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Abstract: Changes in the energy sector, associated with the move away from fossil fuels, pose a chal-
lenge for appropriate thermal energy management in residential buildings. The important element to
deal with the variability of renewable energy in thermal systems is latent heat thermal energy storage.
Due to the low thermal conductivity of phase change materials, a number of techniques are proposed
to enhance the heat transfer process. In this research, the global sensitivity of fin geometrical parame-
ters on the melting and solidification times and energy efficiency of these processes was investigated.
The computational model of the phase change was developed using the finite volume method with
the enthalpy-porosity model and Boussinesq approximation. Numerical simulations were carried
out according to the design of experiments technique. The multi-dimensional response surface was
developed, and the multi-objective optimisation was done. The research shows that the melting
process is most influenced by the position of the top fin (α angle) and the solidification process by
the position of the bottom fin (γ angle). The angle of the tree fin (β) has a different effect on both
processes, with the energy efficiency decreasing during melting and increasing during solidification.
Maximum values for the energy efficiencies of melting (ηm = 0.973) and solidification (ηs = 0.988)
were obtained for α = 18.2◦, β = 89.0◦, L = 10.7 mm and γ = 21.0◦.

Keywords: CFD; energy efficiency; LHTES; multi-objective optimisation; numerical simulation;
phase change material; sensitivity analysis; thermal energy storage

1. Introduction

In relation to energy transformation, the topic of changes in the thermal management
of buildings is coming up more and more frequently. Over the past decades, the increasing
use of renewable energy sources requires a solution to the problem of optimal energy
generation, conversion and storage. Taking additionally into account the need to match
the efficiency of the energy source with the fluctuating energy demand, Thermal Energy
Storage (TES) could soon become one of the main energy supply chains components from
Combined Heat and Power (CHP) plants, as well as facilitating private prosumers’ move
towards energy independence.

TES technology stands at various stages of development. Sensible Heat TES (SHTES),
which uses the specific heat capacity of a medium by changing its temperature, is the current
solution [1]. Storage units based on reversible endothermic and exothermic reactions are
under research and development. On the other hand, Latent Heat TES (LHTES), which
utilises the heat of phase change, is becoming increasingly popular [2]. The shell-and-tube
unit is among the most commonly developed designs for TES purposes. In these systems,
Phase Change Materials (PCMs) are usually placed in the space between the tube and
enclosure [3]. Heat Transfer Fluid (HTF) flows through the pipe in case of TES charging or
discharging. Nowadays, PCMs are being used more extensively in climate-controlled floor
and ceiling systems, server rooms and data centres [4]. PCMs have also found applications
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in the construction [5], transport [6], electronics, medical, pharmaceutical, and agricultural
industries [7]. Considering the high energy density of the PCM [8], it is expected that
it will be used to create compact and economical TES. However, the main disadvantage
associated with the implementation of efficient solutions based on PCM is their low thermal
conductivity [9]. Rathore and Shukla [10] noted that the thermal conductivity of the majority
of organic PCMs is typically between 0.18 and 0.3 W/(m·K), whereas for molten salts [11]
these values are in the range 0.5–1.8 W/(m·K) Consequently, over the past few decades,
attention has turned to heat transfer enhancement methods. In principle, three general
methods were studied: augmenting the effective thermal conductivity of the PCM [12],
increasing heat transfer surface area [13] and improving the process uniformity [14].

Among the techniques to improve the effective thermal conductivity of PCM is to
insert additives [15,16]. One of the most popular additives are carbon-based materials,
because of their high thermal conductivity, stable thermal and chemical properties and good
compatibility [17]. Due to the many challenges in the application of these materials, metal-
based additives such as nickel foam, silver nanowire [18], copper nanoparticles [19] or
paraffin–nanomagnetite composites [20] are increasingly being used [21]. However, metal-
based additives are affected by a number of limitations in practical implementations due to
their high density, difficulty in uniform dispersion (resulting in unstable heat transfer), and
high reactivity with other substances [22].

The second way to enhance heat transfer in LHTES is to increase heat transfer surface
area, and it has received significant research attention. Different methods have been investi-
gated for this purpose, including fins [23], shell and tube geometry modification [24], using
embedding heat pipe [25], using multi-tube heat exchangers [26], micro-encapsulation [27],
nano-encapsultaion [28].

Although researchers have explored various innovative methods to improve the
efficiency of PCM applications, the method of using extended surfaces such as fins is
one of the most commonly used methods because of its simplicity. Moreover, a common
construction option for LHTES is horizontally oriented shell-and-tube systems [29].

In LHTES systems, straight longitudinal fins are frequently used. The effect of fin
geometric parameters on charging performance has been studied many times. The results
show that melting time decreases as the number [30], length, and thickness of the fin
increase [31], due to an enlargement of the heat transfer surface area.

Research has pointed out that natural convection has the main influence on PCM
melting. In the early stages of this process, heat transport by conduction has a dominant
contribution, but over time the effect of natural convection becomes more pronounced [32].
Considering previous observations, the placement of the fins in the lower part of the
horizontal shell and tube unit is more effective in reducing the total melting time [33].
Such an arrangement of the fins prevents blockage of convection currents. However, the
placement of an excessive number of fins leads to suppression of the induced natural
convection [34]. A study by Khan and Khan [35] considering the influence of angular
orientations of the fins showed that the fins at the top, especially in the vertical axis of
the cross-section is undesirable which is supported by the results of melting time and the
overall energy capacity of LHTES. Investigations into the effect of geometric parameters of
the fins, with their volume, held constant, are proving important. In the study developed
by Yang et al. [36], it turns out that increasing the number of fins while keeping their
volume constant, does not always lead to a reduction in melting time. The total melting
time decreases as the number of fins increases to the optimal value of 52 in this study. In
another work, Nie et al. [37] noted that a smaller number of long fins is more efficient
when it comes to enhancing the rate of phase change than a larger number of short fins.
The research results of phase change studies in a rectangular box [38] showed that long
upper fins and short lower fins usually suppress convective cells. The opposite condition
intensifies natural convection and reduces phase change time. In addition, by lengthening
and thickening the lower fins while shortening and thinning the fins in the upper part of
the LHTES cross-section, the melting time is reduced by 54.1% in comparison with the
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base case [39]. Yu et al. [40] used the appropriate gradients of fin thickness and noted that
the central angle promotes the reduction in melting time by up to 30.5%. Therefore, it is
recommended that the fin configuration be spaced with a gradient angle and thinner at
the top and thicker at the bottom of the LHTES unit. In the cited studies, the effect of one
geometric parameter on the melting process is investigated, while the others are unchanged.
When one parameter is modified, the effect of the other on the investigated value may
already be different. Furthermore, the simulations determined the melting time at specific
points, while the character of the relationship over the entire range of parameter changes
is unknown.

