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Abstract: In this paper, the analytical determination of volumic eddy-current losses in rectangular-
shaped conductive massive parts is presented with experimental validations. Eddy currents, as well
as the resulting volumic losses, are generated by a sinusoidal spatially uniform applied magnetic
field. A U-shaped electromagnetic device with a flat mobile armature (or adjustable air gap) is used
to measure the eddy-current losses. The experimental device, its instrumentation, and the conductive
massive parts are presented in detail in the paper. Thereafter, the magnetic field distribution applied
on the conductive massive parts, which is the mean input data for the eddy-current loss model, is
studied. A two-dimensional (2D) numerical model, under the FEMM software, for the magnetic field
calculation was also developed. A comparative analysis between the experimental measurements and
the numerical results allowed the distribution of the applied magnetic field to be accurately validated.
In the final phase, the objective was to estimate the volumic eddy-current losses in rectangular-
shaped aluminium conductive massive parts generated by the variation of this applied magnetic
field. An analytical model, based on the Maxwell–Fourier method, for the accurate prediction of
eddy-current losses has also been developed. An electromagnet with and without the conductive
massive parts is characterized in terms of power consumption. By using the power conservation
method (i.e., Boucherot’s theorem), the eddy-current losses could be quantified experimentally. The
influence of segmentation is also studied. The analytical results are compared to the experimental
test results.

Keywords: analytical model; eddy-current losses; experimental validation; instrumentation; magnetic
field distribution; numerical analysis; segmentation effect

1. Introduction
1.1. Preamble

Over the past few decades, eddy-current losses have attracted a lot of interest in the
scientific community [1–3]. The magnetic field is one of the most important quantities
that influence the distribution of volumic eddy-current losses. Eddy currents, as well as
resulting volumic losses, are generated in any conductive material located in a spatio-
temporal varying magnetic field. The magnetic field variation is due to either its alternating
nature or the relative movement of the material with respect to the source of the magnetic
field, or both. Eddy currents involve volumic losses and consequently thermal heating in
conductive massive parts [4], which could deteriorate system efficiency and performance.
For example, magnets used in electrical machines, especially rare-earth magnets, having a
high electrical conductivity (such as NdFeB or SmCo), are sensitive to temperature, which
may cause their partial or irreversible demagnetization [5]. The skin depth δ of the material
(characterized by the excitation frequency f , the electrical conductivity σ, and the absolute
magnetic permeability of the material µ), which is defined by

δ =

√
2

µ · σ ·ω with ω = 2π · f , (1)

Energies 2022, 15, 9413. https://doi.org/10.3390/en15249413 https://www.mdpi.com/journal/energies

https://doi.org/10.3390/en15249413
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/energies
https://www.mdpi.com
https://orcid.org/0000-0002-7449-9989
https://orcid.org/0000-0003-1488-5375
https://doi.org/10.3390/en15249413
https://www.mdpi.com/journal/energies
https://www.mdpi.com/article/10.3390/en15249413?type=check_update&version=2


Energies 2022, 15, 9413 2 of 21

where ω is the electrical angular frequency, also influences the generated eddy-current
losses. This will be detailed in this article.

Detailed states-of-the-art of the eddy-current loss models were realized in the studies
reported in [6–10]. The mathematical expressions most commonly used in eddy-current loss
calculations are explained with equations in [6]. A significant segmentation of conductive
massive parts may permit a significant reduction in the eddy-current losses [5,11–22]. The
conductive material (such as magnets in electrical machines) can be segmented radially,
axially, or circumferentially, depending on the direction of the applied magnetic field.
In electrical machines, eddy-current loss reduction is particularly studied. However, in
some cases, this result is not verified, and it is possible to generate an increase in volumic
eddy-current losses with a low segmentation [17–19]. This phenomenon is called “anomaly
of segmentation”. Eddy-current losses reach the maximum when the length of segmented
material is nearly 2δ [18].

Despite the progress described above, very few researchers have developed methods
to measure experimentally eddy-current losses. Furthermore, the measurements are always
performed on rare-earth magnet materials with a spatially uniform applied magnetic field
and compared to numerical results. In [23,24], the eddy-current losses of Nd-Fe-B sintered
magnets were studied experimentally to determine the influence of segmentation. For this
purpose, the magnet was inserted into a solenoid coil. The sinusoidal alternating magnetic
field was generated by an alternating-current power supply. In [25], a study of higher
frequencies and temperature effects under a (non-)sinusoidal applied magnetic field was
performed. The excitation frequency was varied between 10 Hz and 1 kHz in [23], 1 kHz
and 30 kHz in [24], and 50 Hz and 1 kHz (with a switching frequency of 8 kHz) in [25]. The
eddy-current losses were calculated using

Pec = cp ·Vm · ρv ·
dT
dt,

(2)

where T is the measured temperature of the magnet, cp is the specific heat capacity of
the magnet, Vm is the volume of the magnet, and ρv is the volumetric mass density of
the magnet. The transient phase when the temperature increases at the beginning of the
experiment permits the estimation of the eddy-current losses. In [26], the same method
was applied to a synchronous machine at frequencies of 133.3 Hz and 400 Hz. As stated
previously, in [27], the segmentation influence on the eddy-current losses is studied for a
frequency of 50 Hz, again using thermal measurements.

