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Abstract: A particle-scale surface tension force model (STF) is proposed here to be incorporated
in the smoothed hydrodynamics particle (SPH) method. This model is based on the identification
of interface geometry and the gradient of densities across the interface. A square bubble of single-
phase and a square bubble immersed in fluids are simulated by the STF model accompanied with a
combined kernel in SPH to validate their suitability to simulate the immersed bubble motion. Two
cases of rising bubbles, i.e., a single rising bubble and a pair of rising bubbles, are simulated for
demonstration. The rising velocity, density, surface tension force, interfacial curvature, the power
of the STF, and the smoothing length of the rising bubble and surrounding fluids are all computed
by the current STF model to study the characteristics of immersed bubble’s motion and coalescence.
The current model provides a way to capture the interfacial interactions in two-phase flows at
particle scales.

Keywords: surface tension force; smoothed particle hydrodynamics; particle-scale model; bubble;
combined kernel; two-phase flow

1. Introduction

The interfacial phenomenon with thin liquid films [1] or free surfaces [2] in two-phase
flows is always important and complex in many engineering processes. For example, the
critical heat flux in the boiling process is important in understanding and predicting the
heat transfer issues in the reactor thermal hydraulics. In particular, the surface tension force
(STF) is a fundamental issue in two-phase flows, especially when we need to capture the
phase change dynamics. To tackle STF in simulating two-phase flows, usually based on the
continuous surface force description, one always needs to know the local normal vector on
the interface and the curvature on that point.

In computational fluid dynamics, the most common methods to solve the surface
tension forces are the volume of fluid method (VOF) [3], the level set method (LS) [4], and
the front tracking method [5]. The main shortcoming of these methods lays in the prediction
of the evolution of a moving interface [6], which may, in turn, cause the methods to fail
in accurately predicting the accurate normal direction and curvature on the surface [7].
Therefore, many choices have been considered and developed, such as the moving particle
semi-implicit (MPS) method [8], the dissipative particle dynamics (DPD) method [9], and
the smoothed particle hydrodynamics method [10]. The smoothed particle hydrodynamics
(SPH) is considered a meshfree, Lagrangian, particle method, which is advantageous over
conventional grid-based numerical methods in the aspect of interface treatment [11].
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In general, surface tension is a force at the interface of two kinds of fluids or one
kind of fluid with differential densities. The STF is explained at the molecular level by
an imbalance of the interactions between the molecules of the two fluids [12]. Although
the STF is a surface force that depends on the local normal direction of the surface and
the local curvature of the surface, it is always simplified by volumetric expressions to
be incorporated in the continuous surface force model (CSF) [13] or Continuum Stress
Surface (CSS) method [14]. In addition, there is another way to compute the surface tension
force, i.e., by imposing additional forces on particles to mimic the local imbalance between
particles on the interface. These additional forces are usually pair-wise forces to mimic
the imbalance of molecular interactions [15]. Although this method is particularly suitable
for particle-based methods (or from the Lagrangian viewpoint of description), e.g., the
smoothed particle hydrodynamics method, it does need substantial research on calibration
and may be case-dependent or material-varied expressions on particle–particle interactions
should be utilized. As a key issue, how to mimic the particle-scale imbalance on the
interface which is generated from the imbalance of molecules is difficult since the scales
may vary over several orders.

In this work, a particle-scale surface tension force model is proposed based on particle-
scale computations of the local normal force by the gradient of densities and local curvature
of a one- or two-layer interfacial surface. This method is based on the smoothed particle
hydrodynamics method and three validation cases and two demonstrative application
cases have been carried out. However, we believe that this method can be utilized in
common cases of two-phase flows.

2. Mathematical Formulations
2.1. Governing Equations for SPH

For the fluids with properties of density ρ, velocity v, pressure p, and viscosity µ, the
governing equations are the Navier–Stokes equations formulated as follows

dρ

dt
= −ρ∇ · v

dv
dt

= −1
ρ
∇p +

1
ρ
∇ · τ + f ext

(1)

The deviator stress tensor τ is usually expressed by

τ = µε = µ

(
∇v +∇vT − 2

3
(∇ · v)δαβ

)
(2)

where δαβ

δαβ =

{
1, if α = β

0, otherwise
(3)

is the Kronecker delta function. f ext is the total external force field which may normally
include the forces of gravity f G, buoyancy f B, surface tension f S, etc.

