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Abstract: A permanent magnet synchronous motor (PMSM) is a crucial device for power conver-
sion in an energy system. The cogging torque of the PMSM is a crucial output characteristic, the
robustness of which affects the operational reliability of the energy system. Therefore, the robust
design optimization (RDO) of cogging torque has aroused widespread concern. There are several
challenges in designing a robust cogging torque PMSM. In particular, some design parameters contain
repetitive units, and the finite element analysis (FEA) method is time-consuming. State-of-the-art
RDO methods usually treat these uncertainties from repetitive units as the same parameter, which
neglects the fluctuation of the manufacturing process and cannot obtain a robust solution for the
cogging torque of the motor efficiently and accurately. In order to solve this issue, an approximate
modeling method based on manufacturing uncertainties analysis for RDO is proposed in this paper.
First, the peak-to-peak value of cogging torque (Tcpp) is used to characterize the cogging torque,
which is decoupled to an ideal component and fluctuation component produced by the center values
and manufacturing tolerances of design parameters. The design of experiments (DoE) and simulation
of the two components are carried out. Then, these two components are approximated separately,
and the approximate model of Tcpp is obtained by adding the two components. Finally, the proposed
approximate model is embedded into the RDO algorithm, and the PMSM design scheme for good
Tcpp robustness is obtained. The effectiveness of the proposed method is verified through a case study
of the PMSM.

Keywords: energy system; permanent magnet synchronous motor; manufacturing uncertainties;
approximate modeling; robust design optimization

1. Introduction

With more rigorous demands for energy saving and environmental protection in the
industry, mechanical arms and new energy-electric vehicles driven by electric motors are
being widely developed [1]. Permanent magnet synchronous motors (PMSMs), which
present high efficiency and low torque ripple [2,3], are commonly applied to high-precision
servo equipment in the environmental energy industry, such as precision rotary tables,
robots, CNC machines, new energy electric vehicles [4,5] (the leading applications are
shown in Figure 1). Compared with other motors, PMSM has a relatively low torque
ripple. Low torque ripple cannot be ignored in high-precision applications, such as robot
elbow joints and CNC machines, which have high requirements for control accuracy and
positioning accuracy. Pursuing lower torque ripple is still a research hotspot in motor
optimization. The cogging torque of the PMSM is the inherent torque generated by the
motor’s interaction between the stator and rotor. It also exists even in an ideal situation.
The cogging torque produces the torque ripple, which reduces the positioning accuracy
and control accuracy and limits the application of the PMSM in high-precision cases. The
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peak-to-peak value of the cogging torque (Tcpp) is used to quantify this fluctuation. As the
PMSM has repetitive units affected by manufacturing uncertainties, the inconsistency of
the Tcpp of a batch of motors significantly impacts the quality, reliability, performance, and
cost of the servo equipment [6]. Therefore, with existing manufacturing accuracy, reducing
the Tcpp in a batch of motors and improving its overall robustness is an important and
challenging task.

Energies 2023, 16, x FOR PEER REVIEW 2 of 53 
 

 

motor’s interaction between the stator and rotor. It also exists even in an ideal situation. 
The cogging torque produces the torque ripple, which reduces the positioning accuracy 
and control accuracy and limits the application of the PMSM in high-precision cases. The 
peak-to-peak value of the cogging torque (Tcpp) is used to quantify this fluctuation. As the 
PMSM has repetitive units affected by manufacturing uncertainties, the inconsistency of 
the Tcpp of a batch of motors significantly impacts the quality, reliability, performance, and 
cost of the servo equipment [6]. Therefore, with existing manufacturing accuracy, reduc-
ing the Tcpp in a batch of motors and improving its overall robustness is an important and 
challenging task. 

 
(a) (b) (c) 

Figure 1. Typical applications of permanent magnet synchronous motors in the environmental en-
ergy industry: (a) robots; (b) high-precision servo equipment; (c) new energy electric vehicles. 

In order to improve the product quality in a batch of motors, many scholars have 
adopted robust design optimization (RDO) [7,8] to improve the robustness of Tcpp. RDO 
refers to finding the design that makes the output response least sensitive to noise with 
the existing manufacturing uncertainties. Many scholars have introduced RDO into the 
optimization of motor efficiency, controllers, vibration, and Tcpp, and most of these re-
search activities are based on finite element analysis (FEA). However, the conventional 
RDO methods using electromagnetic simulations are usually based on symmetry models 
in which these uncertainties of permanent magnets and stator slots from repetitive units 
are treated as a single random variable. They deal with different design variables or pa-
rameters as a single uncertainty. It is necessary to utilize a complete model due to the 
combined effect of the uncertainties caused by repetitive units being different from that 
of a single variable [9]. The FEA is time-consuming because the RDO process requires 
many iterative simulations. Therefore, an approximate model is proposed to replace the 
FEA to improve the optimization process efficiency. Some scholars have adopted Kriging 
[10], support vector machines (SVMs) [11], and the response surface model [12] for RDO. 
When considering the manufacturing uncertainties, the number of samples required by 
the conventional approximate modeling method increases sharply with the increase in 
design parameters, which brings apparent limitations to the approximate modeling of Tcpp. 
Lee and Kim et al. establish an approximate model of output response using analytical 
methods but only focus on optimizing a single design parameter when considering the 
manufacturing uncertainties of repetitive units [13–15]. However, the relationship be-
tween various design parameters and the Tcpp is nonlinear. Thus, multi-parameter or 
global optimization of the motor is not equivalent to the superposition of individual sin-
gle-parameter optimizations. Therefore, the optimal global solution cannot be obtained 

Figure 1. Typical applications of permanent magnet synchronous motors in the environmental energy
industry: (a) robots; (b) high-precision servo equipment; (c) new energy electric vehicles.

