Ll’_s—T,R’/ Y3 = C’s
Y1 =% + s
Yo =93 +Ns
Y3 = V58
9 = %?\ l\lgvcsz\wb
192 — ZVCvZ&l
93 = “px*
9y =%
95 = &
= 3v1

B =1vviZ+4vyvs
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or in the form of the following equation:

dy
==

o B ST e

Equation (28) for e > 0, with initial condition y(e) = y(eo) is solved as follows:

A-y(e) (28)

where

>

y(e) = e A(E20) y(gg) (29)

To determine e A(¢—<0), Sylwester interpolation formula [27] was used; in the case of

exponential function, i.e., f(A) = e A(e=¢0) it has the following form:

" e LN~ A)

e Ale—c0) — ; e ., O ) (30)
where
I—identity matrix.
Calculating eigenvalues A; of matrix A , we obtain
‘ LN O R L Y1A —Y2V3 31)
—vs  —A
M2 =a=£p,
where
m=at b= (vt ) = e b= 5 (vi - i s )
however,

1 1
X =Y p= E\/Vlz +4v7Y3.

Therefore, e Ae—€0) = ghi(e—¢0) (M) 4 eMa(e—e0) (’)‘\111_—}\?) , and after transformations,

A Al
o Ale—eq) _ gx(e—co) [ %sinh[&(yi—. €g) +coshp(e — o) . —%sinhﬁ(s - €9) - B (32)
wsinhp (e — o) —gsinhB(e — &) + coshp (e — o)
Taking into account Equation (32), Equation (29) has the following form:
y(e) = By(eo) (33)

Next, we take into account boundary conditions. For x = 0 (¢g) we have pressure at
the beginning of the gas pipeline: Ap(0,s) = Ap, (s) and flow at the beginning of the gas
pipeline: AM(0,s) = AM; (s), i.e.,

y(eo) | pE1) | G4

and for x= ; pressure at the end of the gas pipeline: Ap(l,s) = Ap,(s) and flow at the end
of the gas pipeline: AM(L,s) = AM;(s), i.e.,

vo=| abie) | 9
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Taking into account Equations (32), (34), and (35), after transformations, Equation (33)
has the following form:

[ Ap,(s) } o« coshp + %sinhﬁ —Zwsinhp . { Ap, (s) } 36)
AMy(s) |~ ¢ | A (1 - g%)sinh(s coshBl— &sinhp || AM(s)
or:
Ap,(s) 1 _of cos hp — %sin hp Zwsinhp [ 4py(s) } )
[ AM; (s) ] o i (1 — g—i)sinhﬁ coshp + gsinhp [ AM;(s)

where Z,, = % - (llzl_JrTs/l)df3 .

The following relations result from a set of Equations (36) and (37):

Ap,(s) =e* (coshﬁ + gsinhﬁ) Ap;(s) +e*(—=Zysinhp)AM; (s) (38)
1 o? x
AM;(s) = e* (_Z <1 - Bz)sinh[ﬁ) Ap;(s) +e* (coshﬁ - Bsinhﬁ) AM;(s)  (39)
Ap,(s) =e™® (coSh[S - gsinh[5> Ap,(s) + e~ *(ZwsinhB)AM;(s) (40)
of 1 o2 . C x .
AM;(s) =e % 7 1- 3 sinhp |Ap,(s) +e % coshp + gsmh[?) AM;(s) (41)
After transformations of Equations (38)—(41), the following is obtained:
1 Zy, sinhfl
— % _
Apy(s) =e coshp — % sinh[SAp1 (s) coshp — % sinhf Ma(s) (42)
and
AM _ i(l — 0(2/[52>Sinh[5 A ) L 1 AM ( ) @)
1(s) = coshf — §-sinhp pi(s) e coshp — & sinhp 248
In their transfer function, Equations (42) and (43) have the following form:
Ap,(s) = Hi(s) Apy(s) + Ha(s) AMy(s) (44)
AM; (s) = Hz(s) AMz(s) + Ha(s) Ap;(s) (45)
where Aps ()
_ Apy(s) eX
Hils) = Ap,(s)  coshp — #sinhp (462)
AM;(s) 7 (1-o?/B?)sinhp
Hj(s) = = = (46b)
Ap;(s) coshp — -sinhp
assuming that AMj(s) = 0, and
_ Apy(s) B Zwsinhp
Ha(s) = AM(s)  coshp — %sinh[ﬁ' (46c)
Hy(s) = SM(S) _ e (46d)
57T AM,(s) — coshp — #sinhp

assuming that Ap,(s) = 0.
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5. Frequency Response Analysis

