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Abstract: This paper considers the exponential stabilization problem for a class of strict-feedback
nonlinear systems with multiple time-varying delays, whose nonlinear terms satisfy the linear
growth condition. The state feedback controller that relies on a positive parameter to be determined
is constructed to deal with nonlinear terms. By tactfully introducing the Lyapunov-Krasovskii
functional with an exponential function and selecting the applicable parameter to be determined, the
implementable state feedback controller can be obtained to guarantee that the closed-loop system is
exponentially stable. The proposed state feedback control scheme is finally applied to the control
design of two-stage chemical reactor system, which illustrates the effectiveness of the control method.
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1. Introduction

Time delay phenomena frequently exist in a large number of practical applications,
such as information transfer processes, chemical reaction processes, communication net-
works and power supply networks, etc. Additionally, the appearance of a time delay is one
of the important factors leading to performance deterioration and the instability of a system;
hence, the stability analysis of dynamic systems with time delays has become an important
theoretical and practical topic. During the past several decades, with the help of different
controller design and analysis methods, a great deal of effort has been put into the stabiliza-
tion problems of nonlinear time delay systems, especially for strict-feedback nonlinear time
delay systems. By adopting fuzzy logic systems to identify the unknown nonlinear terms,
Refs. [1-3] investigated the problems of adaptive fuzzy tracking control for strict-feedback
nonlinear time delay systems with an output constraint or full-state constraints. Through
introducing the radial basis function neural networks to approximate unknown nonlinear
functions and designing the adaptive neural network controller, Refs. [4-7] considered the
adaptive control problems of strict-feedback nonlinear time delay systems. In addition,
Refs. [8-11], respectively, studied the robust adaptive control problems of strict-feedback
nonlinear time delay systems with different system structures.

It can be seen from the above-mentioned literatures that almost all controllers are
designed to make the closed-loop systems asymptotically stable or bounded. However,
the control requirements of many practical systems are not only stable but also have a certain
rate of convergence in some circumstances. Due to the fact that the exponential stability
has this property, the exponential stabilization problems of nonlinear time delay systems
have received much attention and have obtained a series of rich results. Oucheriah [12]
addressed the robust exponential stabilization for a class of uncertain dynamic time delay
systems with a bounded controller. Hua et al. [13] considered a class of interconnected
time delay systems with general nonlinear interconnections and mismatched time delay
functions, and a decentralized state feedback controller was systematically designed to
ensure that the solutions of the closed-loop system were uniformly ultimately bounded and
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exponentially convergent towards a ball. Using the Razumikhin theorem, Dong et al. [14]
provided the continuous state feedback controller design scheme and established the
exponential stabilization criterion based on the solutions of the standard Riccati differential
equation for nonlinear systems with uncertainties and time-varying delays. Applying some
sufficient conditions in terms of linear matrix inequalities, the problem of the exponential
stabilization of memristive neural networks with time delays was investigated in Wu
and Zeng [15]. Benabdallah and Echi [16] dealt with the exponential stabilization control
problem for a kind of nonlinear systems with a constant time delay. Taking into account
the time-varying delays and nonlinear disturbances, Li et al. [17] solved the exponential
stabilization for a class of switched time-varying systems, and time-dependent switching
signals have been characterized by Metzler matrices such that the closed-loop system is
globally exponentially stable. The exponential stabilization problems of memristive neural
networks with time delays and different system structures were, respectively, investigated
in [18-21].

Motivated by the above analysis, this paper will further consider the problem of
exponential stabilization for a class of strict-feedback nonlinear systems with multiple
time-varying delays. Firstly, we propose the state feedback control law, which depends on
a determined positive parameter to compensate for nonlinear terms. Secondly, with the
construction of the Lyapunov-Krasovskii functional that includes the exponential function
and fully considers the influence of time-varying delays, by choosing the applicable param-
eter, the exponential stability of the closed-loop system is strictly verified via two different
ways. Finally, a simulation example is provided to show the effectiveness of the proposed
design strategy.

Notations: R denotes the set of all non-negative real numbers, R" is the real n-
dimensional space, I stands for the unit matrix of the corresponding dimension, T denotes
the transpose, Amax(+) (Or Amin(-)) means the maximum (or minimum) eigenvalue of a
symmetric matrix, | - | stands for the Euclidean norm of a vector or the induced Euclidean
norm of a matrix and C([—c,0]; R") represents the set of all R"-value continuous func-
tions on [0, 0] endowed with the norm || - || defined by |[[h|| = max,c(_, |h(s)] for
h e C([—0o,0];R").