In order to improve the product quality in a batch of motors, many scholars have
adopted robust design optimization (RDO) [7,8] to improve the robustness of Tcpp. RDO
refers to finding the design that makes the output response least sensitive to noise with
the existing manufacturing uncertainties. Many scholars have introduced RDO into the
optimization of motor efficiency, controllers, vibration, and Tcpp, and most of these research
activities are based on finite element analysis (FEA). However, the conventional RDO
methods using electromagnetic simulations are usually based on symmetry models in
which these uncertainties of permanent magnets and stator slots from repetitive units
are treated as a single random variable. They deal with different design variables or
parameters as a single uncertainty. It is necessary to utilize a complete model due to the
combined effect of the uncertainties caused by repetitive units being different from that of
a single variable [9]. The FEA is time-consuming because the RDO process requires many
iterative simulations. Therefore, an approximate model is proposed to replace the FEA
to improve the optimization process efficiency. Some scholars have adopted Kriging [10],
support vector machines (SVMs) [11], and the response surface model [12] for RDO. When
considering the manufacturing uncertainties, the number of samples required by the
conventional approximate modeling method increases sharply with the increase in design
parameters, which brings apparent limitations to the approximate modeling of Tcpp. Lee and
Kim et al. establish an approximate model of output response using analytical methods but
only focus on optimizing a single design parameter when considering the manufacturing
uncertainties of repetitive units [13–15]. However, the relationship between various design
parameters and the Tcpp is nonlinear. Thus, multi-parameter or global optimization of the
motor is not equivalent to the superposition of individual single-parameter optimizations.
Therefore, the optimal global solution cannot be obtained by optimizing a single parameter,
which is not suitable for the design process of multiple design parameters.

In order to solve the above problems, we propose an RDO method based on ap-
proximate modeling considering manufacturing uncertainties, in which the approximate
modeling is based on the traditional approximate modeling without considering the un-
certainty, supplemented with the approximate modeling of the fluctuation component
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caused by the uncertainties. The two parts of the model are added together to obtain the
approximate model considering the uncertainties. The approximate model is applied to the
RDO process. Firstly, to decouple the effect of the center values and the manufacturing un-
certainties of the design parameters on the Tcpp, we divide the Tcpp into the ideal component
dominated by the center values of the design parameters and the fluctuation component
jointly affected by the manufacturing uncertainties. The two components are sampled and
modeled separately. Then, an approximate model is conducted separately for the two com-
ponents. The relationship between the center values and the ideal component of Tcpp is the
model without considering uncertainties, so it can be directly modeled by using the conven-
tional approximate modeling method. As the theoretical analysis shows that the fluctuation
component is related to the center values and manufacturing uncertainties [9,16–18], the
fluctuation component can be approximately obtained by the manufacturing deviation
rates. The manufacturing deviation rate is the ratio of the manufacturing deviation and
center values. The higher the dimension of the manufacturing deviation of repetitive units,
the higher the approximate complexity. Therefore, when the training samples are relatively
limited, the random forest (RF) was used to model the fluctuation component. On the one
hand, the bagging method was used to expand the number of training samples; On the
other hand, the relationship between the manufacturing deviation rates of parameters and
the fluctuation component of Tcpp is trained by decision trees. The output of the fluctuation
component model is added to the output of the ideal component model, and the Tcpp
considering manufacturing uncertainties is obtained. Finally, the proposed approximate
model is applied to the RDO of the PMSM to reduce the mean and standard deviation of
the motors’ Tcpp, verifying the scheme’s effectiveness.

The critical aspects of the approximate modeling method for RDO proposed in this
paper are as follows: first, the approximate model of the ideal components of Tcpp is compa-
rable to the conventional approximate model without considering the tolerances, which
requires a small number of samples, while the traditional approximate modeling method
can be used to obtain more accurate approximate results. Second, the complementary
modeling of the fluctuation component of Tcpp is used to compensate for components
caused by manufacturing deviations of repetitive units that are not considered in the ideal
component model. As a result, the accuracy of the overall approximate model is improved.

The rest of the paper is organized as follows: Section 2 introduces the proposed ap-
proach’s overall thought and basic flow. A parametric FEA is established to extract the
training database of the approximate modeling, and the key parameters are screened to
reduce the approximate modeling dimension. An approximate modeling method consid-
ering the uncertainties of repetitive units is proposed for RDO. Then, the RDO method is
proposed. Section 3 takes a PMSM as an example, demonstrating the superiority of the
proposed approximate modeling. The robust optimization results can be obtained when
the approximate modeling is applied to RDO. Section 4 conveys the concluding remarks.

2. The Proposed RDO Approach Considering Manufacturing Uncertainties of the
PMSM

In the actual production process of the PMSM, there are inevitable manufacturing
uncertainties because the structure of the PMSM has repetitive units, and the uncertainty
of a single design parameter comes from multiple units. The traditional RDO needs
to consider this issue, and the optimization scheme obtained is insignificant in actual
production. In order to solve this problem, the uncertainties of repetitive units caused by
manufacturing uncertainties are fully considered in the RDO process for the PMSM. In order
to take into account the calculation accuracy and efficiency of the RDO, an approximate
model considering the uncertainties of the actual manufacturing process was established
to replace the FEA. Therefore, the actual machining parameters of the PMSM need to be
accurately analyzed by FEA first, from which the training data with the actual production
conditions were extracted for approximate modeling. In Section 2.2, the parametric FEA of
this paper is different from traditional FEA, which can independently assign repetitive unit
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values of the motor, and the parametric FEA model by the actual production processing
was established. The parameter values of repetitive units and the output characteristic
values from parametric FEA were extracted as the training database for approximate
modeling. The parametric FEA involved a large number of design parameters. In order to
reduce the dimension of the approximate model and improve the efficiency of approximate
modeling, the sensitivity analysis method was used to screen out the critical parameters
that significantly impacted the model’s output response as design parameters. A design
of experiments (DoE) method used to establish the approximate model training database
in this paper is proposed. The approximate modeling method considering repetitive unit
uncertainties is proposed in Section 2.3. It was embedded into the RDO as described in
Section 2.4.

2.1. Procedure of the Proposed Approach

Figure 2 illustrates the proposed RDO approach considering manufacturing uncer-
tainties of the PMSM for energy systems. The critical processes of the proposed approach
are as follows: (a) The decoupling of the center values and manufacturing deviation rates
of the parameter and the establishment of the approximate model training database for
the two components of the Tcpp; (b) The establishment of an approximate model of Tcpp
with repetitive units considering manufacturing uncertainties; (c) Construction of the RDO
model for Tcpp.
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The simplified procedure for RDO of Tcpp considering manufacturing uncertainties
with repetitive units is listed as follows:

(a) The parametric FEA considering the uncertainties of the PMSM is conducted, and
the most significant parameters are screened. DoE samples the parameters with and
without tolerances. Through parametric FEA, the center values and manufacturing
deviation rates of the parameters, as well as their corresponding ideal components
and fluctuation components of Tcpp, are extracted, and the training database of the
two components is established.
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(b) The approximate model of the ideal component and the fluctuation component of
Tcpp are established, respectively. Then, the approximate model of Tcpp with tolerances
is obtained by adding the two approximate models.