The steady-state response of a system to a purely sinusoidal input is defined as the
frequency response of a system. Frequency response of the system is defined as the response
of the system when standard sinusoidal signals are applied to it with constant amplitude
over a range of frequencies. The frequency response analysis of a model is used to determine
the model gain and phase angle at different frequencies. In order to obtain frequency
characteristics of the analyzed models, analytical versions of the transfer function should
be transformed into their operator forms. In order to do so, expression cosh — 3 -sinhf3
is transformed by expanding functions sinhf and cos hf3 into a power series:

sinhf = 3. {frry = B+ H(8)°+ () + A(BY +-

n=

Denominator of Hj (s) function can be formulated as follows:

B coshp — asinhfy == (1+21!(f5)2+

1
41

(8 + () +..) —a(B+ 5 (B + 5 (B + 7 (6) +..)

Finally, after transformations, the following formula is obtained:

Ky

H = 47
1(8) 1+ ajs+ aps? (47)
where
ki =e 9
51 =ai — %192
a) =ap + %1922 — %ﬁzal
Analogously, for Hy(s) function,
1
Hy(s) = ——=——=— (48)
1+a;s+aps?
where _
= a; +,
a, = ap +day .
For H;(s) function,
1+ bys + bps?
H =—-ky——"——= 49
2(s) 21+ ars + aps? 49
where
b L 9y 1090510 d0i2) 4 k00 (11 o)
L= T T4 01214 1o 014
by = {54 (39395 (1 + 25912) + $59291 (1 + 4591%)] + 7hpD2291% + $9495(1 + £;91%) + 73593959,
19.2(1 4 149 2y, 1
+392°(5 + 50%17)} T 5 9124+ 1+ 1905 014
k, = 6%8183 (1 + ﬁﬁlz +1-+ ﬁﬁfl)
For H3(s) function,
2
Hy(s) = €18 + €28 (50)

~ 14as+aps?
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Magnitude (dB)

where
c1 = e20195 (14 J9:2 + 1+ gyt + -+

Q= 8%311‘)5 (%193195 + 117{)2{)1> (1 + %812)

In each of the transmittances Equations (46)—(49), coefficient values depend on the
type of equation.
In the case of hyperbolic equation, it was assumed (see [1]) that

1 MM s |C
T = = 2 =05 = 24/ = =0
AZ p2c? 2\

which triggers a change of o and 3 (see Equation (27)) — o’ and B’.
In the case of parabolic equation, it was assumed (see [1]) that

2
T' =5 = 0and (w*)* = (w) =0
waG
which triggers a change of « and f3 (see Equation (27)) — «” and ”.

A Bode plot is a standard format for plotting frequency response of linear time-
invariant systems. Bode Plot deals with the frequency response of a system simultaneously
in terms of magnitude and phase. Such plots are useful among others for system identifica-
tion from the frequency response. Plotting the two lines, i.e., one for amplitude changes, the
other for phase shift, we can determine the change of the input signal frequency, amplitude,
and phase shift between the input and output signal in certain conditions.

In Figures 1-4, logarithmic amplitude and logarithmic phase characteristics of spectral
transmittances for the hyperbolic and parabolic models are presented.

Bode Diagram

Phase (deg)

Frequency (rad/s)

Figure 1. Length = 50 km, diameter = 0.7 m, mass flow = 60 kg/s, T € (0.5h;24 h).

The following are the Bode plots of transfer function Equation (47) for a pipeline with
D=0.7m,D=1.0m, and L = 50 km assuming different values of mass flow rate.

(a) For L =50 km, D = 0.7 m, and mass flow = 60 kg/s:

Hyperbolic model:

1.016

H =
1(5) = 135549852 1 169.86 1 1

(51)
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Parabolic model:

1.016
Hi(s) = 52
18) = 25077 + 169,865 1 1 (52)
Bode Diagram
50 : e -
g oF — — 4
3 T
E 501~ \VV\\‘\:‘\V\V = 7
-100 Ll L1 1 '\ﬁ;
Of——— T T T =
45 \\ 4
g N
E 90— i
135 N \;\\ ) V -
-180 = L NP . e— ]
104 10°3 102 107! 10°
Frequency (rad/s)
Figure 2. Length = 50 km, diameter = 0.7 m, mass flow = 120 kg/s, T € (0.5h;24 h).
(b) For L =50 km, D = 0.7 m, and mass flow = 120 kg/s:
Hyperbolic model:
1.08
Hi(s) = 53
18) = 350 3605 71 (53)
Parabolic model:
Hy (s) = 1.08 (54)
B 2341082 + 386.15 + 1
Bode Diagram
20 T LR | T R |
0 — = — a
g e
e 2 e i
é 40 ~_ i
s ~~_
60 i e -
80 ] | " . ] | A\\‘\T ~
o = — T T T ! T T m
e
s h \\ ) 4
g AN
z 90+ \ -
& \\
135~ N , .
-180 = . .| . | - PRSI mm—— |
10+ 107 102 107! 10°

Frequency (rad/s)
Figure 3. Length = 50 km, diameter = 1 m, mass flow = 120 kg/s, T € (0.5h;24 h).

(c) For L =50 km, D = 1.0 m, and mass flow = 120 kg/s:
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Magnitude (dB)

Phase (deg)

Hyperbolic model:
Hy (s) = 1.01 (55)
)7 109802 + 114.25 + 1
Parabolic model:
Hy (s) = 1.01 (56)
BT 204952 +114.25 + 1
‘BodevD‘Iagram
Frequer;cy (rad/s)
Figure 4. Length = 50 km, diameter = 1 m, mass flow =240 kg/s, T € (0.5h;24 h).
(d) For L =50 km, D = 1.0 m, and mass flow =240 kg/s:
Hyperbolic model:
1.048
H = 57
1(8) = 1556057 1 24735 £ 1 ©7)
Parabolic model: 1048
H = -
18) = S5 T 11425 71 (58)

The parabolic model is plotted in red, while the hyperbolic model—in blue.

The graphs show that for very low frequencies of the input signal, for both models,
practically no change in the amplitude is observed. The higher the frequency growth, the
more the input signal is suppressed. In the phase graphs, it can be observed that the delay
of input signal grows as frequency increases.

Comparing the hyperbolic and parabolic models, it can be noted that for low fre-
quencies and high flow rates (large diameters), the differences between models are quite
insignificant.

Significant differences between models can be observed in the case of smaller diameters
(lower flow rates) and higher frequencies. The greater the flow rates and the lower the
frequencies of input signal change, the less significant the differences between the models.
The simpler parabolic model seems to be sufficiently accurate to be applied.

6. Time Response Analysis

The standard test signal is used to know the performance of the hyperbolic and
parabolic models using time response of the output. The inverse Laplace transform can be
described as the transformation into a function of time. In the Laplace inverse formula, X(s)
is the transform of x(t). The solution to the following differential equation, which involves
finding a real variable function x(t) at given function X(s),
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X(s) = L{x(t)} = / " x(t)estdt. (59)
0
is known as the Riemann—-Melinn formula:
1 c+joo
x(t) = £L7HX(s)} = — / X(s)ettds. 60)
27[] c—joo

In the case under consideration, the residue method [28] was used to determine the
inverse transform.

In results of transformations, the following was obtained:

(a) For L =50 km, D = 0.7 m, and mass flow = 60 kg/s:

Hyperbolic model:
Hy (t) = 0.0127- sin(0.0059t)-e(~0-0063)t (61)
Parabolic model:
Hy (t) = 0.02-sin h(0.01t)-e(~00184)t (62)
(b) For L = 50 km, D = 0.7 m, and mass flow = 120 kg/s:
Hyperbolic model:
H; (t) = 0.0157-sin h(0.0021t) -e{~0005)t (63)
Parabolic model:
Hy (t) = 0.02-sinh(0.01t)-e(~00184)t (64)

The results of the step change of the hyperbolic and parabolic model (Equations (61)—(64))
are presented below. Changes of output signal values Ap,(t) were determined, provided
the input signal Ap, (t) has a form of a unit step:

5MPa,ift >0,
Apa (1) _{ 0MPa, ift < 0 (65)

The Parabolic Model Is Plotted in Red, While the Hyperbolic Model—In Blue

Analysis of the step change for the hyperbolic and the parabolic model shows that
the parabolic model achieves a new steady state faster if the flow rates are lower. As the
mass flow rate grows (diameter increases) and gas mass stored in the pipeline is bigger, the
differences between the models become negligible Figures 5-8.

