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Abstract: In this paper, a novel extended permanent magnet synchronous motor model is presented
that incorporates a quadratic flux-current function to represent the polarity-dependent saliency. The
proposed model enables the design of sensorless polarity detection algorithms required by the initial
position detection of permanent magnet synchronous motors. The novelty of the model is that it
integrates the polarity-dependent saliency into the traditional machine model and introduces a new
machine parameter, the polarity-dependent saliency coefficient, to specify the Hessian matrix of the
flux-current function. A measurement method is presented for determination of the elements of
the Hessian and the polarity-dependent saliency coefficient. The solution of the model is given for
high-frequency sinusoidal pulsating voltage injection. Experimental results show that the proposed
extended model accurately predicts the amplitudes and phases of the second harmonics of the motor
currents, which are the carriers of the polarity-dependent information. This information enables a
current measurement-based polarity detection algorithm using the phase difference between the
fundamental and second harmonic of the apparent d-axis current. Both the presented measurement
data and the proposed model show that injection in the d-direction is optimal for polarity detection.

Keywords: permanent magnet synchronous motor; sensorless control; saliency; initial position
detection; polarity detection

1. Introduction

To meet the industrial performance and efficiency requirements, synchronous ma-
chines have been adopted in a wide variety of applications ranging from household ap-
pliances to industrial robots, electric vehicles and wind power systems [1–3]. Permanent
magnet synchronous motors (PMSMs) are attractive candidates for high-performance, high-
precision and highly dynamic engineering applications because of their high power density,
high efficiency and high torque-to-volume ratio [4,5]. The field-oriented control of the
PMSM drive requires phase current and rotor position feedback. To start the motor without
mechanical alignment, reverse rotation and unwanted oscillations, it is also necessary to
determine the initial rotor position including magnet polarity [6].

The operation of a traditional PMSM drive requires a shaft-mounted optical encoder
or a resolver to determine the rotor position. However, in many industrial installations,
the application of the shaft sensor increases the cost and size of the motor, reduces the
reliability and the overall ruggedness of the drive, and limits the application in harsh
environments [5,7,8]. Furthermore, many shaft sensors provide the initial rotor position
with an inadequate resolution and incremental encoders do not provide it at all. Position-
sensorless control schemes allow the elimination of shaft-mounted sensors as well as related
electronics and wiring resulting in a more robust and cost-effective PMSM drive system.
In addition, employing sensorless algorithms and shaft sensors simultaneously can increase
reliability by introducing redundancy in safety critical applications [9,10].
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1.1. Sensorless Control Methods for PMSMs

Position-sensorless control methods for PMSMs determine the rotor position in terms
of electrical angle without a mechanical shaft sensor usually based on phase current mea-
surements and a suitable machine model. Sensorless control techniques that rely on the
fundamental excitation model are capable of providing high-performance control above
about 3% of the nominal speed when the back electromotive force (back-EMF) is sufficiently
large [11–15]. To extend the sensorless operation range towards zero speed, saliency-based
methods have been proposed that rely on inductance variation due to geometrical and sat-
uration effects [16,17]. These techniques exploit the anisotropic properties of PM machines,
caused by the saliency of an interior permanent magnet rotor and/or the saturation of the
stator and rotor iron cores.

The operation of anisotropy tracking techniques is either based on fundamental
pulse-width modulation (PWM) excitation or signal injection. Modulated sinusoidal high-
frequency signal injection (HFSI) methods primarily inject a high-frequency carrier signal
with a small amplitude using either a rotating space vector in the stationary reference frame
or a pulsating space vector in the estimated rotor reference frame [18–20]. Square-wave
HFSI methods inject modulated or non-modulated, continuous or intermittent signals. Usu-
ally, high-frequency signal injection-based methods are capable of tracking both geometric-
and saturation-caused anisotropies [12,21].

1.2. Initial Rotor Position Detection Methods

An important part of the sensorless control methods is the zero-speed or initial position
detection, which is usually performed over two steps. First, the inductance-based saliency
tracker searches for the +d/−d axis, then another method detects the polarity of the rotor
magnets [12,22,23]. Both steps require high-frequency models which are often derived from
the corresponding fundamental frequency models [11].

The most important part of the high-frequency machine models is the saliency model
which describes the dependency of the electrical parameters on the rotor position such as
self and mutual inductances as well as the non-linearities related to magnetic saturation.
In most PMSMs, the dominant saliency is present in the inductances. The abc and αβ self
and mutual inductances have a dominant second spatial harmonic in terms of the electrical
angle [24], and as a consequence, the Ld and Lq inductances in the rotor oriented reference
frame are different but constant parameters. Although saliency tracking methods can
rely on the inductances to identify the +d/−d axis, due to their dominant second spatial
harmonics, the abc and αβ inductance values at any ϑ and ϑ+180° electrical rotor positions
are equal, therefore, the polarity of the rotor’s magnets cannot be determined based on
them. To avoid reverse rotation and unwanted oscillation, another method is needed to
determine the magnet polarity before startup.

1.3. Magnet Polarity Detection Techniques

The polarity of the rotor magnets can only be determined based on saliency com-
ponents that have a significant first spatial harmonic in terms of electrical angle and are
spatially aligned with the poles. Such components are produced by magnetic saturation
because the +d axis located at the north pole points into the magnetizing direction and
the −d axis points into the demagnetizing direction. Many papers introduce the injection
of short voltage pulses to determine the polarity after identifying the +d/−d axis [12,25].
Experimental results show that a voltage pulse in the +d or magnetizing direction has a
higher response current than a voltage pulse of the same amplitude and duration in the −d
or demagnetizing direction, due to the non-linear effects of magnetic saturation [26–28].
An alternative polarity detection technique uses q-direction injection to induce a small rotor
displacement, however, it is suitable only for the application areas, where a slight initial
movement of the rotor can be tolerated [22].

While the dominant saliency can be modeled as a linear relation between the flux-
linkages and the current, the polarity-dependent saliency is non-linear with respect to
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phase currents as a consequence of magnetic saturation. Related papers describe different
modelling approaches. Some papers define different Ld apparent or fractional inductance
values for positive and negative currents that have the opposite values at the north and
south poles [25,29–32]. This approach uses two linear systems of different time-constants
and the resulting model is limited to the vicinity of the d-direction. Other papers add
certain harmonics (usually a second harmonic) to the time-domain representation of the
current vector and develop signal processing methods to extract the polarity information
from them [33].