In smoothed particle hydrodynamics, the quantities and their derivatives are always
discretized by using suitable kernel functions (Wij(r)) to cope with particle–particle interac-
tions, where r = |xi − xj| and xi is the position vector of the ith particle. The quantities are
usually the density ρa, pressure pa, etc., (hereafter a = (l)iquid, (g)as, which means the index
of phases in liquid-gas two-phase flow; and the superscript can always be omitted if it does
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not make confusion). Based on the kernel function, the smoothed particle hydrodynamics
formulates the Navier–Stokes equations of continuous fluid flow as follows

dρi
dt

= ρi

N

∑
j=1

mj

ρj
(vij)β ·∇i,βWij

d(vi)α

dt
=

N

∑
j=1

mj

(
−pi Iαβ + µi(εi)αβ

ρ2
i

+
−pj Iαβ + µj(εj)αβ

ρ2
j

)
·∇i,βWij

+ ( f Gi)α + ( f Bi)α + ( f Si)α

(4)

where α, β = (x, y, z). mi, ρi, pi, vi are mass, density, pressure, and velocity of the ith
particle. vi = vi − vj is the velocity difference between the ith and jth particle. I is the
identity matrix and ∇ is the gradient operator. The strain rate tensor (εi)αβ is

(εi)αβ =
N

∑
j=1

mj

ρj

(
(vji)α∇i,βWij + (vji)β∇i,αWij −

2
3

δαβvji ·∇iWij

)
(5)

In two-phase flow, the gravity term fGi, the buoyant force term fBi are respectively
expressed as follows

f Gi = g

f Bi = −
(

ρl − ρi
ρl

)
g

(6)

The inter-phase interaction force term f Si is considered as the surface tension force
here [16]

f Si = 2δSiσκini (7)

where σ is the surface tension coefficient. κi and ni are the local mean interface curvature
and unit normal vector at xi, respectively. δSi is a function that determines if it is the
interface between two phases.

In addition, the equation of state used here follows the formulation of [12]:

pe(ρi) = pr

((
ρ

ρ0

)γ

− 1
)
+ p0 (8)

where ρ0 is the constant reference density for fluid particles, and pr and p0 are the reference
pressure and background pressure of the fluid, respectively.

Concerning the kernel function, herein, we used a newly self-developed kernel func-
tion. Suppose r is the distance between any pair of particles, and h is the smoothing length,
the kernel function is

W(r, h) = αD

{
h
r +

(
3− r

h
)3, 0 < r ≤ 2

0, r > 2
(9)

where the coefficient αD is to take the integral of the kernel over any local domain Ω of
cut-radius Rc to be unity. For example, in a 2D case, it should satisfy∫

Ω
W(r, h)dΩ =

∫ 2π

0

∫ Rc

0
W(r, h) = 1, (10)

and get αD = 5
136πh2 .
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2.2. Particle-Scale Surface Tension Force

As aforementioned, existing methods for surface tension force in SPH may generally
be divided into three categories, e.g., using cohesive pressures [17], inter-particle forces [18],
and continuum surface forces [13]. In this work, the surface tension force formulation is
based on Equation (7). So, it is still within the category of the continuum surface force
model. However, the implemented schemes are different.

In Equation (7), there are three issues to be addressed in detail: (1) an index function
δSi which determines where is the inter-phase or free surface. (2) The normal vector ni on
the free surface or inter-phase surface where the ith particle is located; (3) the geometric
curvature κi of the local interface.

For the index function, it is easy to be implemented numerically in SPH. For example,
we can determine the interface by

δS(x) = |xl
i − xg

j | < ch (11)

which means that the distance between the ith liquid particle and the jth gas particle is less
than ch. Herein, h is the smoothing/interaction distance in SPH, and c is a tuned coefficient.
In general, we let c = 1 here to avoid tuning the coefficient.

In the existing literature [7,12], the normal vector of the inter-phase is always computed
by a scalar function c(x, y) which is the volumetric or number density of the liquid (or
gas) phase. The idea of using the scale function c (or color function) is somewhat like
the level-set method or VOF method [11], where the normal vector of the surface is the
gradient of the scalar function, i.e., n = ∇c

|∇c| , and the curvature given by κ = ∇ · n. Using
this concept, the gradient cannot be very sharp due to the requirement to maintain stability
in numerical implementations.