During solidification, on the other hand, convection dominates at the beginning, when
the contribution of the liquid phase is significant, and conduction is prevalent when there
is sufficient solid PCM in the LHTES unit. Nobrega et al. [41] examined the influence of
geometric parameters that include the number and fin width. The results demonstrated
that an increase in the number and the width of the fins reduces the total solidification time.
However, there is an optimal number of fins and an optimal fin width above which there is
no significant reduction in the total phase change time. Shahsavar et al. [42] showed that
the use of a uniform fin arrangement in an LHTES unit can reduce solidification time by
9.7%. The minimisation of melting time is more pronounced with a reduction of 41.4%. Li
and Wu [43] found that the use of the fins allowed the device to increase performance and
accelerate melting and solidification processes by 14%. The use of fins at the bottom of the
LHTES unit, which leads to an improvement in the melting time, contributes to a delay in
the solidification process. Increasing the length of the fins and their number, with an even
distribution, is more effective for solidification than for melting [37]. The thickness of the
fins, on the other hand, is a parameter that does not have a significant effect on the time of
the solidification process [44].

To further improve solidification and melting performance, a number of innova-
tive fin shapes have recently been proposed, including triangular [45], corrugated [46],
V-shaped [47], exponential [48], spider web-shaped [49], snowflake-shaped [50], tree-
shaped [51], Y-shaped [52], longitudinal triangular fin [53], circular superimposed longitu-
dinal fin [54] structures. Sarani et al. [55] proposed a novel configuration of discontinuous
fins that resulted in an 89% reduction in discharge time. Al-Mudhafar et al. [56] observed
that the total phase change time was decreased by 33% with the tee fins, relative to the
implementation of longitudinal fins. Pahamli et al. [57] designed a novel LHTES with a set
of Blossom-Shaped Fins (BSFs). Increasing the number of fins by addition of five BSFs to the
LHTES unit, extends the melting time by 6%. Reducing the height of the fins from 28 mm
to 24 mm significantly improves the melting process, but prolongs the final stage of phase
change. It is worth noting that the shape of some of the proposed fin types is difficult to
manufacture, which affects the cost–effectiveness of TES. Many numerical studies are also
limited to investigating the influence of only one parameter while the values of the others
are constant. Moreover, the interactions between all geometrical parameters are neglected.

Many approaches have been used to analyse heat transfer in LHTES units. Empirical
research has been carried out on laboratory stations [58]. Despite its many advantages,
there is often a need to carry out experiments on many different designs, which is asso-
ciated with an increase in the cost of the testing time. Huang et al. [59] developed and
compared two approximation-assisted reduced-order LHTES models. The mathematical
model of solid-liquid and liquid-solid phase change in the form of partial differential
equations has also been proposed many times. Among other things, they were solved
using the standard finite element method, the Galerkin formulation [60]. A significant
number of publications focus on the application of the finite volume method [42,61] using
the enthalpy-porosity method. This approach involves solving the Navier-Stokes equa-
tions. The Lattice-Boltzmann Method, on the other hand, as an explicit approach with
second-order accuracy, allows the use of molecular motions to determine macroscopic
properties [62]. Many methods have been used to optimise the system and to develop a
surrogate model, including the Adaptive-Kriging-High dimensional model representation
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(HDMR) method [63]. Sensitivity analysis and optimisation of the LHTES system were
carried out using the multi-objective particle swarm optimisation (MOPSO) method and
multiple attribute decision-making (MADM) algorithm [64]. Among the methods used to
determine the response surface in LHTES systems, Genetic Aggregation [65] and Kriging’s
method [66] are also used. The distribution of fins and phase-change material in the TES
has also been obtained using topology optimisation [67]. What is more, machine learning
in combination with numerical simulation is increasingly being used by researchers [68].

Based on the literature review, it was concluded that the fin arrangement in LHTES
has a significant impact on melting and solidification times and optimisation of geometrical
parameters is becoming an important part of the process of developing efficient designs.
The majority of authors investigate the influence of individual geometrical parameters
based on one factor at a time experiment, while the influence of interactions between
input parameters is often neglected. Furthermore, the value of the energy efficiency
during the melting and solidification process, which is important for the evaluation of the
LHTES system, is rarely determined. Only a few publications carry out a multi-objective
optimisation of the geometrical parameters of the LHTES system taking into account both
solidification and melting processes.

The objective of this research was to identify the global sensitivity analysis (GSA)
values and point out the most important geometric parameters of the fin that affect the
energy efficiency and phase change times during melting and solidification of the proposed
shell-and-tube LHTES unit. For the defined input parameter space, the GSA provides a
robust sensitivity measure for the whole space not only at a single point like local sensitivity
analysis provides. The GSA also provides the sensitivity values in the presence of both non-
linearity and interactions between the parameters [69]. In this research, the GSA for four fin
design parameters was used. The analysis of the phase-change interface propagation, PCM
temperatures, and velocities was also conducted. This allowed the identification of factors
and phenomena affecting the reduction of melting and solidification times. The use of the
Design and Analysis of Computer Experiments technique (DACE) allowed identifying the
metamodel to quickly assess melting/solidification times and energy efficiency. All these
activities are an original element of this research. The multi-objective optimisation is based
on the four input parameters: the angle between the top fin and vertical axis, the angle
between the lower fin and vertical axis, the length of the fin segment offset and the angle
between the tree fin and vertical axis was another objective of this study. The optimisation
aimed to maximise the energy efficiency during melting and solidification.