A more general approach is to formulate the flux-current function as a Taylor poly-
nomial of the underlying non-linear relationship. Reference [4] formulates the d-axis
flux-linkage (Ψd) as a quadratic function of the d-axis current (id) using the constant, linear,
and quadratic terms of the Taylor polynomial. In this approach, the coefficient of the
quadratic term (the second derivative of Ψd with respect to id) holds the polarity infor-
mation. References [34,35] formulate id as a quadratic polynomial function of Ψd and
the polarity-dependent quantity is the second derivative of id with respect to Ψd. Refer-
ence [26] expresses Ld and Lq as quadratic functions of id and iq, respectively. Here the
coefficient of the d-direction linear term is the polarity-dependent quantity. In all of the
above-mentioned cases, the polarity-dependent quantity is related to the curvature of the
d-direction magnetization curve. Usually the phase resistance is neglected in order to
simplify the high-frequency machine model [4,12,35–37].

1.4. Contributions

In this paper, we propose a novel extended PMSM model that incorporates a quadratic
flux-current function to represent the polarity-dependent saliency. The model is suitable for
designing sensorless polarity detection algorithms required for the initial position detection
stage of the sensorless control of PMSMs. The model introduces the polarity-dependent
saliency coefficient Γ0 to specify the Hessian matrix of the flux-current function for which a
measurement method is presented. The approximate solution of the model is presented for
sinusoidal pulsating injection. The model predicts second harmonic generation which is
polarity-dependent and therefore enables polarity detection. The measurements were per-
formed on a slotless surface-mounted PMSM that has low saliency. Measurement data are
provided for both the parameter identification and second harmonic generation sections.

The main contributions of this paper are:

1. A novel extended machine model is proposed for PMSMs that integrates the polarity-
dependent saliency into the traditional machine model;

2. The novel machine model explains the mechanism of second harmonic generation;
3. The approximate solution of the machine model takes into account the phase re-

sistances and predicts more accurately the amplitudes and phases of the second
harmonics of the currents, compared to a purely inductive model.

2. Pmsm Model

The mathematical model of a PMSM used in control design can be divided into three
main parts: the electrical, the magnetic and the mechanical model. The electrical model is
expressed in the form of the phase voltage equations. The magnetic model contains the
saliency model and describes the relationship between the flux-linkages, the phase currents
and the rotor position. The mechanical model consists of the torque equation of the rotor.
In the development of a sensorless method for low and zero speed operation, the first two
are more significant.
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The complex and matrix forms of the voltage equation in the two-phase α−β coordi-
nate system of the stator-oriented reference frame are

uαβ = Riαβ +
dΨαβ

dt
and

[
uα

uβ

]
= R

[
iα
iβ

]
+

d
dt

[
Ψα

Ψβ

]
, (1)

where uα and uβ are the phase voltages, iα and iβ are the phase currents, Ψα and Ψβ are
the flux-linkages in the stator-oriented reference frame, uαβ, iαβ and Ψαβ are the complex
number representations the phase quantities. R is the phase resistance [16].

The complex and matrix forms of the voltage equation in the two-phase d−q coordinate
system of the rotor-oriented reference frame are

udq = Ridq +
dΨdq

dt
+ jωΨdq and

[
ud
uq

]
= R

[
id
iq

]
+

d
dt

[
Ψd
Ψq

]
+ ω

[
−Ψq
Ψd

]
, (2)

where ud and uq are the phase voltages, id and iq are the phase currents, Ψd and Ψq are
the flux-linkages in the rotor-oriented reference frame, udq, idq and Ψdq are the complex
number representations the phase quantities. ω is the electrical angular velocity.

The transformation of the vector quantities from α−β to d−q is performed by left-side
multiplication with the T matrix which is the inverse of the R rotation matrix.

T(ϑ) = R(−ϑ) =

[
cos ϑ sin ϑ
− sin ϑ cos ϑ

]
. (3)

The transformation depends on the electrical rotor position ϑ.

2.1. Linearized Flux-Linkage Function

In all of the voltage equation formulations, both the currents and the flux-linkages
are unknown variables. To solve the model, more equations are required which can be
obtained by formulating the flux-linkages as functions of the currents or vice versa. In the
general case, there is a non-linear and hysteretic relationship between the flux-linkages,
phase currents and the rotor position of a PMSM, however, the traditional approach is
linearization, and the machine models only include the constant and linear terms of the
Taylor series expansion.

In the rotor-oriented d−q coordinate system, the Taylor series expansion of the flux-
linkage function Ψdq(idq, ϑ) is performed with respect to the phase current vector idq, around
the (idq=0 A, ϑ) point, which means that no phase currents are present and the electrical
rotor position is fixed to ϑ. An important characteristic of the rotor-oriented reference frame
is that the rotor position dependency of the coefficients is negligible. The result of the series
expansion is

Ψdq(idq, ϑ) = ΨPM
dq +

∂Ψdq

∂idq

∣∣∣∣
(0 A,ϑ)

idq + higher order terms. (4)

The constant term is ΨPM
dq = [ΨPM, 0]T , the flux-linkage produced by the permanent

magnets. The coefficients of the linear term form Ldq which is the differential or incremental
inductance matrix in the d−q system. The inductance matrix is the Jacobian of the flux-
linkage function

Ldq = J
Ψdq
(0 A,ϑ) =

∂Ψdq

∂idq

∣∣∣∣
(0 A,ϑ)

=

[
Ldd Ldq
Lqd Lqq

]
, (5)

where Ldd is the d-axis self-inductance, Lqq is the q-axis self-inductance. Ldq and Lqd are
the mutual inductances in the d−q system which are usually much smaller than the self-
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inductances and, therefore, are neglected. The higher order terms of (4) are also neglected
in the traditional linearized flux-linkage model (6).

Ψdq =

[
Ψd
Ψq

]
=

[
ΨPM

0

]
+

[
Ldd 0
0 Lqq

][
id
iq

]
=

[
ΨPM + Lddid

Lqqiq

]
(6)

2.2. Disadvantage of the Linearized Flux-Linkage Function at Zero Speed

The voltage equations of the machine (1) and (2) include the time derivatives of the
flux-linkages. This means that the flux-linkages only have an effect on the phase currents
when their values change. At a standstill, during initial position detection, the rotor position
and the flux-linkages of the permanent magnets are constant and only the inductances
have a rotor position-dependent effect. However, the inductances in the stator-oriented
reference frames, such as the elements of Lαβ defined by (7), have second spatial harmonics
in electrical angles

Lαβ = T−1(ϑ)LdqT(ϑ) =
1
2

[
ΣL− ∆L cos 2ϑ ∆L sin 2ϑ

∆L sin 2ϑ ΣL + ∆L cos 2ϑ

]
, (7)

where ΣL = Ldd + Lqq and ∆L = Lqq − Ldd [38].
The second spatial harmonics consist of two periods during an electrical revolution,

hence inductance-based anisotropy tracking always yields an ambiguity of 180° in electrical
angle and the linearized flux model (6) is unsuitable for polarity detection [23,39].

