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Abstract: Water distribution networks need to improve system efficiency. Hydropower is a clean
and renewable energy that has been among the key solutions to environmental issues for many
decades. As the turbine is the core of hydropower plants, high attention is paid to creating new
design solutions and increasing the performance of turbines in order to enhance energy efficiency of
leakage by pressure control. Hence, design and performance analysis of a new turbine is a crucial
aspect for addressing the efficiency of its application. In this study, computational fluid dynamics
(CFD) modeling is coupled with experimental tests in order to investigate the optimal performance
of a new centrifugal turbine. The behavior of the flow through the turbine runner is assessed by
means of velocity profiles and pressure contours at all components of the machine under different
operating conditions. Finally, the turbine geometry is scaled to a real water distribution network and
an optimization procedure is performed with the aim of investigating the optimal location of both
the designed new centrifugal micro-turbines (CMT) and pressure reducing valves (PRV) in order to
control the excess of pressure and produce energy at the same time.

Keywords: centrifugal turbine; CFD models; experimental tests; dimensionless coefficients; optimal
location; water distribution network

1. Introduction

Hydropower is a well-advanced technology that convert the potential energy of water
into electric energy [1–3] and contributes to about 50% of the all existing renewable energy
sources [4,5]. It is reported that at least 16% of worldwide energy production results from
the hydraulic power generation [6,7].

The turbine represents the core device of any hydropower plant, converting the
hydraulic energy in mechanical energy of a rotating shaft [8], which is then converted into
an electrical current by means of a generator. Turbines can operate under steady-state or
transient operations in hydropower plants [9]: the angular frequency of the runner, as well
as the discharge through the turbine, is constant in the former case and varies over time
for transient operations [10]. Moreover, steady-states include both best efficiency point
(BEP) conditions and off-design conditions, such as part load (PL), high load (HL), and
full load (FL), whereas transient operations include start-stops and load variations [11,12].
The operation of a turbine is significantly complex and is characterized by high turbulence,
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even in steady-state conditions [13]. When the runner is supplied by a constant angular
frequency, between the trailing edge of the guide vane and leading edge of the runner blade
an exchange of momentum occurs, known as a rotor-stator interaction [14,15], causing the
propagation of a sound wave in all directions [16]. In addition, away from the BEP, the
turbine is affected by a large variation in velocity and pressure, which can result in output
power swings, as well as in mechanical vibrations that can damage the machine in the
long term [17]. In transient conditions, the development of fatigue to the runner and wear
and tear of the turbine components have also been observed [18] due to fluctuant pressure
loadings and mechanical stresses varying in magnitude, direction and frequency [19].
A thorough analysis is therefore required to investigate the phenomena affecting the
flow behavior within a turbine in order to improve the efficiency and power output
with increased operational stability [20]. An improvement in performance of the turbine
and its components definitely results in the improvement of overall hydropower plant
efficiency [21]. Computational fluid dynamics (CFD) is a well-known reliable technique
for performing a careful design [22,23] and simulation of hydraulic turbines [24,25]. A
computational approach allows one to investigate minor details of flow, which cannot be
caught by simple experiments [8,26]. A huge selection of studies based on CFD approaches
to investigate design and behavior of turbomachines is available in the literature. Among
the studies on turbines, Aghaei Tog et al. (2008) [27] showed an advanced turbulence
model in CFD analysis of radial turbines and presented an accurate way to select turbulent
parameters for FLUENT [28] users, applying this software as a complementary design tool
for high-speed turbo-machinery components. Chen et al. (2008) [29] defined an advanced
aerodynamic system to optimize blade design by the use of parametric modeling and
optimization strategy modules. Biesinger et al. (2010) [30] used numerical techniques
(i.e., phase-shift and time-inclining methods) to investigate unsteady flow phenomena for
a more efficient future-generation turbine blade design. Wang et al. (2012) [31] investigated
a novel design of a composite material axial water turbine, relying on a three-dimensional
numerical flow analysis. The flow characteristics were investigated at different components
of the turbine, and both the exact torque and power were analyzed at different rotating
speeds. With reference to pumps as turbines (PATs), several studies investigated steady
turbulent flows by CFD analysis [32–34], and other works have studied unsteady flow
fields by means of a moving mesh technique in CFD codes [35,36].

The aim of this work is to investigate the optimal performance of a new centrifugal
turbine by using both computational fluid dynamics modeling and experimental tests on
a laboratory prototype. The experimental measurements in terms of flow rate, pressure-
drop, torque and rotational speed allow one to assess the turbine behavior under different
operating conditions. Such experimental tests have been crucial in performing a CFD
analysis, providing the boundary conditions needed to properly model the reference
turbine. Based on the CFD simulation in the whole flow passage, the analysis of three-
dimensional steady flows is carried out under both design and off-design conditions.
Pressure contours and pressure drops across the runner are provided to assess the entity of
losses within the turbine components for different rotational speeds. Moreover, velocity
profiles at the inlet and outlet of the runner are compared in order to analyze the behavior
of the vanes in guiding the fluid exiting from the volute, as well as to quantify any slip
phenomena at the outlet of the runner, which may occur owing to the limited number of
blades. Moreover, the application of the turbine to a real case study network is presented.
An optimization procedure is carried out to investigate the optimal scale design of the
machine, as well as the optimal number and position of such designed turbines together
with pressure reducing valves, in order to maximize both water and energy savings and
minimize the investment costs. In this study, the optimization has been applied to a new
mathematical model, including, in a comprehensive way, the optimization constraints, as
well as turbine design formulations and the equations modeling the hydraulic behavior of
the network.
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2. Experimental Tests

Modeling the geometry of a centrifugal turbine involves defining the impeller and
volute components. In this study the geometric modeling of the draft tube has also been
considered, as it is one of the crucial components of a turbine. Performance tests have been
carried out with reference to a centrifugal turbine prototype (Figure 1) in order to assess
the hydraulic behavior profile under different operating conditions.

