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Abstract: The aim of this work is to adapt the methods of optical Hilbert diagnostics for the visualiza-
tion and study of inverse diffusion H, /O, flame. The diagnostic complex is implemented on the basis
of the IAB-451 device with modified optical filtering. Visualization of phase perturbations induced by
the studied medium in a probing multiwave light field is performed via polychromatic Hilbert and
Foucault-Hilbert transformations in combination with registration and RGB-per-pixel processing of
the dynamic structure of the images. From solution to the inverse problem of Hilbert optics using a
physically justified initial approximation of the problem under consideration, the temperature field of
the flame is reconstructed and the value of the Hy, HyO, O, and N, concentrations may be restored.

Keywords: hydrogen flame; diagnostics of temperature and composition; Hilbert optics

1. Introduction

Diffusion flames can be classified into two types: normal diffusion flame (NDF), where
the fuel flows into an oxidizing environment, and inverse diffusion flame (IDF), formed by
an oxidizer jet surrounded by a fuel atmosphere. The IDF configuration provides cleaner
combustion, improved flame stability, and wider concentration ranges of combustion [1].
The IDF is used in various chemical technologies, for example, in non-catalytic partial
oxidation of methane [2]. The IDF characteristics differ from the NDF configuration.
Differences that occur in the flame structure change qualitatively the mechanism of soot
formation [3]. For hydrogen fuel of IDF, appearance of flame regions, where the combustion
temperature exceeds the adiabatic combustion temperature of a homogeneous mixture
of fuel and oxidizer, is noted in [4,5]. The parametric model [6] of a flame in the Burke-
Schumann approximation gives fairly simple relationships that allow one to estimate the
magnitude of the effect of superadiabatic combustion depending on the Lewis number of
the chemical system and the intensity of convective transfer through the flame front. The
estimates [6] agree satisfactorily with the results of measuring the combustion parameters
of highly dilute mixtures of hydrogen with an inert gas in air [5]. The structure of the IDF
is influenced not only by the ratio of fuel and oxidizer, but also by the aerodynamics of the
reacting flow. Depending on ay (oxidizer excess ratio) and Re, several types of hydrogen-
oxygen inverse flame are distinguished [7]. Simultaneous measurements of temperature
and composition in a hydrogen-oxygen IDF can provide information about the internal
structure of the reacting medium, which is important for predicting the properties of such
flames. The development of optical information technologies causes a growing interest in
their applications for flame diagnostics.

Modern optical diagnostic tools using the LIF and RAMAN spectroscopy methods
allow obtaining data on the flame temperature and composition in a wide range of con-
ditions [8]. At the same time, the approaches based on measuring the refractive index
of a gaseous medium are relevant. In combination with the methods of optical flame
tomography [9] such approaches have great potential. Two-dimensional flame temperature
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distribution is obtained in [10] from the refractive index distribution using the Gladstone-
Dale equation. A method that combines emission and moiré tomography was proposed
in [11]. Background schlieren imaging in combination with computed tomography was
successfully used in [12] to reconstruct the field of instantaneous 3D refractive indices of a
turbulent flame.

In order to measure simultaneously the temperature and composition, two-wave
methods were developed [13]. These methods, as it is noted in [14] are very sensitive to
errors in determining the coefficient gas mixture refraction n, since it is a weak function of
the wavelength. It is possible to increase the accuracy of measurements by additionally
applying other optical methods, for example, using spectrometries composition diagnos-
tics [14]. A method for simultaneous measurement of n and temperature in the reacting
flow, which also allows obtaining more accurate results, is proposed in [15]. A method
for estimating the temperature distribution in an asymmetric flame using high-contrast
stereoscopic photography is described in [16]. Spectral reconstruction of the temperature
fields using color ratio pyrometry and interferometric tomography is reported in [17]. The
optical diagnostics based on the methods of Hilbert optics in combination with pixel-by-
pixel processing of the dynamic structure of the visualized phase structures induced by the
temperature fields is an example adapted to the problems of flame research [18].