(c) The optimization object function, constraint conditions, and parameter optimization
range are defined, and the RDO model of Tcpp is established. The approximate model
is embedded into the RDO model, and RDO obtains the optimization scheme that
meets the mean and standard deviation requirements.

2.2. The Building of an Approximate Modeling Training Database Considering Repetitive Unit
Uncertainties

The traditional PMSM FEA uses Ansys software to build a symmetrical or quarter-
simplified model. The repetitive unit parameters in the same structure are treated equally,
which cannot reflect the influence of the manufacturing uncertainties on the output charac-
teristics. In order to consider the manufacturing processing dispersion of repetitive units,
the repetitive units of the PMSM model should be assigned independently, so the paramet-
ric FEA method was adopted in this study to obtain the FEA model, which is consistent
with the actual manufacturing conditions. On this basis, sensitivity analysis was carried
out, and the significant design parameters were screened out. Then, the training database
of approximate modeling was constructed according to the selected design parameters.

(a) According to the relative position of each unit, the coordinate function containing the
parameter value variable of repetitive units is established.

(b) According to the actual values of input parameters, the coordinate functions are
calculated to obtain the model with the actual values, and the Tcpp is extracted by
simulation.

(c) Single-factor sensitivity analysis selects the most significant factors affecting Tcpp. The
formula for sensitivity analysis is shown as follows:

Si =
∂ f (x)

∂xi

∣∣∣∣x=x0 =
f (x0 ± ∆xi)− f (x0)

±∆xi
, (1)

where Si is the sensitivity of the ith parameter xi to the target f (x), and ∆xi is incremental of
xi. The ith parameter is successively set to plus-minus tolerance of its center value x0, and
the other parameters are unchanged. It is worth noting that if the changeable parameters
are from the repetitive units, Monte Carlo sampling (MCS) should be carried out within
the tolerance range to obtain a set of parameter values with tolerances of the number of
repetitive units, which will be injected into the parametric FEA to obtain the model with
tolerances.

The parameters sensitive to Tcpp are screened out through sensitivity analysis, which
is used as the design parameters for the following RDO research.

(d) The training database was constructed.

A parametric FEA describing the actual motor parameters can be obtained based on
the above analysis. Through the DoE, the sample data by the actual production dispersion
of Tcpp are obtained by parametric FEA, which is used for approximate modeling training.

An approximate model was established in this study to fit the cogging torque of the
PMSM as an example. Cogging torque can be considered a series of periodic waveforms.
The peak-to-peak value of the cogging torque (Tcpp) is the difference between the maximum
and minimum values of cogging torque in one or more cycles. In most existing studies,
Tcpp is used to quantify cogging torque, which is defined as:

Tcpp = max (Tcog(ϕ)) −min (Tcog(ϕ)), (2)

where Tcpp is the peak-to-peak value of cogging torque, Tcog is the cogging torque, and ϕ
gives the rotor angle.

Assume a surface-mounted permanent magnet synchronous motor (PMSM) with
P poles and Q slots, of which the schematic diagram of repetitive units of the PMSM is
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shown in Figure 3. Several uncertainties from a single source can be involved owing to
repetitive units in the PMSM. Their variation of structures and material properties can be
approximately regarded as random variables following a Gaussian distribution. In this
paper, “repetitive units” is used to describe the structural characteristics of the PMSM.
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Consider a motor with K design parameters that has center value x = {x1, x2, . . . , xK},
where the deviations between actual design parameters and ideal center values can be
presented as σ = {σ1, σ2, . . . , σK}, and the number of repetitive units of the kth design
parameter is pk. Then, for convenience of expression, the center value after taking repetitive
units into account can be expanded to X,

X =
{

x(1)1 , . . . , x(p1)
1 , x(1)2 , . . . , x(p2)

2 , x(1)K , . . . , x(pK)
K

}
, (3)

where x(1)i = x(2)i = . . . = x(pi)
i . In manufacturing, the repetitive units of the PMSM inevitably

have manufacturing deviations. Their corresponding deviations are expanded to Σ,

Σ =
{

σ
(1)
1 , . . . , σ

(p1)
1 , σ

(1)
2 , . . . , σ

(p2)
2 , . . . , σ

(1)
K , . . . , σ

(pK)
K

}
. (4)

Thus, the design parameters of a motor make up a random variable Z,

Z =
{

Z(1)
1 , . . . , Z(p1)

1 , Z(1)
2 , . . . , Z(p2)

2 , . . . , Z(1)
K , . . . , Z(pK)

K

}
, (5)

which is assumed to form multivariate Gaussian distributions. The manufacturing devia-
tion rate of each repetitive unit is defined as the ratio of the random parameter tolerance
and its corresponding center value, which means the rate at the parameters changes. It can
be represented as ζ,

ζ =
{

σ
(1)
1 /x(1)1 , . . . , σ

(p1)
1 /x(p1)

1 , σ
(1)
2 /x(1)2 , . . . , σ

(p2)
2 /x(p2)

2 , . . . , σ
(1)
K /x(1)K , . . . , σ

(pK)
K /x(pK)

K

}
. (6)
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Assume that f (Z) is the approximate function of the Tcpp, which can be presented as
Equation (7) based on Taylor expansion:

f (Z) = f (X) + f ′(X)(Z− X) +
1
2

f ′′(X)(Z− X)2 + . . . . (7)

If we omit the higher-order terms, Formula (7) can be expressed by first-order Taylor
expansion as:

f (Z) = f (X) + f ′(X)(Z− X), (8)

where X is the center values vector of design parameters, and Z is the design parameters
vector with manufacturing deviations. Z − X is the deviation between the actual value
and the center value of each parameter, that is, the manufacturing deviation of each design
parameter. f ′(X) is the gradient near the center value vector of the design parameter. Take
the manufacturing deviation rate as ζ, that is, ζ =Σ/X = (Z − X)/X, then Equation (8) can
be expressed as:

f (Z) = f (X) + f ′(X)(ζX). (9)

Equation (9) can be further transformed into:

f (Z)
X = f (X)

X + f ′(X)ζ, (10)

that is,

f (Z) = X[
f (X)

X
+ f ′(X)ζ]. (11)

If we use f 1 to represent the first term in the bracket on the right, shown as f1 =
f (X)/X; and g1 to represent the second term in the bracket on the right, shown as g1 =
f ′(X)ζ.

