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Abstract: Energy has become the most expensive and critical resource for all kinds of human activi-
ties. At the same time, all areas of our lives strongly depend on Information and Communication
Technologies (ICT). It is not surprising that energy efficiency has become an issue in developing and
running ICT systems. This paper presents a survey of the optimization models developed in order
to reduce energy consumption by ICT systems. Two main approaches are presented, showing the
trade-off between energy consumption and quality of service (QoS).
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1. Introduction
1.1. Growth of Energy Consumption by Computing Systems: Reasons and Dynamics

The amount of energy consumed by computing and communication devices has
increased rapidly. Although a lot of effort has been put into developing energy-efficient
systems, the growing number of devices in use has resulted in an exponential rise in
total Information and Communication Technologies (ICT) energy consumption in the 21st
century [1]. The development of the IoT (Internet of Things) and the digital economy has
increased the demand for ICT services [2,3]. Energy consumption by ICT is commonly
divided into four main categories:

• consumer devices, including personal computers, mobile phones, TVs, and home
entertainment systems;

• computer networks;
• data center computation and storage;
• production of ICT equipment.

The production of ICT equipment is beyond the scope of this paper, but we show the
data in a broader context.

Figure 1 shows that compared to the beginning of the decade, the amount of energy
consumed by consumer devices is expected to be similar to the amount of energy consumed
by data centers, whereas consumer devices are expected to slightly decrease their energy
consumption. The rapid development of cloud computing, as well as the Internet of Things,
are possible explanations for this trend. Although some new data show that this prediction
was overestimated [4], the available forecasts confirm that the general trend will not change
in the next few years.

It is expected (see Figure 2) that by 2030, almost half of the energy required by the
ICT sector will be consumed by computer networks, mainly wireless networks. A lot of
research has been devoted to this topic [5].
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Figure 1. Estimated annual ICT energy consumption. (Source: data from [4,6]).
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Figure 2. Estimated proportion of energy consumption by ICT sectors in 2030 (Source: based on [7]).

1.2. Need for Energy Efficiency

The rapid growth of energy consumption is a reason for concern, especially given the
energy crisis we are facing. At the same time, electrical power is used in all types of human
activities including production, agriculture, construction, transportation, communication,
healthcare, and leisure. ICT accounts for a significant share of energy consumption, in-
cluding entertainment, television (TV), telephones, and media, and the estimated share of
global ICT electricity consumption by 2030 has been estimated at 21% in a likely scenario
and 51% in a worst-case scenario [6].

It is obvious that ICT should become sustainable in terms of energy [7–9]. There are at
least three approaches that should be taken in parallel to achieve this goal. The first is the
reduction of energy consumption. The second is the increased consumption of renewable
energy to power ICT systems. The third is the use of waste heat from servers. Since energy
has become such an expensive resource in recent years, the first approach seems to be the
most economically efficient.

1.3. Ways to Reduce Energy Consumption by Computing Systems

Energy savings can be obtained in many ways depending on the considered system.
The approaches presented in the literature usually address a single processor [10], a data
center [11] (multiprocessor systems), and computer networks [5]. The energy used by ICT
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devices depends on their logic, architecture, and operation. Controlling system operations
by assigning resources (processors, power) to jobs has proven to be very effective. Moreover,
the methodology developed within the theory of scheduling is very useful in this context.

There are two general approaches to saving energy in computing systems. The first
one is based on selecting a subset of cores, processors, or other elements of the infrastructure
to be active in a given time period, allowing the remaining ones to switch to a sleep mode
so that they do not consume energy. The other approach uses the fact that there is a
relationship between power usage and job execution speed that can be used to balance
energy consumption and computing efficiency.

In this paper, a survey of mathematical models useful for the design and operation of
power-aware ICT systems is presented. We point out two issues that must be taken into
account while modeling power-aware computing systems. The first is system performance.
The methods used in order to reduce energy consumption must guarantee the required QoS,
in particular, the computation time. The second issue is an effect of the Jevons paradox,
namely that increasing the efficiency with which a resource is used leads to an increase in
the total consumption of that resource due to decreasing costs.

This survey is restricted to CMOS technology since it is still the predominant technol-
ogy in computing systems.

This paper is organized as follows. In Section 2, we show the approaches where the
energy consumption of a computing system is decreased due to its logic, architecture, or
by controlling the number of devices in use. Section 3 relates to a job model where the
processing speed depends on the amount of resources (power) allotted to the job at a given
time. From the point of view of modeling techniques, power-aware computing uses online
and offline scheduling and discrete as well as continuous functions. Since usually realistic
problems are NP-hard, solution algorithms are mainly heuristics. In Section 4, we discuss
the features of modeling power as a discrete and continuous resource. The conclusions are
summarized in Section 5.

2. Models That Switch Devices On and Off

As mentioned in Section 1.1, energy consumption by ICT systems is usually analyzed
in four main areas: data centers, consumer devices, computer networks, and the production
of ICT equipment. Each area faces specific challenges and opportunities for sustainable
energy consumption. The energy efficiency of ICT systems became a research topic some
years ago [12–17]; especially demanding is the optimization of energy consumption in
high-performance computing systems [18].

2.1. Processor

Currently, a complementary metal-oxide semiconductor (CMOS) is the predominant
technology used to construct integrated circuit (IC) chips including microprocessors, micro-
controllers, memory chips, and other digital logic circuits [19]. Moreover, analog circuits,
such as RF circuits, image sensors, data converters, and highly integrated transceivers for
many types of communications, also use CMOS technology. In this section, we focus on
the power performance trade-off between CMOS processors and costs. We start with a
well-known model [10,20] consisting of three related equations. Power usage is defined by
the first Equation (1).