Diagnostics of the temperature of a hydrocarbon fuel flame preliminarily mixed with
air using interferometry methods makes it possible to obtain data on the temperature field
with good accuracy in the approximation of the independence of the refractive index of
the gas mixture from the composition. The same approaches works with a diffusion flame.
However, in the case of a hydrogen flame, the assumption of a weak dependence of the
refractive index on the gas mixture composition may turn out to be insufficient.

In this paper, the method of polychromatic of Hilbert optics is proposed to study
the structure of the flame. Just as in [14], the refractive index of a gas mixture n is a
weak function of wavelength. The application of the Tikhonov regularization method to
solve weakly defined systems of equations makes it possible to increase the accuracy of
temperature determination and obtain simultaneous fields of temperature and composition
in the flame.

2. Experimental Setup

The diagnostic complex is implemented on the basis of the IAB-451 optical shadow
device with modified nodes for generating the probing field and Hilbert filtering (Figure 1a).
When organizing combustion of a hydrogen-nitrogen mixture, a burner, combining two
coaxially arranged stainless steel tubes, was used (Figure 1b). The gas flow rate and
composition of the Hy /N, fuel mixture were determined using the El-Flow Bronkhorst
flow meter and precision digital generator of gas mixtures UFPGS-2 (10, 11, and 12).

The setup includes an illumination module consisting of a light source 1 (an RGB
LED with operating wavelengths A1 = 636 nm, A, = 537 nm and A3 = 466 nm), a collimator
lens 2, and a slit aperture 3 placed in the front Fourier plane of the objective 4, forming
a probing field. The properties of the radiation source were refined using the “Kolibri-2”
spectrometer [19]. The Fourier spectrum of phase disturbances induced in the probing field
by the flame 5 is localized in the frequency plane of the lens 6, where the quadrant Hilbert
filter 7 is placed, whose orientation is consistent with the diaphragm 3. The lens of the
digital video camera 8 performs the inverse Fourier transform of the Hilbert spectrum field
of optical phase density of the flame. Depending on the spectral characteristics of the light
source, analytical or Hilbert-conjugate optical signals are formed on the photomatrix. The
fields of optical phase density fixed by the camera are processed by a computer 9, which
also controls the partial composition of the mixture of gases coming from cylinders 13-15
into the burner 5.
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Figure 1. Experimental research setup. (a) optical scheme; (b) geometry of the burner device.

The Hilbert transform has the properties of redistributing the energy of an optical
signal from a region of low spatial frequency to a high-frequency region. The extremes and
gradients of the phase optical density of the medium under study are transformed into
Hilbert-visualized structures fixed by a photomatrix. The spatial distribution of Hilbert
structures provides information about perturbations of the optical density of the phase
caused by the temperature field. In the experiment, a random sample of RGB-hilbertograms
of the oxygen jet in the associated fuel stream “Hj(65%) + N2(35%)” was visualized and
recorded, exiting into the atmosphere and recorded at random times.

2.1. Theoretical Justification
The refractive index of the burning mixture is determined according to the Gladstone-

Dale formula [20,21]:
p The. By
—-1= Al 1+ — 1
no1= L ley, k( +A2>ck, M

where p is the pressure; p;, . is the atmospheric pressure under normal conditions (measured
value of atmospheric pressure in the room); T is the temperature; T}, is the temperature
under normal conditions (in the room); A and By are the dispersion coefficients of the
kth component of the burning mixture; A is the wavelength of the radiation source; Cy
is relative molar concentration of the kth component of the reacting mixture. In the flow
under consideration, we can take p = p,, . with good accuracy.

In the approximation of the axial symmetry of the torch, the phase density of the
probing light field in the studied section of radius R can be expressed as follows:

rdr
V72 — 2’

where 12 = x2 + z2; k = 271/ A, is the wavenumber of the probing field; n(r,y) is the refractive
index at distance r from the flame axis and #, is the refractive index of air. The probing light
beam propagates along axis z and the flame cross-section is described in x, z coordinates.
The choice of cross-section position is given by coordinate y.

The air refractive index 71, is determined as

T .C. Bkair B
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where T is the room temperature; Ay . and By . are the dispersion coefficients of the kth
component of dry air; Ay and By, are the dispersion coefficients of water; Cka,-, is the molar
fraction of the kth component of dry air and Cy, is the molar fraction of water vapors in air.