Then, f (Z) can be expressed as:

f (Z) = X[ f1(X) + g1(X, ζ)] (12)

In the process of approximate modeling, we first performed an approximate calcu-
lation of the first component to obtain f1(X). At this point, X is the input variable of the
model, and as a known value, the gradient f ′(X) at this point is an unknown but constant
value, which does not influence the approximate calculation of g1(X, ζ). Therefore, in the
approximate calculation of the second component g1(X, ζ), only the input variable ζ, the
manufacturing deviation rate, needs to be considered as the input variable. Equation (12)
can be further written as:

f (Z) = X[ f1(X) + g1(ζ)] (13)

Thus, the approximate model of Tcpp can be composed of two parts: the ideal com-
ponent of Tcpp caused by the center value of the design parameters and the fluctuation
component of Tcpp caused by the manufacturing deviation rate of the design parameters.
On this basis, the approximate calculation of Tcpp can be performed on the ideal component
f1(X) and the fluctuation component g1(ζ) in turn. Thus, the effects of center value X and
manufacturing deviation rate ζ on Tcpp are decoupled to achieve the purpose of modeling
separately.

In order to establish approximate modeling of the ideal component and the fluctuation
component of Tcpp, the corresponding input data of the model are the center values and the
manufacturing deviation rates of the design parameters. The procedure for establishing
the corresponding training database is shown in Figure 4.



Energies 2023, 16, 663 8 of 24

Energies 2023, 16, x FOR PEER REVIEW 8 of 24 
 

 

and the manufacturing deviation rates of the design parameters. The procedure for estab-
lishing the corresponding training database is shown in Figure 4. 

11 12 1

21 22 2

1 2

K

K
N K

N N NK

x x x
x x x

Y

x x x

×

 
 
 =
 
 
 




   


 
 


MCS
















(1)
1(1)Nx

(2)
1(1)Nx 1( )

1(1)
p
Nx

(1)
(1)NKx

(2)
(1)NKx

( )
(1)
Kp

NKx

(1)
1( )N Mx (2)

1( )N Mx 1( )
1( )
p
N Mx (1)

( )NK Mx (2)
( )NK Mx ( )

( )
Kp

NK Mx

Define design 
parameters 
range and 
tolerances

LHS Combination 
of center 
values of 

design 
parameters

MCS

Parameters 
with tolerances

subtr
act

Deviations 

divid
e

Parametric 
FEA

Ideal 
component of 

Tcpp

 Tcpp with 
tolerances

subtr
act

Fluctuation 
component of 

Tcpp

Training database of fluctuation 
components of Tcpp

Training database of ideal 
components of Tcpp

dY

Ideal 
component 

of Tcpp

Combination 
of center 
values of 

design 
parameters

NNY

NY

Ra
nd

om
 sa

m
pl

in
g

Parametric 
FEA

NY

 
Figure 4. The procedure of establishing the training database. 

The steps to build the training database are as follows: 
(1) The design parameters range and tolerances are defined. For the filling of the design 

space, Latin hypercube sampling (LHS) [19] is used to sample combinations of center 
values of the design parameters in the design parameter range. Assuming that there 
are K design parameters, LHS obtains NN groups of center value combinations. Par-
ametric FEA is performed on each group of samples to obtain Tcpp without tolerance, 
which, together with the sampling center values of design parameters, is the training 
database of ideal components of Tcpp constituted. 

(2) N samples are randomly selected from the NN groups of center values samples. Con-
sidering the manufacturing deviations of repetitive units, Monte Carlo sampling 
(MCS) for each group of design parameter center values can obtain the actual pa-
rameter values with manufacturing tolerances. As shown in the dashed box on the 
right of Figure 4, the numbers of their corresponding repetitive units for K design 
parameters can be presented by p1, p2, …, pK. According to experience, all design pa-
rameters are subject to the Gaussian distribution. Thus, MCS with Gaussian distribu-
tion performed M times for each group of center value combinations. The Nth group 
is taken as an example; the first design parameter xN1 contains p1 repetitive units, 
which can be expanded into x(1) 

N1(1), x(2) 
N1(1), …, x(p1) 

N1(1), according to its manufacturing devi-
ations in the first sampling. Other N-1 groups of parameters are sampled as this rule. 
In the end, a high-dimension matrix Yd is obtained, of which the dimension is d = 
N×M×ΣK 

p=1pK. The Tcpp database with tolerances is obtained by parametric FEA, which 
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The steps to build the training database are as follows:

(1) The design parameters range and tolerances are defined. For the filling of the design
space, Latin hypercube sampling (LHS) [19] is used to sample combinations of center
values of the design parameters in the design parameter range. Assuming that there
are K design parameters, LHS obtains NN groups of center value combinations. Para-
metric FEA is performed on each group of samples to obtain Tcpp without tolerance,
which, together with the sampling center values of design parameters, is the training
database of ideal components of Tcpp constituted.