In [28–30], based on double U-shaped closed magnetic circuit test equipment, the
eddy-current losses were calculated as

Pec = Vm · f ·
∫

H · dBav, (3)

where H and Bav are the magnetic field strength of the sample surface and the average
magnetic flux density inside the sample, respectively. In [29], a frequency range of between
30 Hz and 150 Hz and segmentation (up to 6 segments) in one axis were investigated;
while [30] studied a frequency range of between 100 Hz and 3 kHz but without segmentation.

In [31], a figure-of-eight-shaped magnetic circuit with a mobile armature was used. The
eddy-current losses were determined by the decomposition of the power components based
on different experimental measurements with a frequency range of between 50 Hz and
600 Hz, but the segmentation influence was not considered. In [32], the same method was
used for a magnet inserted in a solenoid, with a “high” frequency (500 Hz < f < 1.8 kHz),
and the impact of the segmentation was studied. In [33], the eddy-current losses are
measured from a C-shaped magnetic circuit for different materials (stainless steel, carbon
fiber, copper, titanium alloy) with a “high” frequency (500 Hz < f < 1 kHz).

The eddy-current losses can be estimated from experimental measurement using:
(i) the thermometric method [23–26], (ii) the iron loss formulation [28–30], or (iii) the loss
segregation method [31–33]. The latter technique will be used in this paper.
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1.2. Objectives of the Study of Volumic Eddy-Current Losses

In this paper, the analytical determination of volumic eddy-current losses in rectangular-
shaped conductive massive parts is presented with experimental validations. Eddy currents
as well as resulting volumic losses are generated by a sinusoidal spatially uniform applied
magnetic field with f = 50 Hz. The time study could be performed at any frequency and
waveform, but this is not within the scope of this paper. A U-shaped electromagnetic device
with a flat mobile armature (or adjustable air gap) allows the deduction of the volumic
eddy-current losses for a spatially uniform but also non-uniform applied magnetic field
(depending on the position of the studied material). As a first step, a 2D numerical model
under the FEMM software [34] is developed in order to extract the magnetic field applied
to conductive massive parts. A numerical and experimental comparison of the magnetic
field is then performed. In the second phase, an accurate eddy-current loss estimation in
rectangular-shaped aluminium conductive massive parts is performed and compared with
the experimental test results. Moreover, the segmentation effect in both directions (i.e., y-
and z-axes) is investigated. It is interesting to note that the mean input data, represented
by the applied magnetic field distribution, can be deduced by a (semi-)analytical model
(e.g., Maxwell–Fourier method, magnetic equivalent circuit, etc.), by a numerical method,
or by experimental measurements. In this paper, the experimental measurements of the
applied magnetic field distribution will be used for eddy-current loss estimation.

The rest of this article is organized as follows. Section 2 describes the electromagnet
generating the magnetic field (with the advantages compared to a Helmholtz coil) as well
as the aluminium conductive massive parts. In Section 3, the instrumentation and the
experimental measures of the magnetic field distribution applied on conductive massive
parts are presented. Furthermore, in order to evaluate the effectiveness of the mean input
data for the eddy-current loss model, a comparative analysis between the experimental
measurements and the numerical results of the applied magnetic field distribution is
discussed. Section 4 describes the mathematical development of the analytical model, based
on the Maxwell–Fourier method, for accurate eddy-current loss prediction in conductive
massive parts. The analytical results have been compared to experimental test results in
order to evaluate the effectiveness of the eddy-current loss model. This introduces the
power conservation method (i.e., Boucherot’s theorem) in order to decompose the different
values of the power consumed by the electromagnet with and without the conductive
massive parts. The influence of segmentation of the conductive massive part is revealed.
The different segmentation variants are compared and, in some cases, are specifically
discussed. Finally, the conclusion is drawn in Section 5.

It is interesting to note that the analytical model of eddy-current losses can be adapted
to any electromagnetic device or system (e.g., for different types of rotating or linear
electrical machines with magnets). Nevertheless, the major constraint is that the conductive
massive part must be geometrically rectangular-shaped. The studied material, where the
eddy-current losses are generated, can be of any material (e.g., aluminium, copper, brass,
iron, magnets, etc.). The most important input is the applied magnetic field, which must
be spatially uniform and temporally sinusoidal (e.g., the fundamental component of the
magnetic field in electrical machines).

2. U-Shaped Electromagnetic Device and Conductive Massive Parts Description
2.1. Overall View

The magnetic field source is a U-shaped electromagnetic device with a flat mobile
armature (or adjustable airgap), which is illustrated in Figure 1 with the rectangular-shaped
aluminium conductive massive parts. The electromagnet is supplied with a sinusoidal
instantaneous voltage v at f = 50 Hz. The ferromagnetic circuit is not saturated with the
voltage levels used. Therefore, the instantaneous electrical current i, flowing through the
coils will also be sinusoidal with a maximum amplitude of Imax = 4.5 A. The characteristics
of the electromagnet (viz., ferromagnetic circuit and coil) are shown in Figure 2 and given
in Table 1.
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Figure 2. Electromagnet geometrical and physical parameters (legend: ⊗ for the forward conductor
and � for the return conductor).

Table 1. Parameters of the electromagnetic device.