The experiment was carried out under the following conditions: atmospheric pressure
in the room pe, = 99,400 Pa; temperature T = 298 K; relative air humidity of 29%.

2.2. RGB-Hilbertogram Processing

The solution to the inverse problem—reconstruction of T and Cj in the cross-section—
requires restoration of the value of the phase function Ay from each hilbertogram recorded
in the RGB channels and determination of refractive index n Ajs solving the Abel equation.
The method of finding Ay in each RGB channel of a hilbertogram is described in [18].

As a result, to find the refractive indices n,,, 1), and n,, of the gas mixture of the
flame, a system of linear algebraic equations was compiled using (1):

-

[ By
m— 1= e [ Ay (1+ )CH2+AH20<1+ )cHzo+AN2( )ch+Aoz(1+ )Coz

~e.

B
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-
g

(4)
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-
g

B
Tl/\3—1: T AH2(1+ F;z> CH2+AH20<1-|— )CH20+AN2(1+ >CN2+AOZ<1+ >C02 .
Equation (4) can be written as the operator equation:
J-a=f; ®)

where ] is the linear operator; g is the sought solution and f is the given function.
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where CNZ =1- CHZ - CHZO - Coz.

The approximation of diffusion combustion often assumes that the flame front is
impermeable to the fuel and to the oxidizer. This allows the flow to be split into an oxidizer
zone and a fuel zone. In the hydrogen-oxygen diffusion flame at a temperature in the
reaction zone of ~3000 K, this approach ceases to work. Water formed during combustion
at high temperatures becomes a source of a noticeable amount of hydrogen. This means
that the number of optical “channels” must increase by the corresponding number of times.
It should be noted that the matrix of system (5) belongs to the class of poorly defined
ones [|J|| — 0, since the dependence of the refractive index on A is weak. An increase
in the number of equations does not allow one to obtain reliable estimates of the flame
composition and temperature from the solution to the system of Equation (4).
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The task of determining the temperature and concentrations of the medium compo-
nents by refractive indices for different wavelengths:

Au=f 9)

Due to the small difference in wavelengths in the RGB range, it is incorrect. Therefore,
its regularization is carried out—the problem of minimizing the functional is considered

Ju(it, £) = || Au— FII* + aflu — o[, (10)

using a stabilizer of the 0-th order, where the function u is determined based on additional
information.

Thus, with the help of an auxiliary non-negative functional, the deviations of Au
values from the known right-hand side of f are stabilized. The solution of the Equation (10)
is found by the formula:

iy = (ol + A*A) LA F + aug). (11)

When choosing the regularization parameter « close to 0, the problem will be close
to the original one and, therefore, incorrect. If the parameter « is close to 1, the problem
will be correct, but the solutions will be far from true and closer to ug. Thus, the task is to
determine the function up—the parameter of the stabilizing functional and find the optimal
value a. To do this, the following algorithm is proposed. In the first step, a regularized
solution is found according to Formula (11) when u( = 0 is selected, and the parameter « is
selected so that all concentrations of the components are positive.

The next step is to determine the refractive indices at three wavelengths from the
calculated values of concentrations and temperature, and the procedure for calculating the
equilibrium composition of the medium is performed, which allows us to obtain a new
estimate of the initial approximation 1 = 0. This procedure is organized as follows: In the
case of diffusion combustion at any point in space (n — 1) = f(T, Ci), the refractive index is a
function of temperature and composition, which in turn have an unambiguous relationship
between each other T = T(Ci).

When constructing the initial approximation of the regularization 1y # 0, we use the
conditions of chemical equilibrium. For some dimensionless temperature profile:

_T(x)—Ty
Q(X) B Trnax - TO

Let us write down the heat release function per unit mass per unit time, where Hu is
the calorific value of the fuel and a5 is oxidizer-to-fuel equivalence ratio:

Hu
AQ = TD‘fLO (12)
for ay > 1 (lean fuel mixture), Ly—is the stoichiometric coefficient and AQ = % for
a <1 (rich mixture).
On the other hand, the heat release function can be defined as:
AQ = Cpao(T(x) — To), (13)

where Cpg, (06 f> =g fC Pt Sox Cpox—average process heat capacity at constant pressure
DLfLO