(2) N samples are randomly selected from the NN groups of center values samples.
Considering the manufacturing deviations of repetitive units, Monte Carlo sampling
(MCS) for each group of design parameter center values can obtain the actual parame-
ter values with manufacturing tolerances. As shown in the dashed box on the right of
Figure 4, the numbers of their corresponding repetitive units for K design parameters
can be presented by p1, p2, . . . , pK. According to experience, all design parameters are
subject to the Gaussian distribution. Thus, MCS with Gaussian distribution performed
M times for each group of center value combinations. The Nth group is taken as an
example; the first design parameter xN1 contains p1 repetitive units, which can be
expanded into x(1)N1(1), x(2)N1(1), . . . , x(p1)

N1(1), according to its manufacturing deviations in
the first sampling. Other N-1 groups of parameters are sampled as this rule. In the
end, a high-dimension matrix Yd is obtained, of which the dimension is d = N ×M
× ΣK

p=1pK. The Tcpp database with tolerances is obtained by parametric FEA, which
subtracted the Tcpp ideal component with the center value of the corresponding design
parameter to obtain the database of the Tcpp fluctuation component. In addition,
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the difference between the parameters with tolerances and the corresponding center
values of design parameters is divided by the corresponding center values of design
parameters to obtain the manufacturing deviation rate. The manufacturing deviation
rate data, together with the fluctuation component of Tcpp, constitute the training
database of fluctuation components of Tcpp.

2.3. The Establishment of the Approximate Model for Tcpp

According to the DoE of Section 2.2, we proposed the compensate fluctuation (CF)
approximate modeling method, which established the approximate models for Tcpp consid-
ering manufacturing uncertainties of repetitive units. Based on the approximate modeling
of the ideal component of Tcpp, the fluctuation component is supplemented and added
to the ideal component model; that is, the ideal and fluctuation components of Tcpp are
modeled and then added to obtain the Tcpp approximate model.

The proposed CF approximate modeling method is carried out for the two components.
The flow chart of the proposed method is shown in Figure 5.
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Firstly, a conventional approximate modeling method is searched to establish the ideal
component of Tcpp. The center values vector of design parameters X is the input data. f 1(X)
is the ideal component of Tcpp, the output data.

Secondly, for the fluctuation component of Tcpp, g1(ζ), that is g1((Z − X)/X), caused
by manufacturing deviation rate (Z − X)/X, the random forest (RF) method [20] based on
bagging [21,22] is used for the establishment of the approximate model. First, the subspaces
of the fluctuation component training database are constructed. The manufacturing devia-
tion rates and the corresponding Tcpp fluctuation component database obtained by DoE in
Section 2.2 are sampled with replacement multiple times based on bagging, and various
training database subspaces are obtained. The subspaces of the training database R1, R2,
. . . , RG, and corresponding decision trees T1, T2, . . . , TG are obtained. Each subspace
contained several pieces of training data from the entire training database, and the number
of training data contained in all decision trees far exceeded the total number of the training
database. Then, the database of each subspace Rg is trained to establish a decision tree Tg to
approximate the fluctuation component of Tcpp. According to the information gained, the
order of the input parameter features in the leaf nodes of the decision tree is determined.
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Then the training data are divided according to the judgment index of the input parameter
features at each leaf node until it cannot be divided further. The training objective of each
decision tree is to minimize the difference between the predicted fluctuation component
from the output of the tree and the actual fluctuation component, which means that the
tree’s output is close to the actual value. The training objective is shown as follows:

min(Tg(ζi)− yg)
2, i ∈ N ×M, (14)

where yg is the actual fluctuation component of Tcpp, i.e., the FEA result; ζi is the ith
manufacturing deviation rates vector from N ×M samples and Tg(ζi) is the predicted value
of Tcpp fluctuation component for the gth tree model.

When the model is used to approximate the fluctuation component of Tcpp, assuming
that the number of the decision tree is G, the manufacturing deviation rates should be input
to the fluctuation component model. Then the outputs of all decision trees are averaged to
obtain the predicted value of the final fluctuation component of Tcpp as Equation (15):

g1(ζ) =
1
G

G

∑
g=1

Tg(ζi), (15)

where Tg(ζi) is the output of the gth decision tree; g1(ζ) is the predicted value of the
fluctuation component of Tcpp.

Finally, the predicted Tcpp with tolerances can be calculated as the sum of the above
two components, shown as:

_
Y(X, ζ) = f1(X) + g1(ζ). (16)

The accuracy of the approximate model is evaluated by relative error (RE):

RE =
1
ns

ns

∑
j=1

∣∣∣∣∣ Ŷj(Xj, ζ j)−Yj(Xj, ζ j)

Yj(Xj, ζ j)

∣∣∣∣∣, (17)

where ns is the number of selected test samples, and Yj(Xj, ζj) is the jth actual response
value of the test sample, i.e., the parametric FEA value. Ŷj(Xj, ζj,) is the jth predicted value
of the approximate model. A poor RE reflects high model accuracy.

2.4. RDO of Tcpp Considering Repetitive Unit Parameter Uncertainties

Different combinations of design parameters affect the consistency of output char-
acteristics of the PMSM. In order to improve the consistency of output characteristics of
the batch PMSM, it is necessary to find some design schemes to make the mean values
of the output characteristics as close as possible to the design object and distributed in
a concentrated manner in the presence of manufacturing deviation while ensuring the
performance also meets the requirements. In this study, the particle swarm optimization
(PSO) method is used to optimize the design parameters and realize the robust design of the
PMSM, considering the manufacturing uncertainties of repetitive units. The optimization
objective function is shown in Equation (19). The optimization objective is to minimize
the mean and standard deviation of the Tcpp of the PMSM, and the constraint is that the
no-load back electromotive force (BEMF) is not lower than its threshold. The optimization
will be stopped when the mean and standard deviation of the Tcpp are lower than their
respective thresholds. The specific implementation is shown in Figure 6.

minF(µ(Tcpp), σ(Tcpp))

s.t.BEMF ≥ BEMFt, µ(Tcpp) ≤ µ(Tcpp)
t, σ(Tcpp) ≤ σ(Tcpp)

t (18)
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The steps of robust design optimization (RDO) with repetitive unit uncertainties are
as follows:

Step 1, the design scheme: the mean value and standard deviation are initialized.
The MCS is performed according to the actual manufacturing deviations to sample the
parameters of the repetitive units in one motor. Then, MCS is performed according to the
deviations of the batch motor to obtain the parameters of the batch motor. The approximate
model is used to calculate the batch motor’s Tcpp value to calculate the batch motor’s
statistical characteristics, such as the mean and standard deviation.

Step 2, the mean and standard deviation of the current scheme are compared with
the historical scheme. If the current scheme is better than the historical scheme, it replaces
the optimal one; Otherwise, the historical optimal solution is kept, and it is determined
whether the optimization goal is achieved. If the optimization goal is achieved, the optimal
solution is output. Otherwise, the particle position and velocity are updated, and steps 1
and 2 are repeated.