However, we scrutinized this method and finally gave up using the scalar function
c(x, y). Instead, based on the index function of Equation (11), we think that it is suitable to
be reformed as follows:

δS(x) = |xl
i − xg

j | = δS(sij) (12)

As δS is known in the first step (Equation 11), if we generate a group of functions (gIα) :
δS → R1 on δS(sij), after some labor, it is easy to derive the tangential vector τs and the
magnitude of the unit normal vector n0

s , respectively, by

(τs)α =
dgIα

ds∣∣∣∣ns
∣∣∣∣0

α
=

1∣∣∣∣ d2gIα(s)
ds2

∣∣∣∣ ∣∣∣∣d2gIα

ds2

∣∣∣∣ (13)

As the normal vector magnitude has already been obtained by Equation (13), one needs
only to determine the correct direction of it, i.e., either ns or −ns. Then, the gradient of the
density of fluid ∇ρ is used to aid to determine the correct direction of the surface tension
force, i.e.,

ns =

{
ns, if ∇ρ · ns ≥ 0
−ns, if ∇ρ · ns < 0

(14)

The gradient of the density of the jth particle is obtained by

∇ρj = ∑
(i,j)∈Σin f

(xi − xj)(ρj − ρi) (15)

where (i, j) ∈ Σin f means either the ith or the jth particle is on the two-phase interface Σin f .
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In addition, the curvature can be directly obtained by Equation (13), i.e.,

κ =

[
∑
(

d2gIα(s)
ds2

)2]1/2

(16)

Note that Equations (13) and (16) give respectively the unit normal vector and curva-
ture in Equation (16). Its accuracy is mainly determined by the interface index function δS
given by Equation (11). As the interface function is, for example, a one-dimensional curve
in two-dimensional two-phase flows, it could be maintained very sharp and accurate with
some regression or smoothing techniques. In other words, its accuracy may be maintained
ideally as high as required.

Using the current particle-scale model, the surface tension forces can be computed on
the interface of an internal bubble and surrounding fluids (Figure 1). In this work, although
the coefficient c = 1 in Equation (11) is used, the smoothing length h is determined by the
densities on each side of the interface. Therefore, in Figure 1, the surface tension force is
computed on two layers of the fluid particles (high density, red particle), whereas it is only
computed on one layer of the bubble particle (lower density, blue particle). We think that
the interface treated in this method is as thin as possible to take only one or two particles
on both sides. We may call this method a particle-scale model of the surface tension force.

Figure 1. Sketch of particle-scale surface tension force on the interface of the internal bubble and the
surrounding fluid.

3. Validations and Results
3.1. Validation Case 1 for the Kernel: Dam-Break

As a first step, this section shows the validation for the kernel proposed here. A dam-
break case is chosen herein which is simulated by using the current kernel (Equation (9))
and the results are compared to existing simulations [19–21] and experiments [22]. The dam-
break case occurs in a wet bed of 9.55 m length in the water depth of hd = 0.038 m. Before
the dam-break, the waters on the left side of the bed are 0.38 m and 0.15 m in width and
height, respectively. A total of 32,022 particles were used to simulate this case.

The water waves and profiles at time step t = 0.28, 0.34, and 0.47 s are shown in
Figure 2a, Figure 2b, and Figure 2c, respectively, accompanied with existing numerical and
experimental counterparts [19–22]. It is seen that the current results have a few differences
from the experimental results [22]. In addition, there are similar differences between the
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existing simulation results and experimental results. However, the consistency between
the current simulation and existing numerical results [19–21] seems to be acceptable. To
say conclusively, the profiles obtained by numerical simulations with different kernels look
more or less consistent with each other. This indicates that the current kernel is suitable and
capable of simulating the fluid flows. Hence, we will use this kernel for subsequent cases.

Figure 2. Comparison of dam-break process using the current kernel with some numerical [19–21]
and experimental [22] results. (a) t = 0.280 s; (b) t = 0.345 s; (c) t = 0.470 s.

3.2. Validation Case 2 for the Surface Tension: A Square Drop with a Free Surface

This section shows a simulation of single-phase square drop by using the current
surface tension force to show its capability for free surfaces. The parameters are listed in
Table 1.

Table 1. Parameters of used in the case of a square bubble in a single-phase system.

Parameters Values

Width WB (m) 1.0
Number of particles Np 1600

γ in Equation (8) (-) 2
Reference pressure in EOS pr (Pa) 1.0

Background pressure in EOS p0 (Pa) 1.0
Reference density in EOS ρre f (kg/m3) 1.0

Viscosity of fluids µ f (Pa·s) 0.001
coefficient of surface tension force σ (N/m) (Pa·s) 10

Time step ∆t (s) 5.0 × 10−5

Time in simulation Tt (s) 150.0
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At the start, particles are arranged in a square array of zero velocity (Figure 3a).
The surface tension forces are generated only at the four corners (Figure 3a). This clearly
shows the validity and accuracy of the computed surface tension. Driven by the surface
tension force, the fluid particles move gradually (Figure 3b–e). The particles at the corner
move toward the center and the particles on the sides move outward. After 150 s (Figure 3e),
the final distribution of particles becomes a nearly perfect disk.