Symbol Quantity Values

Fe
rr

om
ag

ne
ti

c
ci

rc
ui

t d Depth 46 mm
w Width 45 mm
hy Yoke height 45 mm
ly Yoke length 150 mm
hot Height overhang top 19 mm
hob Height overhang bot 4 mm
µ0 Vacuum permeability 4π10−7 H/m

B(H) FeSi ferromagnetic properties Figure 3

C
oi

ls

Nt Number of coils turns 500
Imax Maximal current (per coil) 4.5 A
hc Coil height 77 mm
wc Coil width 10 mm

Sc = wc × hc Conductors area 700 mm2

rc Electrical resistance 2.8 Ω
L Inductance 18 mH
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One of the major advantages of the flat mobile armature electromagnet compared to a
Helmholtz coil is that it is possible to modify the height of the air gap e in order:

• to have a more or less intense magnetic field in the air gap;
• to be able to insert conductive massive parts of various thicknesses hmp;
• and to displace the conductive massive parts with respect to the magnetic circuit to

apply a spatially non-uniform applied magnetic field to the studied materials.

The values of e = hmp considered in this paper will be 10, 5, and 2 mm.

2.2. Ferromagnetic Circuit

The ferromagnetic circuit is composed of Iron Silicium (FeSi) sheets. Their magnetic
properties are shown in Figure 3 (anhysteretic B(H) and µr(B) curves).
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2.3. Coils and Connections

Two identical coils, having Nt series of turns, are associated with the ferromagnetic
circuit as shown in Figure 1. These coils create a magnetic flux linkage ψ in the iron core
and the conductive massive parts. The coils’ arrangement in the electromagnet allows
for magnetic symmetry of fluxes (viz., principal and leakage flux). In order to obtain a
maximum magnetic field in the air gap e and, consequently, to measure higher eddy-current
losses, the coils must be connected in parallel as shown in Figure 4.
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According to Faraday–Hopkinson law, we have

v = R · i + ω · ∂ψ

∂θrs
with θrs = ω · t, (4)

ψ =
Nt

2

< · i = Lm · i, (5)
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where R = rc/2 is the total electrical resistance for a parallel coupling with rc the electrical
resistance of the coil, θrs is the electrical angular position, < is the principal magnetic
reluctance, and Lm is the magnetizing inductance.

By assuming that the resistive part can be considered negligible compared to the
inductive part, the root mean square (RMS) current I and the phase shift ϕ (between i and
v) of i are determined by

I · ej·ϕ ∼=
V

j ·ω · Lm
=

V
ω · Lm

∠−π/2 (6)

where V is the RMS voltage.
It can be seen that for a given V, if the number of coil turns is increased, then the RMS

current I as well as the generated magnetic field is less important. According to (6), the
phase shift ϕ is approximately equal to −π/2.

2.4. Conductive Massive Parts

This experimental device allows the characterization of Nmp = 2 conductive massive
parts at the same time, as illustrated in Figure 1. The flat mobile armature allows the height
of the air gap e to be changed and conductive massive parts to be inserted. In our study,
rectangular-shaped aluminium conductive massive parts (aluminium: A-S5U3G) have
been considered with σmp = σAl = 20× 106 S/m.

The segmentation effect, which is also investigated in this paper, influences the eddy
currents and, therefore, the eddy-current losses. In theyz-plane, the conductive massive
part can be decomposed into Nsz × Nsy regular conductive segments in which Nsy ∈ N∗
and Nsz ∈ N∗ are, respectively, the segmentation number in the y-axis and the z-axis. The
various segmentations

{
Nsz, Nsy

}
are shown in Figure 5. Furthermore, it should be noted

that the various conductive segments of a conductive massive part are glued together and
isolated from each other. The pitch size of the isolation is 0.06 mm (type: Ruban Kapton).
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3. Applied Magnetic Field Distribution with Experimental Validations

In this section, the main objective is to precisely establish and measure the magnetic
field distribution applied on the aluminium conductive massive parts generated by the
electromagnet as a function of the current injected into the coils. The experimental mea-
surements of this magnetic field will be the mean input data for the analytical model of
eddy-current losses.

3.1. Instrumentation
3.1.1. Hall Effect Sensor

The value of the magnetic field in the air gap is obtained by using a Hall effect sensor
HE144T (Asensor Technology AB® [35]). This sensor, with an estimated uncertainty of
1%, is shown in Figure 6a. One of the advantages of this sensor is its thickness, which is
only 0.5 mm. This Hall effect sensor has four pins, two to supply the probe with a direct
current of 1 mA, and two to measure the Hall voltage and recover the value of the measured
magnetic field.
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In order to power a 1 mA probe, an electrical circuit diagram (supplied with −15 V/
0 V/15 V) was created and developed with the Proteus Isis software (Version 8.2, Société
Labcenter Electronics, France). Subsequently, EuroCircuits® was used to fabricate printed
circuits (single track cards) onto which various components were soldered to obtain the
final version presented in Figure 6b. In order to measure the magnetic field on a given path
quickly and precisely, a total of 12 Hall effect sensors was determined to be the optimal
and cost-effective choice. Figure 6b presents the created power/acquisition box, which
can contain 12 printed circuits. In order to observe the magnetic field signals, the sensors’
outputs are connected to the BNC cables, which can be directly connected to an oscilloscope.

3.1.2. Sensor Supports

Various supports have been realized to make it possible to measure the magnetic field
very precisely at regular intervals, as shown in Figure 7. These supports (non-magnetic
and non-conductive) are produced by 3D printing in PolyLactic Acid (PLA). The thickness
of the measuring supports must be the same as the thickness of the conductive massive
parts (viz., e = hmp) so that the magnetic field in the air gap can be measured correctly for
the eddy-current loss calculation.
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Figure 7. Sensor supports in the air gap e of the electromagnet.

