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Abstract: Understanding the processes occurring during the nanocrystallization of glass-forming
liquids is important for creating artificial nanostructures for various applications. In this article, local
thermal perturbations in supercooled glass-forming liquids and polymers during the nucleation of a
crystalline phase are studied. To describe the thermal response of supercooled glass-forming liquids,
an integro-differential heat equation with dynamic heat capacity is used. We have found that the
effect of the dynamic heat capacity is significant for fast local thermal perturbations that arise in the
early stages of crystal nucleation in glass-forming liquids and polymers. It has been established that
local temperature perturbations during the nucleation of crystals in silicate glasses and polymers can
change the nucleation rate by 2–5 orders of magnitude. The knowledge gained can be useful for the
technology of artificial microstructures and advanced materials.

Keywords: nonequilibrium heat transfer; phase transitions; crystallization; glass-forming liquids;
dynamic heat capacity

1. Introduction

This work is devoted to the problem of heat transfer, which is associated with nonequi-
librium thermal processes in metastable liquids. In this study, we are interested in nonequi-
librium heat transfer in undercooled glass-forming liquids, in which the process of the
early stages of crystal nucleation occurs at the nanoscale. Glasses and polymers are often
used to develop new advanced nanocrystalline materials and composites. The properties
of glass-forming materials can be varied over a wide range by controlling the crystal-
lization process with appropriate heat treatments, without changing the composition.
Glass-forming materials are materials that form glasses at relatively moderate cooling rates
(i.e., do not require extreme quenching). Accordingly, the glass-forming liquid is a liquid
melt of the glass-forming material. Various artificial nanostructures can be created using
the controlled crystallization of glass-forming liquids; this fact is used in many applications,
such as additive manufacturing [1–4]. The fields of application of glass-forming materials
can be greatly extended using optimal annealing treatments [5]. Thus, by the appropriate
annealing of glass-forming materials, a mixed glassy-nanocrystalline structure can be ob-
tained [5,6]. Nanosized crystalline particles, selectively introduced into the glass matrix,
can significantly improve the mechanical properties of glasses. For example, the mechanical
properties of aluminum-based glasses have been significantly improved by selectively intro-
ducing nanosized crystalline particles into the glass matrix [7–9]. In addition, an artificially
created microstructure can be used to increase the kinetic stability of such nanoglasses [5,6].
In addition, understanding the behavior of subcritical nuclei is important for developing
advanced materials for phase-change memory devices [10]. Indeed, the role of the crystal-
lization process is very important in laser memory devices with a melting–crystallization
phase transition. A phase-change material should have as fine a nanostructure as possible.
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In addition, it should neither be too difficult to crystallize (because it would require exces-
sive power or conversion time) nor crystallize too easily (because it would compromise
long-term data storage by initiating unwanted crystallization) [10]. In fact, subcritical
nuclei are constantly developing and decaying. Only near-critical nuclei can commonly
reach the critical size and grow into stable crystal grains (note that a small local change
in temperature can significantly affect the dynamics of near-critical nuclei). Experimental
studies of the early stages of crystallization are challenging due to the nanometer size and
the very short lifetime of subcritical and near-critical nuclei. However, the nucleation of
crystals can often be studied at low supercooling, and at very high supercooling, near the
glass transition temperature, and in the case of liquids with low crystal-growth rates, even
over the entire supercooling range from the melting temperature to the glass transition
temperature [11]. Thus, developing new promising nanocrystalline glass-forming materials
requires a deep understanding of the kinetics of the early stages of crystal nucleation.
In fact, the formation of nanocrystallized materials is commonly associated with homo-
geneous nucleation [12–15]. In this paper, we will focus on homogeneous nucleation in
glass-forming liquids above the glass transition temperature, Tg.

Local temperature changes associated with the energetics of nuclei formation can
significantly affect nucleation dynamics. In this article, we study the influence of the local
temperature perturbations δT(t, r) associated with the nucleation of crystals on the pro-
cesses of the early stage of nucleation in glass-forming liquids. We will not consider crystal
precursors in undercooled liquids [16,17]. Thus, we consider homogeneous nucleation
which is not affected by pre-existing clusters. The scenario of two-stage nucleation, which
can occur due to the formation of precursors, can be considered in a separate article. Here,
our goal is to study the effect of local temperature perturbations δT(t, r) associated with
crystal nucleation on the formation of nuclei in glass-forming liquids, and to study heat
transfer processes at the stage of crystal nucleation. Note also that the local temperature
distribution was considered for the non-isothermal homogeneous nucleation of water vapor
under quasi-isothermal conditions in [18]. Here, we are interested in the local temperature
change during nucleation in condensed matter. In addition, we consider the effect of
dynamic heat capacity relaxation on the heat transfer at this stage of nucleation.