1 

 

 
Figure 1. Experimental setup of the centrifugal turbine. Units: mm.

The experimental setup consists of a free surface reservoir, on the top of which a
turbine is installed with a low-return suction tube. The setup is also equipped with an
air vessel to control sudden pressure impulses, a flow-control circulation pump, and all
required hydraulic and electrical components, such as a permanent magnet generator
(or SEIG) and energy dissipation for flow control.

The turbine prototype is characterized by an intake external diameter of 46 mm (40 mm
inside) and a shaft diameter of 12 mm (Figure 2). The turbine is installed on a rigid base and
connected to a generator. A datum torque meter (model M425-S2-B) is installed between
the turbine shaft and the electric brake.
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In the first stage of the tests, the turbine is experimented with variable pressure,
flow and variable speed, keeping the opening guide vane at maximum to establish the
performance points. The measured values are flow, pressure, torque and rotational speed.
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During the tests, the flow was varied within the range of 19–46 L/s, whereas the head drop
was kept as 32.8 m (3.17 bar). The measured torque range was 25–50 N·m., whereas the
rotational speed varied between 750 and 1850 rpm. Finally, the power on the turbine shaft
was between 2 and 10 kW. The experimental points are shown in Table 1.

Table 1. Experimental results of the turbine prototype.

D (mm) 150
H (m) 32.8

Q (L/s) 19.49 27.98 34.1 39.19 43.72 46.26
Q (%) 42 60 74 85 95 100
η (%) 33 40 52 55 62 65

N (rpm) 767 1064 1489 1580 1792 1843
P (W) 2040 3590 5680 6930 8710 9690

V (m/s) 0.97 1.39 1.70 1.95 2.17 2.30
T (N m) 25.40 32.22 36.43 41.88 46.41 50.21
Ph (W) 6265 8994 10,961 12,597 14,053 14,870

D—impeller diameter; H—head drop; Q—flow discharge; η—efficiency; N—rotational speed; P—mechanical
power; V—flow velocity; T—torque; Ph—hydraulic power.

3. Numerical Model
3.1. Turbine Geometry and Boundary Conditions

Providing a qualitative and quantitative prediction of fluid, CFD tools represent an
important technological advance toward a detailed analysis of the flow behavior. CFD
modeling allows one to study the behavior of both turbulent and laminar flows, as well
as exchanges of energy, flow phases, vorticity and turbulence levels. Based on the ex-
perimental data provided as boundary conditions, as well as the virtual prototype of the
turbine (Figure 1), a turbine modeling was performed with the aid of a CFD software for
turbulent 3D flow and a design/drafting software. In particular, the software COMSOL
Multiphysics [37] was selected for the CFD modeling in terms of geometry modification,
mesh generation, calculation and results analysis, presenting accurate results for several
fluid flow problems. COMSOL is a finite element method (FEM) software, relying on the
mass conservation and the RANS (Reynolds-averaged Navier-Stokes) equations. FEM is a
computational method according to which an object is divided into smaller elements. Each
element is assigned to a set of characteristic equations, which are then solved as a set of
simultaneous equations to investigate the behavior of the whole object [38].The design of
each machine component was, instead, performed by the software AutoCAD [39] and then
imported by COMSOL to reproduce the physical problem and post-processing capabilities.
The CFD approach was mainly intended to investigate the complex internal flows through
all components of the machine at different operating conditions, which may be crucial to
improve the performance of the machine at off-design conditions. The simulations were
performed by using the k-ε model for turbulent flows (with Reynolds number ranging
between 20,850 and 209,000), assuming water as an incompressible fluid and the fluid
regime as steady state. This model exhibits a good convergence rate and relatively low
memory requirements. A crucial assumption on which the k-εmodel is based is that the
Reynolds number is high enough. Moreover, such a model assumes that the turbulence is
in equilibrium in boundary layers, which means that the production equals the dissipation.
Being not always verified, such assumptions limit the accuracy of the model. Furthermore,
in case of rotating flows, such a model often shows poor agreement with experimental
data [40]. However, the flow close to the surface of the blade is turbulent; thus, the as-
sumptions used to derive the k-εmodel are not valid there. The correction of the k-εmodel
to better describe the flow in regions near the blades is not always desirable due to the
significantly high resolution requirements. Analytical expressions, well known as wall
functions, are instead preferred to describe the flow in the critical regions [41] and are used
in this application. Wall functions ignore the flow field in the buffer region and analytically
compute a nonzero fluid velocity [40–42]. When wall functions are used, the wall lift-off in
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viscous units δ+w has to be thoroughly verified to be below 30 in the whole region. In case
of δ+w greater than the threshold value, a finer boundary layer mesh is added.