Figure 8 presents the various supports and their arrangements according to the desired
air-gap thickness. For e = 10 mm (Figure 8a), it was possible to make three layers of 12 slots
(i.e., 36 measurement locations). When e = 5 mm (Figure 8b), the support is composed
of two layers of 12 slots (i.e., 24 measurement locations). For the final support of e = 2
(Figure 8c), the printing method was modified to solve the problem related to the thinness
of the geometry, and only 12 measurements were possible.
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3.2. Experimental Measurements
3.2.1. Temporal Evolutions of i, v, and hox

It is possible to visualize the temporal evolutions over an electrical period of the
different quantities such as the current i, the voltage v, and the normal magnetic field at the
sensor support hox. The measurements are realized for I = 3 A (viz., V = 90 V). The various
temporal evolutions for a 10 mm air gap are shown in Figure 9.
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Figure 9. Temporal evolution over an electrical period of i(θrs), v(θrs), and hox(θrs) in a 10 mm air
gap with I = 3 A.

By comparing the various curves, some generalities could be made:

• i and v (only the fundamental components) have a phase shift ϕ of ≈ −π/2 as
demonstrated by (6);

• i and hox are still in phase.

3.2.2. Linear Dependency of V(I) and Hox(I)

The electromagnet is voltage-controlled, for an RMS voltage V varying from 0 to 230 V
in 10 V steps, the RMS current I flowing in the coils is measured.

Figure 10 shows the dependence between V and I for the three air-gap thicknesses
detailed previously. It can be seen that, for a given V, when e increases (equivalent to a
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decrease in the magnetizing inductance Lm), I also increases. Moreover, V is proportional
to I for the various thicknesses, and it could be deduced that the device does not saturate.
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Figure 10. Linear dependency between V and I for each air-gap thickness.

Concerning the measured maximum magnetic field, Hox, the measurements are per-
formed in the middle of the air gap for the three air-gap thicknesses. Figure 11 shows the
dependence between Hox and I. It can be seen that, for a given I, when e increases, Hox
decreases. The generated maximum magnetic field Hox is therefore the image of I. These
conclusions are confirmed by (assuming that µr → +∞ )

Hox ∼=
Nt
√

2
2 · e · I

(
resulting from Hopkinson′s law

)
. (7)
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Figure 11. Linear dependency between Hox (measured in the middle of the air gap) and I for each
air-gap thickness.

It is interesting to note that the slopes, as well as the ratios between the various curves
in Figure 11, can be validated by (7).

3.2.3. Spatial Evolution of Hox

The study aims to determine the spatial distribution of the magnetic field generated in
the air gap along the flux paths (or sensor support layers) (see Figure 8). Figure 12 presents
the spatial distribution of the measured maximum magnetic field Hox for a 10 mm air gap
at the various layers (that is 36 measurement locations). The measurements are realized for
I = 3 A (viz., V = 90 V). It can be observed that Hox is homogeneous (or spatially uniform)
throughout the air gap with a value close to 100 kA/m. Moreover, due to leakage fluxes, the
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levels of Hox are different at the edges (the right and the left sides of the air gap) and in the
middle of the air gap. The magnetic leakages are more important inside the electromagnet
than outside at the air gap and can be assumed to be negligible.
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3.3. Comparison between Measurements and Numerical Results

The objective here is to perform a comparative analysis of the magnetic generated in
the air gap (without the conductive massive parts) between the experimental measurements
and the numerical results, in order to evaluate the effectiveness of the mean input data for
the eddy-current loss model.

3.3.1. Numerical Modeling

The numerical model, under the FEMM software [34], considers the electromagnet
without the conductive massive parts introduced previously (see Figures 2 and 7). A
calculation code developed using the Matlab® environment allows us to execute commands
in the FEMM software, as illustrated in Figure 13.
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The assumptions used in the static numerical model are:

• the model is supposed to be in 2D (i.e., the end effects are neglected);
• the magnetic materials are considered to be isotropic;
• the hysteresis effect is ignored;
• and the skin effect in all materials (e.g., copper and iron) is neglected.

The 2D numerical mesh (with 7463 nodes) of the electromagnet is illustrated in
Figure 14. The numerical simulations are performed for the three air-gap thicknesses
with I = 3 A (viz., V = 90 V) and by using the FeSi ferromagnetic properties (see Figure 3).
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Figure 14. 2D numerical mesh of the electromagnetic device with a 10 mm air gap.

3.3.2. Results Discussion

Figure 15a presents the equipotential lines (≈90 lines) of the magnetic vector potential
in the electromagnet with the 2D numerical modeling. The validation paths of the maximum
magnetic field Hox for the comparison are given in Figure 15a (equivalent to various layers
in Figure 8). The spatial evolution of Hox are represented on the various paths in Figure 15b.
The solid lines represent Hox computed by the 2D numerical modeling and the symbols
correspond to experimental measurements. It can be seen that a very good agreement
between the experimental measurements and the numerical results is obtained whatever
the validation paths and the air-gap thickness. By observing the equipotential lines, it could
be concluded that a decrease in the air-gap thickness reduces the leakage fluxes, and thus,
a more uniform magnetic field is observable in the active part of the electromagnetic (such
as the transition of Figure 15a(i) to Figure 15b(iii). At the extremities, the magnetic field
decreases faster.
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Figure 15. (a) Equipotential lines and (b) Experimental and numerical comparisons of Hox with
I = 3 A for the air gap e =: (i) 10 mm, (ii) 5 mm, and (iii) 2 mm.

