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Abstract: The formation shear-wave (S-wave)’s velocity information around a borehole is of great
importance in evaluating borehole stability, reflecting fluid invasion, and selecting perforation
positions. Dipole acoustic logging is an effective method for determining a formation S-wave’s
velocity radial profile around the borehole. Currently, the formation S-wave’s radial-profile inversion
methods are mainly based on the impacts of radial velocity changes of formations outside the borehole
on the dispersion characteristics of dipole waveforms, without considering the impacts of an acoustic
tool on the dispersion curves in the inversion methods. Accordingly, the inversion accuracy is greatly
impacted in practical data-processing applications. In this paper, a novel inversion algorithm, which
introduces equivalent-tool theory into the shear-velocity radial profile constrained-inversion method,
is proposed to obtain the S-wave’s slowness radial profile. Based on the equivalent-tool theory,
the acoustic tool can be modeled using two parameters, radius and elastic modulus. The tool’s
impact on the dipole waveform’s dispersion is eliminated first by using the equivalent-tool theory.
Then, the corrected dispersion curve is used to carry out the constrained inversion processing. The
results of this processing on the simulation data and the real logging data show the validity of the
proposed algorithm.

Keywords: oil and gas exploration; logging tool; velocity radial profile; constrained inversion method;
equivalent-tool theory

1. Introduction

The rock properties of formations around a borehole are of great significance in the
exploration and development of oil and gas. The velocity information of the formations
around the borehole, which is one of the most important rock properties, can be addressed
with an acoustic logging method. However, abnormal in-situ stress, mud invasion, and
borehole damage would result in radial changes in formation velocity around the borehole,
thereby bringing inaccurate interpretation results [1]. Based on a dipole waveform obtained
by multipole array acoustic logging data, a formation’s shear-velocity radial profile can be
inverted for evaluating the borehole stability, estimating in-situ stress, and reflecting mud
invasion [2–7]. Consequently, it is crucial to study the inversion method of the formation’s
S-wave velocity radial profile around the borehole.

When the formation’s S-wave velocity changes with radial depth, the measured
dipole’s S-wave dispersion characteristics will also change accordingly. The existing inver-
sion methods regarding the formation’s S-wave velocity radial profile are mainly based on
the above relationship. Generally, there are two inversion methods. One is Sinha’s method,
which combines a perturbation method and the Backus–Gilbert (B-G) theory to invert the
formation’s S-wave velocity radial profile [8]. This is a compromise method between radial
distance and velocity change, resulting in an average radial velocity profile that is closest
to the actual situation [9,10]. Subsequently, this inversion method is successfully applied
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in well completions, stress parameters, and velocity estimations of Transversely Isotropic
with a Vertical axis of symmetry (TIV) media [11–13]. For example, some researchers have
improved this method by using a parametric velocity-characterization equation, and this
method was successfully implemented in many cased wells [14,15]. However, when the
signal-to-noise ratio is low, there may be deviations between the inversion results and a
real formation model, failing to reach a high resolution and high precision. Furthermore,
the convergence of this algorithm is seriously affected by the selecting of the initial values.
The other inversion method is the constrained inversion method using a high-frequency
band, which obtains the conclusion that the radial shear profile is mainly affected by the
formation’s shear velocity and with regards to the radial variation formation as a forma-
tion described by two parameters [16]. This method assumes that the radial change of
the formation’s S-wave velocity is mainly controlled by two parameters, which are the
velocity change and the thickness change of a transition zone (TZ), and an inversion ob-
jective function is constructed based on these two parameters. This method constrains
a high-frequency band and increases the contribution of a high-frequency component in
the objective function, which can effectively improve the accuracy of inversion the results,
especially in the formation around the borehole. This constrained inversion method is then
applied in a logging-while-drilling quadrupole waveform processing to obtain the forma-
tion radial velocity, and to assess the rock-brittleness and fracability of the near-borehole
formation [4,5]. In real data processing, the acoustic tool in the borehole has a great impact
on the dispersion characteristics of the dipole waveform. Meanwhile, the existing two
inversion methods of the formation’s S-wave velocity radial profile do not consider the
impacts of the tool on the dispersion, which affects the processing effect of the real data. In
this case, an equivalent-tool theory was proposed to eliminate impacts of the tool on the
flexural wave dispersion in the dipole acoustic logging, and it has been effectively applied
in filed data processing and formation information-extraction [17,18].