The dynamic heat capacity cdyn(t) of glass-forming liquids and polymers as a func-
tion of time t (or frequency) has been intensively studied since the pioneering work of
Birge and Nagel [19]. For example, see heat capacity spectroscopy in polymers [20,21]. The
time dependence cdyn(t) is associated with slow energy exchange between different de-
grees of freedom in glass-forming liquids and polymers. Because cdyn(t) is time-dependent,
the local change in temperature over time depends on the temperature distribution in
these liquids at earlier times. This behavior can be described using the integro-differential
heat equation with “memory” [22]. The influence of the dynamic heat capacity cdyn(t)
is most significant for fast local thermal perturbations on the nanometer scale [22]. This
work aims to determine the local thermal perturbations δT(t, r) (associated with the nu-
cleation of crystals) and the effect of these perturbations on the nucleation rate I(T) in
glass-forming liquids.

The first part of the article considers the influence of a local temperature change on
the nucleation rate in silicate glasses and polymers. In the second part, the influence of
the dynamic heat capacity cdyn(t) on thermal perturbations in glass-forming liquids is
estimated. An analytical solution of the integro-differential heat equation with dynamic
heat capacity cdyn(t) is constructed for a spherically symmetric problem. In fact, we consider
a simple model of creation and decay of a spherical nucleus under spherically symmetric
boundary conditions. Finally, local temperature perturbations during the nucleation and
decay of crystalline nuclei in silicate glasses and polymers are considered.

2. Crystal Nucleation in Glass-Forming Liquids

Isothermal processes are considered in the classical theory of homogeneous nucle-
ation [23–27]. This consideration is justified for materials with moderate and high thermal
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conductivity. However, glass-forming liquids, especially polymers, can have a low thermal
conductivity λ of the order of 0.1 W/m·K [28]. For this reason, local temperature changes
associated with the nucleation process can be significant on the nanosecond time scale
(see below). In addition, the nonequilibrium thermal response of glasses and polymers is
associated with the relaxation of the dynamic heat capacity, which can significantly affect
local thermal perturbations in these substances during crystal nucleation [22,29]. Note also
that the pre-exponential factor I0 of the rate of homogeneous nucleation, measured in many
experiments, significantly exceeds the theoretical value [12,13,30,31]. The discrepancy be-
tween the experimental and theoretical values of the pre-exponential factor I0 can possibly
be reduced by taking into account the temperature dependence of the interfacial free energy
σ [13] and seeded crystallization [31,32]. In this article, we explore an additional cause that
can affect the rate of nucleation.

The probability of a thermodynamic fluctuation creating a crystal nucleus is propor-
tional to exp(−Rmin/kBT), where kB is Boltzmann’s constant, and Rmin is the minimum
work required to create a nucleus [23,24]. A local pressure perturbation associated with
a thermodynamic fluctuation of radius r relaxes on a time scale of the order of r/Vsound,
where the speed of sound Vsound is about several thousand m/s. Thus, the local pressure
relaxes on a picosecond scale at r of the order of several nm or fewer. Therefore, the
local pressure near such fluctuations can be considered constant on a nanosecond time
scale. The time required for the formation of a crystalline nucleus from the beginning of
its formation is denoted by τf . This formation time τf should not be confused with the
induction time and the time lag before the beginning of the formation of crystal nuclei (for
example, in molecular dynamics simulations). Usually, the time lag before the beginning of
the formation of crystal nuclei is much longer than τf [33]. In fact, the formation of crystal
nuclei with a size of the order of 1 nm in various materials can occur over a time in the
range of 0.01–1 ns [4,33–38], and in polymers, τf can vary on the nanosecond scale [39–43].

For a spherical nucleus, Rmin is equal to the Gibbs free energy

∆G(r) = 4πσr2 − 4πr3∆gv/3, (1)

required for the creation of a nucleus of radius r, where σ is the solid/liquid interfacial
energy, ∆gv = ∆hm∆T/Tm0 is the change in volumetric Gibbs free energy at crystallization,
∆hm is the volumetric enthalpy of melting, Tm0 is the equilibrium melting temperature,
and ∆T = (Tm0 − T) is undercooling [12,23–27,44]. Furthermore, we will consider critical
and subcritical nuclei with r ≤ rC, where the critical radius rC = 2σ/∆gv corresponds to

the energy barrier for homogeneous nucleation ∆GC = 16πσ3

3∆gv2 , or ∆GC =
2π∆gvr3

C
3 [12,23–27].