2. LHTES Description and Computational Domain

The three basic components, such as the inner tube, the outer shell, and a PCM-filled
space, constitute an LHTES unit. During the charging process, the heat is supplied to the
system from the heat transfer fluid (internal side). During discharging, the process occurs
in a reverse way. A cross-section of the horizontally oriented shell-and-tube LHTES unit
considered in this research is simplified as a two–dimensional annulus. The geometry,
presented in Figure 1a, was prepared with reference to the results of a topological opti-
misation of the fin shape to reduce the melting time [70]. The inner radius of the inner
and outer tubes are 16 mm and 60.5 mm, respectively, and the thicknesses are 1 mm and
3 mm, respectively. Each fin, or part of a fin, is marked in Figure 1a with the numbers 1 to
6, and dimensions such as length and width are shown in Table 1. To make a quantitative
comparison, the occupied volume of the fins is kept as 2.8% of the whole volume. Half of
the cross-section of an LHTES system constitutes the computational domain because of the
symmetry of the geometric model, the boundary conditions and the phenomenon taking
place. The last condition was investigated by carrying out comparative numerical simula-
tions of the solid-liquid phase change, for the whole section and half of it. The temperature
values at selected points are shown in Figure 2. No discrepancies were observed in either
the phenomenon or the results analysed. All factors at time strategy were applied and a
central composite inscribed (CCI) design was used. Input parameters adopted values on
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five levels which is the advantage of this type of design. For four factors P1 - P4, there is a
need to conduct 24 + 2 · 4 + 1 = 25 computer experiments. The fins location is designated
by four parameters: P1-α denotes the angle between the top fin and y-axis, P2-β denotes
the angle between the lower fin and y-axis, P3-L is the length of the fin segment offset and
P4-γ denotes the angle between the tree fin and y-axis. The assumed control variables P1,
P2, P3 and P4, shown in Figure 1b, are varied within practically achievable ranges (Table 2).

Figure 1. (a) Dimension and the cross-section of the LHTES unit, (b) Schematic description of the
computational domain with input parameters.

Table 1. Dimensions of the individual fins.

Number of Fin Thickness [mm] Length [mm]

1 2 20
2 3 14
3 2 20
4 1 10
5 1.5 10
6 1.5 30

Figure 2. Comparison of the computational model with and without symmetry.

Table 2. Input parameters variability range.

Parameter Name MIN MAX Unit

P1 18 28 ◦

P2 50 90 ◦

P3 5 12 mm
P4 10 70 ◦
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The fin geometrical parameters variability ranges were based on literature data and
were proposed by the authors of the study [71–73].

3. Methodology

Heat transfer in the LHTES system occurs by natural convection and conduction.
Conduction is observed in the tube and fins and the solid-phase PCM. In contrast, heat
transfer by convection is dominant at the PCM-pipe interface and in the liquid-phase PCM.
An important aspect of the research is to additionally consider solid-liquid and liquid-solid
phase change with moving interface.

3.1. Numerical Model Assumptions and Governing Equations

The simulation of solidification/melting and natural convection phenomenon was
performed with the following assumptions:

• considered phase change material is RT50 (Rubitherm GmbH),
• the liquid PCM is an incompressible Newtonian fluid,
• the PCM assumed thermophysical values according Table 3,
• the proper mapping of the PCM thermal conductivity and dynamic viscosity non–

linear character reported in [74] the temperature–dependent values from [74] were
assumed (Figure 3); as can be seen, thermal conductivity reaches its maximum value
near the phase-change temperature, while the dynamic viscosity decreases with the
PCM temperature increase,

• the effect of the PCM volumetric expansion, thermal radiative and viscous dissipation
are not modelled,

• to take natural convection into account the Boussinesq approximation was used,
• the heat loss to the surrounding was negligible,
• the flow in the liquid phase of the PCM was laminar,
• the temperature change of the pipe wall in space and time has been omitted,
• the third-dimensional heat convection and conduction have been neglected.

Figure 3. Thermal conductivity and dynamic viscosity over temperature for PCM [74].

Table 3. Thermophysical properties of PCM (RT50) [74].

Properties Ts Tl L β cp k ρsolid ρliquid µ

Units ◦C ◦C kJ/kg 1/K J/(kg·K) W/(m·K) kg/m3 kg/m3 Pa·s
PCM 45 51 170.320 0.0006 2000 Figure 3 880 (at 15 ◦C) 760 (at 80 ◦C) Figure 3

Based on the above assumptions the continuity, momentum and energy equations are
given below.
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The continuity equation including incompressible PCM reduces to the following form:

∇ ·~v = 0 (1)

where v represents the fluid velocity.
In the momentum equation:

∂~v
∂t

+∇ · (~v~v) = 1
ρre f

(−∇p + µ∇2~v + ρ~g) + S~v (2)

the Boussinesq approximation was used according to which the fluid density ρ was constant
except for the buoyancy term in the momentum equation [75]:

ρ = ρre f (1− β(T − Tre f )) (3)

In the above equations, ρre f represents the liquid PCM density at a reference tempera-
ture (Tre f = 51 ◦C), T denotes the temperature, p stands for the pressure and t represents
the time. The symbols β and µ denote thermal expansion coefficient, and dynamic viscosity,
respectively and g is the gravitational acceleration (g = 9.81 m/s2).

The momentum source term S, according to the enthalpy-porosity approach [76,77], is
used to model the mush zone as a porous medium that operates as a partially solidified
region. The porosity in each cell signifies the volume of liquid fraction in a cell of a grid
system [75]:

S = Amush
(1− α)2

(α3 + ε)
(4)

The mushy zone constant Amush controls the width of the mush zone with a numerical
value typically in the range of 104–107 [78]. In this study, the appropriate value (3 · 106) of
the mushy zone constant is considered considering the finned geometric model [79]. The α
represents the liquid fraction, and ε is a small number (0.001) added to prevent division
by zero.