In this paper, based on the equivalent-tool theory, an improved high-frequency con-
strained inversion method is proposed to invert the formation’s S-wave velocity radial
profile around the borehole. The impacts of the tool on the dipole dispersion characteristics
are eliminated by equivalently treating the acoustic tool as an elastic rod characterized by
two parameters, which are the radius and the equivalent elastic modulus. The improved
high-frequency constrained inversion method can eliminate the impacts of the tool and
obtain a high-precision formation S-wave velocity radial profile. By processing and compar-
ing the theoretical simulation data and the measured data, the reliability of the improved
inversion method is validated.

2. High-Frequency Constrained Inversion Method of Formation Shear-Velocity
Radial Profile
2.1. Basic Method Principle

Tang and Patterson found that a dispersion curve of a radially continuously changing
formation is very similar to that of a single-layer altered formation [16]. According to this
characteristic of the dispersion curve, the formation with a radial change of S-wave velocity
is regarded as a double-layer medium formation with a thickness around the borehole
and a velocity difference from the undisturbed formation. In cases of constantly changing
values, multiple theoretical models were established, and then the dispersion curve of each
theoretical model is compared with the dispersion curve of the real formation. When the
comparison results are closest, it can be considered that the theoretical model in this case is
the real formation, and an objective function can be constructed:

E(∆r, ∆V) = ∑
Ω
[Vm(ω, ∆r, ∆V)−Vd(ω)]2 (1)

where Vm is a dispersion curve calculated by the theoretical model established using ∆r
and ∆V; Vd is a dispersion curve of a real radially changing formation; Ω is a frequency
range; and ω is the circular frequency. When the value of the objective function (1) is the
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smallest, the velocity variation ∆V and the TZ thickness ∆r can be used to represent the
velocity profile of the real radially changing formation.

The objective function (1) can be used to invert a relatively accurate velocity profile,
but there is a large error for the model’s calculation of a near-borehole formation. In
order to obtain more accurate results, Tang and Patterson delved into this study, and
found that a phase velocity of a low-frequency part of the dispersion curve in a radially
changing model is close to the shear-velocity of the undisturbed zone [16]. When the
S-wave velocity of a homogeneous model is equal to the near-borehole S-wave velocity of
an inhomogeneous formation model, the high-frequency parts of the dispersion curves
of the two formation models are very close. This shows that the low-frequency part of
the flexural wave is influenced by the undisturbed zone, and the high-frequency part is
influenced by the formation near the borehole. This is because the bending wave is a
dispersive wave, leading to a longer wavelength and a further detection range, whereas a
shorter wavelength travels along the shallow formation area. From this, Tang and Patterson
proposed the high-frequency constrained inversion method to reduce the near-bore error of
the S-wave’s slowness profile by constraining the high-frequency band [16]. The objective
function (1) is modified to:

E(∆r, ∆V) = ∑
Ω
[Vm(ω, ∆r, ∆V)−Vd(ω)]2 + λ ∑

Ω′
[Vm(ω, ∆r, ∆V)−Vh(ω, V1)]

2 (2)

where Vh is the dispersion curve calculated by establishing a uniform formation model; V1 is
the wellbore formation shear-velocity; Ω’ is the high-frequency range for constraint, usually
(9~10 kHz); and λ is used to adjust the relative contribution of the high-frequency term.

The radial change of a formation’s S-wave velocity is usually monotonically increasing
or monotonically decreasing. According to this phenomenon, the formation’s S-wave
velocity radial-change model is established [4]:

V(r) = V0 −
(

∆V
1− e−1

)
exp

(
− r− r0

∆r

)
, (r ≥ r0) (3)

where V0 is the S-wave velocity of the undisturbed formation and r0 is the borehole’s
radius. The shear-velocity profile can be obtained by substituting the result obtained from
Equation (2) into Equation (3).

2.2. Theoretical Model Validation

A radial layered formation was modeled by the numerical simulation method, and the
high-frequency constrained inversion method was used for the inversion calculation. The
relevant parameters of this formation model are shown in Table 1. In the model, the number
of sampling points for each receiver was 400, the spacing was 0.1524 m, the time-sampling
interval was 36 µs, and the center frequency was 3 kHz. The velocity alteration schematic
is shown in Figure 1.

Table 1. Parameters of radial variation-formation model.