According to the optimal design scheme, MCS is carried out to obtain a batch of
the motor according to the design tolerances, the parametric FEA is conducted, and the
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robustness of the optimized motor is verified. In addition, several prototypes are produced
to test and verify the scheme’s effectiveness.

3. Case Study
3.1. Establishment of Parametric FEA and Screening of the Critical Design Parameters

A type of PMSM with 10p/12s was used to verify the proposed method, where the
basic structure of the PMSM is shown in Figure 7. The speed of the permanent magnet
synchronous motor (PMSM) parametric FEA model was set to 5 rpm. The fixed parameters
that do not consider the tolerance are shown in Table 1. The variable parameters that
consider tolerances are shown in Table 2.
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Table 1. Fixed parameters of the permanent magnet synchronous motor (PMSM).

Parameter Symbol Value

Outer radius of stator R_os (mm) 67.5
Inner radius of stator R_is (mm) 47.5
Outer radius of rotor R_or (mm) 43.5

Table 2. Variable parameters of the PMSM.

Parameter Symbol Initial
Mean Min Max Tolerances

Width of stator slot
opening Bs0 (mm) 2 1.8 2.2 ±0.04

Depth of stator slot
opening Hs0 (mm) 0.8 0.72 0.88 ±0.04

Width of additional
stator slot opening

Abs0
(mm) 2 1.8 2.2 ±0.04

Depth of additional
stator slot opening

Ahs0
(mm) 0.8 0.72 0.88 ±0.04

Magnetic tile pole arc
eccentricity Arc (mm) 18 17.1 18.9 ±0.05

Magnetic coercive force Hcb
(A/m) −905,000 −995,500 −814,500 ±50,000

Magnetic tile thickness hm (mm) 3.2 2.88 3.52 ±0.05
Height of stator teeth Hts (mm) 0.8 0.72 0.88 ±0.04

In traditional FEA, PMSM is regarded as an utterly symmetric model, and 1/4 of the
ideal model is shown in Figure 8. The parameters of repetitive units were equal, regardless
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of the manufacturing deviations. The simulation Tcpp waveform was an ideal sine wave,
which is shown in Figure 9. The ideal Tcpp was 0.089 Nm, and the measured Tcpp was
0.12 Nm. The RE with the FEA and the measured waveform was 26.8%. Therefore, it is
necessary to carry out the FEA of the PMSM considering the manufacturing deviations of
repetitive units, which can reflect the actual motor operation.
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Figure 9. Cogging torque waveform (measured and ideal FEA results).

In this study, parametric FEA was used to simulate the complete model of the PMSM.
Firstly, the coordinate functions with design parameter variables were derived based on the
position relationship between the repetitive units. Then, the coordinate function was input
into the parameter form of the model. Then, according to Table 1, the fixed parameters
were injected into the model. According to Table 2, MCS was conducted to sample variable
parameters within the tolerance range. The parameters of the repetitive units were obtained
and injected into the parametric FEA. The parametric FEA of the motor can simulate the
operation situation considering repetitive units with tolerances, solving the problem that
the traditional symmetry model treats repetitive units as the same value. The model part is
shown in Figure 10.

The cogging torque waveform and BEMF waveform were calculated using the para-
metric FEA, and the results are shown in Figure 11. The Tcpp is 0.11 Nm for no-load
operation, and the BEMF is 221.3 mV with parametric FEA. The test Tcpp is 0.12 Nm. The RE
between the measured and FEA is about 8.3%, which verifies the accuracy of the simulation
model. Therefore, the parametric FEA can be used in the following RDO research.
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Figure 10. Meshing and magnetic density analysis of the PMSM: (a) meshing; (b) magnetic density
analysis.
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Figure 11. The electrical characteristic of the PMSM: (a) cogging torque waveform (measured and
parametric FEA results); (b) no-load back EMF.

Single factor sensitivity analysis was performed for the above eight variable parame-
ters of the PMSM, and the remaining three fixed parameters were set at the center values
as Table 1. The center value of each variable parameter was set to ±2.5% and ±5% of its
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initial design center value in turn, and MCS was conducted within the tolerances. Other
factors remained unchanged, and the Tcpp with the change of a single factor was obtained.

The sensitivity analysis result is shown in Figure 12. The horizontal axis is shown
as −0.05, −0.025, 0, 0.025, and 0.05, corresponding to the change levels (−5%, −2.5%, 0,
2.5%, 5%) for each parameter. It can be seen that the sensitivity of parameters is positively
correlated to the variation range of Tcpp with the±5% variation of parameters. The variation
range of the parameters is shown in Table 3.
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Table 3. The variation range of Tcpp.

Parameter Bs0 Hs0 Abs0 Ahs0 Arc Hcb hm Hts

Range
(Nm) 0.0547 0.0542 0.0505 0.0527 0.0524 0.1342 0.0855 0.0471

The three parameters (Hcb, hm, and Bs0) with the most extensive Tcpp variation
range of 0.1342, 0.0855, and 0.0547 Nm can be seen in Table 3. The three most sensitive
parameters to cogging torque were screened out, including the width of stator slot opening
Bs0, magnetic coercive force Hcb, and magnetic tile thickness hm.

3.2. Design of Experiment

The design parameters with tolerances were considered when conducting DoE. We first
used LHS to obtain 120 groups of center values of the three design parameters. The output
response, Tcpp of the model without tolerances, was simulated. The ideal components
of Tcpp and center values of design parameters data were extracted to create the ideal
component training database. Then, 30 group samples were randomly selected from the
above 120 groups of center value samples. Fifty Monte Carlo sampling (MCS) groups
were utilized for each sample, and 1500 samples with tolerances were obtained. The
Tcpp values with tolerances were subtracted from the corresponding Tcpp values without
tolerances to obtain the fluctuation component of Tcpp. By subtracting the center values of
the parameters from the parameters with tolerances, the deviations of the design parameters
were obtained, and then the corresponding manufacturing deviation rates were calculated.
The manufacturing deviation rates of parameters and the fluctuation components of Tcpp
constitute the database of fluctuation components.