The normal component Hox and the module |Ho| of the magnetic field in the air gap
are plotted in Figure 16. The studied case is the following: a 10 mm air gap (maximum
leakage), and an RMS current I = 3 A (viz., V = 90 V). By comparing the magnetic field
values obtained from the numerical modeling, the similar evolutions of Hox and |Ho| could
be observed for all the studied paths. This confirms that the normal component Hox of the
magnetic field is predominant. Eddy currents are induced only by the normal component
Hox and the effects of the tangential component Hoy on the eddy-current loss calculation
can be neglected.
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4. Eddy-Current Loss Calculation with Experimental Validations

In this section, the main objective is to estimate analytically and experimentally the
volumic eddy-current losses in rectangular-shaped aluminium conductive massive parts
generated by a varying applied magnetic field (see Section 3).

4.1. Analytical Model
4.1.1. Introduction

The analytical model is based on the formal resolution of the magnetodynamic
Maxwell’s equations in Cartesian coordinates (x, y, z) by using the separation of vari-
ables method and the Fourier series. By applying boundary conditions (BCs) to the edges
of the conductive massive part, the inner (or resulting) magnetic field in the conductive
massive parts considering the skin effect can be obtained analytically. From this quantity,
the resultant eddy-current density distribution as well as the eddy-current losses can be
determined analytically. These losses have been established from Poynting’s theorem.
The segmentation effect in both directions (i.e., y-axis and z-axis) is also considered in the
mathematical development of the analytical model.

4.1.2. Assumptions and Segmentation

Figure 17a represents the geometrical/physical parameters of the conductive massive
part and the coordinate system used. The simplifying assumptions are:

• the studied materials are excited by a spatially uniform outer magnetic field sup-
posed normal to the yz-plane, as shown in Figure 17a; i.e., Ho = {Ho⊥ ; 0 ; 0} with
Ho⊥ = Hox = hox · ux where u is the unity vector of the three components;

• the eddy currents are induced only by hox and the effects of other magnetic field
components on the eddy-current loss calculation can be neglected;

• the studied materials are rectangular-shaped only and considered to be isotropic
(i.e., the magnetic permeability µmp and the electrical conductivity σmp of the conduc-
tive massive part are constant);

• and σmp is assumed to be invariant to the operating temperature.
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Regarding the last assumption, even if the temperature of the conductive massive part
varies, the maximum increase (<4%) of σmp (viz., 20× 106 < σmp < 20.8× 106 S/m) will
not have a significant influence on the eddy-current losses.

In Section 3, it was demonstrated that:

• the leakage fluxes at the edges of the conductive massive parts could be neglected
(such as hox is independent of x, ∀hmp);

• and the electromagnet supplied with a sinusoidal voltage was not saturated.
• Therefore, the analytical model can be developed in 2D and the yz-plane. Hence,
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• the resultant eddy-current density has two components, i.e., Jσ =
{

0; Jσy; Jσz

}
with

Jσy = jσy · uy and Jσz = jσz · uz;
• and the inner (or resulting) magnetic field in the conductive massive parts considering

the skin effect Hi = {Hix ; 0 ; 0} with Hix = hix · ux.

In the unsaturated state, all electromagnetic quantities can be considered to be sinu-
soidal, i.e.,

q = Re
{

Q · ej·θrs
}

with j =
√
−1 (8)

where Q is the maximum complex amplitude of q.
The segmentation effect influences the eddy currents, and therefore, the eddy-current

losses. Figure 17b shows a conductive segment whose geometrical parameters are de-
fined by

τsy =
τy

Nsy
and τsz =

τz

Nsz
. (9)

For Nsz × Nsy = 1× 1, the conductive massive part is not segmented. In Section 3,
it was observed that hox applied to the studied materials was homogeneous (or spatially
uniform) over the whole piece. Therefore, the inner (or resulting) magnetic field hix, the
distribution of Jσ , as well as the eddy-current losses, can be considered identical in each
conductive segment, ∀

{
Nsz, Nsy

}
. It is interesting to note that this remark is no longer

valid when hox is spatially non-uniform because the eddy-current losses would be more or
less different in each conductive segment.

4.1.3. Resulting Magnetic Field

â Governing Partial Differential Equation (PDE) in Cartesian Coordinate (y, z): In
the quasi-stationary approximation, inside a linear (non)magnetic material without
electromagnetic sources, the magnetodynamic PDE in terms of hix, resulting from
Maxwell’s equations, is defined by

∇2hix − µmp · σmp ·ω ·
∂hix
∂θrs

= 0 (Diffusion equation). (10)

Using (7), (9) becomes, in complex notation

∇2Hix − αmp
2 · Hix = 0

(
Helmholtz′s equation

)
(11)

αmp =
√

j · µmp · σmp ·ω =
1 + j
δmp

(12)

where δmp is the skin depth of the conductive massive part defined by (1), and∇2Hix is the
complex Laplacian of hix in the yz-plane

∇2Hix =
∂2Hix
∂y2 +

∂2Hix
∂z2 . (13)

By using the separation of variables method, the 2D general solution of Hix in both
directions (i.e., y-axis and z-axis) can be defined by a complex Fourier series [1]. The
unknown coefficients are determined analytically from the BCs at the edges of each con-
ductive segment.