Step Response

Amplitude

Time (seconds)

Figure 5. Length = 50 km, diameter = 0.7 m, mass flow = 60 kg/s.
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/
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0 500 1000 1500 2000 2500 3000
Time (seconds)
Figure 6. Length = 50 km, diameter = 0.7 m, mass flow = 120 kg/s.
108 Step Response
6 T T T T T
5 -
4 -
[
©
<
2 -
1 -
0 L | 1 1 1 |
0 200 400 600 800 1000 1200

Time (seconds)

Figure 7. Length = 50 km, diameter = 1 m, mass flow = 120 kg/s.
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Amplitude

Step Response

Time (seconds)

Figure 8. Length = 50 km, diameter = 1 m, mass flow = 120 kg/s.

7. State-Space Model

The state-space representation provides a convenient and compact way to model and
analyze systems with multiple inputs and outputs. Unlike the frequency domain approach,
the use of the state-space representation is not limited to systems with linear components
and zero initial conditions. The transfer functions are used to derive the state space for
transient analysis. With different input/output couples, different state-space models are
derived. Equation (64) is the state-space model with specified inputs, i.e., the gas pressure
at inlet (p;) and the mass flow rate at the outlet (M»), and two outputs, i.e., the pressure at
the outlet (p,) and the gas mass flow rate at the inlet (M;).

x(t) = Ax(t)+ Bu(t) (66)
y(t) = Cx(t) + Du(t)
where
u=[p;, Ma], y =[p,, Mi]
“4 1 0 0
a
= 0 0 0
A=l 0 0 ==
0 0 = o
0 B,
ay
ko -k
B= a a
o L
a
1000
Q*[o 0 1 0}
0 0
D=, ]

Tests were carried out for the parabolic and hyperbolic model, assuming the following
boundary conditions:

Forx =0, p; = 5MPa.
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For x = L load set in the form of mass flow: My = My + A-sin(wt), where My = 601%
and 1201%.
The test was performed for a pipeline of 50 km in length and a diameter of 0.7 m and
1.0 m.
Changes in the value of pressure at the end of the gas pipeline for both models are
shown in Figures 9-12.
5.02 L T T T T T T T
sk / /'/-\\ /// ,Q;‘;\ i
498 — // \ /,// bi"\.j\ 7
74 \\ / \
4.96 - “»}'\

Preasure (MPa)

Preasure (MPa)
; I
:

S
8
T

/ \ /
49 / \ \\ /;; 7
4881 / \\ // N
/ |/ \ /
s \ N/
\ /
486 N / -
e / \\ \—//
484 | 1 1 1 1 | 1
0 500 1000 1500 2000 2500 3000 3500 4000
Time (seconds)
Figure 9. Length = 50 km, diameter = 0.7 m, mass flow = 60 kg/s.
108
5 T = T
S\
AN
49— =]
48 A
\
47 ‘\ -
\
\\
\
\\
\
\
46 \ i,
45 A
44 1 1 | | |
1500 2000 2500 3000 3500 4000

Time (seconds)

Figure 10. Length = 50 km, diameter = 0.7 m, mass flow = 120 kg/s.
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Preasure (MPa)

Preasure (MPa)
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/ /

494 - / / -
492 / -

49 -
488 1 | 1 1 1 ]

0 1000 1500 2000 2500 3000 3500 4000
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Figure 11. Length = 50 km, diameter = 1.0 m, mass flow = 120 kg/s.
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Figure 12. Length = 50 km, diameter = 1.0 m, mass flow = 240 kg/s.

The parabolic model is plotted in red, while the hyperbolic model—in blue.

Comparing the changes of pressure for both models, as shown in Figures 9-12, it can
be easily observed that the differences between the models diminish substantially as the
flow rate in the gas pipeline (gas mass stored in the pipeline) increases.

8. Conclusions

The goal of the research was a comparative analysis of the hyperbolic and parabolic
models simplified to the form of transmittance (lumped models). In certain situations,
lumped models are used in hydraulic calculations of gas networks for the purposes of
simulation and for optimization. They enable the creation of relatively simple calculation
algorithms. The comparative analysis of the parabolic and hyperbolic models was carried
out for different states of the pipeline (accumulation capacity) using frequency characteris-
tics, time response analysis, and boundary conditions. The tests have shown that regardless
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of the degree of model simplification in the case of gas transmission pipelines of large
accumulation capacity, high flow rates, and loads smoothly changing in time, the parabolic
model is sufficiently accurate to describe the gas pipeline state. In the case of abrupt load
changes, lower flow rates, and smaller accumulation capacity, the hyperbolic model will
describe the changes of the gas pipeline parameters more accurately.
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