The thermal energy equation in the PCM domain is as follows:

ρre f
∂H
∂t

+ ρre f∇ · (~vH) = ∇ · (k∇T) (5)

H represents the enthalpy, equal to the sum of reference enthalpy hre f at the reference
temperature Tre f , sensible enthalpy and the heat of phase change:

H = hre f +
∫ T

Tre f

cpdT + αL (6)

Liquid fraction α can simply be calculated by the dependency in Equation (7):

α =


0 for T < Ts
1 for T > Tl

T−Ts
Tl−Ts

for Ts < T < Tl

(7)

With decreasing α, the velocities decrease, resulting in the porous region becoming a
solid. Consequently, the porosity varies from 0 to 1 as the PCM changes from solid to fluid.
In the above equations, cp, L, Ts, and Tl denote the specific heat capacity, the latent heat,
the solid phase temperature and the liquid phase temperature respectively.

3.2. Descriptions of the Initial and Boundary Conditions

To solve the partial differential equations, appropriate boundary and initial conditions
must be applied (Equations (1), (2), and (5)). The initial condition of all three subdomains
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assumes a uniform temperature distribution of 338.15 K for solidification and 313.15 K for
melting. The following boundary conditions are assumed:

• the internal wall of the LHTES is assumed to be at a constant temperature of 343.15 K
for the melting process and 308.15 K for the solidification process (Figure 4b),

• an adiabatic condition is assumed in the external wall of the unit (Figure 4b),
• a symmetrical boundary condition is considered at the centre–line (Figure 4b),
• the no–slip condition was assumed at the PCM boundary surfaces,
• the ideal contact between the tube and PCM was assumed.

Figure 4. (a) The developed grids (b) Boundary conditions description, (c) The results of the grid
independence test (solidification), (d) The results of the grid independence (melting).

3.3. Numerical Algorithms and Schemes

The ANSYS Fluent 2021R2 simulation environment was used. The simulation was
performed using the following algorithms and discretization schemes: to pressure-velocity-
coupling, the SIMPLE algorithm was used; to the pressure correction equation, the PRESTO!
scheme was used, the convective terms of the momentum and energy equations are dis-
cretized using the third-order MUSCL scheme that reduces numerical diffusion and keeps
the solution stable; the Least Squares Cell-Based method was used to compute gradients.
The convergence criterion was assumed as 10−5 for the continuity equation, 10−6 for the
velocity components and 10−8 for the energy equation. The second-order implicit time
integration algorithm was selected for the unsteady terms. The assumed time step in the
calculations is 0.05 s and the number of iterations for each time step varies between 180
and 300.

3.4. Numerical Model Verification

The independence tests of the present numerical solution were carried out. The un-
structured grids (Figure 4a) with a total number of 24,423, 54,159 and 76,979 computational
cells, respectively, were used for input parameters P1 = 23◦, P2 = 70◦, P3 = 8.5 mm
and P4 = 10◦. It was ensured that the developed numerical meshes fulfilled the adopted
minimum/maximum quality criteria—aspect ratio < 20 and orthogonal quality > 0.4.
According to Figure 4c, the total solidification time of the PCM is independent of further
increments in grid size above 24,423. Taking the melting process into account, the tempera-
ture value at T1 (Figure 2) for all three grids follows a similar trend, with the exception of
the moment marked in Figure 4d. These indicate that the grid with 54,159 cells is sufficient
for the melting process.

3.5. Numerical Model Validation

The developed numerical model was validated by the experimental work [80]. Kousha
et al. [80] performed the experimental study for melting and solidification of RT35 used
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as a PCM in a shell-and-tube system. Based on the study, the same material data and
geometrical parameters were assumed (Figure 5a), and the numerical results we obtained
were then compared with the experimental results. During the melting process, an initial
water temperature of 80 ◦C and a flow rate of 0.4 L/min were assumed. The validation
results in the form of the mean PCM temperature distribution (Figure 5b) show good
agreement with the experimental data. In addition, the average error of the additionally
considered temperature curves in individual sections is 5.9%. A similar procedure was
adopted to validate the computational model of the solidification process according to the
experimental data obtained by Kousha et al. [80]. In the numerical simulation, an initial
HTF temperature of 10 ◦C was assumed. By analysing the results of both tests, it can be
seen that the curves of the average PCM temperature during the first 5000 s have a similar
profile. After this time, there are slight deviations in the results, but as the trend of the
curves is similar, it is assumed that the numerical model is reliable and can be used for
further studies. In addition, it is noted that the average error between the temperature
values in individual sections is 4.8%.

Figure 5. Numerical methodology validation of the shell-and-tube system [80] (a) comparison of the
average PCM temperature during melting, (b) comparison of the average PCM temperature during
solidification.

4. Discussion of the Simulation Results

The number of computer experiments has been reduced by using the DACE. An
extended CCI (central composite inscribed) design was adopted, with factors taking values
at five levels. For four factors (P1, P2, P3, P4), 25 numerical experiments were conducted,
while in the full-factorial design 625 numerical experiments are required. The output
parameters such as ηm and ηs are described by two Equations (8) and (9) denote the energy
efficiency for melting and solidification process, respectively. The other output parameters
are the melting time tm and the solidification time ts. The simulation was carried out with
the use of the supercomputer “PROMETHEUS” in ACK Cyfronet Krakow.

ηm =
Em

Em,max
(8)

ηs =
Es

Es,max
(9)

Em|s,max = Etube,max + m · [cp · |Tpeak − Tini|w|+ L + cp · |Tw|ini − Tpeak|] + Eshell,max (10)

Etube,max = mtube · cp,tube · [|Tw − Tini|] (11)

Eshell,max = mshell · cp,shell · [|Tw − Tini|] (12)

Table 4 shows the input values for all 25 design points of the performed simulations
and calculated output parameters.
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Table 4. The results of the simulation experiment.