Therefore, ∆GC = VC∆gv/2, where VC = 4πr3
C/3 is the volume of the critical nucleus.

In the case of polymers, the Gibbs free energy required for the formation of a lamellar
nucleus with thickness l and radius r is equal to

∆G(l, r) = 2πr2σe + 2πrlσ− πr2l∆gv, (2)

where σe and σ correspond to the surface free energy of the lamellar basal plane (fold
surface) and the lateral (side) interface, respectively [13,16]. The approximate free-energy
difference ∆gv = ∆hm∆T/Tm0 between the liquid and crystal can be corrected and pre-
sented as ∆gv = ∆hm

(
∆T
Tm0

)(
T

Tm0

)
(which is often used for polymers [13]), or even ∆gv =

∆hm

(
∆T
Tm0

)(
7T

Tm0+6T

)
[44]. However, these corrections are not significant for the present

study, since our estimates do not claim to be highly accurate. Thus, we will consider the
following approximation: ∆gv = ∆hm∆T/Tm0. In this case, the critical radius rC = 2σ/∆gv
and critical thickness lC = 4σe/∆gv are associated with the energy barrier for homogeneous
nucleation ∆GC = 8πσ2σe

∆gv2 [13,16]. Therefore, ∆GC = VC∆gv/2, where VC = πr2
ClC is the

volume of the critical nucleus.
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The nucleus of the solid phase, created due to thermodynamic fluctuations, has
additional energy compared to the metastable initial liquid phase. The energy ∆G(r) spent
on the creation of the nucleus is compensated by the local cooling of the material at the site of
the nucleus. This local change in temperature δT, associated with the energy required for the
formation of nuclei, can significantly affect the dynamics of the nucleation and evolution of
nuclei. In fact, a significant number of unstable nuclei (with r < rC) can be transformed into
stable nuclei (with r ≥ rC), since the critical radius rC = 2σTm0/∆hm(Tm0 − T) decreases
with decreasing the local temperature T. We will focus on local fast thermal perturbations
in glass-forming liquids above the glass transition temperature Tg. Therefore, we will
not consider the effect of long-term structural relaxation, which is noticeable near and
below Tg, on the nucleation dynamics [45–48]. However, we consider the effect associated
with the dynamic heat capacity, which is significant for fast local thermal perturbations in
glass-forming liquids, even well above the glass transition temperature Tg [22,29].

2.1. Influence of Local Temperature Change on the Nucleation Rate I(T) in Silicate Glasses

The local change in temperature δT associated with the energy required for the forma-
tion of nuclei can be about 1 K (see below). In this case, the evolution of near-critical nuclei
and the nucleation rate I(T) can change significantly. In fact, the nucleation rate I(T) is
proportional to exp

(
−∆GC

kBT

)
[12,13,23–27]. The relative increase in the rate is equal to

I(T + δT)
I(T)

= exp
(
−∆GC

kBT
·2δT

∆T

)
, (3)

at |δT| � ∆T (an insignificant value of δT
T compared to 2δT

∆T is neglected). Table 1 shows the
influence of the thermal perturbation δT on the relative change in the rate of nucleation
I(T+δT)

I(T) at δT = −1 K for silicate glasses. The parameters of the silicate glasses are known
from the literature [12,49–53].

Table 1. Relative increase in the nucleation rate I(T+δT)
I(T) in silicate glasses at δT = −1 K.

Substance ∆hm
J/m3

Tm0
K

T
K

∆T
K

σ
J/m2

∆gv
J/m3

∆GC
J

∆GC
kBT

I(T+δT)
I(T)

Li2O·2SiO2 9.4 × 108 1310 1160 150 0.20 11.0 × 107 1.17 × 10−17 728 1.65 × 104

Na2O·2CaO·3SiO2 7.2 × 108 1560 1360 200 0.19 9.23 × 107 1.35 × 10−17 718 1.32 × 103

2Na2O·CaO·3SiO2 4.97 × 108 1448 1248 200 0.17 6.86 × 107 1.75 × 10−17 1013 2.25 × 104

BaO·2SiO2 5.11 × 108 1690 1490 200 0.13 6.05 × 107 1.0 × 10−17 488 1.32 × 102

Next, we estimate the effect of the kinetic barrier on the nucleation rate I(T) under
thermal perturbations δT in silicate glasses. In fact,

I(T)= I0exp
(
−∆GC

kBT

)
exp
(
−∆GD

kBT

)
, (4)

where ∆GD is the kinetic barrier to nucleation [49,50]. The kinetic barrier ∆GD can be
estimated from the activation free energy ∆Gη for a viscous flow [49,50]. Then,