3. Novel Quadratic Flux-Linkage Model Extension

We extended the flux-linkage function with the quadratic term of the Taylor series
expansion (4) by generalizing the non-linear modeling approaches presented in [4,26,34].
The coefficients of the quadratic term contain the second derivatives of the flux-linkage
with respect to the phase currents. The second derivatives correspond to the curvature
or convexity of the magnetization curve and are magnet polarity dependent. The second
derivatives of the Ψd and Ψq phase flux-linkages form their symmetric Hessian matrices
denoted by Γd and Γq.

Γd = H Ψd
(0 A,ϑ) =

∂2Ψd

∂i2dq

∣∣∣∣
(0 A,ϑ)

∈ R2×2 and Γq = H
Ψq
(0 A,ϑ) =

∂2Ψq

∂i2dq

∣∣∣∣
(0 A,ϑ)

∈ R2×2 (8)

The coefficient matrix of the quadratic term contains the 2× 2 Hessians and has
2× 2× 2 elements in total, therefore, it appears to be a three-dimensional matrix or a third-
order tensor. To avoid the three-dimensional forms and tensor formalism, we decided
to combine and flatten the individual Hessians into a 4× 2 two-dimensional matrix by
rearranging the 2× 2 Hessians of the phase flux-linkages below each other. The combined
and flattened Hessian of the three-phase flux-linkage function is

Γdq = H
Ψdq
(0 A,ϑ) =

[
Γd

Γq

]
=


Γddd Γddq
Γddq Γdqq
Γqdd Γqdq
Γqdq Γqqq

 ∈ R4×2. (9)

The proposed quadratic approximation of the d−q flux-linkage function that incorpo-
rates the flattened Hessian is

Ψdq(idq, ϑ) = ΨPM
dq + Ldqidq +

1
2

(
I2 ⊗ iT

dq

)
Γdqidq, (10)

where I2 is the 2× 2 identity matrix and ⊗ denotes the Kronecker product. The definition
of the Kronecker product as well as calculation I2 ⊗ iT

dq are included in Appendix A.
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We developed (11) and (12) to transform the flattened Hessian matrices from d−q to
α−β and vice versa.

Γαβ(ϑ) =
(

I2 ⊗ TT(ϑ)
)(

T−1(ϑ)⊗ I2
)
ΓdqT(ϑ) (11)

Γdq =
(

I2 ⊗ TT−1(ϑ)
)(

T(ϑ)⊗ I2
)
Γαβ(ϑ)T−1(ϑ) (12)

The elements of the Hessian matrices are not standard machine parameters. Their
values and spatial harmonic content were unknown to us, therefore, we designed a mea-
surement system to determine them.

4. Experimental Drive System and Measurement Environment

We designed and built an experimental PMSM drive and an automated measurement
environment around it to identify the rotor position dependence of the inductances (5) and
the elements of the Hessian matrices (9) of our test motors.

4.1. Test Motors

We used two Maxon EC4-pole 45 252463 slotless surface-mounted PMSMs as our test
motors. Table 1 contains the datasheet parameters and Figure 1 shows the cross-section
and the photo of the motors. Important to note, the size of the factory-mounted optical
encoder is comparable to the size of the motor itself.

(a) (b)

+d

+q
−d

−q

a

bc

+ ϑM

Stator core

Rotor core

Shaft

Housing

S N Magnets &
polarity

Air-core
winding
segments

Figure 1. (a) The cross-section and main components of the Maxon EC4-pole 45 252463, a two
pole-pairs slotless PMSM, that we used as test motor. (b) A photo showing one of the test motors.

Table 1. Datasheet parameters of the Maxon EC4-pole 45 252463 type.

Parameter Value Parameter Value

Nominal power 200 W Maximum rated continuous current 4.16 A
Nominal voltage 48 V Terminal-to-terminal resistance 878 mΩ

Nominal speed 6120/min Terminal-to-terminal inductance 350 µH
Torque constant 74.5 mN m/A Rotor inertia 200 g cm2

Stall torque 4070 mN m Mechanical time constant 3.16 ms
Starting current 54.7 A Number of pole-pairs 2

4.2. Measurement Automation

We designed our measurement system to be able to automatically change the rotor
position using a stepper motor that has a full step size of 1.8° which is equivalent to a
resolution of 3.6° in terms of electrical angle for our two pole-pair test motors. We used the
factory-mounted encoders of 13-bit resolution to correct the position error introduced by
the stepper motor.

The drive control was implemented on a National Instruments CompactRIO. The low-
level functions, such as the MOSFET control signal generation, current sampling, encoder
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signal processing and data acquisition, run on the cRIO-9104 FPGA module. The FPGA
stores the measured current and rotor position values in the FIFO memory of the cRIO-9014
real-time controller which transmits the acquired current signals to our LabVIEW-based
control application.

The terminal and neutral point voltages were measured using a Tektronix MSO 4054B
oscilloscope. A CompactDAQ cDAQ-9188 was used as the digital output to control the
stepper driver as well as trigger the data acquisition in the FPGA and the oscilloscope.
The external triggering ensured the synchronized the operation of the FPGA and the
oscilloscope which was required by the parameter identification method we used. We
performed the voltage measurement at a higher sampling frequency in order to capture the
switching transients and downsampled the voltage data to match the sampling time of the
current data.

Our custom-designed and built parts include the three-phase inverter, optical cou-
pling and current measurement circuits. Figure 2 shows a photo of our measurement
environment. Figure 3 shows the types of the components used in the drive.

Figure 2. Our experimental PMSM drive and measurement environment.

Q2

Q1

Q4

Q3

Q6

Q5

UDC
C

3×2200µF

Inverter, 6×CSD19535KTT

Maxon 
EC4-pole
252463

SM

s

c

b

a
6×TLP352

6

3×LT815

3×TL071

OscilloscopeNI CompactRIO

cRIO-
9014

cRIO-9104

N
I 9

40
1

N
I 9

22
3

N
I 9

40
1

cDAQ-9188

N
I 9

40
1

PC

NI LabVIEW
measurement
automation

Stepper 
driver

Stepper 
motor

M

413

Ethernet network

Figure 3. The schematics of our experimental PMSM drive and measurement environment.
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5. Measurement and Parameter Identification Results

We performed sinusoidal pulsating voltage injection-based measurements to acquire
suitable data for the least squares estimation of the unknown machine parameters (16)–(18).
The abc phase voltages and currents were directly measured (see Figure 3). The α−β and
d−q voltages and currents were calculated using Clarke’s and Park’s transformations.
The measurements were performed at zero speed.