No.
P1-α P2-β P3-L P4-γ tm ηm ts ηs
[◦] [◦] [mm] [◦] [s] [-] [s] [-]

1 20.5 60 6.75 25 6532 0.978 29,272 0.955
2 20.5 60 6.75 55 6498 0.978 38,603 0.938
3 20.5 60 10.25 25 6498 0.978 29,172 0.956
4 20.5 60 10.25 55 6436 0.979 38,490 0.939
5 20.5 80 6.75 25 6988 0.974 25,594 0.979
6 20.5 80 6.75 55 7037 0.973 36,032 0.951
7 20.5 80 10.25 25 6975 0.974 25,456 0.980
8 20.5 80 10.25 55 6948 0.974 35,983 0.951
9 25.5 60 6.75 25 7120 0.973 29,273 0.955
10 25.5 60 6.75 55 7071 0.974 38,601 0.938
11 25.5 60 10.25 25 7088 0.973 29,177 0.956
12 25.5 60 10.25 55 7034 0.974 38,534 0.938
13 25.5 80 6.75 25 7491 0.970 25,557 0.979
14 25.5 80 6.75 55 7498 0.970 36,013 0.951
15 25.5 80 10.25 25 7482 0.970 25,438 0.981
16 25.5 80 10.25 55 7532 0.969 35,968 0.951
17 18 70 8.5 40 6570 0.978 31,233 0.962
18 28 70 8.5 40 7660 0.969 31,167 0.962
19 23 50 8.5 40 6619 0.977 33,669 0.940
20 23 90 8.5 40 7421 0.970 28,197 0.975
21 23 70 5 40 6978 0.974 31,296 0.961
22 23 70 12 40 6933 0.975 31,071 0.963
23 23 70 8.5 10 7008 0.974 28,962 0.960
24 23 70 8.5 70 7033 0.973 43,402 0.925
25 23 70 8.5 40 6958 0.975 31,212 0.962

To compare melting and solidification phenomena, the results of numerical simulations
in the form of both liquid fraction distributions and velocity and temperature fields in the
PCM for four selected LHTES configurations are summarised:

• the configuration with the highest energy efficiency of the melting process (0.979) and
the shortest melting time (6463 s)—design point (DP) No. 4,

• the configuration with the highest energy efficiency of the solidification process (0.981)
and the shortest solidification time (25,438 s)—DP No. 15,

• the configuration with the lowest energy efficiency of the melting process (0.969) and
the longest melting time (7660 s)—DP No. 18,

• the configuration with the lowest energy efficiency of the solidification process (0.925)
and the longest solidification time (43,402 s)—DP No. 24.

4.1. Melting Process Analysis

Firstly, the melting processes of PCM with two configurations for 4 and 18 design
points are examined to compare the heat transfer characteristics. To illustrate this, the
colour maps of the liquid fraction at different times, namely 108 s, 300 s, 1008 s, 2100 s,
3000 s, 10,008 s and 23,400 s are shown in Figure 6. It has been observed that the early stage
of the melting process is dominated by heat conduction, which resulted in a thin layer of
liquid being formed around the fins due to conductive heat transfer. Over time, the liquid
layer becomes larger and non-uniform. It is further noted that the PCM material in the
upper region of the domain melts faster, while the phase change of a small layer of it at the
bottom takes a significant part of the total melting time. The phase change in both cases
occurs in a similar pattern. For design point number 4 in the upper part of the LHTES
system, the PCM melts slower, however, it is compensated by a faster phase change in the
lower region. As a result, the total melting time for this case is shorter.
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Figure 6. Liquid fraction contours during melting for (a) DP No. 4, (b) DP No. 18.

Figure 7 compares the temperature distribution for 4 and 18 design points at different
time instants. In both cases, a conductive layer appears at the start of melting. After
300 s, the uniform conductive layer destabilises, after which a group of cells is formed that
lengthen over time and take the form of plumes. The widening and form of the face affect
the curved solid/liquid interface. After 504 s, the cells become larger, causing them to
reconnect. Over time, the development of an interface and its movement to the outer wall
is observed. A difference in the compared melting processes is the higher temperature of
the upper part of the domain in the design point number 18, which can be seen especially
after 1008 s. This is due to the placement of the tree fin at a higher angle (β) than for
the 4 DP configuration. However, it is also observed that the temperature between the
bottom fins and the bottom and tree fin in case number 4 is higher than for the 18 DP
configuration, leading to an earlier achievement of the phase change temperature and
accelerated melting in this area. The larger area of the lower LHTES part covered by the
phase change temperature is associated with the placement of the bottom fin at a lower
angle than for the 18 DP.

Figure 7. Temperature field during melting for (a) DP No. 4, (b) DP No. 18.

Figure 8 shows the velocity profiles of PCM for two configurations of finned tube
LHTES systems. At the initial stages of the melting process, the thin liquid film forms all
over the inner tube and the fins. In both cases, small circulation vortices are then generated
at the top of the inner pipe and above the tree fin. Simultaneously along the lower fin,
there is an expansion of the conductive layer. After the convection cells in the upper part
of the system are connected, they dynamically grow and change shape. The temperature
difference between the area around the fins and the rest of the liquid translates into a
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difference in the density of the liquid and causes buoyancy forces. As a result, natural
convection becomes the dominant heat transfer mechanism at the top of the system and
results in a moving solid/liquid interface. Up to the 300th second of the phase change, the
velocity distribution looks similar. At 504 s, the velocity and size of the vortices flowing
around the upper fin are higher for case number 18. At the next moment, also for this case,
larger and denser vortices are observed in the upper domain. However, at 2004 and 3000 s,
the heat transfer process by natural convection is more intense for case number 4. At the
end of the melting, a dominance of heat conduction is observed. A significant influence on
the reduction of melting time is the placement of the bottom fin at a lower angle, as can be
seen in Figure 8a. This fin act as an obstacle, preventing the melting front from going up.
Despite the delay in melting at the top of the domain, this helps reinforce the conduction in
the bottom part. Furthermore, placing the top fin at a higher angle, although it delays the
heating of the upper domain (Figure 7), facilitates the movement of convection currents in
the second part of the melting process. It is further noted that the angle of placement of the
tree fin has no significant effect on the process.