(a) t = 1.0 s (b) t = 5.0 s

(c) t = 8.0 s (d) t = 10.0 s

(e) t = 12.0 s (f) t = 14.0 s

(g) t = 16.0 s (h) t = 18.0 s

Figure 3. The evolution of particle position and velocity for a single-phase square bubble. The
coordinate axes are x in horizontal and y in vertical directions, and the same hereafter if not specified.

3.3. Validation Case 3 for the Surface Tension: A Square Bubble with an Inter-Phase Surface

Following a similar manner, the second case is a two-phase square bubble, whose
evolution is shown in Figure 4. In this case, the coefficient of capillary force is enlarged
about 7.2 times compared to the former case. The outside of the bubble is enclosed by
fluids of higher density and lower viscosity (Table 2). Driven by the inter-phase surface
tension force similarly, the central bubble has been changed from square to circular shape
after about t = 2 s.
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(a) t = 0.05 s (b) t = 0.5 s (c) t = 1.0 s

(d) t = 0.05 s (e) t = 0.5 s (f) t = 1.0 s

(g) t = 1.5 s (h) t = 0.20 s (i) t = 0.05 s

(j) t = 0.5 s (k) t = 1.0 s (l) t = 2.0 s

Figure 4. The evolutions of velocity (a–c), phase index (d–h), and pressure (i–l) of particles in the
two-phase square bubble.
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Table 2. Parameters used in the case of a square bubble in a two-phase system.

Parameters Phase ‘l’ Phase ‘g’

Width × height (WB × HB) (m) 2.0 × 2.0 1.0 × 1.0
Number of particles Np 4879 1521

γ in EOS (-) 7 7
Reference pressure in EOS pr (kg/m3) 1.0 1.0

Background pressure in EOS pr (kg/m3) 1.0 1.5
Reference density in EOS ρre f (kg/m3) 1.0 0.1

Viscosity of fluids µ f (Pa·s) 1.0 × 10−3 1.0 × 10−6

coefficient of surface tension force σ (N/m) (Pa·s) 72 72
Time step ∆t (s) 5.0 × 10−5 5.0 × 10−5

Time in simulation Tt (s) 5.0 5.0

The velocity fields show the velocities particles in the four corners of the inner square
move toward the center of it (Figure 4a–c). Figure 4d,f confirms the corresponding varia-
tions of particle positions of the bubble phase (shown by phase index of different colors).
Moreover, at about t = 2.0 s, the inner square bubble becomes a nearly perfect circular
bubble (Figure 4h). In addition, the pressure distributions at (t = 0.05, 0.5, 1.0 and 2.0 s) are
shown in Figure 4i, Figure 4j, Figure 4k and Figure 4l, respectively. The results of pressure
distribution indicate the reliability of the current surface tension model. Hereafter, we
would like to use the current model to simulate a typical case of a single rising bubble.

4. Numerical Results
4.1. Case A: A Single Rising Bubble
4.1.1. Snapshots of a Rising Bubble

As a demonstrative application of the current surface tension model, a rising single
bubble in fluids is simulated here. Herein, a ’bubble’ does not mean it is a real bubble but
just because its density is relatively smaller than the surrounding fluids. The density ratios
are listed in Table 3, accompanied by other parameters. We use such a demonstrative case
to show the capacity of the current model for simulating two-phase flows.

Table 3. Parameters used in Case A (CA) and Case B (CB) for rising bubbles in fluids

Parameters Phase ‘l’ Phase ‘g’

Width of Bed (WB) (m) 2 -
Height of Bed (HB) (m) 8 in CA & 10.0 in CB -

Height of bubbles (Hi) (m) - 1.0 and 2.5
Initial Diameter Di (m) - 1
Number of particles Np 24,273 in CA & 29346 in CB 1083 in CA & 2166 in CB

γ in EOS (-) 7 7
Reference pressure in EOS br (kg/m3) 1.0 1.0

Background pressure in EOS pr (kg/m3) 3.92 3.92
Reference density in EOS ρre f (kg/m3) 1.0 -