All calculations were performed on an Intel 5, CPU 3.90 GHz, RAM 8 GB with four
cores and threads running in parallel. The model uses a physics-controlled mesh, according
to which the size attributes and operation sequences are automatically defined; thus, the
mesh is automatically generated and adapted for the model’s physics settings. Hence,
once the geometric model was defined, the automatic mesh generation was performed
by a careful selection of the related parameters, in order to achieve good precision results
with an acceptable computational effort. The mesh near the surface of the blade was
refined by an additional fine mesh to solve turbulence equations. Based on the assessment
of the accuracy of the calculated maximum pressure, a mesh convergence analysis was
tested by the use of a finer mesh and, thus, a greater number of degrees of freedom (DOF).
In particular, local sizing and curvature size functions were used to obtain a sufficiently
fine mesh to properly capture regions characterized by a rapid change in key variables,
such as pressure and flow velocity. According to the mesh convergence analysis, for a
mesh of approximately 150,000 DOF, the computed pressure value increased from 0.1 to
2.0 bar for a mesh of approximately 1,000,000 DOF, showing that 500,000 DOF provides
the same precision as 1,000,000 DOF. Finally, the fluid domain was constructed with
280,056 tetrahedral components, with 85% of quality element. This number of elements is a
compromise between the mesh quality as computed by the automatic mesh generator and
the computational capacity. Nevertheless, as demonstrated in [43], the number of elements
and their size ensure for limited error in the calculation of global parameters. The good
agreement between calculation and experimental results in terms of global parameters, as
shown below in Section 3.2, demonstrates the accuracy of the numerical solution.

The analyzed domain consists of an inlet, an outlet and two periodic interfaces. The
boundary conditions at the inlet and outlet parts of the turbine were set according to the
experimental measurements. In particular, the pressure value recorded by the pressure
transducer located downstream of the draft tube was assumed as boundary condition at
the outlet, whereas the flow discharge was considered as the the boundary condition at
the inlet.

Hence, for each simulation, the rotation of the impeller was assumed as the rotational
speeds achieved experimentally, and such a rotating domain was considered as a moving
mesh. This definition regulates the spatial frame and applies to all interfaces of physics
where domains rotate. Thus, in a rotating coordinate system in the inner domain, and in
the outer one in fixed coordinates, these interfaces formulate the Navier-Stokes equations
for incompressible fluids which are expressed in Equation (1) [44]:

∇·V = 0
ρ ∂V

∂t + ρV·∇(V) = −∇p +∇·
(
µ
(
∇V +∇VT

))
+ F

(1)

where µ is the dynamic viscosity, ρ the fluid density, p the pressure and F is the external
forces applied to the fluid. Non-rotating parts can be considered as fixed parts, which were
coupled with the rotating parts by means of an identity pair set, that is, the fluid continuity
boundary condition.

3.2. Numerical Results

The design of a turbine impeller is generally based on given values of differential
head, flow rate and rotating speed. This means that the specific speed is practically
imposed. Hence, the novel geometry was designed to target the specific speed resulting
from the experimental results. Thus, the turbine was simulated for different rotational
speeds (varying between 700 and 1800 rpm), different flow values (ranging between 19
and 50 L/s), and keeping the head drop value at 32.8 m.

Figure 3 shows the total pressure contours across the runner of the turbine for different
rotational speeds.
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Figure 4 shows the total pressure drop at the inlet and outlet rotor for different
rotational speeds. According to this figure, such a difference in terms of pressure drop is
quite small for most rotational speeds. Instead, a more significant difference is detected for
a rotational speed equal to 1850 rpm.
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A comparison of the flow velocity for different rotational speeds is presented in Figure 5.
It is clearly shown that the geometry is more resistive to the flowrate for N < 1500 rpm
for a given range of the total pressure drop. This results in a higher change in abso-
lute kinetic energy over the range of pressure differentials, causing a higher change in
dynamic pressure.
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Figure 6 represents for each rotational speed the velocity isosurface at the first instant
the turbine is crossed by flow and starts to rotate. According to Figure 6, the turbine
response becomes faster by increasing the rotational speed. The fastest response is attained
at a rotational speed at 1850 rpm.
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(f) N = 1850 rpm.

Figure 7 shows the velocity field at six operating points in a section plan of the turbine
runner. The characteristics of the flow were analyzed in critical regions, such as near the hub
and tip zones. With reference to Figure 7a, high flow acceleration is present from the leading
to the trailing edge, but at 68% along the blade chord, a sudden increase in static pressure
is observed, causing flow deceleration. Figure 7b,c shows almost the same conditions as in
Figure 7a, with a sharper velocity magnitude near the trailing edges. Figure 7c–f shows
some differences in terms of flow velocities, with higher values in the regions near the hub.
The degree of flow deceleration is lower when compared with N < 1500 rpm, inducing
lower internal losses as well.
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Figure 8 presents the velocity streamlines between the runner and the guide vane.
According to the streamline trend, it is clear that the fluid moves radially outward in
the rotor boundary layer. With reference to Figure 9, the velocity contour shows that the
maximum velocity reaches about 12 m/s in the region close to the leading edge of the
rotating blade, whereas the minimum velocity occurs close to the right side of the vane.
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Dimensional analysis is a useful and powerful tool to analyze complex problems
and solve different technical/physical problems. Thus, non-dimensional hydraulic fea-
ture terms of the machine were described in accordance with the geometric and kinetic
resemblance principles:

ψ =
gH

N2D2 (2)

ϕ =
Q

ND3 (3)

τ =
T

ρN2D5 (4)

Non-dimensional quantities defined by Equations (2)–(4) represent the head coefficient,
the flow coefficient and the torque coefficient of the centrifugal turbine, respectively.