I(T) = I0exp
(
−∆GC

kBT

)
exp
(
− B
(T − T0)

)
, (5)

since the viscosity η(T) usually obeys the Vogel–Fulcher–Tammann–Hesse (VFTH) equa-
tion [52,53].

log10η = A +
B

(T − T0)
. (6)
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Thus,
I(T + δT)

I(T)
= Akinexp

(
−∆GC

kBT
·2δT

∆T

)
, (7)

where

Akin= exp
(

B
(T − T0)

· δT
(T − T0)

)
. (8)

Table 2 shows the influence of the thermal perturbation δT on the relative change in
the rate of nucleation due to a change in the kinetic barrier at δT = −1 K for silicate glasses.
The parameters of the silicate glasses are known from the literature [52,53].

Table 2. Relative change in the nucleation rate due to a change in the kinetic barrier in silicate glasses
at δT = −1 K.

Substance B
K

T0
K

T
K

T−T0
K

B/(T−T0)
-

Akin
-

Li2O·2SiO2 1347 595 1160 565 2.38 0.996

Na2O·2CaO·3SiO2 4893 547 1360 813 6.02 0.993

BaO·2SiO2 1702 795 1490 695 2.45 0.997

Thus, the effect of the kinetic barrier on the nucleation rate I(T) at small temperature
perturbations in silicate glasses is insignificant. However, thermal perturbations δT of the
order of 1 K change the nucleation rate by 2–4 orders of magnitude (see Table 1), which
is significant.

2.2. Influence of Local Temperature Change on the Nucleation Rate I(T) in Polymers

The relative change in the rate of nucleation for glass-forming polymers is equal to
exp

(
−∆GC

kBT ·
2δT
∆T

)
at |δT| � ∆T(see Equation (3)), where ∆GC = 8πσ2σe

∆gv2 . As mentioned

above, the small value of δT
T compared to 2δT

∆T is neglected. Tables 3 and 4 show the
influence of the thermal perturbation on the relative change in the rate of nucleation for
polyethylene (PE) and isotactic polystyrene (iPS) at δT = −0.5 K (see Table 3), as well as
polybutylene succinate (PBS) and isotactic polypropylene (iPP) at δT = −1 K (see Table 4).
Temperature perturbations δT = −0.5 K (for PE and iPS) and δT = −1 K (for PBS and iPP)
were evaluated as described below. The parameters of the polymers are known from the
literature [13,54–60].

Table 3. Relative increase in the nucleation rate I(T+δT)
I(T) in PE and iPS at δT = −0.5 K.

Polymer ∆hm
J/m3

Tm0
K

T
K

∆T
K

σe
J/m2

σ
J/m2

∆gv
J/m3

∆GC
J

∆GC
kBT

I(T+δT)
I(T)

PE 2.8 × 108 418 388 30 0.093 0.0146 2.0 × 107 1.2 × 10−18 230 2.2 × 103

iPS 9.1 × 107 516 486 30 0.035 0.0077 5.3 × 106 1.9 × 10−18 278 1.1 × 104

Table 4. Relative increase in the nucleation rate I(T+δT)
I(T) in PBS and iPP at δT = −1 K.

Polymer ∆hm
J/m3

Tm0
K

T
K

∆T
K

σe
J/m2

σ
J/m2

∆gv
J/m3

∆GC
J

∆GC
kBT

I(T+δT)
I(T)

PBS 1.47 × 108 403 343 60 0.0337 0.0309 2.2 × 107 1.7 × 10−18 354 1.3 × 105

iPP 1.57 × 108 461 421 40 0.07 0.0115 1.4 × 107 1.3 × 10−18 216 5.0 × 104

The influence of the kinetic barrier on the nucleation rate I(T) under thermal perturba-
tions in polymers can be estimated as follows. The relative change in the rate of nucleation is
equal to Akinexp

(
−∆GC

kBT ·
2δT
∆T

)
(see Equation (7)), where Akin is equal to exp

(
B

(T−T0)
· δT
(T−T0)

)
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(see Equation (8)), and B = EA/R depends on the diffusional activation energy EA for the
transport of polymer chain segments at the interface in polymers [13]; R = 8.314 J/mol·K
is the universal gas constant [28], and usually, EA = 6.27 kJ/mol and T0 ≈ Tg − 30K [13].
The effect of the kinetic barrier on the nucleation rate under thermal perturbations in
polymers is presented in Tables 5 and 6. The parameters of the polymers are known from
the literature [13,54–58].

Table 5. Relative change in the nucleation rate due to a change in the kinetic barrier in PE and iPS at
δT = −0.5 K.