Density ratios ( ρg
ρ f

) - 0.11, 0.22, 0.33, 0.44, 0.55

Viscosity of fluids µ f (Pa·s) 2.0 × 10−4 2.0 × 10−4

Coefficient of surface tension σ (N/m) (Pa·s) 0.72 0.72
Time step ∆t (s) 5.0 × 10−5 5.0 × 10−5

Time in simulation Tt (s) 5.0 38 ∼ 125.0

As shown in Figure 5a for ρg
ρ f

= 0.11, a circular bubble of diameter 1 m is set in the
bottom zone of a rectangular domain of size 2 m in width and 8 m in height (Table 3). At first,
the bubble is compressed by surrounding fluid since it is immersed in it, with its volume
soon becoming smaller and cap-like (Figure 5b). Then, as driven by the buoyant force of
Equation (6), the bubble soon goes upward (Figure 5c–h). The velocity distribution around
the rising bubble clearly shows the impact of the bubble’s motion on the surrounding fluid.
When the bubble has risen close to the top, its volume also becomes larger.
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(a) t = 0.05 s (b) t = 5 s (c) t = 10 s (d) t = 15 s (e) t = 20 s (f) t = 30 s (g) t = 35 s (h) t = 38 s

(i) t = 0.05 s (j) t = 5 s (k) t = 10 s (l) t = 15 s (m) t = 20 s (n) t = 30 s (o) t = 35 s (p) t = 38 s

Figure 5. The evolution of one rising bubble (a–h) and corresponding velocity fields (i–p) with
density ratio ρg

ρ f
= 0.11.

Similarly, Figure 6 compares the rising process of the single bubble when the density
ratio ρg

ρ f
changes from 0.2 to 0.5. The bubbles in different cases go up ultimately. However,

the speeds become slower and the bubble (in Figure 6d at ρg
ρ f

= 0.55) almost needs more

than three times of the time in (in Figure 6a at ρg
ρ f

= 0.22) to get close to the top. During
the rising process, the bubble’s shape is no longer maintained symmetrical and smooth.
In particular, the shape profiles of the bubble’s tail always have been folded many times.
The folded shape profiles in the downside of the rising bubble demonstrate the feature
of the current surface tension force model, i.e., being capable of capturing the inter-phase
interaction at particle scales.
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(a)

(b)

(c)

(d)

Figure 6. The evolution of one rising bubble with density ratio ρg
ρ f

= 0.22 (a), 0.33 (b), 0.44 (c), and
0.55 (d), respectively.
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4.1.2. Rising Velocities and Densities

Then, the mean rising velocities of the bubble phase and surrounding fluids are
computed, which are respectively defined as follows:

V̄z,g(t) =
1

Vg
∑
Vg

Vz(t) =
1

Ng

Ng

∑
i=1

(Vz)i(t)

V̄z, f (t) =
1

Vf
∑
Vf

Vz(t) =
1

N f

N f

∑
j=1

(Vz)j(t)

(17)

where the subscripts ‘g’ and ‘ f ’ denote the bubble and fluid phase, respectively. V is the
volume and N is the number of particles belonging to each volume. z means the vertical
direction (e.g., the z-direction).

Figure 7a,b shows the V̄z,g(t) and V̄z, f (t), respectively. For the bubble’s motion, V̄z,g(t)
is always going up from zero and quickly drops down after achieving its maximum at about
t = 35–125 s in each case, respectively (Figure 7a). The maximum rising speed can be larger
than 0.3 m/s. In addition, as the density ratio ρg

ρ f
increases, the maximum rising speed of

the bubble gently decreases, causing the time to achieve the maximum rising speed to be
lengthened too (see the values in Figure 7a). This is reasonable since the buoyant force
acting on the bubble should be weakened as the difference between the densities of the
bubble and fluid becomes reduced. In contrast, for the fluids, although the rising velocities
V̄z, f (t) (Figure 7) are always negative (vertically downward), which are corresponding to
the bubbles’ rising motion (vertically upward). Its magnitude is also always small (with a
maximum magnitude lower than 0.03 m/s), about one order of magnitude smaller than
that of the bubble’s rising velocity. The time points to achieve the peak velocities for both
the bubble and fluid phase are almost simultaneous (see the time point values in Figure 7
corresponding to the maximum (V̄z,g)max and (V̄z, f )max).

(a) Bubble-phase

Figure 7. Cont.
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(b) Fluid-phase

Figure 7. The mean vertical velocities V̄z of the bubble (a) and the surrounding fluid (b) for different
density ratios ρg

ρ f
= 0.11 − 0.55.