P = ACV2 f + τAVIshort + VIleak (1)

The first term represents the dynamic power usage caused by the charging and dis-
charging of the capacitive load on each gate’s output, which is proportional to the frequency
of the system’s operation, f , the activity of the gates of the system, A, the total capacitance
seen by the gate’s outputs, C, and the square of the supply voltage, V. The second term
measures the power used as a result of the short-circuit current, Ishort, which flows between
the supply voltage and ground at the moment τ when a CMOS logic gate’s output switches.
The third term captures the power lost from the leakage current regardless of the gate’s
state. Research shows that the first term is dominant in today’s circuits so the immediate
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conclusion is that the most effective way to reduce power usage is the reduction of the
voltage supply, V. The second equation shows, however, that this reduction decreases
performance, namely the maximum operating frequency.

fmax ∝
(V −Vthreshold)

2

V
(2)

Equation (2) shows that the maximum frequency of operation is roughly proportional
to V. An important corollary following from Equations (1) and (2) is that parallel processing
has the potential to cut power in half without slowing down the computation. The proper
operation of low-voltage logic circuits requires that with a reduction of the voltage V,
Vthreshold in Equation (2) is also reduced. In consequence, the leakage current is also
increased, as shown in Equation (3).

Ileak ∝ exp
(
−qVthreshold

kT

)
(3)

The increase in the leakage current puts limits on the positive impact of voltage reduction
on power usage because at some point, the third term in Equation (1) becomes significant.

Moreover, it follows from Equations (1) and (2) that, in general, we can consider power
as a cube function of frequency or equivalently, processing speed [13].

In conclusion, power usage may be reduced by:

• reducing the voltage V;
• reducing activity, e.g., by turning off the computer’s unused parts;
• parallel processing, most efficiently by applying it to unrelated tasks.

The power usage of a computing system can be reduced at three levels: the logic,
architecture, and operating system levels [10].

2.1.1. Efficiency-Oriented Logic

Since a clock tree can consume more than 30% of a processor’s power, a number of
techniques have been developed at this level.

• Clock gating. The idea of this technique is simple and consists of turning the clock tree
branches into latches or flip-flops whenever they are not used. Although initially this
solution seemed difficult to implement, it is now possible to produce reliable designs
with gated clocks.

• Half-frequency and half-swing clocks. The clock frequency can be reduced by 2
at the cost of more complex latches. Lowering the clock swing reduces the energy
consumption even more but requires a more sophisticated latch design.

• Asynchronous logic. An advantage of asynchronous logic is that it saves the energy
used to power the clock tree. Its drawback is the need to generate completion signals.
Thus, additional logic must be used at each register transfer. Asynchronous logic is
also difficult to design and test.

2.1.2. Efficiency-Oriented Architecture

New architectural concepts can contribute to reducing the dynamic power usage term,
in particular, the activity factor A in Equation (1).

• Memory systems. A significant amount of power is used by the memory system.
There are two sources of power loss: the frequency of memory access reflected in the
second term and the leakage current reflected in the third term of Equation (1).

• Buses. Buses, especially interchip buses, are significant sources of power loss. A chip
can expend 15–20% of its power on interchip drivers.

• Parallel processing and pipelining. The conclusion from the analysis of Models (1)–(3)
is that parallel processing can significantly reduce power usage in CMOS systems.
Pipelining, however, does not possess this advantage. The reason is that it achieves
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concurrency by increasing the clock frequency and consequently, limits the ability to
scale the voltage (see Equation (2)). In practice, however, replicating function units
may lead to increasing energy consumption.

2.1.3. Efficiency-Oriented Operation

The three most popular mechanisms that allow for the management of processor
energy consumption are the following [21]:

• dynamic voltage and frequency scaling (DVFS) and dynamic power management
(DPM);

• thermal management;
• asymmetric multicore designs.

It can be seen in Equation (1) that reducing the voltage brings significant power
savings. A further conclusion is that a processor does not need to run at the maximum
frequency all the time. By knowing the due date of each task, we can adjust the processor
to run so that the job is not completed ahead of time and in this way, we save power
without decreasing the quality of service. Two approaches, both using the operating system
at scaled voltages, can be considered [10]. The first [22] allows the operating system to
directly set the voltage by writing a register. In the second approach, which is similar in
general, the operating system automatically detects when to scale back the voltage during
the application. The effective use of these approaches requires a deep understanding of the
software–hardware interaction so control algorithms are nontrivial to develop.

Thermal management is based on the observation that the processor temperature
can influence energy consumption because as the temperature becomes high, the system
may require fans to cool down the processor and cooling consumes energy. In conclusion,
managing the system temperature can reduce the amount of energy spent on cooling.
Thermal management is based on the physical placement of threads on cores so as to avoid
thermal hotspots and temperature gradients.

A very interesting approach is applied in so-called asymmetric systems built of low-
power and high-power cores on the same chip. Both core types are able to execute the
same binary but they differ in their architectures, power profiles, and performance [23].
The speed/energy trade-off in such systems is controlled by scheduling threads that do not
benefit from advanced performance in low-power cores and save the high-power cores for
the demanding threads. In this way, maximum system performance can be achieved by
keeping the power usage frugal.

A survey of the algorithms used by operating systems in order to decrease energy
consumption is presented in [21].

2.2. Multiprocessor Systems/Data Centers

In the previous section, we focused on the single processor, which is a basic component
of any device classified as ICT equipment. Let us now consider more complex systems,
e.g., data centers, which consist of multiple processors.

It has been observed that the workload of data centers changes over time and during
some periods, it is well below the maximum center capacity. Nevertheless, quite often
data centers consume almost half of their peak power even when nearly idle [24]. This
has led to the concept of power-proportional data centers, meaning that they use power
only in proportion to the load. This effect can be achieved by using dedicated software to
dynamically adjust the number of active servers to match the current workload, in other
words, to “right-size” the data center [11]. Such software includes dispatching requests
to servers so that they occupy the minimum number of servers and, as a result, the idle
servers can be turned to power-saving mode. Clearly, this is an optimization task. Lin
et al. [25] proposed the following model for this optimization problem.