The frequency of the pulse-width modulation was 40 kHz. The sampling frequency
for the current measurement was 240 kHz and we synchronized the sampling to the mod-
ulation (6 current sampling in every modulation cycle). The sampling frequency for the
voltages was 10 MHz in order to capture the switching transients. The voltage signals were
later downsampled to match the sampling frequency of the current data.

The frequency of the injected voltage signal was 1 kHz and its amplitude was set to
6.2 V. The rotor position and the injection angle were changed between each measurement.
The acquired data cover all combinations of 200 rotor positions (3.6° resolution in terms
of electrical angle) and 18 injection angles (10° resolution in terms of electrical angle).
The duration of the signal acquisition was 10 ms resulting in 2400 samples per channel
i.e., time series data for 10 periods of the voltages and currents at all measurement points.
Later, the 10 periods were averaged resulting in 240 samples long time series data for all
measured quantities.

Figure 4 shows the voltage and current signals acquired at ϑ = 1.36° electrical rotor
position for 18 different injection angles from 0° to 170° in the stationary reference frame.

−6−5−4−3−2−1 0 1 2 3 4 5 6

−6
−5
−4
−3
−2
−1

0
1
2
3
4
5
6

Voltage, ud, (V)

Vo
lt

ag
e,

u q
, (

V
)

−6−5−4−3−2−1 0 1 2 3 4 5 6

−6
−5
−4
−3
−2
−1

0
1
2
3
4
5
6

Current, id, (A)

C
ur

re
nt

,i
q,
(A

)

(a) (b)

Figure 4. The voltage and current data acquired at ϑ = 1.36° electrical rotor position plotted in the
d−q coordinate system. (a) Voltage signals. (b) Current signals.

5.1. Offline Ordinary Least Squares Estimation of the Machine Parameters

By substituting the quadratic flux-linkage (10) and ω = 0 into (2), the voltage equation
that is valid at zero speed takes the form

udq = Ridq + Ldq
didq

dt
+
(

I2 ⊗ iT
dq

)
Γdq

didq

dt
. (13)

After performing the matrix operations, the d- and q-direction voltage equations take
the general forms

ud = Rid + Ldd
did
dt

+ Ldq
diq

dt
+

1
2

Γddd
di2d
dt

+ Γddq
didiq

dt
+

1
2

Γdqq
di2q
dt

and (14)

uq = Riq + Lqd
did
dt

+ Lqq
diq

dt
+

1
2

Γqdd
di2d
dt

+ Γqdq
didiq

dt
+

1
2

Γqqq
di2q
dt

. (15)
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The voltage equations are linear with respect to the unknown machine parameters
and can be transformed into multiple linear regression models. The response variables
are the voltages. The regressors are the currents as well as the derivatives of the currents,
including the quadratic ones.

The regression models created from the d- and q-direction voltage equations are

ud = Rid + Ldddd + Ldqdq + Γdddqd + Γddqqdq + Γdqqqq and (16)

uq = Riq + Lqddd + Lqqdq + Γqddqd + Γqdqqdq + Γqqqqq, (17)

where ud and uq are the voltage sample vectors, id and iq are the current sample vec-
tors, dd and dq are the numeric derivatives of the current vectors, and the derivatives
of the quadratic currents are denoted by qd, qdq and qq. The discretization and numeric
differentiation steps are included in Appendix B.

Equations (16) and (17) are overdetermined equation systems in the forms y = X β.
In order to solve them, they were rearranged into the matrix forms

ud︸︷︷︸
yd

=
[
id, dd, dq, qd, qdq, qq

]
︸ ︷︷ ︸

Xd



R
Ldd
Ldq
Γddd
Γddq
Γdqq


︸ ︷︷ ︸

βd

and uq︸︷︷︸
yq

=
[
iq, dd, dq, qd, qdq, qq

]
︸ ︷︷ ︸

Xq



R
Lqd
Lqq
Γqdd
Γqdq
Γqqq


︸ ︷︷ ︸

βq

. (18)

The best fits were calculated as β̂d =
(

XT
d Xd

)−1
XT

d yd and β̂q =
(

XT
q Xq

)−1
XT

q yq.

5.2. Parameter Identification Results

The voltage and current signals acquired at a certain rotor position were concatenated
to form the regressor vectors of (16) and (17). The machine parameters were calculated
by solving (18). The average value of the phase resistance was R = 0.55Ω. Figure 5
shows the identified inductance values. The inductance values show little rotor position
dependence. Lqq is higher than Ldd. The mutual inductances Ldq and Lqd are negligibly
small. The average values of the self-inductances are

Ldd = 158 µH and Lqq = 182 µH. (19)
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50

100

150
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Electrical rotor position, ϑ, (°)

In
du

ct
an

ce
,(

µH
)

Ldd Lqq Ldq Lqd

Figure 5. The identified values of the d−q inductance matrix (200 measurement points, 3.6° resolution
in terms of electrical angle).

Figure 6 shows the identified values of the elements of the Hessian matrix. Their
values are small and significantly noisier than the inductances but they also show little
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rotor position dependence. Three of the six elements are very small and we set their values
to zero.
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−0.4

−0.2

0

− 9
4

Γ0

− 3
4

Γ0

Electrical rotor position, ϑ, (°)

H
es

si
an

,(
µH

/
A
)

Γddd Γdqq Γqdq = Γqqd Γddq = Γdqd Γqdd Γqqq

Figure 6. The identified values of the d−q Hessian matrix (200 measurement points, 3.6° resolution
in terms of electrical angle).

Γddq = Γqdd = Γqqq = 0
µH
A

(20)

Besides the d−q representation, it is also important how the Hessian appears in the
α−β and abc coordinate systems. By introducing a new machine parameter, Γ0, to define
the non-zero elements of Γdq as

Γddd = −9
4

Γ0 = −0.281
µH
A

and Γdqq = Γqdq = −3
4

Γ0 = −0.094
µH
A

(21)

where
Γ0 = 0.125

µH
A

(22)

the elements of the α−β and abc Hessians will have only first spatial harmonics. The ide-
alized values defined by (21) are also plotted on Figure 6. Measurement data for 2 kHz
injection frequency are included in Appendix D and Table A1.