Polymer B
K

T0
K

T
K

T−T0
K

B/(T−T0)
-

Akin
-

PE 754 118 388 270 2.79 0.995
iPS 754 330 486 156 2.29 0.985

Table 6. Relative change in the nucleation rate due to a change in the kinetic barrier in PBS and iPP at
δT = −1 K.

Polymer B
K

T0
K

T
K

T−T0
K

B/(T−T0)
-

Akin
-

PBS 754 206 343 137 5.5 0.961
iPP 754 225 421 196 3.85 0.981

Thus, the effect of the kinetic barrier on the nucleation rate I(T) at small temperature
perturbations is again insignificant. However, thermal perturbations δT of the order of 1 K
significantly change the nucleation rate in polymers by 3–5 orders of magnitude, as shown
in Tables 3 and 4.

3. Thermal Perturbations in Glass-Forming Liquids

Next, we consider heat transfer processes in glass-forming liquids in order to deter-
mine the magnitude of thermal perturbations during the nucleation and decay of crystal
nuclei. Since we are interested in thermal perturbations on a nanosecond time scale, it
is necessary to take into account the influence of the dynamic heat capacity cdyn(t) of
glass-forming liquids. For a spherically symmetric problem with zero initial conditions,
the thermal response in glass-forming liquids can be described by the following integro-
differential heat equation [22,29]:

∂

∂t

∫ t

0
ρcdyn(t− τ)T′(τ, r)dτ − λ∆T(t, r) = Φ(t, r), (9)

where ρ and λ are the density and thermal conductivity of the material; T′(t, r) = ∂
∂t T(t, r),

∆—Laplacian, and Φ(t, r) are the volumetric heat flux density. Equation (9) has an analytical
solution for a homogeneous boundary value problem. Assume that the dynamic heat
capacity cdyn(t) is a completely monotonic function of time (this requirement is usually
satisfied for glass-forming liquids [22]). Then, cdyn(t) can be represented by Equation (10)

cdyn(t) = c0 − (c0 − cin)
∫

H(τ0)exp(−t/τ0)dτ0, (10)

where H(τ0) is the distribution function of the relaxation time τ0; a cin and c0 are the initial
and equilibrium heat capacities ( cdyn(t)→ cin as t→ 0 , and cdyn(t)→ c0 as t→ ∞ ). To
determine H(τ0) for a particular material, broadband heat capacity spectroscopy can be
used (for details, see [22]).
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The solution of the boundary value problem for Equation (9) can be obtained in two
stages. First, the problem is solved for the heat capacity cdyn(t) with Debye relaxation,
shown in Equation (11),

cdyn(t) = c0[1− ε0exp(−t/τ0)], (11)

where ε0 = (c0 − cin)/c0. After that, using the distribution function H(τ0), the solution
for a particular material can be obtained as a linear combination of solutions for different
τ0. Thus, Equation (12) follows on from Equations (9) and (11) for the heat capacity with
Debye relaxation:

∂

∂t
T(t, r)− D0∆T(t, r) =

Φ(t, r)
ρc0

+ ε0
∂

∂t

∫ t

0
exp
(
− t− τ

τ0

)
T′(t, r)dτ, (12)

where D0 = λ/ρc0 is the equilibrium thermal diffusivity. The parameter ε0 of various glass-
forming liquids and polymers is usually in the range of 0.3–0.5 [53–56,61–63]. First, assume
that a spherically symmetric heat source Φ(t, r) = Φ(r)F(t) is distributed in a spherical
volume of radius r0. Next, consider the homogeneous boundary condition T(t, R) = 0 at a
distance R� r0 from the center of the heat source and the initial condition T(t, r) = 0 for
t ≤ 0. Then, Equation (13) is a solution to this boundary value problem.

T(t, r) = ∑n=1 ψn(t)
sin(πnr/R)

r
, (13)

where ψn(t) must satisfy Equation (14):

ψ′n(t) +
ψn(t)

τn
=

rΦnF(t)
ρc0

+ ε0
∂

∂t

∫ t

0
exp
(
− t− τ

τ0

)
ψ′n(τ)dτ, (14)

where Φn = 2
R
∫ R

0 rΦ(r)sin(πnr/R)dr and τ−1
n = D0(πn/R)2. Here, let the heat flux be

uniformly distributed in the volume of radius r0 with volumetric density Φ0. Then,

Φn = 2RΦ0
sin(πnr0/R)− (πnr0/R) · cos(πnr0/R)

(πn)2 . (15)

For example, consider a sinusoidal heat flux with F(t) = sin
(
2πt/τp

)
for t ∈

[
0, τp

]
and F(t) = 0 for t /∈

(
0, τp

)
. Then, as follows from Equation (14), ψn(t) are represented by

Equation (16) and Equation (17) for 0 ≤ t ≤ τp and τp < t, respectively.