Let us assume that the data center consists of a collection of homogeneous servers/
processors that are speed scalable and can be powered down. Let us consider a time horizon
T > 0 and a sequence of non-negative convex functions gt(xt), t = 1, . . . , T − 1, xt ∈ R+.
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Let us assume for notation simplicity that gT(x) ≡ 0 and x0 = xT = 0. The general model
is formulated as follows:

minimize
T

∑
t=1

gt(xt) + δ
T

∑
t=1
|xt − xt−1| (4)

subject to xt ≥ 0 (5)

The total cost (4) of operating the right-sizing power-proportional data center is a
sum of the operating cost and the switching cost. The operating cost is the energy cost of
maintaining active servers with a particular load and the cost associated with the increased
delay from using fewer servers. The switching cost includes the cost of energy for the
powering up and down, delay, migration, and additional wear and tear of the servers.
The operating cost gt(xt) represents the cost of using xt servers at time slot t. In the case of
the heterogeneous servers, xt is a vector representing the number of active servers of each
type. Constant δ in the switching cost is the cost of powering up or powering down a server.
Usually, it is assumed that the switching cost is incurred only when the server is waking
up. This cost includes the cost of the energy consumed, delay in migrating connections or
data, increased wear and tear of the server, and the risk associated with server toggling.
Depending on which factors matter, the cost of powering up a server can differ from
seconds to hours. It is not explicitly required that xt is an integer value because in big data
centers, the number of servers is large enough to consider xt as a continuous variable.

Models (4) and (5) can be easily solved in cases where the functions gt(xt) are known
a priori for all t. In practice, however, the load of the data center is not known in advance
and the decision about which servers should be switched on or off must be made online.
In this model, online means that at time t the prediction is known for the coming n ≥ 0
time slots. The quality of an online algorithm is evaluated using the standard measure of
competitive ratio, i.e., the supremum of the ratio of the cost of the solution generated by
the algorithm to the cost of the optimal solution, taken over all possible inputs.

It is often assumed that arriving jobs are assigned to servers uniformly at the rate
λt/xt, where λt is the mean arrival rate at time slot t. If there are multiple types of work,
λt is a vector. It is assumed that the workload affects the operating cost at time slot t
only by its mean arrival rate at this slot. The function gt(xt) is defined depending on the
constraints following the data center requirements. For example, in the case of flexible QoS
requirements, email services, or social networks, the goal is to balance the revenue lost due
to too long a response time and the power costs [26]. The corresponding operating cost can
be represented by the following function gt(xt):

gt(xt) =

{
xt

(
ηλt
xt

∣∣∣d λt
xt
− d0

∣∣∣+ γte
(

λt
xt

))
if λt ≤ xt ≤ Mt

∞ otherwise
(6)

where η and γt are coefficients related to the cost of lost revenue and energy prices at time
slot t, respectively. The values of these coefficients can be established experimentally.

In the case of hard QoS constraints, for example, delay constraints for multimedia
applications, the goal is to minimize the power costs while satisfying the delay constraints.
Function gt(xt) takes the form:

gt(xt) =

{
xtγte

(
λt
xt

)
if xt ≥ λt and d

(
λt
xt

)
≤ Dt

∞ otherwise
(7)

Pruhs [8] presents a more general formulation, where the switching cost is expressed
as |xt−1 − xt| and the operating cost by Ft(xt) = xt((λt/xt)α + β). It is assumed that Ft(xt)
is the cost of the most energy-efficient way to service the load λt using xt processors. Such
a situation is, in fact, a special case of the online convex optimization (OCO) problem [8],
where F1, . . . , Fn is an online sequence of convex functions from Rk to R+. In response to Ft,
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the online algorithm can move to any point xt in the metric space Rk. The cost of such a
solution is

n

∑
t=1

(d(xt−1, xt) + Ft(xt)) (8)

where d(xt−1, xt) is the distance between points xt−1 and xt. The objective is to minimize
the total cost (8). In this general formulation, k corresponds to the number of different types
of servers in the data center.

Some interesting results on the OCO problem are presented in [27]. Among others,
it is shown that any randomized algorithm for OCO can be converted to a deterministic
algorithm without any loss of approximation.

Another approach to minimizing energy consumption in multi-processor systems
is based on the temperature control of the processors [28,29]. A system consisting of m
identical processors is considered. The task is to schedule n jobs with identical release dates,
unit processing times, and heat contributions hi ≤ hmax, 1 = 1, . . . , n. The temperature of
processor j, j = 1, . . . , m in time slot [t− 1, t) is denoted by Θj

t. The initial temperature of

each processor Θj
0 = 0, j = 1, . . . , m. If job i starts at time t− 1, then Θj

t =
Θj

t−1+hi
2 and if

processor j remains idle in the time slot [t− 1, t), then its temperature decreases by half

and Θj
t =

Θj
t−1
2 . It is easy to see that once a processor performs a job, its temperature

will never become zero again. Under these assumptions, two models are considered: the
threshold thermal model and optimization thermal model. In the threshold thermal model, a
constraint on the maximum temperature of a processor is added and the objective is to
minimize the makespan. In the optimization thermal model, the objective is to minimize
the maximum (max{Θj

t, 1 ≤ t ≤ d, 1 ≤ j ≤ m}) and average weighted
(

∑d
t=1 ∑m

j=1 ω
j
tΘ

j
t

)
temperatures of the processors under the constraint that all jobs must be completed before
d ≥

⌈ n
m
⌉
. It is clear that a schedule of length

⌈ n
m
⌉

always exists; however, by increasing the
makespan, a schedule with lower maximum and average processor temperatures can be
obtained. The schedule length d becomes a part of the problem instance in the optimization
thermal model. The weight ω

j
t can reflect, e.g., the preference to keep some processors

idle at the given time slots. Both problems were proved to be NP-hard so the research is
mainly focused on searching for good approximation algorithms [29]. The same model was
investigated by Bircks et al. [30], where the cooling effect was generalized by multiplying
the temperature by 1/c, c > 1 instead of one-half.