1 )
l+t¥fL0 '

(weight fractions of components gr = 1+ T

and gox =
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For simplicity, we assume that the heat capacities of the fuel and oxidizer do not
depend on temperature (Cps = Const and Cp,y = Const)). Then, the new distribution of the
oxidizer-to-fuel equivalence ratio will be:

CPf CPf
1+ 1-6(x 0(x
ap(x) = ToCres ®) and af(x) = ——0CPor &) (14)
f 6(x) f Cpr
LoCpox - 1- G(X)

for a lean and rich mixture, respectively.
The ratio of heat capacities can be replaced by the ratio of specific enthalpy:

Cps(T)d

8(x) =

T\(fx)
1 71,
= = — 15
LoCpox |7—T(xy Lo T}x) (15
To

T
CPox(T)dT

which will speed up the process of convergence of the solution. The temperature for the
new distribution af(x) is found by the Gladstone-Dale (1) formula.

For the obtained distributions of the oxidant excess coefficient and temperature, we
calculate the equilibrium composition. The work used the freely available program “Terra”,
developed by OIVT RAS MOSCOW [16]. Next, applying the Gladston-Dale equation, we
obtain a new temperature distribution corresponding to the reduced composition. The
procedure can be repeated the required number of times.

The technique was tested on the distribution by the coefficient of excess oxidizer:

e
Loexp(—B(x — x0)?) *

(16)

ln(1+L0)
(xpfxo)zl

where, 8 = xp and xp—the position of the fuel boundary and the flame front,

respectively.

After five repetitions, the difference in concentrations did not exceed 2% of the “true”
initial value. For a given distribution n(x), convergence to the same solution is obtained
when the initial conditions change.

This procedure was applied to the distribution (n — 1) = f(x) obtained in the experiment.
The bill went in two directions: from the axis of the oxygen jet through the fuel and from
the air into the fuel. The initial distribution of the composition was taken by step functions.
For the calculation of “oxygen + fuel” it is ay = Const >> 1 at x < 2.5 mm (no fuel) and ay =0
at x > 2.5 mm (no oxidizer); for the calculation of “air + fuel”: ay =0 at x <4.5 mm and ay =
Const >>1 at x < 4.5 mm at x,;;;, =2.5 mm. The solutions on the right and left were stitched
together. Based on the obtained distributions of temperature and “frozen composition”, the
spatial distribution of the equilibrium composition with a given number of components is
calculated, which was then used as an initial approximation for Tikhonov regularization.

Using this data, the values of the u( function for the next step are determined. At the
final step, according to Formula (3), a regularized solution u,, 1 is found. The regulariza-
tion parameter « is determined in such a way that the standard deviation of the extremes
of the calculated u,, 1 hilbertograms and the extremes of the experimental hilbertograms
for all three wavelengths is minimal.

Let us apply this procedure to the distribution (1), — 1) = f(x), obtained in the
experiment for the oxygen jet in the co-current flow of fuel “H,(65%) + N2(35%)” escaping
into the atmosphere (Figure 2). The green line marks the section in which the temperature
distribution is measured. The colored segment marks the position of the edge of the outlet
section of the tube. We will count in two directions from the oxygen jet axis through the fuel
and from the air into the fuel. Let us also take the step functions as the initial compositional
distribution. For the calculation of “oxygen + fuel” it will be: af= Const >> 1 for x < 2.5 mm
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(no fuel) and a; = 0 for x > 2.5 mm (no oxidizer); for “air + fuel” calculation: ay = 0 at
x <4.5 mm and ay = Const >> 1 at x < 4.5 mm at x,;; = 2.5 mm. The initial temperatures
will also be different. In the first case, this is recovered according to the Gladstone-Dale
equation for oxygen on axis (Tp_p,); in the second case, this is recovery by air in free space
(To_sir)- As it was shown eatrlier, repeating the recovery procedure five times is sufficient to
converge to the steady state solution with good accuracy. The solutions on the right and
left are stitched together. Based on the obtained distributions of temperature and “frozen
composition”, the spatial distribution of the equilibrium composition with a given number
of components is calculated, and it is used as the second stabilizing function qg, for the
Tikhonov regularization Equation (10).