Similarly, the mean densities of the bubble and the surrounding fluid can be computed,
respectively, by

ρ̄g(t) =
1

Vg
∑
Vg

ρg(t) =
1

Ng

Ng

∑
i=1

(ρg)i(t)

ρ̄ f (t) =
1

Vf
∑
Vf

ρ f (t) =
1

N f

N f

∑
j=1

(ρ f )j(t)

(18)

As Figure 8 shows, the mean density of bubble ρ̄g gently decreases as the bubble
rises, and it can be reduced as much as more than 40% (see the values in the legend of
Figure 8a). When the density ratio becomes larger, the amount of reduction of the density
of the bubble becomes slightly larger (from 40.7% to 45.8%) too. The total amount of
reduction of the bubble’s density is caused by the depressurization from surrounding fluids
when the bubble goes from the height of z = 1 m to above 7 m. However, concerning the
change of density of fluids, its relative magnitudes are always restricted within about 0.8%
(Figure 8b), although the fluids may always become lighter when the bubble rises.
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(a) Bubble-phase

(b) Fluid-phase

Figure 8. The mean densities ρ̄ of the bubble (a) and the surrounding fluids (b) for different density
ratios ρg

ρ f
= 0.11 − 0.55.

4.1.3. Mean Surface Tension Force, Curvature, and Its Power

In this section, the mean surface tension force, mean interfacial curvature, and mean
power of the surface tension forces are computed as

f̄Si(t) =
1

Ng

Ng

∑
i=1

fSi(t); κ̄ f (t) =
1

Ng

Ng

∑
j=1

κj(t); P̄f (t) =
1

Ng

Ng

∑
j=1

f Si(t) · vi(t) (19)

Herein, we will use them to explain the features of the current particle-scale surface tension
force model.

As Figure 9 shows, the mean surface tension force is generally decreasing as the bubble
rises. This is reasonable because (1) the surface tension force is caused by the imbalance
between the interactions of molecules on the two sides of the interfacial surface. (2) When
the bubble rises, the materials of either bubble or fluid are kept the same. However, the
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densities of either the bubble or fluids are changed (as indicated by Figure 8). The varied
densities cause the density difference between the fluids and the bubble reduction as the
bubble rises. (3) The reduced density difference makes the imbalance of interactions on the
two sides of the interface weakened. In particular, in the current simulation, the number
densities of the bubble-phase particles and the fluid-phase particles will change which
explains the weakened interactions on the two sides of the interface.

(a) Mean surface-tension force

(b) Mean interfacial curvatures

Figure 9. The mean force ¯| f | (a) and mean curvature κ̄ f (b) of the surface tension force for different
density ratios ρg

ρ f
=0.11–0.55.

In Figure 9b, it is also noticed that the interfacial curvature of the current model is also
increasing as the bubble rises. This means that the overall level of interfacial curvature is
not mainly determined by the time how long the bubble is evolved. Instead, it is mainly
determined by where the bubble is located. As the number of bubble particles is kept the
same when the bubble moves, the location of the bubble (namely, the height where the
bubble is located) may determine the level of the number density surrounding the bubble,
i.e., determines the number of interfacial interaction pairs. When the bubble rises, the
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bubble’s volume becomes large. More interfacial interaction pairs may take place, and the
interfacial geometric feature may become more and more un-smoothing (non-round) at
particle-scale (see Figures 5 and 6). That is why the particle-scale curvature is increasing as
the bubble rises.

Notice that the smoothing length is proportional herein to ∼
(

m
ρ

)D
. As the mass of

the particle is kept the same, the variation of density may change both the smoothing length
as well as the volume of the particle. In other words, h̄ is an indicator of the variation of
the volume of the particle. Figure 10a shows variations of the smoothing length h̄ of the
bubbles in both cases. It is shown that the h̄ is increasing when the bubbles rise, namely
when the density becomes smaller. This confirms the explanations mentioned in the former
paragraph on the bubble’s volume variation. In addition, h̄ becomes larger when the ρg

ρ f
is

larger, which is straightforward since the mass of the particle of the bubble is larger when
ρg
ρ f

is larger.