â Definition of BCs: Since the conductive massive parts are excited by an outer sinu-
soidal spatially uniform magnetic field, the BCs can be considered homogeneous [see
Section 3] and equal to −Hox (according to the Cartesian coordinates of Figure 17) on
the edges, ∀

{
Nsz, Nsy

}
:

- in the y-axis:

hix

(
y,±τsz

2
, θrs

)
= hox ⇒ Hix

(
y,±τsz

2

)
= −Hox, (14)
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- in the z-axis:

hix

(
±

τsy

2
, z, θrs

)
= hox ⇒ Hix

(
±

τsy

2
, z
)
= −Hox. (15)

Nevertheless, it is interesting to note that imposing−Hox as a BC on the edges remains
a more or less rigorous approximation (e.g., the negligible magnetic leakages, etc.).

â Magnetic Field Solution: By satisfying (14) and (15), the 2D final solution of Hix
(viz., the complex amplitude of hix) in each conductive segment can be written as a
Fourier series

Hix = −Hox ·
[

cosh
(
αmp · z

)
cosh

(
αmp · τsz

2
) + ∑

n
en · cosh

(
λn
′ · y
)
· cosh(λn · z)

]
, (16)

en = 2 ·
(

αmp

λn ′

)2
·

sinc
(
λn · τsz

2
)

cosh
(

λn ′ ·
τsy
2

) with λn
′ =

√
αmp2 + λn2, (17)

where λn = n · π/τsz is the spatial frequency (or periodicity) of Hix with n ∈ {N∗, Nmax|odd}
the spatial harmonic orders in which Nmax is the finite number of spatial harmonics terms.

4.1.4. Resultant Eddy-Current Density Distribution

According to the superposition principle, the magnetic field due to eddy currents
Hσ = {Hσx ; 0 ; 0} with Hσx = hσx · ux is defined by

hσx = hix − hox ⇒ Hσx = Hix − Hox. (18)

From the Maxwell–Ampère law (i.e., Jσ = ∇× Hσ), the complex amplitudes of jσy
and jσz in each conductive segment are respectively given by

Jσy = Hox ·
[

αmp ·
sinh

(
αmp · z

)
cosh

(
αmp · τsz

2
) −∑

n
en · λn · cosh

(
λn
′ · y
)
· sin(λn · z)

]
, (19)

Jσz = Hox ·∑
n

en · λn
′ · sinh

(
λn
′ · y
)
· cos(λn · z). (20)

4.1.5. Volumic Eddy-Current Losses

The complex time-averaged Poynting vector over time in each conductive segment is
defined by

〈Πcs〉 =
1

2 · σmp
·
(

Jσ × Hi
)
=

1
2 · σmp

·

 0
Jσz · Hix
−Jσy · Hix

. (21)

According to Poynting’s theorem, 〈Πcs〉 across a closed surface S is given by the
complex Poynting vector flux through this surface. From (14), (15) and (21), we obtain

〈Πcs〉 =
{

S〈Πcs〉·dS =
hmp

σmp
·


τsz
2∫

− τsz
2

(
Jσz · Hix

)
y=− τsy

2
· dz−

τsy
2∫

− τsy
2

(
Jσy · Hix

)
z= τsz

2
· dy

. (22)

After the development, by substituting (16), (17), (19) and (20) into (22), the time-
averaged apparent power in each conductive segment is then given by, ∀

{
Nsz, Nsy

}
,

〈Πcs〉 = Pcs + j ·Qcs = 2 ·
hmp · |Hox|2

σmp
·
(

g0 + ∑
n

gn

)
, (23)



Energies 2022, 15, 9413 16 of 21

g0 = αmp ·
τsy

2
·

sinh
(
αmp · τsz

2
)

cosh
(
αmp · τsz

2
) , (24)

gn =
2

τsz
2
· λn

′

λn2 ·
(

αmp

λn ′

)4
·

sinh
(

λn
′ · τsy

2

)
cosh

(
λn ′ ·

τsy
2

) , (25)

where Pcs = Re{〈Πcs〉} and Qcs = Im{〈Πcs〉} are the active and reactive power for each
conductive segment, respectively.

It is interesting to note that the time-averaged apparent power in the rectangular-
shaped conductive massive parts is calculated by〈

Πmp
〉
= Nmp · Nsz · Nsy · 〈Πcs〉 = Pmp + j ·Qmp. (26)

where Nmp is the number of studied materials within the electromagnet.

4.2. Experimental Validations
4.2.1. Power Conservation Method

The process used to experimentally determine the eddy-current losses is the power
conservation method. Firstly, the experimental measures must allow the characteriza-
tion of the electromagnet in terms of power consumption. The various types of power
measured are:

• Pem: the power consumed only by the electromagnet (i.e., without the studied materials);
• and, Ptot: the total power consumed by the electromagnet associated with the conduc-

tive massive parts.

In order to carry out compliant measurements of the power, it is necessary to respect∮
C

H · dl = ∑ Nt · i
(
Ampre′s theorem

)
(27)

to keep the circulation length of the main magnetic flux with and without the conductive
massive parts (see Figure 18). The studied materials are replaced by PLA. These supports
(non-magnetic and non-conductive) are produced by 3D printing (see Section 3). According
to (27), the PLA thickness should be equal to the height of conductive massive parts, as
shown in Figure 18.
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Finally, from these data, the volumic eddy-current losses in the conductive massive
parts can be deduced from

Pmp = Ptot − Pem
(
Boucherot′s theorem

)
. (28)
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It is interesting to note that the electromagnet is voltage-controlled, for an RMS voltage
V varying from 0 to 230 V with 10 V steps, the RMS current I flowing in the coils is
measured. Therefore, Pem and Ptot were measured for the same values of I and for the three
air-gap thicknesses. The measurements are realized with a MetraHit 29S wattmeter.