2.3. Computer Networks

It clearly follows from Figure 1 that the amount of energy consumed by communica-
tions, i.e., data networks, has increased faster than other ICT areas. Figure 2 shows that by
2030, the energy consumed by networks is estimated to constitute almost half (45%) of all
energy consumed by ICT including the production of ICT devices. This is not surprising
since consumer devices seem to achieve full functionality only when connected to the net-
work. At the same time, in addition to computing devices, such as desktops, laptops, and
tablets, consumer devices include smartphones, TV sets, household appliances, industrial
sensors, etc. The concept of the Internet of Things (IoT) has significantly increased the
load of data networks. The relationship between the performance of IoT applications and
energy costs is analyzed in [31]. Other related areas where a lot of effort has been spent on
improving energy efficiency are cloud computing [32] and edge computing [33]. An exten-
sive analysis of the possible reduction of energy consumption in computer networks was
provided in [5].

The energy efficiency of mobile devices is discussed in [34]. Although the energy
efficiency of end-user devices is constantly improving, the whole domain is affected by the
so-called Jevons paradox [35,36]. The Jevons paradox occurs when due to any reason, the
efficiency with which a resource is used increases but the decreasing cost of use increases
its demand. This exact paradox is observed in computer networks.
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The energy consumption of the network is analyzed by looking at three main com-
ponents [37]: the connections inside a data center, the fixed network between data cen-
ters, and mainly wireless end-user network-connecting smartphones, tablets, and laptops.
The prediction for energy consumption by computer networks presented in Figure 1 can be
analyzed in more detail by taking into account each of these components separately. This
prediction is presented in Figure 3, where data related to fixed networks summarize the
power used inside and between the data centers.
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Figure 3. Estimated annual ICT energy consumption. (Source: data from [4,6]).

Taking into account the fast increase in the energy consumed by networks, it is not
surprising that in this area, optimization methods are in use. It should be mentioned,
however, that especially in this area, (QoS) and network survivability remain the main
goals. The optimization of power usage can affect the robustness to traffic variations in
the network, as well as the resilience to the failure of network nodes and links. In [38,39],
optimization models are proposed to minimize the energy consumption of Internet Protocol
(IP) networks that explicitly guarantee network survivability against failures and robustness
to traffic variations.

In the proposed approach, idle line cards and nodes are put in sleep mode in periods
of low traffic, thus reducing energy consumption. Two different schemes are used in order
to secure network survivability:

• dedicated and shared protection, where a backup path is assigned to each traffic
demand;

• leaving spare capacity on the links along the path.

The requested robustness to traffic variations is provided by adjusting the capacity margin
on active links in order to accommodate load variations of different sizes. Finally, network
stability and device lifetime are secured by additional inter-period constraints.

The model deals with a backbone IP network. Each router consists of a chassis of
capacity Ψ and a set of line cards each of capacity γ. Routers are connected by duplex links.
It is required that nij line cards dedicated to link (i, j) must be available on both routers i
and j in order to secure the connectivity of (i, j). As a result, the number of operating states
of each link depends on the number of line cards powered on. It is assumed that links
have the same bandwidth in both directions so the number of powered-on line cards must
be the same in both directions. The network can be represented as a symmetric directed
graph G(N, A), where N is the set of chassis and A is the set of bidirectional links and their
associated line cards. A positive real parameter µa ∈ [0, 1] denotes the maximum utilization
level allowed on each link. This constraint guarantees the required QoS. Consequently,
the available bandwidth on a single card is given by µaγ. It is assumed that when all line
cards connected to a given router are in standby mode, the router chassis can also be put
to sleep. The considered time horizon is split into a finite set S of time slots of duration
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hσ, σ ∈ S. A set of traffic demands D is considered. Each demand d ∈ D is defined by a
source node od, a destination node td, and the size of demand qσ

d that has to be fulfilled in
period σ. Let πij be the positive real parameters representing the hourly power usage of a
single card installed on link (i, j) and π̄ the hourly power usage of a chassis. Parameter δ
denotes the additional power usage associated with a chassis switching on. It is assumed
that the energy consumption associated with switching on a card is negligible; however,
a single-line card cannot be switched on more than ε times during the day. The goal is
to find the routing for each demand and decide which cards and chassis are switched
on in each time slot so that the overall energy consumption is minimized. The below
mixed integer linear programming formulation for the multi-period energy-aware network
management was first presented in [38]. The binary variable xdσ

ij is equal to 1 if the path
of demand d is routed on link (i, j) in time slot σ. Another binary variable yσ

i is equal to
1 if the chassis i is on in time slot σ and 0 otherwise. A continuous non-negative variable
zσ

j represents the power usage for switching on chassis j at the beginning of time slot σ.
An integer variable wσ

ij ∈ [0, nij] denotes the number of active line cards on link (i, j) during
period σ. Finally, an auxiliary binary variable uσ

ijkrepresents the number of activations of a
card and is equal to one if the k-th card linking nodes i and j is powered on in time slot σ.
The parameter bd

i is defined as follows:

bd
i =


1 if i = od
−1 if i = td
0 otherwise

(9)

The goal is to minimize the total energy consumption in time S (usually one day).
The objective function is the sum of three terms corresponding to the energy consumed by
the router chassis, the line cards, and the reactivation of the router chassis, respectively:

minimize ∑
σ∈S

hσ

∑
j∈N

π̄yσ
j + ∑

(i,j)∈A
πijwσ

ij

+ ∑
j∈N

zσ
j

 (10)

subject to ∑
(i,j)∈A

xdσ
ij − ∑

(i,j)∈A
xdσ

ji = bd
i σ ∈ S, i ∈ N, d ∈ D (11)

∑
(i,j)∈A

∑
d∈D

qσ
d xdσ

ij + ∑
(i,j)∈A

∑
d∈D

qσ
d xdσ

ji ≤ Ψyσ
j σ ∈ S, j ∈ N (12)