(a) Mean smoothing length

(b) Mean power of the surface-tension force

Figure 10. The mean smoothing length h̄ (a) and the mean power P̄f (b) of the bubble case for
different density ratios.
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Additionally, the power of surface tension force (Figure 10b) is determined by both
the vector of surface tension force f Si and the velocity vi. As discussed above, the surface
tension force becomes weakened (Figure 9b) and the rising speed (Figure 7a) is reduced as
the density ratio ρg

ρ f
increases. Therefore, the surface tension force becomes lower as the

density ratio ρg
ρ f

increases.

4.2. Case B: A Pair of Rising Bubbles

To further demonstrate the capability of the current model, this section shows the simu-
lation of a pair of initially vertically arranged but separated bubbles. Given ρg

ρ f
= 0.11∼0.44,

Figure 11 shows the snapshots of the evolution of the pair of rising bubbles. The two
bubbles merge into a larger one when they rise. Although given a round initial shape for
the two bubbles, the lower bubble (designated as ‘lb’) forms a slender shape whereas the
upper bubble (named ‘ub’ for short) forms a cap-like shape. The ‘lb’ seems to have a larger
rising velocity than the ‘ub’, which causes the ‘lb’ to collide into the ‘ub’ and become a
kernel of the ‘ub’ (Figure 11b,c), or a head bubble dragging the ’ub’ (Figure 11c).

(a) (b)

(c) (d)

Figure 11. The evolution of a pair of rising bubbles with density ratio ρg
ρ f

= 0.11 (a), 0.22 (b), 0.33 (c),
and 0.44 (d), respectively.

Figure 12a,b shows similar processes of change of densities as the former case. Com-
pared to Case A, the amount of density reduction of the gas-phase becomes smaller (with
only about 37–38%). However, the changes of densities of both the ‘lb’ and ‘ub’ are almost
coinciding. In addition, the duration for the two bubbles to reduce the density becomes
longer than in Case A. Similar trends can also be seen in Figure 12b. The fluids’ variation in
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density also becomes slower than in Case A, although its relative changes can normally
be omitted.

(a) Bubble-phase

(b) Fluid-phase

Figure 12. The mean densities ρ̄g of the bubble (a) and the surrounding fluids (b) for different density
ratios ρg

ρ f
= 0.11 − 0.44.

Although the variations of densities of the two bubbles can be hard to distinguish from
each other, the differences in rising velocities of the two bubbles have clear discrepancies
(Figure 13a). When the density ratio is low ( ρg

ρ f
= 0.11), the maximum rising velocities of

the two bubbles are 65.5 cm/s and 34.2 cm/s, respectively (about two times of magnitudes).
In contrast, when the density ratio is large ( ρg

ρ f
= 0.55), the maximum rising velocities of

the two bubbles are almost the same (33.6 cm/s and 31.3 cm/s, respectively). This trend
shows the clear feature when the density ratio is large, the bubbles’ motion velocities may
be different even if they stay close to each other. Additionally, the fluid’s maximum velocity
may also become smaller when the density ratio ρg

ρ f
increases.
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(a) Bubble-phase

(b) Fluid-phase

Figure 13. The mean magnitudes of velocities of the bubble ¯|v|g (a) and the surrounding fluids ¯|v| f
(b) for different density ratios ρg

ρ f
= 0.11 − 0.44.

Finally, Figure 14 shows the variations of smoothing length for each bubble (h̄g for the
‘lb’ and ‘ub’, respectively) and fluid (h̄ f ) in the two-bubble case. It is shown that h̄ f is almost
independent of ρg

ρ f
and time. However, h̄g is always increasing as either the bubbles rise or

the ρg
ρ f

increases. As explained before, the rise of the bubble may cause depressurization and

expansion of the bubbles. As a consequence, this makes h̄g larger dynamically determined
by the location of the bubbles. Therefore, as the two bubbles merge into a large one, the
locations of the materials belonging to the two bubbles are almost at the same level of
heights. Hence, h̄g of either the ‘lb’ or ‘ub’ is almost overlapping. In addition, the change
of h̄g by varied ρg

ρ f
is caused by the large mass given initially, which is determined by the

static condition given for each case.
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Figure 14. The mean smoothing length h̄ of the two-bubble case for different density ratios.

5. Further Discussion

In this work, one can observe that the bubble interfaces are not as smooth as those
commonly seen in simulations through Eulerian methods. The reasons are explained as
follows: the surface tension is solved based on the geometrical configuration of every
particle to every neighboring particle, at least one of which is located within the thin region
of ‘fluid’–‘gas’ interfaces. The smoothing particle hydrodynamics is based on the technique
of locally smoothing to gain a macroscopic quantity, such as density, velocity, etc. Therefore,
when computing the surface tension force based on every pair of particles located within
the interface, it means the scale of computing the surface tension force is thin enough in the
order of or even thinner than interfaces. This condition is just like modeling and observing
the surface tension via a microscope. That is why the interface surface is not as smooth as
that always seen in existing works.