Figure 2. Hilbertogram of the co-current fuel flow H;(65%) + N»(35%) escaping into the O, flow:
G-channel—A, = 537 nm, mentioned cross-section y = 6 mm.

Radial temperature distributions in cross-section y = 6 mm, obtained in each RGB
channel of the hilbertogram without taking into account the influence of the refractive
indices of fuel combustion products (by air) are shown in Figure 3a. The difference between
these diagrams demonstrates how strong the influence of combustion products is in the
resulting phase function of the probing light field. The distribution of temperature obtained
by calculating qo; is compared in Figure 3b with the temperature obtained as a result
of the second iteration of the Tikhonov regularization. Note that the diagrams of the
equilibrium temperature and the temperature obtained using regularization are fairly close.
It is important to note that taking into account the dependence of the refractive index on
the composition makes it possible to obtain superadiabatic temperature values.

Figure 4 shows the obtained temperature and composition distributions in the section
y = 6 mm from the section of the burner device. Dark rectangles mark the position of the
walls of the coaxial tubes of the burner device relative to the axis of symmetry of the flow
at r = 0. The figure field shows a PLIF visualization of the radical OH (Proc. of the XXXVIII
STS, 2022, in Russ.). In the considered flow mode, the fuel hydrogen at a height of y = 6 mm
fully reacted. As it can be seen at high temperatures of the diffusion flame ~3000 K, water
decomposes in the vicinity of the front and, therefore, the hydrogen content reaches 7%.
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Figure 3. (a) Radial distribution of temperature obtained in the air approximation in each RGB-

channel of the hilbertogram; (b) black curve—equilibrium distribution of temperature; blue curve—
temperature obtained by the Tikhonov regularization.
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Figure 4. Reconstructed temperature and composition values in H, /O, flame.
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3. Analysis of Results

To assess the reliability of the data obtained, an inverse problem was solved, which
consists of reconstructing phase functions and Hilbertograms from temperature fields and
mole fractions of fuel combustion products in each RGB channel and comparing the results
with those obtained in the experiment. The reliability criterion is the coincidence of the
local extrema of the Hilbert bands of the experimental and reconstructed Hilbertograms.

In the R-channel, the average shift of the reconstructed Hilbert bands with respect to
the experimental ones was

Sp = L1 [on |
N
where N is the number of the Hilbert strip. By analogy in G and B channels: §; ~ 0.17 mm,

6p ~ 0.16 mm. As an example, Figure 5 shows the experimental and reconstructed in the
B-channel Hilbertograms of the flame cross section i = 6 mm.

~ 0.15 mm,
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Figure 5. The experimental and reconstructed in the B-channel Hilbertograms of the flame cross
section y = 6 mm.

From a comparison of the experimental and reconstructed Hilbert bands, an estimate
was made of the error in determining the refractive index én during registration in each
of the RGB channels. The refractive index is a function of temperature and mole fractions
of fuel combustion products 1n(T, Cy). For fixed Cy, the estimate of the temperature error
0T was obtained from the analysis of the investigated section of the Hilbert image of the
plume (Figure 6). At the point x = 11.4 mm of this section, the temperature spread was: the
maximum value is +35 K, the minimum is 1.5 K.

4
3000 - /\ ‘3‘ 1
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¢ 2000 / \ |

[ \
1500 - / \ 1

1000 - | 3 .
/ \
/ N
500 - ]
C 1 \lx\ia- 1 1
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Figure 6. The estimates of the temperature error in of the flame cross section y = 6 mm.
4. Conclusions

The inverse problem of reconstruction of the temperature fields and mole fractions of
the fuel combustion products is solved by the Hilbert polychromatic diagnostic method
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on the example of the inverse diffusion flame of H,(65%) + N»(35%) fuel mixture in O,.
The dynamic phase structure of the flame is visualized. The obtained data show that the
method enables verification of the measurement results via comparison of experimentally
recorded hilbertograms and those calculated from the obtained values of temperature and
composition of the medium under study. One of important advantages of the proposed
method for flame diagnostics is the potential for simultaneous temperature and composition
measurements with a spatial resolution of up to several microns, which makes it possible
to study the entire range of scales of the reacting flow up to Kolmogorov scale.
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