ψn(t) = Φn
ρc0

τnγnµn
(γn−µn)

[
(γnτ0−1)

[
γnsin(2πt/τp)+ πm

τp (exp(−γnt)−cos(2πt/τp))
]

(γn)
2+
(

2π
τp

)2 +
(1−µnτ0)

[
µnsin(2πt/τp)+ 2π

τp (exp(−µnt)−cos(2πt/τp))
]

(µn)
2+
(

2π
τp

)2

]
, (16)

ψn(t) = Φn
ρc0

2πτnγnµn
τp(γn−µn)

[
(γnτ0−1)[exp(−γnt)−exp(γn(τp−t))]

(γn)
2+
(

2π
τp

)2 +
(1−µnτ0)[exp(−µnt)−exp(µn(τp−t))]

(µn)
2+
(

2π
τp

)2

]
, (17)

where −γn and −µn are equal to the roots of the polynomial (1− ε0)p2 + p
(

τ−1
n + τ−1

0

)
+

τ−1
n τ−1

0 . In addition, γn and µn are real and positive parameters; γn− µn 6= 0 for 0 < ε0 < 1
and 0 < τn, τ0.

4. Local Thermal Perturbations during the Nucleation and Decay of Crystal Nuclei in
Glass-Forming Liquids

To estimate the magnitude of the local temperature change δT(t,r) during the nucle-
ation in glass-forming liquids, we consider the nucleation of spherical crystalline nuclei.
For a boundary value problem at R � r0, the size of R is not significant. For example,
we take R = 300 nm. Next, we consider the nucleation and decay of a nucleus with a
subcritical radius r0 of the order of 1 nm during τp = 1 ns. The sinusoidal heat flux den-
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sity Φ0 sin
(
2πt/τp

)
can be considered as a simple model for the formation and decay of

crystalline nuclei. The heat flux density required to compensate for the costs of nucle-
ation is equal to −∆gv

2 = − 1
2 ∆hm∆T/Tm0. Therefore, Φ0 =

(
−π∆hm/2τp

)
(∆T/Tm0), since∫ τp/2

0 Φ0 sin
(
2πt/τp

)
dt = Φ0τp/π.

Consider, for example, the silicate glass Na2O·2CaO·3SiO2 with the thermal parame-
ters given in Table 1. Thus, we take ∆T = 200 K and use the parameters of this glass in the
liquid phase [53,62–65]. Thus, the following parameters were used for model calculations:
ρ = 2.8 g/cm3, ρc0 = 5 × 106 J/m3K, λ = 0.5 W/m·K, D0 = 1 × 10−7 m2/s, ε0 = 1/2,
Tm0 = 1560 K, ∆hm = 7.2 × 108 J/m3, and VC = 292 nm3. Let us consider nuclei close to the
critical size. Then, at r0 = 3

√
3VC/4π, we have r0 = 4.1 nm. Then, δT(t, r) can be calculated

according to Equation (13) at various τ0. For example, τ0 = 0, 0.1 ns, 1 ns, 10 ns, and 100 ns
(see Figures 1 and 2). Note also that the sum of series (13) converges with the sum of series
1/n2. Therefore, to obtain a result with an accuracy of about 1%, it is enough to calculate
the sum up to N > 100 terms, since the remainder of the sum is about 1/N.
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Figure 1. Dependence of the temperature change δT(t, 0) on time for the silicate glass
Na2O·2CaO·3SiO2 at ∆T = 200 K; τ0 = 0, 0.1 ns, 10 ns, and 100 ns—squares, circles, triangles,
and crosses.
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Figure 2. Dependence of the temperature change δT(t0, r) on distance r at t0 = 0.25 ns (a) and t0 = 0.57 ns
(b) for the silicate glass Na2O·2CaO·3SiO2 at ∆T = 200 K; τ0 = 0, 0.1 ns, 1 ns, 10 ns, and 100 ns—
squares, circles, triangles, stars, and crosses.

Thus, the magnitude of the local temperature change δT(t,r) during the nucleation
and decay of subcritical nuclei can reach about 1 K in silicate glass-forming liquids. The
effect of dynamic heat capacity is significant at τ0 = 10 ns (see Figures 1 and 2). However,
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at τ0 = 0.1 ns, this effect is small. The effect increases with τ0 and reaches saturation when
τ0 approaches 10 ns (see Figure 2).