In addition, although the surface tension force is computed from such a fine scale, a
large coefficient of surface tension was still used which is equivalent to its empirical or
macroscopic counterpart through locally smoothing techniques. Therefore, the surface
tension force is strengthened compared to a practical case. Therefore, bubble convergence
does not happen as easily as usually seen. In other works, the bubbles do not have a kinetic
energy large enough to break up the surface tension on the interface to form a convergence.
This case is always seen in fine-scale bubbles. However, the current results indicate that it
may also take place for large bubbles providing the surface tension is large enough.

Note that every particle in the SPH can be viewed to represent a number of small
molecules, whose scale is far larger than each molecule of fluids to guarantee meaningful
means of fluid quantities, and far smaller than the macroscopic flow scale to justify the
derivatives of fluid quantities in the Navier–Stokes equation. In most existing CSF and
CSS methods, a smoothing operation is always needed before computing the gradient
of the geometry of interfaces to obtain the STF. Different from these existing models, the
definition of the gradient of the geometry of interfaces for obtaining the STF here is ahead
of the smoothing operation. In other words, the method proposed here is based on the
computations of STF caused by every pair of neighboring particles on the interface before
the smoothing operation, where the pair of particles belong to different phases. To some
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extent, this method can be viewed as a mesoscale method to get the STF. After computing
the STFs at the mesoscale, the STFs are imposed on each neighboring particle through the
smoothing operation. Therefore, the result presented in this work would not be as smooth
and symmetrical as presented in most existing continuum-based methods (not only by
the CSF or CSS method but also by the VOF or front-tracking method). However, this
method would be beneficial to further implementing additional mesoscale modeling of
interfacial mechanisms.

Moreover, the mesoscopic modeling of surface tension force is through every pair
of particles on the interface. Given the STF force coefficient is large enough, the bubbles
sometimes cannot break up the surface tension force to merge (Figure 11). The coefficient
of STF is practically based on the macroscopic scale in reality, whereas it is used on the
mesoscopic scale here. This means that the STF here is too strong to break up by the motion
of the bubble. Therefore, the bubble sometimes cannot merge during the rising process
until it impinges on the top wall. We would like to explain this issue here, as we still do not
know what value should be given to the mesoscopic coefficient of STF.

6. Conclusions

Based on the interfacial geometric shape and the gradient of the densities across the
interface, the particle-scale surface tension force model proposed herein has been proven to
be suitable for capturing the interfacial interactions. The STF model is not always in the
direction according to perfect interface geometry. Instead, it depends on specific particle
locations near the interface. In particular, the thickness of the interface is dependent on the
smoothing length which is related to the density of the bubble of fluids. Therefore, either
one layer or two-layer thickness of the interface may be incorporated into the current model.

The dam-break case is utilized to validate the current combined kernel and the appli-
cation of the STF model in simulating the evolution of a square bubble of a single-phase
system or a square bubble immersed in the other fluids provides a suitable validation for
the current model. After validations, the characteristics of the rising bubbles are studied by
using the current STF model. Based on the simulation results, the bubble’s rising velocities
are almost one order of magnitude larger than the fluids. The densities of bubbles are
reduced by about 40% from the deeply immersed bottom to the top of fluids, whereas
the densities of fluids change only about 1%. The STF is decreasing and the curvature
is increasing during the bubbles’ rise. This is mainly caused by the decrease in densities
between the bubbles and fluids when the bubbles rise since the bubbles in lower heights
have large densities, whereas they have lower densities after rising higher. The smoothing
length’s variation confirms the change of bubbles’ expanded volume and reduced density.
Therefore, larger differences between the bubble and the immersed fluids indicate larger
surface tension force, larger maximum velocity, shorter time duration, and larger power of
STF, and vice versa.

The rising of a pair of bubbles shows a little bit less variation in densities of bubbles
than in the single bubble case. In addition, larger differences in bubbles’ and fluids’ densities
result in large differences in the peak velocities between the two bubbles, although the
bubbles stay close and merge into a single one during their rising processes. The densities
and smoothing lengths of the two bubbles seem to be almost the same since they always
merge into a large one. Additionally, the variation of fluids is almost independent of the
ratios of densities of bubbles to fluids.
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