Figure 10 shows the comparison between experimental measurements and numerical
results. Scale effects, due to design parameters not perfectly adherent to real parameters,
lead to a deviation between the prototype and the numerical model. In addition, since the
Reynolds number of the model is typically higher than the prototype, losses of friction
resulting from the CFD analysis are larger than the prototype. In addition, the model
efficiency is generally greater because of the viscous effects associated with vortex or eddy
effects. The maximum efficiency of the tested is attained as 65% for a value of the flow
coefficient as about 0.45.

According to Figure 10, the comparison between CFD and experimental tests predicted
that CFD results are slightly higher than the experimental results.

Based on experimental results and affinity laws, the following relationships were obtained:

ϕ = qT α
√
ψ (5)

N =
nT

D

√
gH (6)

η = 1− (0.4)
(

75
1000 D

)0.25( 5
H

)0.1
(7)

where qT and nT are experimental coefficients equal to 0.141 and 22.76, respectively,
whereas α is the runner thickness.
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4. Application to the Water Distribution Network (WDN) of Funchal City—
Madeira, Portugal

Once the design and performance of the novel turbine were investigated by experi-
ments and CFD analyses, an application to a real case study network was then considered.
The case study concerns the water distribution network supplying Funchal city in the
Madeira region (PT) (Figure 11). Such a network consists of a number of links (l) and
nodes (n) as 2844 and 2801, respectively, and it is supplied by five reservoirs, whose water
levels were assumed as constant. The total flowrate supplied by the reservoirs is 300 L/s.
Out of five reservoirs, two are located at 360 and 400 m.a.s.l., whereas the elevation of the
remaining three reservoirs is approximately 250 m.a.s.l. The network layout is presented in
Figure 11. According to the current configuration of the network, several pressure reducing
valves (PRVs) and throttle control valves (TCVs) are installed with the aim of controlling
the pressure in the whole network. Moreover, further valves are present in order to close
some links and determine a kind of district area of the network.

Due to the large topographical variability, a significant energy potential is available.
Hence, the installation of one or more turbines could allow for a large production of energy,
as well as a large water savings due to the reduction of the overall pressure. Nevertheless,
in the links where the flow is significantly low, the energy production is low as well, and
installing a valve instead of a turbine could be a more viable solution. Hence, in this
study, the optimal location of turbines and valves was simultaneously investigated. An
optimization procedure is implemented with reference to the daily average flow condition,
with the aim of searching for the best scale design for turbines and, simultaneously, the best
number and location of turbines and valves in order to maximize both water and energy
savings, and minimize the investment cost.
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4.1. The Optimization Procedure

In this study, the optimization problem was coupled with the hydraulic resolution
of the network in one single mathematical model. Instead of using a hydraulic external
solver (e.g., EPANET) to compute flow through links and pressure at nodes, the hydraulic
behavior of the network is modeled within the optimization procedure by means of the
mass continuity equations at the nodes and momentum balance equations along the pipes.
The mathematical model will therefore consist of both linear and non-linear inequalities
constraining the optimization problem, as well as non-linear equations modeling the
hydraulic resolution of the network. With regard to the variables of the optimization,
these are both binary (i.e., the installation of a device within a branch of the network) and
continuous (i.e., pressure in the nodes, the discharges within the pipes, head loss within
the devices). The resulting mathematical model is therefore a mixed integer non-linear
programming (i.e., MINLP). Due to the non-convexity of some constraints, among the
existing MINLP solvers, the Solving Constraint Integer Programs (SCIP) [45] was chosen to
perform the optimization, since it is a robust global optimization solver, suitable for general
MINLP problems—no matter if the optimization problem is convex or non-convex. SCIP
relies on spatial branch-and-bound algorithm with linear relaxation, various heuristics, and
bound-tightening procedures. This solver can handle only differentiable functions; hence,
it cannot perform the optimization in the presence of absolute values, if/sign function, etc.
Morani et al. (2021) [46,47] found proper formulations of both variables and constraints in
a general optimal location problem, avoiding the use of any non-differentiable functions
within the mathematical model. Most of these formulations will be used in this study and
presented later on.

4.1.1. The Variables

The location of a general device within a water network consisting of l links and n
nodes is represented by a binary variable (i.e., IT

k and IV
k for turbine and valve, respectively)

assuming a value of 1 if the device is installed and 0 otherwise. As previously highlighted,
since the hydraulic behavior of the network is modeled within the optimization procedure,
flow through links (Qk) and head at nodes (Hi) are continuous variables of the optimization
problem. With regard to Hi, it is constrained between a lower and an upper bound,
as follows: pmin

γ
≤ Hi − zi ≤

pmax
γ

(8)
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where pmin and pmax represent the minimum and maximum pressure values allowable at
each node, zi the elevation of the i-th (i = 1 . . . n) node, and γ the specific weight of water.