Based on (19)–(21), the idealized forms of the inductance and Hessian matrices are

Ldq =

[
Ldd 0
0 Lqq

]
and Γdq =



−9
4

Γ0 0

0 −3
4

Γ0

0 −3
4

Γ0

−3
4

Γ0 0


. (23)

The flux-linkages extended with the idealized forms of the quadratic terms are

Ψd = ΨPM + Lddid −
9
8

Γ0i2d −
3
8

Γ0i2q and (24)

Ψq = Lqqiq −
3
4

Γ0idiq. (25)

The d-axis flux-linkage is influenced by the squares of the currents, and regardless of
the axis of the currents, the flux-linkage becomes lower. The q-axis flux-linkage is influenced
by the product of the currents.
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The phenomena described by the quadratic terms are the polarity dependent subset of
main flux saturation and cross-saturation. The equations also can be interpreted as linear
definitions for current dependent inductances,

L′dd = Ldd +
1
2

Γdddid = Ldd −
9
8

Γ0id and L′qq = Lqq +
1
2

Γqdqid = Lqq −
3
8

Γ0id. (26)

6. Second Harmonic Generation Predicted by the Quadratic Flux-Linkage Extension

The main disadvantage of the linear model is the unsuitability for polarity detection.
To overcome this limitation, we introduced the quadratic term of the flux-linkage in our
PMSM model as described in the previous sections. The resulting nonlinear model predicts
polarity dependent behavior. In this section we present the effect of the quadratic terms on
the phase currents, namely the second-harmonic generation. Measurement data are also
presented to demonstrate the correctness of the model.

6.1. Approximate Solution of Our Model

The voltage Equations (27) and (28) were formulated by substituting the idealized
forms of the coefficient matrices (23) into (14) and (15).

ud = Rid + Ldd
did
dt
− 9

4
Γ0id

did
dt
− 3

4
Γ0iq

diq

dt
(27)

uq = Riq + Lqq
diq

dt
− 3

4
Γ0

didiq

dt
(28)

During sinusoidal pulsating injection the voltage consists of a single harmonic with
the angular frequency of ωc in the form

udq = U0 cos(ωct)ejγ =

[
U0 cos(ωct) cos(γ)
U0 cos(ωct) sin(γ)

]
=

[
ud
uq

]
(29)

where U0 is the amplitude of the injected signal, γ = δ− ϑ denotes the injection angle error
measured from the d axis and δ is the injection angle measured from the α axis.

The linear parts of the voltage equations

ud = Rid(1) + Ldd
did(1)

dt
and uq = Riq(1) + Lqq

diq(1)

dt
(30)

determine the fundamental harmonics of the phase currents, id(1) and iq(1). The parametric
forms of the quasi-stationary solutions are

id(1) = Id(1) cos(ωct + ϕd(1)) and iq(1) = Iq(1) cos(ωct + ϕq(1)), (31)

where Id(1) and Iq(1) are the amplitudes, ϕd(1) and ϕq(1) are the phases of the fundamental
harmonics of the currents. The detailed definitions of the amplitudes and phases are
included in Appendix C.

The quadratic terms of the voltage equations −ed(2) and −eq(2) act as the voltage
sources for the second harmonics in the equations

0 V = Rid(2) + Ldd
did(2)

dt
−9

4
Γ0id(1)

did(1)

dt
− 3

4
Γ0iq(1)

diq(1)

dt︸ ︷︷ ︸
−ed(2)

and (32)

0 V = Riq(2) + Lqq
diq(2)

dt
−3

4
Γ0

did(1)iq(1)
dt︸ ︷︷ ︸

−eq(2)

. (33)
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Expressing ed(2) and eq(2) by substituting the fundamental harmonics of the currents (31)
reveals that their angular frequency is 2ωc.

ed(2) =
9
8

Γ0 I2
d(1)ωc sin

(
2ωct + 2ϕd(1)

)
+

3
8

Γ0 I2
q(1)ωc sin

(
2ωct + 2ϕq(1)

)
(34)

eq(2) =
3
4

Γ0 Id(1) Iq(1)ωc sin
(

2ωct + ϕd(1) + ϕq(1)

)
(35)

The inductive-resistive linear parts of the model filter ed(2) and eq(2) to produce the
second harmonics of the currents, id(2) and iq(2), respectively. The additional phase shifts
ηd(2) and ηq(2) corresponding to 2ωc angular frequency are

ηd(2) = arctan
(

R
2ωcLdd

)
and ηq(2) = arctan

(
R

2ωcLqq

)
. (36)

The detailed definitions of the phase shifts that take into account the ambiguity
introduced by inductance tracking, are included in Appendix C.

The quasi-stationary solutions of (32) and (33) are the second harmonics of the currents,

id(2) =
9
8

I2
d(1)|Γ0| cos

(
2ωct+2ϕd(1)+ηd(2)

)
√

R2 + 4ω2
c L2

dd

+
3
8

I2
q(1)|Γ0| cos

(
2ωct+2ϕq(1)+ηd(2)

)
√

R2 + 4ω2
c L2

dd

(37)

and iq(2) =
3
4

Id(1) Iq(1)|Γ0| cos
(

2ωct+ϕd(1)+ϕq(1)+ηq(2)

)
√

R2 + ω2
c L2

qq

. (38)

To conclude this section, the inductive-resistive linear part of the model produces the
fundamental harmonics of the response currents. Then the quadratic terms act as frequency
doubling inner voltage sources. Finally, as a response to ed(2) and eq(2), the linear part
produces the second harmonics of the currents, id(2) and iq(2) .

6.2. Validation of the Second Harmonic Generation

Our quadratic model extension predicts the second harmonic content of the d- and
q-axis currents, (37) and (38). The second harmonics can be rearranged into forms

id(2) = Id(2) cos(2ωct + ϕd(2)) and iq(2) = Iq(2) cos(2ωct + ϕq(2)), (39)

where Id(2) and Iq(2) are the amplitudes, ϕd(2) and ϕq(2) are the phases of the second
harmonics of the currents. The detailed definitions of the amplitudes and phases are
included in Appendix C, (A12)–(A15).

The amplitudes and phases of the second harmonics are not constant values, they
depend on the injection angle error γ and indirectly on the rotor position ϑ. We analyzed
these properties to prove the correctness of our model extension.

Figures 7–10 show the measured values of the amplitudes and phases, and compare
them to the values predicted by the model. The measurement data are plotted as surfaces
against the independent variables of the measurement. The comparison charts are plotted
against the γ injection angle error, which is equal to the difference between the injection
angle in the stationary reference frame δ and the electrical rotor position ϑ.

In this section we reused the pulsating injection measurement data acquired for the
parameter identification where the amplitude of the injected voltage signal was 6.2 V.
To put the amplitude values into context, the amplitudes of the fundamental harmonics
of the currents were between 4.7 A and 6 A and the standard deviation of the current
measurement was σCM = 4.4 mA. The amplitude and phase values were produced by
discrete Fourier-transforming the current signals.
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Figure 7. The amplitude of the second harmonic of id. (a) Measurement data plotted against the
injection angle and electrical rotor position (18× 200 points). (b) Comparison of the measured and
predicted values (3600 points).
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Figure 8. The phase of the second harmonic of id. (a) Measurement data plotted against the injection
angle and electrical rotor position (18× 200 points). (b) Comparison of the measured and predicted
values (3600 points).
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Figure 9. The amplitude of the second harmonic of iq. (a) Measurement data plotted against the
injection angle and electrical rotor position (18× 200 points). (b) Comparison of the measured and
predicted values (3600 points).