Figure 8. Contours of and streamlines during melting for (a) DP No. 4, (b) DP No. 18.

4.2. Solidification Process Analysis

The solidification process at different times, namely 108 s, 300 s, 1008 s, 2100 s, 3000 s,
10,008 s and 23,400 s, has also been considered. Figure 9 shows the evolution of the solid
fraction distribution. During the initial stage of solidification, the solid phase of the PCM
continuously expanded with the geometry of the fin. As time passed, the thickness of
this layer increased, which contributed to weakening the direct heat transfer between the
high-conductivity fins and the PCM. This causes the solidification process to slow down
after 3000 s. The most significant influence on the reduction of the phase change time is the
placement of the top fin. Using a smaller angle of inclination, as in design point number
15, results in the solid/liquid interface moving faster upwards. For the initial 3000 s, the
volume of solid PCM is approximately similar, but a larger amount is present in the upper
region of the domain. It is noted that the PCM material then solidifies at the bottom of the
LHTES system, at a faster rate for design point number 15. Subsequently, the phase change
of the liquid PCM occurs in the upper part of the domain, which takes a considerable
amount of time. As a result, a smaller amount of solidified material is observed for design
point number 24.
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Figure 9. Liquid fraction contours during solidification for (a) DP No. 15, (b) DP No. 24.

Figure 10 depicts the time-wise variation of the temperature of PCM. Initially, the
area around the fins is cooled to the temperature of the phase change. What is more, in
both cases considered, there is a temperature drop of about 7 K in the bottom part of
the domain in the first 108 s of the process. Also significant seems to be the appearance
of small ribbon-shaped areas, with even lower temperatures, within the tree and lower
fin, suggesting the formation of convection cells. Initially, the phase change temperature
is reached by the lower part of the domain, followed by the upper part—but at a much
slower rate. Cooling and phase change of the liquid PCM is the fastest for design point
number 15. As the top fins are placed at a lower angle than for design point 24, a faster
temperature drop occurs in the area between them. In addition, there is a larger area of
lower temperature between the top fin and the tree fin.

Figure 10. Temperature field during solidification for (a) DP No. 15, (b) DP No. 24.

Figure 11 presents colour maps of the velocity of the solidifying PCM. In the first 660 s,
the formation of convection cells in the lower part is observed. It was noted earlier that the
greatest temperature difference between the areas of liquid PCM with high temperature
and the solidified material near the fins is at the beginning of the process. Therefore,
convection cells form below the fins and their velocity decreases with time. After 1008 s, the
temperature gradient at the bottom of the domain is much smaller, hence natural convection
has less influence in the solidification process. In the 3000th s, natural convection has
less influence on the heat transfer in the system, due to the disappearance of convection
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cells. Instead, conduction starts to dominate in the upper part of the domain, and the
velocity of movement of the solid/liquid interface is low compared to the beginning of
the process. In design point number 15, placing the top fin at the lowest angle value
results in the appearance of larger convection cells between the top fin and the tree fin.
Therefore, intensive heat exchange occurs over a larger area than in design point number
24. Furthermore, the convection cell under the top fin drives another circulation cell that
forms between the axis of symmetry and the top fin, which accelerates heat exchange in
this area during the early stages of the process.

Figure 11. Contours of and streamlines during solidification for (a) DP No. 15, (b) DP No. 24.

The computational model, despite describing the melting/solidification process with
considerable accuracy, does not take into account several hidden phenomena: (i) heat
loss to the surroundings on the outer wall was ignored; (ii) changes in the volume of the
PCM during the phase change were not taken into account; (iii) the existence of thermal
resistance between materials in the solid phase was neglected; (iv) perfect concentricity was
assumed in the geometrical model; (v) the temperature change along the HTF pipe length
was ignored. It is worth highlighting that in practical implementation, these phenomena
affect the melting and solidification process.

4.3. The Multidimensional Response Surface

The DACE with the central composite inscribed design needed the additional design
points, the so-called refinement points. This strategy with the use of sophisticated approx-
imation algorithms allows the multidimensional response surface to be developed with
good quality. The twelve refinement simulation experiments and all design points were ap-
proximated using the Genetic Aggregation algorithm based on Ansys implementation [75].
The complex multidimensional function ŷm(x1−4) with numerous coefficients is presented
in implicit form as the file with the extension .dxrom, which can then be used in Matlab or
Excel software.

ŷm(x1−4) =
Nm

∑
i=1

wi ˆym,i(x1−4) (13)

where, ˆym,i(x1−4)—is the prediction of the i-th meta-model, Nm—is the number of meta-
models used, wi—is the weight factor of the i-th meta-model, which satisfies ∑N

i=1 wi = 1.
As a result, it is possible to qualitatively assess the influence of the design parameters of the
LHTES on melting, solidification times and energy efficiency. The three step verification of
metamodel (Equation (13)) was done. The first was dedicated to evaluating the compatibil-
ity of the metamodel with the physics of the phenomenon. The second was to calculate and
evaluate the values of the root mean square error (RMSE) and the determination coefficient
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R2 values. The third was to calculate the RMSE (Figure 12) at five randomly selected points.

Figure 12. Verification of response surface.