3.3. Approximate Modeling and Error Analysis

For the 120 groups of samples obtained by DoE in Section 3.2, a conventional ap-
proximate method was sought to establish the ideal component of Tcpp. On this basis,
the random forest based on bagging was used to conduct the approximate modeling of
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the fluctuation component of Tcpp. The bagging was used to sample the 1500 groups of
fluctuation component data obtained in Section 3.2 with the replacement, 200 groups of
data were sampled each time, and 50 decision trees were established. These decision trees
cover the total sample space. When calculating the approximate fluctuation value of Tcpp,
50 decision trees gave predicted results according to their training. Then their average
values were calculated to obtain approximate results of the fluctuation value of Tcpp. The
approximate calculation process of the fluctuation component of Tcpp is shown in Figure 13.
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In order to verify the accuracy of the approximate model, 80 different groups of testing
samples with tolerances were sampled outside the training data. The approximate modeling
process and the calculation results of the compensate fluctuation (CF) method proposed in
this paper are shown in Figure 14. The Kriging modeling method was used to establish
the ideal component of Tcpp, and the average RE between the approximate calculation and
the parametric FEA is 11.7%, indicating that the ideal composition can be calculated with
high accuracy by using the conventional approximate modeling method. The random
forest method was adopted for the fluctuation components of Tcpp, and the average RE
between the approximate calculation and the parametric FEA is 53.1%. This was due to the
lower magnitude of the fluctuation component, making the RE value higher. However, the
fluctuation component of Tcpp would be compensated for the ideal components, obtaining
the approximate calculation of Tcpp considering tolerances, the average RE of which is 7.7%.
This showed that the compensation of the ideal component model improves the overall
approximate modeling accuracy.

In order to prove the effectiveness of the proposed approximate model, a single con-
ventional approximate modeling method was used to approximate the high-dimensional
input data and compare it with the CF method proposed in this paper. Firstly, the same
amount of training data as the proposed CF method was used for conventional approximate
modeling. The LHS was used to obtain 1500 groups of center values of design parameters.
Each group was sampled according to the tolerances by MCS, and a set of samples with
tolerances was obtained. They would be used as the training database of the Kriging
model or random forest model. Then, the above 80 groups of test samples were used for
verification. The high-dimensional approximation using the Kriging or random forest
method compared with the CF method proposed in this paper is shown in Figure 15.
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the CF method.

The average RE of the approximate modeling method is listed in Table 4. It can be seen
that the average RE values of high-dimensional input using the Kriging or random forest
model are 16.9% and 12.5%. The average RE of the CF method proposed in this paper was
7.7%, 54.4%, and 38.4% lower than the above two conventional methods. The effectiveness
of the proposed CF approximate modeling method was verified. The CF approximate
model has high accuracy, meeting the requirement of RDO for Tcpp.

Table 4. The combination of RE of the CF method and conventional method.

Method Kriging Random Forest CF Method

Average RE 16.9% 12.5% 7.7%
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3.4. Robust Design Optimization of Tcpp

Based on the proposed method, we carried out RDO based on the PSO algorithm.
The optimization objective is to minimize the mean value and standard deviation of Tcpp.
The original BEMF of the mass production motor is 221 mV; a motor with a BEMF drop
of less than 10% after optimization would ensure that the heat of the optimized motor is
within the allowable range. The BEMF should be constrained to no less than 190 mV. The
convergence condition of the optimization is that the mean value of Tcpp is not more than
0.1 Nm, and the standard deviation of Tcpp is not more than 0.02 Nm. The optimization
objective function is shown as follows:

min(µ(Tcpp), σ(Tcpp))
s.t.BEMF ≥ 190 mV, µ(Tcpp) ≤ 0.1 Nm, σ(Tcpp) ≤ 0.02 Nm

(19)

The proposed approximate model was embedded into the PSO algorithm for RDO. The
initial particle number was set to 10; the population size was set to 100. The optimization
results of mean values and standard deviation of Tcpp are shown in Figure 16.
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Figure 16. The optimization results.

After 150 iterations, the optimized scheme was obtained. The center values of hm,
Bs0, and Hcb were designed to be 2.6 mm, 2 mm, and −1,038,100 A/m. The optimization
results and the initial design scheme are shown in Table 5.

Table 5. Initial and robust optimal design of the PMSM.

Design Variables Unit Initial RDO

hm mm 3.2 2.6
Bs0 mm 2 2
Hcb A/m −905,000 −1,038,100

In order to preliminarily verify the effectiveness of the optimization scheme with the
uncertainties range, 10,000 groups of design parameters with tolerances on initial and RDO
schemes were sampled through MCS, and their Tcpp values were calculated with the CF
approximate model. Figure 17 shows the MCS results of the initial and RDO models. The
robustness and electromagnetic performance of the initial and RDO schemes are shown in
Table 6. Compared to the initial scheme, the mean value of the Tcpp is reduced by about
42.3% in the RDO model, which is close to the ideal situation without tolerances. The
standard deviation is reduced by 48.6%, which shows that the optimized motor is less
affected by noise factors, and the batch cogging torque is more stable than the initial. BEMF
is slightly decreased by 8.2% and is within the acceptable range.
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Table 6. Robustness and performance comparison of the PMSM before and after optimization.

Contents Units Initial RDO Variation

Tcpp
Mean value Nm 0.156 0.090 42.3%↓

Standard
deviation Nm 0.037 0.019 48.6%↓

Electromagnetic
performance BEMF mV 221.3 203.2 8.2%↓

In order to further verify the practical effect of RDO on the PMSM, 18 prototypes of the
RDO scheme and initial scheme were mass-produced, and experiments were carried out.
The test setup for the cogging torque of the prototypes is shown in Figure 18. It consists of
four parts: test bench, power supply, server, and data acquisition upper computer. The test
bench includes the prime motor, speed reducer, torque sensor, coupling, and the prototype
to be tested. The prime motor is decelerated by a 64:1 speed reducer connected to the
motor’s coupling to be tested. The speed of the motor to be tested is kept at 5 rpm.
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Figure 19 shows the Tcpp distribution of initial and RDO schemes in the prototypes. It
can be seen that the mean value of Tcpp decreases from 0.146 to 0.104 Nm, a reduction of
28.8%, while the standard deviation decreases from 0.032 to 0.016 Nm, a 50% reduction. The
actual decrease degree of the optimized mean value of the cogging torque in the prototype
is lower than that of MCS. This may be because some parameters in the manufacturing
process were not fully controlled within the optimization target. The assembly process had
errors due to inevitable human factors, resulting in the optimization degree of the actual
prototype batch being lower than the simulation.
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4. Conclusions