When the node is a reservoir (r), the head Hi(t) is a boundary condition, and the vari-
able is given by the discharge qr, which flows into or out of the reservoir itself. Regarding
the discharge (Qk) flowing through the k-th (k = 1 . . . l) link, it is expressed according to
Morani et al. (2021) [46], as follows:

0 ≤ q+
k ≤ Qmax ζk (9)

0 ≤ q−k ≤ Qmax (1− ζk) (10)

where q+
k and q−k are, respectively, the positive and negative parts of the discharge, and

Qmax is the upper bound. With regard to ζk, it is a binary variable modeling the direction
of the flow within a branch, and it is equal to 1 if the discharge flows according to the
direction of the pipe k (i.e., the flow is given by the only positive component q+

k ) and 0 if
otherwise (i.e., the flow is given by the only negative component q−k ).

The head loss within the device (HT
k and HV

k for turbine and valve, respectively) is
a further continuous variable of the optimization problem. As presented in Morani et al.
(2021) [46], these variables can also be split into their positive and negative components,
as follows:

0 ≤ HT+
k ≤ Hk max ζk (11)

0 ≤ HV+
k ≤ Hk max ζk (12)

0 ≤ HT−
k ≤ Hk max (1− ζk) (13)

0 ≤ HV−
k ≤ Hk max(1− ζk) (14)

where Hk max is the maximum value of head loss achievable within the devices.
Further variables of the problem are related to the design of the turbines. The machine

presented in the previous sections is a small-scale prototype; hence, its diameter (D) should
be properly scaled to be suitable for such a real application. Such a diameter represents a
further variable of the optimization problem and has is bounded as:

D ≥ Dmin IT
k (15)

D ≤ Dmax IT
k (16)

where Dmin and Dmax represent the lower and upper bound, respectively, of the variable D
in the case of turbine installation (i.e., IT

k = 1).
A further design variable of the optimization problem is represented by the impeller

thickness (α). As the diameter D,α is constrained as:

α ≥ αmin IT
k (17)

α ≤ αmax IT
k (18)

where αmin and αmax represent the lower and upper bound, respectively, of the variable α
in the presence of a turbine (i.e., IT

k = 1).

4.1.2. Non-Linear Constraints

Most of the non-linearities in the optimization problem are given by the equations
modeling the turbine design. In addition to the diameter (D), the installed turbine should
also be characterized in terms of flow (QT), efficiency (ηT) and producible power (PT). With
regard to the flow through the turbine, it can be obtained from Equation (5), as follows:

QT = qT D2 α

√
g
(

HT+
k + HT−

k

)
(19)
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In order to set QT as the total discharge flowing through the k-th pipe if the turbine is
installed, the following constraint was defined:

QT =
(
q+

k + q−k
)

IT
k (20)

According to Equation (20), when the turbine is not installed in the k-th pipe (i.e., IT
k = 0),

the QT is forced to be equal to 0.
The turbine efficiency can be expressed according to Equation (7) as a function of

(HT+
k + HT−

k ):

η = 1− (0.4)
(

75
1000 D

)0.25
(

5
HT+

k + HT−
k

)0.1

(21)

The producible power is hence given by the following expression:

PT = γ
(

HT+
k + HT−

k

)
QT η ηG (22)

where ηG is the generator efficiency, assumed equal to 90%.
As constraints (19)–(22) are written with reference to each link of the network, the total

number of such constraints is equal to 4l.
Further non-linearities are represented by the hydraulic equations modeling the res-

olution of the network, such as the mass continuity equations within the nodes, and
momentum balance equations along the links.

Given a node i (i = 1 . . . n), the mass continuity equation can be expressed as follows:

∑
k ∈ Ki

(
q+

k + q−k
)in − ∑

k ∈ Ki

(
q+

k + q−k
)out − fi (Hi − zi)

β = qd
i (23)

where
(
q+

k + q−k
)

is the total discharge in the k-th link belonging to set Ki of links approach-
ing the node i, and the superscripts in and out indicate whether the discharge flows into or
out of the i-th node, respectively. The term fi (Hi − zi)

β represents the amount of leaked
water at the i-th node, which will be better defined in Section 4.1.4. As the constraint (23)
was written for each node i (i = 1 . . . n), the number of mass continuity equations can be
accounted for as n.

Given a link k (k = 1 . . . l), the momentum balance equation is given by the following
expression:

Hi − Hj − rkLk − (HT+
k −HT–

k )− (HV+
k −HV–

k ) = 0 (24)

where Hi and Hj are the head at the initial (i-th) and final (j-th) node of the k-th link, and
rkLk is the head loss due to the resistance along the k-th pipe presenting a length Lk. The
unit head loss rk was calculated by the Hazen Williams formula:

rk =
10.67
C1.852

k

[
(q+

k )
1.852 − (q−k )

1.852
]

D4.8704
k

(25)

where Ck and Dk are the roughness coefficient and the diameter of the k-th pipe, respectively.
As constraint (24) is expressed for each link k (k = 1 . . . l), the total number of such
constraints can be accounted for as l.