∑
d∈D

qσ
d xdσ

ij ≤ µaγwσ
ij σ ∈ S, (i, j) ∈ A (13)

wσ
ij = wσ

ji σ ∈ S, (i, j) ∈ A (14)

zσ
j ≥ δπ̄(yσ

j − yσ
j−1) σ ∈ S, j ∈ N (15)

∑
σ∈S

uσ
ijk ≤ ε (i, j) ∈ A, k ∈ [1, nij] (16)

∑
σ∈S

uσ
ijk ≥ wσ

ij − wσ−1
ij σ ∈ S, (i, j) ∈ A (17)

The problem is known to be NP-complete; the proof uses the reduction from the
directed two-commodity integral flow [39]. Additional constraints can be formulated in
order to model the resilience and robustness to traffic variations [39]. The computational
results show that even high resilience and robustness can guarantee that optimization can
bring savings of up to 30% of consumed energy.

In summary, energy consumption can be reduced by switching off some elements
of the ICT system when the service demand is lower than the capacity of the system.
The objective function is usually the sum of the energy costs and the switching/reactivation



Energies 2022, 15, 8710 10 of 20

cost. This cost is going to be minimized under the constraint that the required quality of
service (e.g. response time, resilience, etc.) is guaranteed.

3. Models with Job-Processing Times Depending on Energy Consumption

As follows from Sections 1.3 and 2, power can be considered a resource influencing
the efficiency of computing systems. There is a vast amount of literature on resource-
constrained scheduling and it may be interesting to analyze the developments in this field
from the point of view of possible applications in energy-aware computing.

3.1. Resource-Constrained Scheduling

In general, scheduling problems are defined as the allocation of resources to jobs
for specified amounts of time in order to minimize or maximize a given criterion. Such
problems occur in many application areas such as manufacturing, transportation, services,
and many others. The optimization of computing systems is one of the traditional fields of
application for scheduling models and has inspired a lot of research in this area [40,41].

A classical scheduling problem is defined using three basic elements: a set of jobs,
a set of machines, and a set of optimization criteria. Jobs are characterized by their pro-
cessing times, request of resources, and precedence relationships. A set of machines may
contain just a single machine or a number of parallel (identical, uniform, or unrelated) or
dedicated machines (flow shop, job shop, or open shop). It is worth mentioning that the
vast majority of results refer to a single optimization criterion. The most common criteria
are the makespan (schedule length) and mean flow time (average of completion times of
jobs). An exhaustive classification of scheduling problems can be found in [40].

Basically, each job requires a machine to be processed. In some situations, however,
an additional resource is required to process the job. Moreover, the processing rate/time
depends on the amount of the additional resource allocated to the job.

Three basic resource categories are distinguished: renewable, nonrenewable, and
doubly constrained resources [42–44]. A resource is renewable only if its total usage at
every moment is constrained. As soon as a job completes, the resource can be assigned to
another job. A resource is nonrenewable only if its total consumption is limited. This means
that the units of a nonrenewable resource are consumed by a job during its processing
and cannot be assigned to any other job. A doubly constrained resource is a resource
whose both total usage at every moment and total consumption over the period of time
are constrained.

A resource is called preemptable [45] if each of its units can be preempted. This means
that a resource can be withdrawn from the processing of a current job, allotted to another
job, and then returned to the previously interrupted job whose processing can be resumed
without additional cost. Resources not possessing this property are called nonpreemptable.

From the point of view of divisibility, two categories of resources can be distin-
guished [46] discrete resources and continuous resources. A discrete resource can be
allotted to a job in discrete units from a given finite set of possible allocations, whereas a
continuous resource can be allocated in arbitrary amounts from a given interval in R.

In the case of discrete resources, reductions between scheduling problems with respect
to resource constraints are illustrated in Figure 4 [40].

The notation resλδρ, where λ, δ, ρ ∈ {·, k}, denotes, respectively, the number of re-
source types, resource limits, and resource requirements. If λ, δ, ρ = ·, then the values are
arbitrary, otherwise k ∈ N denotes the number of resource types, maximum number of
units available, and maximum job requirements, respectively.

We present further analysis from the point of view of the last classification, showing
that continuous and discrete job models lead to significantly different solution approaches
and techniques.

Definitions of some other categories of resources not relevant to this survey can be
found in [47], where an exhaustive list of resource classifications is provided.
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Figure 4. Polynomial transformations among resource-constrained scheduling problems.

The analysis presented in Section 2 allows us to conclude that power can be modeled
as a resource in any of the above categories. Let us recall that power used by a processor at
each time unit is limited by the maximum processor frequency so from this point of view, it
is a renewable resource. At the same time, the total usage of power over a given horizon
(i.e., energy consumption) reflects the “energetic” cost of the schedule and, in some models,
can also be limited. The latter perspective corresponds to the definition of a nonrenewable
resource. If both conditions are considered in the same model, power is addressed as a
doubly constrained resource.

3.2. Modeling Power as a Continuous Resource

One of the most generic job models was proposed by Burkov [48]. This model was
first studied in the context of project and machine scheduling by Węglarz [46].