There remain significant challenges in considering the inevitable repetitive unit uncer-
tainties and considering the calculation efficiency due to uncertainties from manufacturing
dispersion. Aiming at these challenges, a compensate fluctuation (CF) approximate mod-
eling method is proposed in this paper as a surrogate for the finite element analysis. It
was applied to the robust design optimization (RDO) process of the Permanent magnet
synchronous motors (PMSM). In this method, based on the ideal component model, the
fluctuation component model is supplemented and compensates for the ideal model to
obtain the approximate model by considering the uncertainties of the repetitive units. It
solves the approximate modeling problem of considering the uncertainties of multiple-
parameter repetitive units in the RDO. Applying this CF model to RDO gave a design
scheme with a minimal fluctuation effect. Based on the results, the following conclusions
are drawn:

(1) The CF approximate model proposed here can significantly improve the calculation
efficiency and accuracy of the critical output response of the PMSM, effectively solving
the computing issue and the quality evaluation and optimization of the PMSM. This
can apply to problems considering and not considering the repetitive unit uncertain-
ties. The RDO method based on the proposed CF approximate model can consider
multiple design parameters and does not distinguish the source of the uncertainties;
thus, robustness with various uncertainties can be guaranteed.

(2) Based on the ideal model, the CF approximate modeling method compensates for the
fluctuation component caused by manufacturing uncertainties. For the ideal compo-
nent of the Tcpp, the conventional approximation modeling method was used to obtain
accurate approximate calculation results with fewer training data. On this basis, the
fluctuation component model compensates for the fluctuation caused by uncertainties.
Compared with the conventional single approximation model, it is proved that the
CF model has higher accuracy. It provides a new idea for approximate modeling
considering the manufacturing deviations of multiple-parameter repetitive units. The
analysis of the case study showed that the average RE of the approximate model is
about 7.7%, which is 54.4% and 38.4% lower than those using single conventional
Kriging or random forest methods.

(3) To realize the RDO of the PMSM with the manufacturing dispersion of multiple pa-
rameters, an RDO model based on CF approximate modeling was proposed. The RDO
model proposed in this paper can comprehensively consider the effect of multiple-
parameter repetitive-unit manufacturing deviations and can provide a new direction
for the RDO of multiple parameters. The results of the PMSM robustness in the case
study showed a significant improvement. According to the Monte Carlo sampling
(MCS) simulation, the mean value of the Tcpp decreased from 0.156 to 0.09 Nm (de-
creased by 42.3%), and the standard deviation decreased from 0.037 to 0.019 Nm
(decreased by 48.6%). In prototype tests, the mean value and standard deviation of the
Tcpp after the RDO decreased by 28.8% and 50%, respectively. It is possible to analyze
the mean drop of the prototype, which results from some parameters in the actual
production and assembly process not being wholly controlled within the optimization
objective and inevitable human factors causing some errors. These reasons lead to a
decrease in the mean value of the actual cogging torque, while the decrease degree is
lower than that of the MCS. Future research will consider these random errors in the
FEA model and RDO process.
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Nomenclature

PMSM Permanent magnet synchronous motor
RDO Robust design optimization
FEA Finite element analysis
Tcpp The peak-to-peak value of cogging torque
DoE Design of experiments
SVM Support vector machine
RF Random forest
Si Sensitivity of the parameter to the target
xi The value of the ith parameter
x0 The center value of the ith parameter
∆xi Incremental of the parameter
MCS Monte Carlo sampling
Tcog The cogging torque
ϕ The rotor angle
P The number of poles
Q The number of slots
K The number of design parameters
x = {x1, x2, . . . , xK} The center value vector of design parameters
σ = {σ1, σ2, . . . , σK} The deviations between actual design parameters and ideal center values
k One of the design parameters
pk The number of repetitive units of the kth design parameter
X The center value vector taking repetitive units into account

x(pK)
K The center value of the pkth repetitive unit of the kth design parameter

Σ The deviations between actual design parameters and ideal center values
taking repetitive units into account

σ
(pK)
K The deviations of the pkth repetitive unit of the kth design parameter

Z The random variable of design parameters

Z(pK)
K The variable of the pkth repetitive unit of the kth design

parameter
ζ The manufacturing deviation rate

σ
(pK)
K / x(pK)

K The manufacturing deviation rate of the pkth repetitive unit of the kth
design parameter

LHS Latin hypercube sampling
NN The number of groups of center value combinations in LHS
N The number of groups of samples randomly selected from the NN groups

of center values samples

x(p1)
N1(1) The first design parameter xN1 containing p1 repetitive units of the

Nth sample
Yd The matrix of the training data samples
M The number of samples of Monte Carlo sampling of each group of center

value combination
d The dimension of the training data samples
CF Compensate fluctuation
G The number of subspaces or the decision trees
RG The Gth subspace of the training database
TG The Gth decision tree
g One of the subspaces
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yg The actual fluctuation component of Tcpp, i.e., the FEA result
Tg The predicted value of Tcpp fluctuation component for the gth tree model
_
Y The predicted peak-to-peak value of cogging torque
RE Relative error
ns The number of selected test samples
Yj The actual response value of the test sample
Ŷj The predicted value of the approximate model
PSO Particle swarm optimization
F The optimization object
BEMF The no-load back electromotive force
BEMFt Threshold value of the no-load back electromotive force
µ The mean value
σ The standard deviation
µ0 The initial mean value
σ0 The initial standard deviation
µt The optimization object value of the mean value
σt The optimization object value of the standard deviation
R_os Outer radius of stator
R_is Inner radius of stator
R_or Outer radius of rotor
Bs0 Width of stator slot opening
Hs0 Depth of stator slot opening
Abs0 Width of additional stator slot opening
Ahs0 Depth of additional stator slot opening
Arc Magnetic tile pole arc eccentricity
Hcb Magnetic coercive force
hm Magnetic tile thickness
Hts Height of stator teeth
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