Figure 7 shows the amplitude of the second harmonic of the d-axis current, Id(2). Our
model correctly predicts the values and the injection angle error dependency of Id(2) in the
4–15 mA range, although there are certain δ-ϑ combinations where we can see systematic
deviations from the model. Important to note that the current values were quiet high for
our test motors yet the polarity dependent second harmonics were very small compared to
the first harmonics. Figure 8 shows the phase of the second harmonic of the d-axis current,
ϕd(2). The phase value is less noisy during injection in the +d and −d directions where
the Id(2) amplitude is higher and the phase value becomes unreliable when the injection
happens in the +q or −q directions.
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Figure 10. The phase of the second harmonic of iq. (a) Measurement data plotted against the injection
angle and electrical rotor position (18× 200 points). (b) Comparison of the measured and predicted
values (3600 points).

Figures 9 and 10 show the parameters of the second harmonic of the q-axis current.
The measurement results are much noisier than the d-direction results. The amplitude
predicted by the model is smaller than σCM = 4.4 mA and the injection angle error depen-
dence of Iq(2) is unclear. The ϕq(2) phase data are also noisy, however, a large number of
the samples are in clusters around the predicted values.

We also performed measurements at 7 different injected voltage amplitudes. In these
measurements, the voltage signals were injected in the d-direction and the measurement
was repeated at 25 evenly distributed rotor positions. We analyzed the relationship between
the amplitude of the fundamental harmonic and the properties of the second harmonic of
the d-axis current. Figure 11 shows the measured and predicted amplitudes and phases of
the second harmonic for different Id(1) values.
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Figure 11. Comparison of the measured and model predicted values for the properties of the second
harmonic of the d-axis current (calculated from 7×25 measurements). (a) Amplitude Id(2). (b) Phase
ϕd(2). The error bars indicate the standard deviation

The relationship between the amplitudes of the fundamental and second harmonics of
the d-axis current is quadratic and can be written in the form

Id(2) =
9
4

ωcΓ0√
R2 + 4ω2

c L2
dd

I2
d(1) (40)

when the injection angle error γ = 0 and consequently Iq(1) = 0 A. Under the same
circumstances, the phase of the second harmonic of the d-axis current is equal to

ϕd(2) = 2ϕd(1) + ηd(2). (41)
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The model parameters for 1 kHz injection frequency are listed in Table 2.

Table 2. The model parameters for 1 kHz injection frequency.

Parameter Notation Value

Phase resistance R 550 mΩ

d-axis self-inductance Ldd 158 µH
q-axis self-inductance Lqq 182 µH

Polarity dependent saliency coefficient Γ0 0.125
µH
A

6.3. Separated Forms of the Voltage Equations

The model defined by (27) and (28) is a separable nonlinear differential equation
system. We are not aware of a general analytical solution for arbitrary ud and uq voltage
inputs. Therefore, we developed a form of the model that is more suitable for numerical
simulation by separating the variables of (27) and (28) as can be seen in (42) and (43).

did
dt

=

(
Lqq −

3
4

Γ0id

)
(ud − Rid) +

3
4

Γ0iq(uq − Riq)(
Ldd −

9
4

Γ0id

)(
Lqq −

3
4

Γ0id

)
− 9

16
Γ2

0i2q

(42)

diq

dt
=

(
Ldd −

9
4

Γ0id

)
(uq − Riq)− Γqdqiq(ud − Rid)(

Ldd −
9
4

Γ0id

)(
Lqq −

3
4

Γ0id

)
− 9

16
Γ2

0i2q

(43)

The domain of the differential equation system is limited by the divisions. In the case
of our test motors, the absolute value of iq must be smaller than 1808 A to avoid division
by zero, which is much higher than the physically realizable current, and therefore, does
not provide a practical limitation.

7. Polarity Detection Based on the Second Harmonic of the D-Axis Current

Polarity detection is performed in the initial position detection phase after the saliency
tracking algorithm found the +d or the −d axis. At that point the estimated rotor position
is either ϑ̂ ≈ ϑ (i.e., γ ≈ 0) or ϑ̂ ≈ ϑ + π (i.e., γ ≈ π). The inductance matrices of the correct
+d/+q and opposite −d/−q coordinate systems are equal because

Lopposite
dq = T(ϑ + π)Lαβ(ϑ)T−1(ϑ + π) =

[
Ldd 0
0 Lqq

]
= Ldq. (44)

Therefore, the inductance-based algorithms cannot distinguish between +d/+q and
opposite −d/−q coordinate systems.

The Hessian matrix, however, which takes the form

Γαβ(ϑ) =
(

I2 ⊗ TT(ϑ)
)(

T−1(ϑ)⊗ I2
)
ΓdqT(ϑ) = −3

4
Γ0


3 cos ϑ sin ϑ
sin ϑ cos ϑ
sin ϑ cos ϑ
cos ϑ 3 sin ϑ

 (45)

in the α−β coordinate system, behaves differently. In the opposite −d/−q coordinate
system (i.e., γ ≈ π), the opposite Hessian is

Γopposite
dq =

(
I2 ⊗ TT−1(ϑ + π)

)(
T(ϑ + π)⊗ I2

)
Γαβ(ϑ)T−1(ϑ + π) = −Γdq, (46)
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which is the opposite of Γdq. Then the motor behaves like if its Γopposite
0 parameter were

equal to −Γ0. The quadratic terms of the voltage Equations (34) and (35) are affected by the
sign change and the second harmonics of the currents undergo an additional 180° phase
change (A11). As a consequence, the magnet polarity can be determined based on the
phase of the second harmonic of the d-axis current. It should be noted that it would be
possible to use a signed amplitude instead of a phase change. In addition, the injection
in the −d-direction is equivalent to γ = 180° injection angle error in the correct +d/+q
coordinate system.

We can decide if the coordinate system is +d/+q or−d/−q based on the phase of id(2).
However, it is impractical to use the voltage signal as phase reference because the drive
electronics introduce an unknown time delay between the digital I/O ports and the motor
windings. Instead, the fundamental harmonic of the d-axis current is used as reference
signal and the polarity-dependent quantity is

∆ϕd(2) = ϕd(2) − 2ϕd(1) (47)

which is the phase difference between the second and the fundamental harmonic of id.
Based on (A13) the phase differences are

∆ϕd(2)(γ = 0) = ηd(2) and ∆ϕd(2)(γ = π) = ηd(2) − π. (48)

Figure 12 shows the measured current as well as the measured and predicted second
harmonics for γ = 0 and γ = π. The measured id(2) curves are in fact the even harmonic
contents of the current signals.