4.2.2. Power Experimental Measurements

â Electromagnet Power Consumption: First, the electromagnetic device alone is char-
acterized (see Figure 18a). The active power Pem (without the conductive massive
parts replaced by PLA) is then measured.

In Section 3 (see Figure 11), it was demonstrated that Hox in the conductive massive
parts was the image of I. Hence, as an example, Figure 19 permits the visualization of Pem
according to the squared RMS current I2 and also the squared maximal outer magnetic
field Hox

2 for a 10 mm air gap. It can be observed that Pem is proportional to I2 and Hox
2,

∀e. Moreover, from (7), for a given I2, Pem increases when e decreases. A power limitation
due to the power supply can also be observed.
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Figure 19. Linear dependency between Pem and I2 or Hox
2 for a 10 mm air gap.

â Total Power: Secondly, the conductive massive parts with(out) segmentation are
introduced into the adjustable air gap. The total active power Ptot consumed by
the electromagnet associated with the conductive massive parts (see Figure 18b) is
then measured.

As an example, Figure 20 shows Ptot according to I2 and Hox
2 for conductive massive

parts of 10 mm thickness and the various segmentations
{

Nsz, Nsy
}

(Figure 5). It can be
observed that Ptot is also proportional to I2 and Hox

2, ∀hmp. For a given I2, Ptot is less
important for high thickness, ∀

{
Nsz, Nsy

}
. It is interesting to note that Ptot decreases with

the increase in the number of conductive segments in conductive massive parts, ∀hmp.
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Figure 20. Linear dependency between Ptot and I2 or Hox
2 with hmp = 10 mm for the segmentations{

Nsz, Nsy
}

where Nsy = {1, 2, 4, 10} and: (a) Nsz = 1, and (b) Nsz = 2.
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4.2.3. Analytical and Experimental Comparison of Volumic Eddy-Current Losses

â Linear Dependency: Knowing Pem and Ptot, the volumic eddy-current losses in con-
ductive massive parts Pmp are determined from (26).

As an example, Figure 21 shows Pmp according to I2 and Hox
2 for conductive massive

parts of 10 mm thickness and for the various segmentations
{

Nsz, Nsy
}

(see Figure 5).
The analytical results are in good agreement with the experimental measurements with a
maximum error of less than 5%. The difference between the analytical and experimental
results can be linked to ∀hmp:

- the experimental method;
- and the variation of σmp due to the heating of the conductive massive parts (which is

assumed to be invariant to the operating temperature in the analytical model).

Energies 2022, 15, x FOR PEER REVIEW 20 of 24 
 

 

4.2.3. Analytical and Experimental Comparison of Volumic Eddy-Current Losses 
 Linear Dependency: Knowing emP  and totP , the volumic eddy-current losses in con-

ductive massive parts mpP  are determined from (26). 

As an example, Figure 21 shows mpP  according to 2I  and 2
oxH  for conductive 

massive parts of 10 mm thickness and for the various segmentations { },z yNs Ns  (see Figure 
5). The analytical results are in good agreement with the experimental measurements with 
a maximum error of less than 5%. The difference between the analytical and experimental 
results can be linked to mph∀ : 

- the experimental method; 
- and the variation of mpσ  due to the heating of the conductive massive parts (which 

is assumed to be invariant to the operating temperature in the analytical model). 

  
(a) (b) 

Figure 21. Linear dependency between mpP  and 2I  or 2
oxH  with 10mph =  mm for the segmen-

tations { },z yNs Ns  where { }1,2,4,10yNs =  and: (a) 1zNs = , and (b) 2zNs = . 

It can be observed that mpP  are proportional to 2I  and 2
oxH , mph∀ . This can be ex-

plained by (23), (24) and (25). Under the applied conditions, for a sinusoidal spatially uni-
form applied magnetic field with f  = 50 Hz, when the conductive massive parts are seg-
mented, mpP  decrease, mph∀ . By inserting (7) into (23), (24) and (25), it is interesting to 

note that mpP  is inversely proportional to mph , { },z yNs Ns∀ . 

 Coefficient of Length/Skin Depth Study: For this comparison analysis, I  = 3 A 
(viz., V  = 90 V). In order to study the segmentation influence on volumic eddy-cur-
rent losses, they were plotted in relation to the coefficient of length/skin depth in both 
directions (such as y mpτ δ  in the y -axis and z mpτ δ  in the z -axis). In our study, 

the skin depth mpδ  = 16 mm. 

Figure 22 shows mpP  according to y mpτ δ  and z mpτ δ  for the various segmenta-

tions { },z yNs Ns  (Figure 5) and every thickness. The analytical results compared to the 
experimental measurements are consistent with a maximum error of less than 5% (viz., 
4.67% for 4.67 W of difference for 95mpP =  W with { }1,1  and 2mph =  mm). Table 2 pre-

sents the various segmentations { },z yNs Ns  following the cross-section of a conductive 

segment csS , the perimeter of a conductive segment csL , y mpτ δ  , and z mpτ δ . Firstly, 

it is interesting to note that mpP  is the same for { }1, 2  and { }2,1 , mph∀ . Secondly, mpP  

0 10 20 30 40 50 60 70

Squared RMS current,  I2 [A2]

0

50

100

150

Ed
dy

-c
ur

re
nt

 lo
ss

es
, 
P
m
p
 [W

]