In Figure 13 the multidimensional response surface was obtained from the design
parameters P1, P2 and the output parameters tm, ts, ηm, ηs. The response surface depends
on two more design parameters, P3 = 〈6.75 mm; 10.25 mm〉 and P4 = 〈25◦; 55◦〉. The melting
time tm, varies between 6436 s for DP No. 4 to 7660 s for DP No. 18. In the case of energy
efficiency of the melting process ηm, the values vary in the range of 0.969 for DP No. 18
to 0.979 for DP No. 4. The solidification time ts, varies between 25,438 s for DP No. 15
to 43,402 s for DP No. 24. In the case of energy efficiency of the solidification process
ηs, the values vary in the range of 0.925 for DP No. 24 to 0.981 for DP No. 15. As the
parameters P1 (α) and P2 (β) decrease, the melting time tm decreases, reaching the lowest
value in the adopted range (Table 2). The energy efficiency of the melting process ηm, on
the other hand, improves with increasing P1 and P2. The solidification time ts decreases
with parameter P4, as can be seen from the arrangement of the four response surfaces. The
value ts decreases with the increase in the value of P2, and for smaller values of P4, this
behaviour is pronounced. It is observed that the relationship between the solidification
time and energy efficiency of the solidification process is inversely proportional. Therefore,
an increase in the value of the P2 and a decrease in P4 results in an increase in the energy
efficiency value of ηs. It is also noticed that the parameter P3 has a minor effect on the
determined output parameters.

In Figure 14 the multidimensional response surface was obtained from the design
parameters P3, P4 and the output parameters tm, ts, ηm, ηs. The response surface depends
on two more design parameters, P1 = 〈20.5◦; 25.5◦〉 and P2 = 〈60◦; 80◦〉. As the parameter
P4 increases, the melting time initially decreases, reaching a minimum, and then increases
again. The shortest melting times are noted at P4 ≈ 40◦ (for parameter P2 = 80◦) and
at P4 ≈ 55◦ (for parameter P2 = 60◦). Furthermore, a decrease in the value of the P3 is
associated with an increase in the melting time. The effect of the P3 parameter on the energy
efficiency of the melting process, on the other hand, is the opposite - with an increase in
the P3 parameter, the energy efficiency increases. It should be noted that the effects of
both parameters analysed on tm and ηm are negligible. The solidification time initially
decreases with increasing parameter P4, reaching a minimum at P4 ≈ 25◦ for P2 = 60◦ and
at P4 ≈ 20◦ for P2 = 80◦. An inverse relationship is observed for the energy efficiency of
the solidification process. The influence of parameter P3 on tm and ηs is minor.
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Figure 13. The response surface for inputs P1, P2, outputs tm, ts, ηm, ηs and (P3, P4) = [(6.75 mm, 25◦),
(10.25 mm, 25◦), (6.75 mm, 55◦), (10.25 mm, 55◦)].

Figure 14. The response surface for inputs P3, P4, outputs tm, ts, ηm, ηs and (P1, P2) = [(20.5◦, 60◦),
(20.5◦, 80◦), (25.5◦, 60◦), (25.5◦, 80◦)].

In Figure 15 the multidimensional response surface was obtained from the design
parameters P2, P4 and the output parameters tm, ts, ηm, ηs. The response surface depends
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on two more design parameters, P1 = 〈20.5◦; 25.5◦〉 and P3 = 〈6.75 mm; 10.25 mm〉. As
mentioned above, the P2 parameter, i.e., tree fin angle has an impact on the melting and
solidification times and the energy efficiency during melting and solidification. As this
parameter increases, the melting time improves, while reducing the energy efficiency of
the melting process. However, by increasing P2, solidification time is reduced and energy
efficiency is improved. When the value of another parameter is changed, the behaviour
of the given relationship remains the same. As the angle of the top fin, described by the
parameter P4, increases, the melting time decreases and the energy efficiency of the process
improves, but the differences in the achieved output values are practically unnoticeable. An
increase in P4 results in an initial shortening and then lengthening of the solidification time—
i.e., analogously an increase and a decrease in the energy efficiency during solidification.
As the P2 parameter increases, this change is more noticeable. Changes in P1 and P3
parameters only have a significant effect on the melting process. With the decrease in these
parameters, melting time is reduced and energy efficiency is improved. The angle of the
bottom fin (parameter P1), has a significantly greater influence on the course of the melting
process than the length of the fin segment offset (parameter P4). However, compared to the
P2 parameter, the P1 parameter is less important. With the increase in the P3 parameter,
the melting time decreases slightly and the energy efficiency value increases.

Figure 15. The response surface for inputs P2, P4, outputs tm, ts, ηm, ηs and (P1, P3) = [(20.5◦,
6.75 mm), (20.5◦, 10.25 mm), (25.5◦, 6.75 mm), (25.5◦, 10.25 mm)].

4.4. Global Sensitivity Analysis

The authors used correlation coefficients as a measure of sensitivity and calculated it
from the scatter plots of the output variables in relation to the individual design variables,
after sampling the metamodel over its input distributions.

The correlation between the two variables identified as xi and yi, for n = 4000 randomly
selected pairs of points {(xi, yi), ... , (xn, yn)}, and where x and y are the mean values of x̂
and ŷ respectively, can be written as:

rxy =
∑n

i=1(xi − x̂)(yi − ŷ)√
∑n

i=1 (xi − x̂)2 ∑n
i=1(yi − ŷ)2

(14)
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Figure 16 presents the sensitivities calculated by the correlation coefficient method.
It is noticed that the evident influence on the solidification time has the angles of the top
and tree fins (parameters P2 and P4) and as their values increase, the solidification time
decrease and increase, respectively. When considering the energy efficiency of solidification,
an increase in the angle of inclination of the tree fin has a positive effect. Increasing the
value of the top fin angle leads to a decrease in energy efficiency ηs. As noted previously,
the parameter P1, the angle of the bottom fin, is more significant in the melting process
compared to the parameter P2 (the angle of the tree fin). However, as the values of these
parameters increase, the melting time increase, leading to a decrease in energy efficiency
ηm. It was noticed that parameter P3 has no significant effect on all output parameters.

Figure 16. The GSA results.

4.5. Multi-Objective Optimisation

A multi-objective optimisation was further performed to maximise energy efficiency
during melting and solidification max(ηm, ηs). The multi-objective function (Equation (15))
is presented as follows:

Φ =
m

∑
j=1

wj Mj (15)

where m—is the number of output parameters, Φ—is the objective function, wj—are the
individual weights (ws > wm), Mj—is the single weighted objective function.