(a) Injection in the +d/+q coordinate system (γ = 0°)
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(b) Injection in the −d/−q coordinate system (γ = 180°)

−5

0

5

10

C
u

rr
en

t,
i d

, (
A
) Measured id

0 0.25 0.5 0.75 1

−20

0

20

Time, t, (ms)

C
u

rr
en

t,
i d
(2
),
(m

A
)

Measured id(2) Predicted iR=0
d(2)

Predicted id(2)

Figure 12. The measured d-axis current, it’s even harmonic content and the predicted second har-
monic. (a) Injection in the +d/+q coordinate system. (b) Injection in the −d/−q coordinate system.

7.1. The Properties of the Apparent D-Axis Current

The injection angle error is not guaranteed to be exactly 0 or π during polarity detection.
The apparent current vector ı̂d measured in the estimated d−q system is a projection of the
actual idq current vector that takes the form

ı̂dq = R(−γ)idq =

[
cos γ sin γ
− sin γ cos γ

][
id
iq

]
(49)

from where the apparent d-axis current is

ı̂d = id cos γ + iq sin γ. (50)

The phase difference between the second and fundamental harmonic of ı̂d is

∆ϕ̂d(2) = ϕ̂d(2) − 2ϕ̂d(1), (51)
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where ϕ̂d(1) and ϕ̂d(2) are the phases of the fundamental and second harmonics of ı̂d. The de-
tailed definitions of the amplitudes and phases are included in Appendix C.3, (A16)–(A19).

Figure 13 shows the measured and predicted values of the apparent phase difference.
Our model reliably predicts the phase difference. The data show that polarity detection is
the most reliable around the +d and −d directions.
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Figure 13. Comparison of the measured and model predicted phase difference values between the
second and fundamental harmonics of the apparent d-axis current (3600 points).

7.2. Comparison to a Purely Inductive Model

Figures 12 and 13 also show the predicted second harmonics and phase difference for
the case of neglected phase resistance (iR=0

d(2) and ∆ϕ̂R=0
d(2) , both plotted in green). The phase

difference ∆ϕ̂R=0
d(2) is equal to 0° at the north pole and −180° at the south pole which are

equivalent to the phase differences estimated based on [4,35,36]. Compared to the measured
values, the error of the purely inductive model is 23.5°. The proposed model, taking into
account the phase resistance, provides a better prediction for the phase of the second
harmonic, and the error is about 3.2°.

References [4,35,36] do not quantify the coefficients of the quadratic term and therefore
cannot be used to estimate the amplitude of id(2). To evaluate the effect of the neglected
phase resistance, we set R to zero in the proposed model to calculate iR=0

d(2) . The purely
inductive model slightly overestimates the amplitude of id(2). The proposed model ac-
curately predicts the polarity dependent second harmonic of id for pulsating sinusoidal
voltage injection.

7.3. Sensorless Polarity Detection Based on D-Direction Pulsating Injection

Figure 14 shows the signal processing system we designed for initial position detection
that is capable of extracting the polarity information from the measured phase currents.
The system is a combined and modified version of [12,26,35]. The two main components of
the initial position detection algorithm are the d-axis tracking and the polarity detection
that are based on coherent amplitude demodulation. The coherent reference signal gen-
eration requires synchronization to the apparent d-axis current which is achieved by the
phase detection subsystem that calculates ϕ̂d(1), the phase of the fundamental harmonic
of the apparent d-axis current. The phase detection is based on I/Q-demodulation and
complex argument calculation. In our implementation ϕ̂d(1) is constant, and therefore it is
determined only once at startup before d-axis search and polarity detection.
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The coherent amplitude demodulation algorithm applied in the polarity detection
subsystem uses r2(t) = cos(2ωct + α2) as reference signal. The output of the demodulation
is proportional to the L2-inner product of ı̂d and r2,

〈ı̂d, r2〉 =
T∫

0

Îd(2) cos(2ωct + ϕd(2)) cos(2ωct + α2)dt =
Îd(2)π cos(ϕd(2) − α2)

2ωc
(52)

where 2ωcT = 2π. To maximize its absolute value, α2 has to be set to

α2 = ϕd(2) ≈ 2ϕ̂d(1) + ηd(2) (53)

The ηd(2) and ϕq(1) − ϕd(1) phase shifts are constant values and has to be precomputed
using (36), (A9) and (A10) by substituting γ = 0. The output of the demodulation in the
polarity detection subsystem is positive in the +d/+q system and negative in the −d/−q.
The value of ε is zero in the former case, whereas π in the latter case.

In the case of our test motors, the measurement results plotted in Figure 13 show that
ηd(2) = 23.5°. The proposed model predicts ηd(2) = 20.25°, while a purely inductive model
predicts ηd(2) = 0°. This means that the proposed model provides better phase coherence.
The output of the demodulation is 99.8% of the theoretical maximum for the proposed
model and 91.7% for the purely inductive model. The better phase coherence results in
slightly better performance in noisy environment and faster polarity detection.
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Figure 14. The sensorless initial position and polarity detection algorithm.

8. Conclusions

In this article, a quadratic flux-linkage model extension was presented for the sen-
sorless control of PMSM drives. The purpose of the model extension was to accurately
predict the polarity-dependent second harmonic content of the motor currents. The model
extension is based on the Taylor series expansion of the flux-linkage function. It does not in-
troduce discontinuities and is not limited to the d-direction. The model extension introduces
a new machine parameter, the polarity-dependent saliency coefficient Γ0, which describes
the susceptibility of the machine to polarity-dependent saturation. The parameters of the
extended machine model were determined by measurements.

We provide an approximate analytical solution of the proposed machine model
for sinusoidal pulsating voltage injection where the phase resistances are not neglected.
The model predicts polarity dependent second harmonic generation. The article presents
measurement data showing that the predicted amplitudes and phases of the second har-
monics are correct. Data for the comparison of the proposed model and a purely inductive
model is also presented. It is shown that the proposed model provides more accurate
prediction of the phase difference between the fundamental and second harmonics of the d-
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axis current. The proposed model also provides formulae for the calculation the amplitude
of the second harmonics. Both the presented measurement data and the proposed model
show that injection in the d-direction is optimal for polarity detection. Polarity detection
using q-direction injection is impractical.

In future research work, we plan to analyze the frequency dependence of Γ0 and
investigate the existence of an optimal injection frequency for polarity detection. Moreover,
we plan to measure the Hessians of other PMSM types to see if the constants introduced
in (21) are machine specific.
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Appendix A. Kronecker Product

The Kronecker product of two matrices is

A⊗ B =


a11B · · · a1nB

...
. . .