4.1.3. Linear Constraints

Some linear constraints were used and were already presented in Section 4.1.1 (see
Equations (9)–(14)) to define the variables of the problem. An additional set of l linear
constraints (i.e., one for each link k) was defined in order to avoid the installation of both
turbine and valve within a same link:

IT
k + IV

k ≤ 1 (26)
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Finally, further linear constraints were introduced in order to push the head loss within
the devices to be equal to 0 if the device is not installed, and to be bounded otherwise.

HT+
k + HT−

k ≤ Hk max IT
k (27)

HV+
k + HV−

k ≤ Hk max IV
k (28)

As constraints (27) and (28) defined for each link k of the network, the total number of
such devices is equal to 4l.

4.1.4. The Objective Function

As already highlighted, the aim of the optimization is to search for the best design
and location of both turbines and valves, in order to maximize both the energy and water
savings and minimize the investment cost. As in Morani et al. (2021) [46,48], the objective
function that can be suitable for such an optimization problem is the net present value
(NPV) of the investment, whose expression is given in Equation (29).

NPV =
l

∑
k =1

(
− cT

k IT
k − cV

k IV
k

)
+

Y

∑
y=1

Ep
y + Ws

y

(1 + λ)y (29)

In Equation (29) the terms cT
k IT

k and cV
k IV

k represent, respectively, the total cost of
turbines and valves occurring only at the beginning of the investment, whereas Ep

y and Ws
y

are the annual inflow cash due, respectively, to the energy production and reduction of
leaked water. Moreover, Y is the total number of y years, assumed as 10 years, and λ is the
discount rate (set as 5%). In order to evaluate the annual income resulting from the energy
production, an energy unit selling price equal to 0.1 €/kWh was assumed. With regard to
the cost of the valve, the model cost suggested by Garcia et al. (2019) [49] was adopted,
according to which the total cost of PRVs is dependent on pipe diameter (Figure 12):
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With reference to the total cost of the turbines, since the analyzed turbine is a prototype,
a function to properly model its cost is not actually available. Hence, in this study, the
cost models of both a traditional turbine and a pump as turbine (PAT) (Figure 13) were
alternatively used to carry out the optimization, since the effective cost model of the novel
turbine is likely to comprise these two cost models. Among all the models presented in
Figure 13, in this study the costs of the devices were evaluated according to the interpola-
tions of experimental points presented by the authors in [50] (i.e., black dots for turbine
unit costs and grey dots for PAT unit costs).
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With regard to the annual income due to water saving (Ws
y) in Equation (29), it was

evaluated as the difference between the total volume of water leaked without and in
presence of devices within the network [46,48]:

Ws
y = cw

(
Q0

l ∆td −QS
l

)
(30)

The water unit cost cw was fixed as 0.3 €/m3, as representative of the analyzed case
study area. According to the formulation proposed by Araujo et al. (2006) [55], the total
leaked discharge in the network Ql can be evaluated as the sum of the discharge leaked in
all single nodes:

Ql =
n

∑
i=1

ql
i =

n

∑
i=1

fi (Hi − zi)
β (31)

where β is an exponent depending on both the material and the shape of the orifice [56],
which was set equal to 1.18, according to Araujo et al. (2006) [48,55]. With regard to fi , it
represents a leakage coefficient whose expression is following presented:

fi = c
Ki

∑
j=1

0.5 Li,j (32)

where c is a coefficient equal to 0.00001 L/s m1+β [48,55] and Ki is the set of nodes linked
to the i-th node by a pipe with length as Li,j.

4.1.5. The Mathematical Model

The combination of all variables, objective function and linear/non-linear constraints
presented in the previous sections results in the mathematical model in Equation (33).

Regarding the model in Equation (33), Hk max, that is the upper bound of the variables
head losses within the devices, was set as 200 m; pmin and pmax were set as 25 m and 150 m,
respectively. Regarding the bounds of the impeller diameter of the turbines, the lower
bound Dmin was set as 50 mm, whereas the upper bound Dmax varies for each pipe k and is
equal to four times the diameter of the pipe itself. Finally, the upper bound of the variable
discharges, which is Qmax, was set as 500 L/s, whereas αmin and αmax were assumed equal
at 10% and 200%, respectively.
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As in Morani et al. (2021) [46], two small feasibility tolerances (tolHk , tolQi ) were intro-
duced within the momentum balance equation and mass continuity equation, respectively,
in order to push the solver to achieve a solution. Such tolerances are small quantities
(tolHk = 0.01 m and tolQi = 0.005 L/s) and can be considered as acceptable as all other uncer-
tainties affecting the accuracy of the problem (e.g., evaluation of end-used demands, use of
Hazen Williams formula).

maximize
IT
k , IV

k , ζk

HT+
k , HT−

k , HV+
k , HV−

k
q+

k , q−k , Hi, D,α,

NPV =
l

∑
k =1

(
− cT

k IT
k − cV

k IV
k

)
+

Y
∑

y=1

Ep
y+ Ws

y
(1+λ)y

−tolQi ≤ ∑
k ∈ Ki

(
q+

k + q−k
)in − ∑

k ∈ Ki

(
q+

k + q−k
)out − fi pβ

i − qd
i ≤ tolQi

−tolHk ≤ Hi − Hj − rkLk − (HT+
k −HT–

k )− (HV+
k −HV–

k ) ≤ tolHk
0 ≤ q+

k ≤ Qmax ζk

0 ≤ q−k ≤ Qmax (1− ζk)