Similar results can be obtained for polymers (see Figures 3–6). Consider, for example,
isotactic polystyrene (iPS) with the thermal parameters given in Table 3. Thus, we take
∆T = 30 K and use the parameters of iPS in the liquid phase [13,54–56]. Thus, the following
parameters were used for model calculations: ρ = 1.05 g/cm3, ρc0 = 1.8 × 106 J/m3K,
λ = 0.14 W/m·K, D0 = 0.8 × 10−7 m2/s, ε0 = 1/2, Tm0 = 516 K, ∆hm = 0.91 × 108 J/m3,
and VC = 704.5 nm3. Let us consider nuclei close to the critical size. Then, at r0 = 3

√
3VC/4π,

we have r0 = 5.5 nm. For example, we calculate δT(t, r) using Equation (13) at τ0 = 0,
0.1 ns, 1 ns, 10 ns, and 100 ns, as well as when averaged over the distribution H(τ0) (see
Figures 3 and 4). The distribution H(τ0) can be obtained from the broad band heat capacity
spectroscopy (for details, see [22]). Moreover, relaxation phenomena in glass-forming
materials can usually be described by the Kohlrausch relaxation function exp

(
−(t/τK)

β
)

,
where β is about 0.5. In addition,

H(τ0) =
exp(−τ0/4τK)√

4πτKτ0
(18)

at β = 0.5 [66]. The Kohlrausch relaxation time τK(T) can be obtained from the Vogel–
Fulcher–Tammann–Hesse (VFTH) equation

log(ωmax(T)) = A− B/(T − T0). (19)
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Figure 3. Dependence of the temperature change δT(t, 0) on time for iPS at ∆T = 30 K. τ0 = 0,
0.1 ns, and 10 ns—squares, circles, and triangles; crosses are the result of averaging δT over the
distribution H(τ0).

The parameters of this equation can be measured using broad band heat capacity
spectroscopy [21]. In fact, τK(T) is inversely proportional to the frequency ωmax(T), which
corresponds to the maximum of the imaginary part of the dynamic heat capacity (see [22]).
For polystyrene, A = 10.2, B = 388 K, and T0 = 341.5 K [21]. Thus, we obtain the Kohlrausch
relaxation time τK and the distribution function H(τ0) at different temperatures from
the VFTH equation. However, the profile of the distribution function H(τ0) is not very
important, because the influence of the dynamic heat capacity reaches saturation at τ0 of
the order of tens of ns (see Figure 4).

Thus, the magnitude of the local temperature change δT(t,r) during the nucleation
in iPS is about 0.5 K (a similar result was obtained for PE). The effect of dynamic heat
capacity reaches saturation at τ0 > 10 ns (see Figures 3 and 4). As a consequence, δT(t, r)
at τ0 = 10 ns and 100 ns are practically the same and coincide with the result of averaging
over the distribution H(τ0) (see Figures 3 and 4). Thus, the effect of dynamic heat capacity
is significant on the nanosecond time scale. It should be noted that due to the dynamic heat
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capacity, thermal perturbations δT(t0, r) at τ0 > 0.1 ns and τ0 = 0 even have opposite signs
at t0 = 0.6 ns and r < 5 nm (see Figure 4b).
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Figure 5. Dependence of the temperature change δT(t, 0) on time for PBS at ∆T = 60 K. τ0 = 0,
0.1 ns, and 10 ns—squares, circles, and triangles; crosses are the result of averaging δT over the
distribution H(τ0).

A larger local temperature change δT(t,r) can be estimated for the biodegradable
polymer polybutylene succinate (PBS) (see Table 4). For example, we take ∆T = 60 K
and use the parameters of polybutylene succinate in the liquid phase [54–60]. For model
calculations, we use the following parameters: ρ = 1.26 g/cm3, ρc0 = 2.4 × 106 J/m3K,
λ = 0.09 W/m·K, D0 = 0.4 × 10−7 m2/s, ε0 = 1/2, Tm0 = 403 K, ∆hm = 1.47 × 108 J/m3,
and VC = 152.6 nm3, and consider nuclei close to the critical size. Then, at r0 = 3

√
3VC/4π,

we have r0 = 3.3 nm. The distribution function H(τ0) for PBS at different temperatures can
be obtained from dielectric spectroscopy data using the parameters (A = 9.5, B = 526.3 K,
and T0 = 218.2 K) of the VFTH equation [67].
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The magnitude of the local temperature change δT(t, r) during the nucleation in PBS is
about 1 K (see Figures 5 and 6) (a similar result was obtained for iPP). The effect of dynamic
heat capacity reaches saturation when τ0 increases above tens of ns. As a result, the profile
of the distribution function H(τ0) is not very important (see Figures 4 and 6).