Formation Properties Radial Depth (m) P-Wave Velocity (m/s) S-Wave Velocity (m/s) Density (kg/m3)

Borehole fluid r < 0.1 1500 - 1000
TZ1 0.10 < r < 0.15 2400 1000 2500
TZ2 0.15 < r < 0.20 2400 1050 2500
TZ3 0.20 < r < 0.25 2400 1100 2500
TZ4 0.25 < r < 0.30 2400 1150 2500

Undisturbed Formation r > 0.30 2400 1200 2500
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For the model in Table 1, a real-axis-integration method was used to simulate its
waveform [19], as shown in Figure 2:
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The dispersion curve was calculated using a weighted spectral semblance algo-
rithm [19], and the results are as shown in Figure 3a. For the dispersion curve without a
frequency range of 8~9 kHz, an arctangent function fitting should be applied to obtain the
high frequency range (shown in Figure 3b).
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Figure 3. (a) Dispersion analysis by the weighted spectral semblance method and (b) the fitting results.

According to the model parameters (Table 1), the velocity changes of the TZs during
the inversion process were set to: 1000 m/s: 2 m/s: 1200 m/s, and the thickness changes
of the TZs were set to: 0 m: 0.005 m: 0.3 m. Then, it was necessary to construct 101 × 61
theoretical models, calculate the dispersion curve of each theoretical model one by one,
and substitute them into Equation (2). The full inversion frequency range was 3~9 kHz,
and the high-frequency constraint range was 8~9 kHz. A two-dimensional image of the
correlation coefficients of the objective function was obtained, as shown in Figure 4:
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The ordinate of Figure 4 is the equivalent TZ thickness ∆r, the abscissa is the velocity
change ∆V, and the color represents the size of the objective function value. When the
objective function value is the smallest, the corresponding ∆V and ∆r are 146 m/s and
0.125 m, respectively. By putting these two parameters into Equation (3), the shear-velocity
radial profile can be obtained, as shown in Figure 5, and its relative error is shown in
Figure 6.
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From Figure 6, due to the high-frequency constraints, the inversion method had a
relatively high accuracy, and the overall error was basically below 4%, and especially in the
near-borehole formation a high inversion-accuracy could be obtained.
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3. Application of Equivalent-Tool Theory in Constrained Inversion
3.1. Equivalent-Tool Theory

When using real logging data to invert the formation’s S-wave velocity radial profile,
the impacts of the acoustic logging tool cannot be ignored. Due to a complex structure, the
equivalent-tool theory can be introduced to simulate the impact of the tool [17]. Assuming
that the logging tool is a cylinder with a radius of a, no matter how complex the structure
of the tool is, as long as the wavelength of the bending wave is greater than the radius
of the tool, the tool can be equivalent to an elastic rod with an elastic modulus of MT.
One parameter can used to simulate the impacts of multiple elastic parameters of the tool.
Considering that there is a logging tool in center of the borehole, the displacement (u) and
pressure (p) in the annular fluid between the tool and the borehole caused by the acoustic
wave can be expressed as follows:

u =
{

An

[n
r

In( f r) + f In+1( f r)
]
+ Bn

[n
r

Kn( f r)− f Kn+1( f r)
]}

cos[n(θ − φ)] (4)

p =
{

An

[
ρ f ω2 In( f r)]+Bn[ρ f ω2Kn( f r)

]}
cos[n(θ − φ)] (5)

where An is the amplitude coefficients of the incident wave; Bn is the amplitude coefficients
of the outgoing wave; n is the sound-source order, n = zero for monopole, n = one for dipole,
and n = two for quadrupole; In and Kn are the first-kind and second-kind of nth-order
variant Bessel functions, respectively; f is the radial wave number of the fluid; k is the
axial wavenumber of the mode wave; Vf and ρf are the velocity and density of the fluid,
respectively; ω is the circular frequency; and θ − ϕ is the azimuth of the alignment of the
multipoles to a reference azimuth ϕ [19].