...
am1B · · · amnB

, (A1)

where A is an m×n matrix and B is a p×q matrix, and the Kronecker product A⊗ B is a
pm×qn block matrix.

The Kronecker product of the 2×2 identity matrix and the transpose of the d−q current
vector is

I2 ⊗ iT
dq =

[
1iT

dq 0iT
dq

0iT
dq 1iT

dq

]
=

[
id iq 0 0
0 0 id iq

]
. (A2)

Appendix B. Discretization and Numeric Differencing Formulae

In the discretization formulae k denotes the index of the sample, TS denotes the
sampling time and N denotes the number of the samples. The voltage and current regressor
vectors were constructed using (A3) and (A4).

ud,k = ud(kTS), ud =
[
ud,1 . . . ud,N

]T , uq,k = uq(kTS), uq =
[
uq,1 . . . uq,N

]T
(A3)
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id,k = id(kTS), id =
[
id,1 . . . id,N

]T , iq,k = iq(kTS), iq =
[
iq,1 . . . iq,N

]T
(A4)

We calculated the derivatives of the phase currents dd and dq using the central differ-
encing formulae

dd,k =
id,k+1 − id,k−1

2TS
, dd =

[
dd,1 . . . dd,N

]T and (A5)

dq,k =
iq,k+1 − iq,k−1

2TS
, dq =

[
dq,1 . . . dq,N

]T
(A6)

for the inner samples and forward and backward differencing at the endpoints to keep the
signal length unchanged N.

The regressors of the quadratic terms can be rearranged into the product forms

1
2

di2d
dt

= id
did
dt

,
didiq

dt
= id

diq

dt
+ iq

did
dt

, and
1
2

di2q
dt

= iq
diq

dt
. (A7)

Their discrete-time equivalents are

qd = id ◦ dd, qdq = id ◦ dq + iq ◦ dd, and qq = iq ◦ dq (A8)

respectively, where ◦ denotes the element-wise product of the column vectors.

Appendix C. Solutions of the Voltage Equations for Sinusoidal Pulsating Injection

The following equations define the amplitudes and phases in such forms that ensure
that the amplitudes of the signals are positive quantities at any injection angle error and
in both the true +d/+q and opposite −d/−q coordinate systems. U0 is also defined to
be positive.

In the formulae for the phases atan2(y, x) is the two-argument or four-quadrant
inverse tangent function. There are different variants of the function. We used the one that
is defined for zero inputs as atan2(0, 0) = 0. The imaginary unit is j =

√
−1.

Appendix C.1. Fundamental Harmonics

The fundamental harmonics of the currents are

id(1) =
U0|cos γ|√
R2 + ω2

c L2
dd︸ ︷︷ ︸

Id(1)

cos
(

ωct + atan2(−ωcLdd cos γ, R cos γ)︸ ︷︷ ︸
ϕd(1)

)
and (A9)

iq(1) =
U0|sin γ|√
R2 + ω2

c L2
qq︸ ︷︷ ︸

Iq(1)

cos
(

ωct + atan2(−ωcLqq sin γ, R sin γ)︸ ︷︷ ︸
ϕq(1)

)
. (A10)

The general forms of the phase shifts caused by the quadratic terms and the resistive-
inductive filtering at 2ωc angular frequency that takes into account the 180° ambiguity of
the opposite coordinate system are

ηd(2) = atan2(RΓ0, 2ωcLddΓ0) and ηq(2) = atan2
(

RΓ0, 2ωcLqqΓ0

)
. (A11)
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Appendix C.2. Second Harmonics

The second harmonic of the d-axis current is id(2) = Id(2) cos(2ωct + ϕd(2)) where the
amplitude and the phase are

Id(2) =
3
4

ωc|Γ0|

√√√√9I4
d(1) + 6I2

d(1) I2
q(1) cos(2ϕd(1) − 2ϕq(1)) + I4

q(1)

R2 + 4ω2
c L2

dd
and (A12)

ϕd(2) = atan2
(

3I2
d(1) cos(2ϕd(1) + ηd(2)) + I2

q(1) cos(2ϕq(1) + ηd(2)),

3I2
d(1) sin(2ϕd(1) + ηd(2)) + I2

q(1) sin(2ϕq(1) + ηd(2)))
.

(A13)

The second harmonic of the q-axis current is iq(2) = Iq(2) cos(2ωct + ϕq(2)) where the
amplitude and the phase are

Iq(2) =
3
4

ωc|Γ0|
√

Id(1) Iq(1)

R2 + 4ωcL2
qq

, and (A14)

ϕq(2) = ϕd(1) + ϕq(1) + ηq(2). (A15)

Appendix C.3. Apparent D Direction Current

The amplitude of the fundamental harmonic of the apparent d-axis current is

Îd(1) =
√

I2
d(1) cos2 γ + Id(1) Iq(1) cos(ϕd(1) − ϕq(1)) sin(2γ) + I2

q(1) sin2 γ. (A16)

The phase of the fundamental harmonic of the apparent d-axis current is

ϕ̂d(1) = atan2
(

Id(1) sin ϕd(1) cos γ + Iq(1) sin ϕq(1) sin γ,

Id(1) cos ϕd(1) cos γ + Iq(1) cos ϕq(1) sin γ)
.

(A17)

The amplitude of the second harmonic of the apparent d-axis current is

Îd(2) =
√

I2
d(2) cos2 γ + Id(2) Iq(2) cos(ϕd(2) − ϕq(2)) sin(2γ) + I2

q(2) sin2 γ. (A18)

The phase of the second harmonic of the apparent d-axis current is

ϕ̂d(2) = atan2
(

Id(2) sin ϕd(2) cos γ + Iq(2) sin ϕq(2) sin γ,

Id(2) cos ϕd(2) cos γ + Iq(2) cos ϕq(2) sin γ)
.

(A19)

Appendix D. Additional Parameter Identification Results (2 kHz)

The average values of the inductances were Ldd = 155 µH and Lqq = 188 µH for 2 kHz
injection frequency.
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Figure A1. The identified values of the d−q inductance matrix for 2 kHz injection frequency
(200 measurement points, 3.6° resolution in terms of electrical angle).
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Figure A2. The identified values of the d−q Hessian matrix for 2 kHz injection frequency (200
measurement points, 3.6° resolution in terms of electrical angle).

The best fit for the polarity-dependent saliency coefficient was Γ0 = 0.146 µH/A.
The model parameters for 2 kHz injection frequency are listed in Table A1.

Table A1. The model parameters for 2 kHz injection frequency.

Parameter Notation Value

Phase resistance R 715 mΩ

d-axis self-inductance Ldd 155 µH
q-axis self-inductance Lqq 188 µH

Polarity dependent saliency coefficient Γ0 0.146
µH
A
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