0 ≤ HT+
k ≤ Hk max ζk

0 ≤ HT−
k ≤ Hk max (1− ζk)

0 ≤ HV+
k ≤ Hk max ζk

0 ≤ HV−
k ≤ Hk max (1− ζk)

D ≥ Dmin IT
k

D ≤ Dmax IT
k

α ≥ αmin IT
k

α ≤ αmax IT
k

QT = qT D2 α

√
g
(

HT+
k + HT−

k

)
subject to

η = 1− (0.4)
( 75

1000 D
)0.25

(
5

HT+
k + HT−

k

)0.1

PT = γ
(

HT+
k + HT−

k

)
QT η ηG

pmin
γ ≤ (Hi − zi) ≤

pmax
γ

HT+
k + HT−

k ≤ Hk max IT
k

HV+
k + HV−

k ≤ Hk max IV
k

QT =
(
q+

k + q−k
)

IT
k

IT
k + IV

k ≤ 1
0 ≤ IT

k ≤ 1
0 ≤ IV

k ≤ 1
0 ≤ ζk ≤ 1

(IT
k , Iv

k, ζk) ∈ Z
(

HT+
k , HT−

k , HV+
k , HV−

k

)
∈ R,(

q+
k , q−k , QT, PT, ηT, D, α

)
∈ R

∀ i, j = 1 . . . n, ∀ k = 1 . . . l

(33)

The total number of variables amounts to 42,617, whereas the sum of both linear and
non-linear constraints is accounted for as 51,149.

4.2. Optimization Results

Table 2 shows the results of the optimization obtained by using the cost models
presented in Section 4.1.4. In Table 2, (I) and (II) refer to results obtained when a traditional
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turbine and a PAT cost model, respectively, are employed to evaluate the cost of the
installed turbines.

Table 2. Results of the optimization procedure using two different literature cost models.

NPV
(€)

N◦ Turbines
(-)

N◦ Valves
(-)

Av. Power
(kW)

Water Saving
(m3/day)

Invest. Cost
(€)

(I) 1 7,169,083 5 4 68 8507 482,298
(II) 1 11,942,920 6 1 65 13,673 55,786

1 (I): traditional turbine + generator cost model; (II) PAT + generator cost model.

When the turbine cost is evaluated according to the traditional turbine cost model
(see (I)), the optimization solver installs a number of turbines and valves as 5 and 4,
respectively, with an investment cost of EUR 482,298.

The resulting average produced power was accounted for as 68 kW, and the amount
of water saved per day is equal to 8507 m3. When the literature PAT cost model is, instead,
employed to evaluate the cost of the installed turbines (see (II)), the solver selects more
turbines than valves (i.e., 6 against 1—Figure 14), since the installation of valves could
not be convenient compared to turbines, especially where the pipe diameters are large.
However, compared to the results in case (I), the increased value of NPV in case (II)
(i.e., EUR 11,942,920) is due to the larger water savings, which is equal to 13,673 m3 per day,
and smaller investment costs (EUR 55,786). Regarding the power production, it is quite
similar between the two cases, obtaining around 65 kW.
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The turbines are installed in both the cases in the middle region of the network,
whereas the valves are installed in the peripheral area, where the water saving potential is
large but the recoverable energy is contained.

Tables 3 and 4 show the results in terms of turbine geometry and operating conditions
at BEP for case (I) and case (II), respectively. With reference to N, it is the rotational speed
resulting from the optimal diameter (D) and head drop (HT) according to Equation (6).
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Table 3. Turbine geometry resulting from case (I).

D
(mm)

HT
(m)

QT
(L/s)

N
(rpm)

ηT
(%)

Link 89 187 52 11 2748 75
Link 795 540 50 91 933 81

Link 1358 500 5 25 319 75
Link 1375 940 13.5 144 278 80
Link 2485 165 161 15 5480 77

Table 4. Turbine geometry resulting from case (II).

D
(mm)

HT
(m)

QT
(L/s)

N
(rpm)

ηT
(%)

Link 8 685 5.95 51 254 77
Link 14 70 50 1.6 7200 68
Link 108 170 119 14 4573 76

Link 1241 535 41.5 82 858 80
Link 1242 747 11.5 84 323 79
Link 2485 220 122.5 24 3585 78

Figure 15a shows the pressure contour plots according to case (I) when devices are
installed within the network: the installation results in a significant reduction in the overall
excess pressure when compared with the scenario without installed devices (Figure 15b).
The same is valid for case (II), whose pressure contour plot is presented in Appendix A
(Figure A1).
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Figure 15. Pressure contour plot when devices are installed (a) and without performing any pressure
control strategy (b) for case (I).