The boundary conditions at the fluid–solid interfaces (fluid in the borehole and the
logging tool’s surface, fluid in the borehole and borehole wall) are fully matched by the
acoustic admittance (i.e., u/p). At longer wavelengths, the logging tool can be equivalent to
the elastic rod with only one modulus. Norris studied the case of the solid elastic rod in
the center of the borehole, and used the following acoustic admittance matching for the
Stoneley wave between the elastic rod and the borehole wall, and the specific expression
is [20]: (

u
p

)
r=a

= − a
MT

(6)

Assuming that this result is still applicable to multipole waves, and extending Equation (6)
to the frequency domain, it is only necessary to calculate the acoustic admittance of the elas-
tic waves according to Equations (4) and (5) and then match it with the acoustic admittance
of the logging tool at the tool surface. This gives the relationship between the unknown
coefficients An and Bn:

Etool =
Bn

An
= −

(
MT

a

)[ n
a In( f a) + f In+1( f a)

]
+ ρ f ω2 In( f a)(

MT
a

)[ n
a Kn( f a)− f Kn+1( f a)

]
+ ρ f ω2Kn( f a)

(7)

where Etool represents the elastic parameter related to the tool, and it can be added to the
dispersion equation for the simulation of the impacts of the tool on the dispersion curve.
The specific method is: add the terms related to the equivalent tool to two matrix elements
M11, M21 related to the sound field in the borehole in the dispersion equation, which is:

M11 : n
R In( f R) + f In+1( f R)

→
[ n

R In( f R) + f In+1( f R)
]
+ Etool

[ n
R Kn( f R)− f Kn+1( f R)

]
M21 : In( f R)→ In( f R) + EtoolKn( f R)

(8)
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where the symbol “→” in the above formula means to convert the expression on the left to
the expression on the right. From this, the multipole dispersion equation when the logging
tool is located in the center of the borehole is obtained:

D
(

k, ω, Vp, Vs, ρ, Vf , ρ f , R, MT , a
)
= 0 (9)

where Vp, Vs, ρ are compressional velocity, shear velocity, and the density of the formation,
respectively. The Newton–Raphson method is normally used to solve the dispersion
equation [19]; thus, the multipole dispersion curve with the impact of the tool is obtained.

Vph = ω/k (10)

In order to validate the feasibility of the equivalent-tool theory, an annular heavy-mud
column is used to simplify and simulate the wireline dipole acoustic logging tool, and a
formation model with the tool in the borehole is established; its parameters are shown in
Table 2.

Table 2. Parameters of simulated formation and tool.

Formation Parameters Tool Parameters

P-wave velocity (m/s) 3200 Density (kg/m3) 7850
S-wave velocity (m/s) 2300 Inner radius (m) 0.01

Density (kg/m3) 2500 Outer radius (m) 0.045
Radius (m) 0.1

According to the parameters in Table 2, the real-axis integration method is used to sim-
ulate and calculate the corresponding waveforms and, respectively, calculate the reference
dispersion curve without considering the impacts of the tool, the reference dispersion curve
calculated by the equivalent-tool theory, and the dispersion curve calculated by simulating
the waveform with the impacts of the tool. The results are shown in Figure 7.
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In the calculation, the equivalent radius a of the tool is equal to the outer diameter of
the heavy-mud column (0.045 m), and the value of the equivalent modulus of the tool MT is
32 GPa. It can be seen from Figure 7 that in the frequency range of 2–9 kHz, the calculation
results using the equivalent-tool theory are consistent with the theoretical curve, which
validates the applicability of the equivalent-tool theory. Furthermore, in the frequency band
higher than the cutoff frequency, logging tools make the flexural wave dispersion curve
shift to low frequencies, which indicates that the impact of the tool must be considered
when we use the dipole dispersion curve to carry out any inversion processing.

3.2. Application of Equivalent-Tool Theory in Constrained Inversion Method

The parameters of the annular heavy-mud column in Table 2 are used to simulate the
formation model with the impacts of the tool. The high-frequency constraint method is
used for the inversion calculation. When calculating the dispersion curve of the theoretical
model, the equivalent theory is used to calculate the dispersion curve with the impacts of
the tool, and a two-dimensional image of the objective function is obtained by substituting
it into Equation (2).

Figure 8a,b represents the two-dimensional images of the objective function using the
equivalent-tool theory and without using the equivalent-tool theory, respectively. When
the value of the objective function is the smallest, the velocity change and equivalent
thickness using the equivalent-tool theory are 146 m/s and 0.125 m, respectively, and the
velocity change and equivalent thickness without using the equivalent-tool theory are
171 m/s and 0.145 m, respectively. The impacts of the tool make the velocity change and the
equivalent thickness larger. By bringing these two results into Equation (3), the obtained
dipole formation S-wave velocity radial profile is as follows:
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From Figures 9 and 10, it can be seen that the relative error of the inversion results
without considering the tool is larger. This is because the tool’s existence makes the
dispersion curve shift to the low-frequency of the real formation, the velocity change, and
the equivalent thickness increase when the objective function value is the smallest, resulting
in a generally smaller radial S-wave velocity and a larger relative error. Therefore, the
impact of the tool can be eliminated by using the equivalent-tool theory, and the result is
more in line with true values.
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4. Real Data Processing