Scalable partial objectives are defined as (Equation (16)):

Mj =

(
|y∗t − y|

ymax − ymin

)
j

(16)

where y∗t—are the j-th intended values of the output parameters in the system (for example
minimal, maximal), y—are the values obtained based on the meta-model for quantities ηm
and ηs and ymin, ymax respectively: the maximum and minimum y value.

The range of input variables is described in Table 2. To estimate the parameters the
concept of Pareto dominance on the predicted response surface was used. To perform
the optimisation process, a screening algorithm was used. It was assumed that it was
more important to improve the energy efficiency of the solidification process, due to its
much larger range of values. As part of the configuration of the optimisation process,
4000 samples were generated, and three candidate points were found. In Figure 17 the
trade-off chart for design parameters was presented.
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Figure 17. The trade-off chart for design parameters.

Based on this relationship, Pareto-dominant solutions were observed and a candidate
point was determined for which the highest possible ηs value is reached for the highest ηm
value. This point coincides with the solution obtained by the screening method (Table 5)
and has been labelled ‘Candidate Point 1’.

Table 5. Candidate points determined by the screening method.

Name P1 P2 P3 P4 ηm ηs

Candidate Point 1 18.2 89.0 10.7 21.0 0.973 0.988
Candidate Point 2 21.8 89.9 11.1 15.5 0.971 0.989
Candidate Point 3 27.4 89.6 8.8 10.5 0.965 0.987

After selecting the optimal candidate point, the energy efficiency of the solidification
and melting processes was verified. Table 6 shows a comparison between the results of the
numerical simulation carried out for the optimum geometric parameters (Table 5) and the
results taken from the response surface. The discrepancy is 0.02% for ηm and 0.2% for ηs.

Table 6. Verification of optimisation results.

Name ηm ηs
Relative Error
for ηm [%]

Relative Error
for ηs [%] tm ts

Relative Error
for tm [%]

Relative Error
for ts [%]

RSM result 0.9727 0.9884 0.02 0.20 7086 23,502 0.11 0.54
Calculation result 0.9725 0.9865 0.02 0.20 7094 23,628 0.11 0.54

5. Conclusions

The authors investigate the influence of four geometric parameters (α, β, γ angles and
fin segment offset L) on melting time, solidification time and energy efficiency during that
processes. For this purpose, an extended CCI design was adopted and a multidimensional
response surface was designed using Genetic Aggregation. After a response surface was
determined, global sensitivity analysis and multi-objective optimisation were performed to
estimate the influence parameters and maximise the energy efficiency of the melting and
solidification process. Furthermore, for the cases with the longest and shortest melting and
solidification times (corresponding to the highest and lowest energy efficiencies), the phase
change processes were compared based on the distribution of liquid fraction, temperature
and velocity. The most important conclusions could be summarised below:
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• The solidification time and process efficiency are strongly sensitive to the top fin angle
(P4-γ) and the position of the tree fin (P2-β) variation.

• The melting time and process efficiency are strongly sensitive to the angle of the
bottom fin (P1-α) and the position of the tree fin (P2-β) variation.

• Decreasing the angle of the bottom fin (P1-α) reduces the melting time and increases
the energy efficiency during this process.

• The position of the tree fin (P2-β angle) has an unclear effect on the melting and
solidification time.

• Changing the value of the top fin angle (P4-γ) does not significantly affect the melt-
ing process. However, by decreasing the value of this angle, the solidification time
decreases and the energy efficiency during this process increases.

• The use of global sensitivity analysis to determine the effect of geometric parameters
on the energy efficiency of phase change can lead to the design of efficient LHTES
units, for example in solar thermal collector systems.

• When analysing the response plots (Figures 14 and 15), however, it is found that γ
angle values below 25◦ can result in longer solidification times and worsen energy
efficiency. However, as the angle of the tree fin increases, this effect is less pronounced.

• As part of a multi-objective optimisation to increase the energy efficiency of the melting
and solidification process, the optimum fin arrangement in the LHTES was obtained.
The following geometrical parameter values were adopted: α = 18.2◦, β = 89.0◦,
L = 10.7 mm and γ = 21.0◦. The efficiencies of the optimised system during melting
and solidification are ηm = 0.9725% and ηs = 0.9865%. The phase change times reach
tm = 7094 s and ts = 23,628 s. The obtained values are a compromise solution, aiming
to achieve the highest possible efficiency values for both melting and solidification
processes.

Thus, to properly analyse the PCM phase change process in LHTES, additional experi-
ments would have to be performed in a unit with optimised geometrical parameters. It
will be valuable to develop a further geometrical model based on the optimum placement
of the fins, particularly to significantly reduce the melting time. As a further direction of
the study, the authors also propose to analyse the influence of the operating parameters
and to obtain the exergy efficiency of the LHTES.
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Abbreviations
The following abbreviations are used in this manuscript:

Amush mushy zone,
cp specific heat capacity, J/(kg·K),
g gravitational acceleration, m/s2,
H, h specific enthalpy, J/kg,
k thermal conductivity, W/(m·K),
L latent heat, J/kg,
L the length of the fin segment offset, mm,
m mass, kg,
M single weighted objective function,
P parameters,
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p pressure, Pa,
S momentum source term,
R2 determination coefficient,
S sensitivities,
Ste Stefan number,
T temperature, ◦C,
Ts solidus temperature of the PCM, ◦C,
Tl liquidus temperature of the PCM, ◦C,
t time, s,
v fluid flow velocity, m/s,
w weight coefficient,
x, y, z Cartesian coordinates,
x1−4 input parameters,
ym meta-model,
Greek symbols
α liquid fraction,
α the angle between the top fin and y-axis,
β expansion coefficient, 1/K,
β the angle between the lower fin and y-axis,
γ the angle between the tree fin and y-axis,
η efficiency,
ρ density, kg/m3,
µ dynamic viscosity, Pa·s,
Φ objective function.
Subscripts
ini initial,
liquid liquid phase,
m melting,
max maximum,
peak melting point,
ref reference,
s solidification,
solid solid phase,
w wall.
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