A set of n jobs and m identical machines is considered. Let us denote by x̃i the size
of job i, i = 1, . . . , n and by ui(t) the amount of the continuous resource allotted to job i
at time t, t = 1, . . . , T, where T ≤ ∑n

i=1 x̃i is the scheduling horizon. We assume that the
processing speed ẋ(t) of job i is a continuous nondecreasing function of ui(t). Without a
loss of generality, we can assume that ui(t) ∈ [0, 1]. The current state of job i is denoted by
xi(t) and we express the above relationship as follows:

dxi
dt

= ẋi(t) = fi(ui(t)) (18)

Further, we formulate the condition guaranteeing that a job will be completed by some
(unknown in advance) time Ci: ∫ Ci

0
fi(ui(t))dt = x̃i (19)

A solution consists of a sequence of jobs on machines and a vector of continuous re-
source allocation u∗(t) = [u∗1(t), . . . , u∗n(t)], which minimizes the makespan, M = maxi{Ci}.
The continuous resource allocation is a piece-wise continuous, non-negative function of
t whose values correspond to the minimum value of M. An important result that holds
for n ≤ m is used to obtain the general solution approach. This result states that the
minimum makespan as a function of final states of jobs, x̃ = (x̃1, . . . , x̃n), can always
be given by M(x̃) = min{M > 0 : x̃/M ∈ coV}, where coV is the convex hull of
V = {v : vi = fi(ui), i = 1, . . . , n, ∑n

i=1 ui = 1}. M is always a convex function [49].
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In the case of concave functions fi, we can conclude that the makespan is minimized by the
fully parallel processing of all jobs using the following resource amounts:

f−1
i (x̃i/M∗), i = 1, . . . , n (20)

where M∗ is the (unique) positive root of the equation

n

∑
i=1

f−1
i (x̃i/M∗) = 1 (21)

The general solution methodology for the case n > m consists of two steps. In the first
step, a sequence of job combinations is created and in the second step, a resource allocation
that is optimal for this sequence is found by solving a nonlinear continuous optimization
problem. The sequence of job combinations is created based on the observation that each
feasible schedule can be divided into K ≤ n intervals defined by the completion times of
consecutive jobs. It can be proved [50] that in a makespan optimal schedule and concave
functions fi, each interval contains exactly m jobs. Any feasible schedule is thus represented
by a sequence of m-element combinations of jobs such that each job occurs in at least one
combination and any two combinations containing the same job cannot be separated by
another combination. An example of a feasible schedule with a corresponding sequence of
combinations is presented in Figure 5. Notice that the sequence of combinations defines
an assignment of jobs to machines and a sequence of job completion times (implying the
sequence of jobs on each machine). The completion times of jobs that are optimal for a
given sequence are found by solving the nonlinear optimization problems in (22)–(26). A
portion of the processing demand of job i completed in interval [Ck−1, Ck] is a decision
variable in the problems in (22)–(26) and is denoted by x̃ik.

Machine 1

Machine 2

Machine 3 x̃31

x̃21

x̃11

x̃31

x̃22

x̃42

x̃33

x̃53

x̃43

x̃64

x̃54

x̃44

x̃65

x̃55

x̃75

x̃86

x̃56

x̃76

x̃87

x̃97

x̃77

C1 C2 C3 C4 C5 C6 C7 = C8 = C9

The corresponding feasible sequence of combinations is {1,2,3}, {4,2,3}, {4,5,3}, {4,5,6}, {7,5,6},
{7,5,8}, {7,9,8}.

Figure 5. The idea of discrete-continuous scheduling: a division of the processing demands of jobs.

The objective is to minimize the makespan, i.e., the sum of all intervals. Constraint (23)
explicitly uses the results of (21), guaranteeing the minimal length of interval k, whereas
Constraint (24) guarantees that all demands will be completed. The resource limit is
provided by Constraint (25) and Constraint (26), except for the non-negativity of the
variables x̃ik.

minimize
n

∑
k=1

M∗k (22)

subject to
n

∑
i=1

f−1
i (x̃ik/M∗k ) = uik (23)

n

∑
k=1

x̃ik = x̃i i = 1, . . . , n (24)

n

∑
i=1

uik ≤ 1 k = 1, . . . , K (25)
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uik, x̃ik ≥ 0 i = 1, . . . , n, k = 1, . . . , K (26)

Although we can find an optimal resource allocation for a given sequence of combina-
tions using known analytic or numerical methods, finding the best sequence of combina-
tions remains difficult. The most common approach is to search the space of the feasible
sequences using metaheuristic algorithms.

The presented model is very general and does not address any particular resources.
It is natural, however, to examine the model in systems where power is the continuous
resource influencing the speed of executing a job. The main issue is to define functions
fi. A very common model is that the dynamic power is a function of the speed P(s) = sα,
where α is some constant strictly bigger than 1 [8,51]. It is easy to observe that this model
can be considered a special case of Model (19), where

f (ui(t)) = [ui(t)]
1/α (27)

For the function f being a power function, some general properties of makespan
optimal schedules have been proved [52]. A very useful one states that if fi = u1/α

i , α ∈
{2, 3, 4}, then Problems (22)–(26) can be solved analytically.

Model (18) was first applied to analyze scheduling jobs in computing systems with
limited power availability in [53]. Power was considered a continuous renewable resource.
Further, the idea was developed and a more realistic model of power as a doubly con-
strained resource was formulated in [54].

In [54], the problem of scheduling a set of independent modules of computer programs
executed on a multiprocessor portable device with processors driven by a common energy
source, e.g., a battery with limited capacity, was considered. The overheating of the
computer system was prevented by setting a power limit that respected the data sheet
of a processor. Moreover, it was assumed that jobs were preemptable, meaning that any
delays related to moving a job to a different processor or changing the amount of resources
allocated to a job during its execution were considered negligible. In the proposed model,
power is again a doubly constrained resource and the job-processing speed is defined
by Equation (27). Release date rI and deadline di, i = 1, . . . , n are associated with each
job. The problem is analyzed from two perspectives. The first problem is formulated as a
decision problem with the goal of finding a schedule within the given power limits where
all jobs are completed before their deadlines (if such a schedule exists). In the second
formulation, the objective is to minimize the power level, guaranteeing the existence of a
schedule that respects the deadlines. Some properties of optimal solutions for special cases
with identical release dates or deadlines are proved.