Based on the previous theoretical analysis, we can identify that the existence of the
acoustic tool affects the dipole dispersion characteristic dramatically. The impacts of the
tool should be considered carefully when performing the formation S-wave velocity radial
profile inversion. For the real data processing, due to unknown tool parameters, the
tool would be different for different borehole-logging measurements, and thus constant
parameters cannot be used as equivalent to tool impacts. The following procedure is
adopted in real data processing:

1. Step 1, select the impermeable and tight interval, extract the dispersion curve of the
measured dipole waveform, and compute the theoretical dispersion curve using the
known formation velocity, density, and borehole parameters.

2. Step 2, invert the tool parameters MT and a by matching the real data and the synthetic
curve based on the equivalent-tool theory in the impermeable and tight intervals.



Energies 2023, 16, 59 11 of 13

3. Step 3, implement the formation’s S-wave velocity radial profile inversion algorithm
corrected by the equivalent-tool theory in other intervals. The tool equivalent parame-
ters MT and a in this step use the value from Step 2.

The formation’s S-wave velocity radial profile is processed for the real data of an
oilfield in Western China, as shown in Figure 11.
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The depth of the borehole is X200–X260 m. In Figure 11, Trace 1 is the well diameter
curve (black line) and the natural gamma curve (red line), Trace 2 is the time difference
between the formation’s P and S-waves in this interval, and Trace 3 gives the orthogonal
dipole anisotropy analysis and fast and slow S-wave waveforms. Trace 4 is the formation’s
S-wave velocity radial profile calculated by the high-frequency constrained inversion
method. In Trace 4, the shade of color represents the difference with the undisturbed
formation velocity. Trace 5 is the formation’s S-wave velocity profiles with the improved
inversion method. Trace 6 gives the deep and shallow resistivity logging curves. From
Figure 11, it can be seen that there are obvious differences between the two velocity profiles
in the interval marked by the red frame. In this marked interval, there is no change in
the borehole diameter, the anisotropy is not obvious, the GR value has no offset, there
is no obvious difference between the deep and shallow resistivity curves, and thus the
radial S-wave velocity should not change. Therefore, the result of Trace 5 is more in line
with the real formation. At the interval between X245 m and X255 m, the radial S-wave
velocity on Trace 5 has obvious changes, while the depth and shallow resistivity curves on
Trace 6 are significantly different, the GR value on Trace 1 is small, and the borehole
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diameter (Trace 1) and anisotropy (Trace 3) have no obvious changes. This may be caused
by mud invasion. The radial velocity changes are not obvious in other intervals, but the
radial velocity change exists in the whole interval on Trace 4, which is obviously not in line
with the actual situation.

5. Conclusions

In this paper, the basic theory of the high-frequency constrained inversion method for
the formation’s S-wave velocity radial profile is studied, and examples of a forward and an
inversion simulation are given to illustrate that this method has a large error in the case of
considering the impacts of the acoustic logging tool. Then, the equivalent-tool theory is
introduced to eliminate the impacts of the tool through theoretical and real data studies.
Finally, an improved high-frequency constraint inversion method using the equivalent-tool
theory is proposed and used to process the real logging data. The following conclusions
are drawn:

1. The existence of the tool makes the dispersion curve of the dipole acoustic logging
move to a low frequency. If the inversion calculation is carried out directly without
considering the impacts of the tool, the velocity change and the equivalent thickness
obtained by this inversion method will be larger, thereby increasing the error. The
equivalent-tool theory can be used to calculate the dispersion curve of the theoret-
ical model by considering the tool, thereby eliminating the impacts of the tool and
reducing the inversion error.

2. The results obtained using the improved high-frequency constrained inversion method
show that the radial velocity changes in the entire interval of the formation’s S-wave
velocity radial profile without using the equivalent-tool theory are not in line with
the actual situation, and the formation’s S-wave velocity radial profile using the
equivalent-tool theory is in good agreement with other curves. This proves the ef-
fectiveness of the improved high-frequency constrained formation’s S-wave velocity
radial profile-inversion method.
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