 P
m p

 = 2.1794 I2

 P
m p

 = 1.1283 I2

 P
m p

 = 0.36312 I2

 P
m p

 = 0.064792 I2

Analytical
Experimental

0 1 2 3 4 5 6 7

Squared maximal outer magnetic field,  H
ox
2  [A2/m2] 1010

0 10 20 30 40 50 60 70

Squared RMS current,  I2 [A2]

0

10

20

30

40

50

60

70

80

Ed
dy

-c
ur

re
nt

 lo
ss

es
, 
P
m
p
 [W

]  P
m p

 = 1.1283 I2

 P
m p

 = 0.69671 I2

 P
m p

 = 0.28966 I2

 P
m p

 = 0.060221 I2

Analytical
Experimental

0 1 2 3 4 5 6 7

Squared maximal outer magnetic field,  H
ox
2  [A2/m2] 1010

Figure 21. Linear dependency between Pmp and I2 or Hox
2 with hmp = 10 mm for the segmentations{

Nsz, Nsy
}

where Nsy = {1, 2, 4, 10} and: (a) Nsz = 1, and (b) Nsz = 2.

It can be observed that Pmp are proportional to I2 and Hox
2, ∀hmp. This can be explained

by (23), (24) and (25). Under the applied conditions, for a sinusoidal spatially uniform
applied magnetic field with f = 50 Hz, when the conductive massive parts are segmented,
Pmp decrease, ∀hmp. By inserting (7) into (23), (24) and (25), it is interesting to note that Pmp
is inversely proportional to hmp, ∀

{
Nsz, Nsy

}
.

â Coefficient of Length/Skin Depth Study: For this comparison analysis, I = 3 A (viz.,
V = 90 V). In order to study the segmentation influence on volumic eddy-current
losses, they were plotted in relation to the coefficient of length/skin depth in both
directions (such as τy/δmp in the y-axis and τz/δmp in the z-axis). In our study, the
skin depth δmp = 16 mm.

Figure 22 shows Pmp according to τy/δmp and τz/δmp for the various segmentations{
Nsz, Nsy

}
(Figure 5) and every thickness. The analytical results compared to the exper-

imental measurements are consistent with a maximum error of less than 5% (viz., 4.67%
for 4.67 W of difference for Pmp = 95 W with {1, 1} and hmp = 2 mm). Table 2 presents the
various segmentations

{
Nsz, Nsy

}
following the cross-section of a conductive segment Scs,

the perimeter of a conductive segment Lcs, τy/δmp, and τz/δmp. Firstly, it is interesting to
note that Pmp is the same for {1, 2} and {2, 1}, ∀hmp. Secondly, Pmp decreases considerably
when the ratios τy/δmp and/or τz/δmp are reduced, e.g., a loss reduction = ≈50% when
τy/δmp and/or τz/δmp is divided by 2: {1, 2}, {2, 1} and {2, 2} compared to {1, 1}, ∀hmp.
It can also be seen that for a segmentation > 4 in the y-axis, the segmentation into 2 in
the z-axis has an insignificant influence on the loss reduction (viz., Pmp for {1, 4} # Pmp
for {4, 2} and Pmp for {1, 10} ∼= Pmp for {2, 10}). Thirdly, for {1, 4} and {2, 2}, it could be
observed that Scs is identical, however, Pmp is different (viz., Pmp for {1, 4} < Pmp for {2, 2}).
The segmentation {1, 4} is more efficient since it presents a ratio τy/δmp = 0.628, while the
segmentation {2, 2} has a ratio τy/δmp = 1.257, ∀hmp.
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Figure 22. Volumic eddy-current losses Pmp vs. τy/δmp and τz/δmp with I = 3 A for hmp =: (a) 10 mm,
(b) 5 mm, and (c) 2 mm.
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5. Conclusions

This paper conducts an electromagnetic analysis of the magnetic field generated by a
U-shaped electromagnetic device with a flat mobile armature (or adjustable air gap) and a
volumic eddy-current loss estimation in conductive massive parts.

The experimental device was presented in detail. It includes an electromagnet, alu-
minium conductive massive parts (aluminium: A-S5U3G) with(out) segmentation, and its
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instrumentation. The study on conductive massive parts was performed with a sinusoidal
spatially uniform applied magnetic field at an excitation frequency of 50 Hz.

The spatial distribution of the magnetic field predicted by a 2D numerical model,
under the FEMM software, has been compared to the experimental measurements. A good
agreement between the experimental measurements and the numerical results has been
achieved, with a mean percentage error (MPE) of less than 3%.

The accurate determination of the applied magnetic field has allowed an accurate
eddy-current loss estimation in massive conductive parts. The losses were estimated from
an analytical model, based on the Maxwell–Fourier method, and measured experimentally
on (non-)segmented conductive massive parts. The analytically predicted eddy-current
losses have been compared to the experimental results. The segmentation influence in both
directions was studied. The comparison between the analytical and the experimental results
allow the good accuracy to be confirmed. The maximal difference between experimental
and analytical results is about 5 %, while the MPE is less than 2%.

Other frequencies (up to 600 Hz), time waveforms (e.g., six-step commutation, pulse-
width modulation, etc.), geometrical shapes and materials (e.g., copper, brass, magnets,
etc.) with different electrical conductivities [36] are a prospect for future study in order to
explore the influence of segmentation further. Other prospects for future study are: (i) the
volumic eddy-current loss distribution with a spatially non-uniform applied magnetic
field, and (ii) the analytical and experimental validation of the eddy-currents reactance in
conductive massive parts.
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