The problem studied in [55] is the problem of makespan minimization with and
without precedence relationships between jobs. Power is considered a doubly constrained
resource, meaning that in addition to Constraint (25) with P interpreted as the amount of
power available in each time unit t, the resource allocations must fulfill Constraint (28)

n

∑
i=1

∫ Cmax

0
ui(t)dt ≤ E (28)

where E is a parameter representing the total amount of energy available to complete the
jobs. The precedence relationships are represented by a task-on-arc graph. Such a graph
defines an ordering of nodes that, in turn, allows the space of the feasible sequences of
job combinations to be restricted. Since even the restricted space is too large for explicit
enumeration, some heuristics are proposed to find the orderings of nodes leading to
possibly good solutions.

Another issue in energy-aware systems is battery charging. It is worth mentioning here
because battery charging is often related to ICT devices. In [56], the problem of scheduling
n independent nonpreemptable jobs is considered. Each job is characterized by the amount
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xi of consumed energy and the power usage function ui(t). The initial power usage P0i is a
parameter. The power usage function of job i is defined in Equation (29).

pi(t) =


0 for t < Si
fi(t− Si) for Si ≤ t ≤ Ci
0 for t > Ci

(29)

fi(t) is a nondecreasing function and Si, Ci are the start and completion times of job i,
respectively. Now, the job model is defined by Equation (30).

xi(t) =
∫ Ci

Si

pi(t)dt =
∫ di

0
fi(t)dt (30)

where
Ci = Si + di (31)

and
pi(Si) = P0i (32)

In [56], some results are presented for a special case of Models (30)–(32), where the
power usage function pi(t) is linear for i = 1, . . . , n and pi(Ci) = 0. It was proved that for
xi = 1, i = 1, . . . , n an arbitrary sequence leads to an optimal schedule.

The approach based on the job in Model (27) and the methodology presented above
are very general and may be used to model other power-aware computing settings.

A special case of scheduling a set of independent jobs on a single machine, where the
power usage per unit time is a convex function of the processor speed is presented in [57].
Each job i, i = 1, . . . , n is characterized by its arrival time ri, deadline di, and the required
number of CPU cycles xi. Energy E consumed in interval [t0, t] is equal to

E =
∫ t

t0

P(s(t))dt (33)

where the processor speed at time t is denoted by s(t) and the power P(s(t)) used by the
unit time is a convex function of the processor speed. Job i is completed in time interval
[ri, di] if ∫ di

ri

s(t)ytidt = xi. (34)

where

yti =

{
1 if job i is processed at time t
0 otherwise

(35)

Obviously, ∑n
i=1 yti ≤ 1 because no more than one job can be processed at time t.

The objective is to minimize E. Some results are shown for function P(s) = sα, where
α > 1, in particular, for α = 2.

3.3. Modeling Power as a Discrete Resource

It seems natural to consider power as a continuous resource because intuitively, it can
be assigned to a job in amounts of time from a given interval [a, b] ⊂ R. In practice, however,
some technological constraints can limit this assignment to a finite set of possible values.

In order to illustrate such a situation, let us consider the model introduced by Dror et al.
in [58]. Let m refueling terminals driven by a common power source (a pump) be used
to refuel a given fleet of n boats. The problem is to find a schedule with a minimum
makespan for refueling the fleet of boats. The terminals are identical parallel machines. In
general, the output of the pump can be assigned to terminals in arbitrary proportions and
from that perspective, it can be considered a continuous resource. The model introduced
in [58] assumes, however, that possible allocations of the resource are known in advance
and equal to 1/Y(t), where Y(t) ∈ {2, . . . , m} is the number of terminals in operation at
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time t. In conclusion, in this model, fuel is considered a renewable, nonpreemptable, and
discrete resource. The processing rate of job i is defined as r(Y(t)). For a special case
where r(Y(t)) = c/Y(t) and c > 0 is a constant, some properties of schedules optimal with
respect to the makespan and mean flow time were proved. It is worth mentioning that
the same properties were proved in [50] using Model (18), as presented in Section 3.2. The
analogy between fuel and power is very straightforward. As we recalled in Section 1.3, the
processing speed of a computational task depends on the power used by the processor.

Machine scheduling with additional resources was introduced in [59]. A survey of
further developments in parallel machine scheduling problems with nonpreemptable,
renewable, and discrete resources was presented in [60]. Only independent jobs were
considered. We are interested in models where the processing speed of a job depends on
the amount of a single additional resource allocated to the job, e.g., as seen in [61–63].

The general conclusion is that the majority of problems in this group are NP-hard but
there are some interesting special cases that have been studied in the literature. For example,
quite often it is assumed that the assignment of the resource to jobs is constant during
the entire job execution (static problem). The allocation Rν(i) of resource ν to job i is called
job-processing mode by analogy to the resource-constrained project-scheduling problem
(RCPSP) [47]. Let T denote the time horizon, bν denote the available amount of resource ν,
and τik the processing time of job i executed in mode k. A general model with the objective
to minimize the makespan was proposed in [61]. The decision variable yijt = 1 if job i
completes its processing on machine j at time t and is zero otherwise.

minimize max
i=1,...,n

m

∑
j=1

T

∑
t=τij

xijtt (36)

subject to
n

∑
i=1

t+τij−1

∑
s=t

xijt ≤ 1 j = 1, . . . , m, t = 1, . . . , T (37)

m

∑
j=1

T

∑
t=τij

xijt = 1 i = 1, . . . , n (38)

n

∑
i=1

m

∑
j=1

t+τij−1

∑
s=t

Rν(i)xijt ≤ bν ν = 1, . . . , u, t = 1, . . . , T (39)

xijt ∈ {0, 1} i = 1, . . . , n, j = 1, . . . , m, t = 1, . . . , T (40)

Problems (36)–(40) constitute a makespan minimization problem. Constraint (37)
guarantees that at most, one job is executed on a single machine in a given time unit.
Equation (38) ensures that every job will be completed and Constraint (39) relates to resource
availability. The binary values of the decision variables are ensured by Constraint (40).
In the case where the only resource is the power, Constraint (39) takes a simpler form:

n

∑
i=1

m

∑
j=1

t+τij−1

∑
s=t

R(i)xijt ≤ b t = 1, . . . , T (41)

Naturally, the complexity of the problem grows with the number of resource types.
Finally, let us mention that it may be useful to discretize the continuous resource.