The produced power, as well as the head drop within the installed devices, for case
(I) is shown in Figure 16a,b, respectively. According to Figure 16b, the reduction in head
resulting from the device installation is significant, even reaching a value of 160 m. The
same figure for case (II) is presented in Appendix A (Figure A2).
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5. Conclusions

In this paper a new centrifugal micro-turbine (CMT) was investigated in terms of
performance and design. Based on a CFD modeling coupled with experimental tests on a
turbine prototype, the unstable phenomena affecting the turbine components during its
operation have been investigated in detail. In particular, the velocity and pressure profiles
within turbine components were presented for different operating conditions. According
to the results, the difference in terms of pressure drop at inlet and outlet of the rotor is
significantly small, except for rotational speeds greater than 1850 rpm. According to the
velocity profiles at the runners, high flow acceleration was detected from the leading edge
to the trailing edge, followed by a significant flow deceleration due to an increase in static
pressure. Moreover, the degree of flow deceleration was lower for high rotational speeds, at
which the internal losses were therefore lower. A maximum velocity value of 12 m/s was
detected in the region close to the leading edge of the rotating blade, whereas the minimum
velocity of around 1 m/s is presented at the right side of the vane. However, the validation
of the CFD numerical simulation was proven by a good agreement with experimental
data in terms of global parameters. Based on affinity laws and the experimental tests,
some relationships were obtained to design the centrifugal turbine at its best efficiency
point. Finally, based on this new centrifugal micro-turbine design, a real water distribution
network (WDN), in the Funchal system, was assumed as the case study and an optimization
procedure was carried out in order to search for an optimal scale design of turbines, as well
as an optimal location of such designed turbines together with pressure reducing valves
(PRV), in order to maximize the energy production and minimize the leakage water volume.
Due to the lack of information about the purchase cost of such a new centrifugal turbine,
two different literature cost models were assumed to evaluate the investment cost: the
effective solution will definitely comprise the two obtained solutions. According to the
results, the use of a PAT cost model pushes the solver to install more turbines than valves.
Moreover, compared to the solution resulting from the use of a traditional turbine cost
model, when the turbine cost is evaluated according to a literature PAT cost model, the
resulting water savings is large (i.e., 13,673 m3 per day against 8507 m3 per day) and the
investment cost is significantly more confined (EUR 55,786 against EUR 482,298), where
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the power production has been accounted for at around 65 kW. However, in both analyzed
cases, the turbines are installed in the middle part of the network, where the available
energy is significant, whereas the valves are mainly located in the peripheral area where
valves represent a more viable solution due to the limited available potential energy.

Author Contributions: Conceptualization, H.M.R., M.S. and M.C.M.; methodology, H.M.R., I.G.,
R.S.S., O.F. and A.C.; validation, I.G., M.S. and M.C.M.; formal analysis, H.M.R., O.F. and A.C.;
investigation, I.G., H.M.R. and A.C.; resources, R.S.S., M.S. and M.C.M.; writing—original draft
preparation, M.S. and M.C.M.; writing—review and editing, H.M.R., O.F. and A.C.; supervision,
H.M.R. and A.C.; funding acquisition, H.M.R. and A.C. All authors have read and agreed to the
published version of the manuscript.

Funding: This research is supported by the project REDAWN (Reducing Energy Dependency in
Atlantic Area Water Networks) EAPA_198/2016 from INTERREG ATLANTIC AREA PROGRAMME
2014–2020.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Acknowledgments: The authors want to thank the project REDAWN (Reducing Energy Depen-
dency in Atlantic Area Water Networks) EAPA_198/2016 from INTERREG ATLANTIC AREA
PROGRAMME 2014–2020 and CERIS (CEHIDRO-IST).

Conflicts of Interest: The authors declare no conflict of interest.

List of Symbols
α Runner thickness
αmax Maximum runner thickness
αmin Minimum runner thickness
β Leakage exponent
γ Fluid specific weight
δ+w Wall lift-off
ζk Binary variable of flow direction through the k-th link
λ Discount rate
η Turbine efficiency
µ Flow viscosity
ρ Flow density
τ Non-dimensional torque
ϕ Non-dimensional discharge
ψ Non-dimensional head drop
Ck Roughness coefficient of the k-th link
cT

k Total cost of turbine
cV

k Total cost of valve
cw Water unit cost
D Turbine diameter
Dk Diameter of the k-th pipe
Dmax Maximum turbine diameter
Dmin Minimum turbine diameter
Ep

y Energy income
F External force
fi Leakage coefficient at the i-th node
g Gravity acceleration
H Head drop
Hi Head at i-th node
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Hk max Maximum head drop within the devices
HT

k Head drop within turbine
HT+

k Positive component of head drop within turbine
HT−

k Negative component of head drop within turbine
HV

k Head drop within valve
HV+

k Positive component of head drop within valve
HV−

k Negative component of head drop within valve
IT
k Binary variable for turbine location

IV
k Binary variable for valve location

i,j Indices for nodes
Ki Set of nodes linked to the i-th node
k Index for links
Li,j Length of pipe connecting nodes i and j
Lk Length of the k-th link
l Number of links
N Rotational speed
NPV Net present value
n Number of nodes
nT Experimental coefficient
Ph Hydraulic power
PT Produced power
p Pressure
pmax Maximum allowable pressure
pmin Minimum allowable pressure
Q Experimental discharge
Ql Total leaked discharge
QT Discharge through the turbine
Qk Discharge through the k-th link
Qmax Maximum discharge through the k-th link
qd

i Demand of the i-th node
ql

i Leaked discharge at the i-th node
q+

k Positive component of discharge through k-th link
q−k Negative component of discharge through k-th link
qT Experimental coefficient
rk Resistance term at the k-th link
T Torque
V Flow velocity
Ws

y Water saving
Y Number of years
y Index for years
z Node elevation
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