The relative change in the rate of nucleation I(T+δT)
I(T) depends on the value of δT,

which in turn, depends on the dynamic heat capacity of the glass-forming liquid. Let
us denote by δT∗ and δT the temperature perturbations with and without the influence
of the dynamic heat capacity, respectively. In fact, δT∗ is approximately 20–30% greater
than δT (see Figures 1 and 6). As a result, I(T+δT∗)

I(T) is an order of magnitude larger than
I(T+δT)

I(T) . For example, in polybutylene succinate, ∆GC
kBT = 354 at ∆T = 60 K (see Table 4)

and (δT∗ − δT) is about 0.25 K at t of about 0.25–0.3 ns (see Figures 4 and 5). Therefore,
the ratio I(T+δT∗)

I(T+δT) = exp
(
−∆GC

kBT ·
2(δT∗−δT)

∆T

)
is about 20. Thus, the change in the nucleation

rate is significantly enhanced due to the influence of the dynamic heat capacity cdyn(t) of
glass-forming liquids.

5. Conclusions

The development of new advanced materials with artificial nanostructures requires
a deep understanding of the thermal processes during the nucleation of crystals in glass-
forming substances and polymers. We found that local temperature changes associated
with the energy required for the formation of crystal nuclei in glass-forming liquids can be
of the order of 1 K, which can significantly change the evolution of near-critical nuclei and
the dynamics of nucleation. In fact, a significant number of subcritical nuclei can become
stable, since the critical radius and the energy barrier ∆GC decrease with decreasing local
temperature, due to local energy costs for the formation of a nucleus. Local temperature
perturbations during crystal nucleation in silicate glasses and polymers have been found
to change the nucleation rate by 2–5 orders of magnitude. Moreover, the change in the
nucleation rate is enhanced by an order of magnitude, due to the effect of the dynamic
heat capacity cdyn(t) of glass-forming liquids. The effect of the dynamic heat capacity
cdyn(t) on local thermal perturbations in glass-forming liquids can be described by an
integro-differential heat equation with “memory”. This equation can be solved analytically
for a spherically symmetric problem. It has been established that even fast (about 1 ns)
components of the dynamic heat capacity cdyn(t) significantly enhance local temperature
perturbations arising during nucleation in glass-forming liquids. This effect is enhanced
with an increase in the relaxation time τ0 of the dynamic heat capacity cdyn(t). The influ-
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ence of cdyn(t) saturates as τ0 increases above tens of ns. This study can be helpful for
understanding the processes of nanocrystallization in glass-forming liquids and for the
technology of nanostructured glasses, polymers, and composites.
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Nomenclature

Latin Symbols
A parameter of the VFTH equation (dimensionless)
B and T0 parameters of the VFTH equation (K)
cin, c0 initial and equilibrium heat capacities (J·kg−1·K−1)
cdyn(t) dynamic heat capacity (J·kg−1·K−1)
D0 equilibrium thermal diffusivity (m2·s−1)
EA activation energy for the transport of segments in polymers (kJ·mol−1)
∆GD kinetic barrier to nucleation (J)
∆GC energy barrier for homogeneous nucleation (J)
∆gv change in volumetric Gibbs free energy at crystallization (J·m−3)
∆hm volumetric enthalpy of melting (J·m−3)
H(τ0) distribution function (s−1)
I(T) nucleation rate (m−3·s−1)
kB Boltzmann constant (J·K−1)
lC critical lateral thickness (nm)
R universal gas constant (J·mol−1·K−1)
Rmin minimum work needed to form the nucleus (J)
rC critical radius (nm)
δT local change in temperature (K)
∆T undercooling (K)
Tg glass transition temperature (K)
Tm0 equilibrium melting temperature (K)
VC volume of the critical nucleus (nm3)
Vsound sound speed (m·s−1)
Greek Symbols
γn relaxation parameter (dimensionless)
ε0 coefficient ε0 = (c0 − cin)/c0 (dimensionless)
η viscosity (Pa·s)
λ thermal conductivity (W·m−1·K−1)
µn relaxation parameter (dimensionless)
ρ density (kg·m−3)
σ interfacial free energy (J·m−2)
σe interfacial free energy for fold surface (J·m−2)
τ0 Debye relaxation time (s)
τK Kohlrausch relaxation time (s)
τn relaxation time (s)
τp time of nucleation and decay of a subcritical nucleus (s)
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Φ(t, r) volumetric heat flux density (W·m−3)
Φ0 volumetric heat flux density (W·m−3)
Φn nth Fourier component (W·m−2)
ψn(t) nth Fourier component (K·m)
ω temperature modulation frequency (rad·s−1)
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