In [64], discretization was proposed in the context of project scheduling; however, the same
mechanism can be applied in the case of machine scheduling. Discretization is a concept
for selecting a finite number L of values rl

i , l = 1, . . . , L such that rl
i ∈ (0, 1]. If the resource



Energies 2022, 15, 8710 16 of 20

allocation does not change during the job execution, the processing time of activity i for
resource allocation l is then calculated as

τl
i =

x̃i

fi(rl
i)

(42)

In this way, L processing modes of job i are defined. Now, the problem with a job
model defined by (18) can be solved using the algorithms proposed for the discrete resource
scheduling problems discussed above.

In summary, power can be considered a resource influencing the processing speed/time
of a job. Depending on the technological conditions, only a finite number of allocations
of amounts of power to a job is considered or this amount may take an arbitrary value
from a given interval. In the first case, discrete resource-constrained scheduling models
are available, whereas in the latter, discrete-continuous scheduling models can be used.
Examples of both approaches have been presented.

4. Discussion

In Section 3, we considered job models where the processing speed is related to power
usage. We presented two approaches to modeling power, namely as a discrete or continuous
resource. Let us now discuss the features of both models.

4.1. Physical Constraints

Although power is a resource that can be allotted in arbitrary amounts from a given
interval [0, Pmax] ⊂ R, available processors offer a finite number of states associated with
a given speed due to technology constraints. As a consequence, processor speed is not a
continuous variable. Nevertheless, it may be useful to model it as a continuous variable in
order to apply the approach described in Section 3.2.

Equation (23) can be solved analytically for function ui(t) = f 3
i (ui(t)), which, in fact,

represents power as a function of the processing speed, which is a cube function as men-
tioned in Section 2.1. Models (22)–(26) take the following form:

minimize
n

∑
k=1

M∗k (43)

subject to x̃i =
n

∑
k=1

M∗k u3
ik (44)

n

∑
i=1

uik ≤ 1 k = 1, . . . , K (45)

uik ≥ 0 i = 1, . . . , n, k = 1, . . . , K (46)

The technique to model a discrete resource as a continuous one in order to benefit
from the solution methods developed for the latter case is known in the literature. We
have mentioned considering a large number of processors in a data center as a continuous
resource [25]. Another example of this type is to consider a large number of memory pages
as a continuously divisible resource, as seen in [46].

4.2. Discretization

Even in a situation where the resource can be assigned in arbitrary amounts (from
a given interval of real numbers), it might be useful to apply a discrete model, as we
presented in Section 3.3.

The above remarks indicate that in optimization models, power can be considered
a discrete or continuous resource. The choice influences the solution techniques, and
consequently, also the ability to analyze the problem under the changing parameters. Since
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the goal of mathematical modeling is not only to find an optimal solution but also to
examine the system behavior, it is worth being flexible with respect to model selection.

Continuous models are more general and allow a deeper theoretical analysis of the
problem, as mentioned in [50]. However, solving discrete-continuous scheduling problems
often requires using nonlinear mathematical programming, which is, in general, time
consuming. Using discrete variables can lead to more efficient solution methods, as shown
in [64].

5. Conclusions

Undeniably, the further economical development of societies depends strongly on the
management of energy production and consumption. Recent decades have proven that
energy production cannot grow infinitely, and thus the second aspect, energy consumption,
becomes even more important. Analyses show that according to global estimates, one of
the crucial factors in technological growth, ICT, is responsible for 5% to 9% of total energy
consumption. Forecasts have shown that the share of ICT could grow to 20% of total energy
consumption by 2030.

Although a lot of effort has been put into improving the efficiency of ICT devices
and systems, the total energy consumption in this sector continues to grow. One of the
explanations may be the so-called Jevon’s paradox.

Some limitations also result from the desired QoS, which cannot be sacrificed in order
to achieve better energy efficiency.

In order to achieve a good balance between efficient energy consumption and quality
of service, mathematical modeling has been successfully used. In this paper, we show
two main approaches to solving this problem. The first approach, which is much more
popular in the literature, assumes switching the devices on and off, depending on the
current workload of the system. The optimization objective takes into account the cost
of energy consumed by computation and restarting the devices. The second approach
assumes that the processing speed/time depends on the amount of energy assigned to the
job. In this case, the objective is to minimize the total computational time under the given
limited energy consumption.

Although this survey is restricted to CMOS technology, we would like to point out
that the new approach, quantum computing, should also be analyzed from the perspective
of energy efficiency. Although quantum computers promise to use much less energy than
classical ones, this promise is mainly based on the assumption that quantum computers
can potentially perform many more calculations at the same time than classical machines.
We should mention, however, that much of the power is used by the refrigeration unit
that keeps the quantum processor cool. Thus, the power efficiency of quantum computers
is an interesting topic. Analogous to the quantum computing advantage threshold that
determines when a quantum processing unit (QPU) is more efficient with respect to classical
computing hardware in terms of algorithmic complexity, the “green" quantum advantage
threshold is defined in [65] and is based on a comparison of the energy efficiency between
the two. In the future, it could play a fundamental role in the comparison of quantum and
classical hardware. It has been shown that the green quantum advantage threshold mainly
depends on:

• the quality of the experimental quantum gates;
• the entanglement generated in the QPU.

In addition, in [66], it is discussed that there is still space for optimization in the
implementation of elementary quantum operations. Physical constraints on the best-
case scenario of a quantum computer are formulated. On this basis, the maximal energy
efficiency of quantum gates is found, as well as the protocol that attains that maximum.
In the future, research on the possible applications of the approaches presented in this
paper to quantum computing will be analyzed.
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44. Węglarz, J. Project scheduling with continuously-divisible, doubly constrained resources. Manag. Sci. 1981, 27, 1040–1052.

[CrossRef]
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