2. Problem Description

Consider the strict-feedback nonlinear system with multiple time-varying delays
described by

X1 = x2+ f1(%1, xX1,04,),
Xo = X3+ f2(F2, X1,00,, X2,00, ) (1)

Xp = u ‘|’fn(fn/ X100 " /xn,trm)/

where x = [x1,- -+, x,4]T € R"and u € R are the system state and control input, respectively.
Forl =1,---,n,% =[x, - ,x]%, X1, = Xi(t — 0y;) is the time-delayed system state,
0y = 01(t) : Ry — [0, 7] is the time-varying delay that satisfies ¢7; < p; < 1, the nonlinear
term f; : R! x R — R satisfies the local Lipschitz condition and vanishes at zero, and
the initial condition is {x(s) : —o <'s <0} = ¢ € C([—0,0];R") with ¢ = max;<;<, {77}

The control objective of this paper is to construct the state feedback controller such
that the closed-loop system of system (1) with any initial condition 1 is exponentially stable,
i.e., there exists a pair of positive constants A and N such that the solution x(t, i) of system
(1) satisfies

[x(t, )] < Nylle ™™, Vt>0, ¢ €C([—0,0;R"). 2)

To achieve this purpose, the following assumption is made for system (1).
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Assumption 1. Forl =1,--- ,n, there exist positive constants B;; and By; such that
1 I
il <Y Biilxil + ) Builxig |-
i=1 i=1

Remark 1. The definition of exponential stability (2) for nonlinear time delay systems can be
regarded as an extension of the definition of exponential stability for nonlinear systems without a
time delay in Khalil [22]. In the case of the time-varying delay 0, =0 (I = 1,- - -, n), inequality
(2) will be changed into |x(t,x(0))| < N|x(0)|e~*, which was used in Khalil [22].

Remark 2. Asillustrated in [12,14-17] and the related works, it can be seen that the linear growth
condition in Assumption 1 is a natural condition often adopted to study the exponential stabilization
problem of nonlinear time delay systems.

In what follows, the state feedback controller design and stability analysis of system
(1) will be given.

3. Controller Design and Stability Analysis
Letting

fi

Om—1)x1 I | 0p- .
A= | )X le(nl)}, B[ ( 11>X1], F[:], ®3)

fn

system (1) can be compactly rewritten as
X = Ax+Bu+F. 4)
Introduce the coordinate transformation

z = E(k)x = diag{1,x,--- , k" }x, ()

u:A(K)x:{@:'__,&}x, 6)

where z = [z, ,z4]7, kis a positive parameter to be determined, diag{-} stands for
diagonal matrix and A = [6,, -+ ,61] is selected such that A + BA is Hurwitz. With the
help of (5) and (6), using the fact that Z(x) (A + BA(x)) = k(A + BA)Z(x), we obtain the
transformed closed-loop system

z = E(k)Ax + E(x)BA(x)x + E(x)F
= &(x)(A+ BA(x))x + E(x)F (7)

=k Y(A+BA)z + Z(x)F.

-
(=
—
-
(=
—

Consider the Lyapunov function
U(z) = ez @z, 8)

where € is a positive real number and @ is a positive definite symmetric matrix and satisfies
(A+ BA)1® + ®(A + BA) = —1. Applying (7) and (8), the derivative of U(z) is

U(z) = x'ez"[(A+ BA)T® + (A + BB) |z + 22" DE()F

IN

€ —_
—;|Z|2 + 2¢|@|[z[|Z(x) F. ©)
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Using Assumption 1 and (5), one leads to

n
|E(x F|<Z

n n

Bl + Y Yk Balxy g, |

I=1i=l

N

T |\1:

1

n . non=l
=) «Bulzl+ 2 Z i (10)
I=1i=0 !
n n
SV 2 21| +7(x
l:
n
< \f |Z| + V Z Z] Ult
where
n—1 _n—
Zl,o-“ = Zl(t — Ult)/ ]/(K) = IB Z K , — ﬁ Z ,
i=0 by
P= 1I?za<)2{o<r?<a,f l{ﬁzt}} p= 1rgla<>§1{0<r§13;< l{ﬁzz}}

Adopting the mean square inequality and (10), there is a positive constant ¢ such that

. € _ n
U(z) < ——[z* +2ev/n|@[v(x) 2] + 2¢|@[0(x) 2] ) |21,
=1
1 € _ N
< - (K —2/n|®v(x) — gn|<I>|1/(1c)>€|z|2 + ¢|®|7(x) 22,2,7”. (11)
=1

Then, the main result of this paper is illustrated in the following theorem.

Theorem 1. For system (1) with Assumption 1, if there exists a positive constant «k such that

% 2/ D|u(K) — §n|®|17(1<) - ®|7(x) >0, (12)

ce’
(1—p)e
under the state feedback controller (6), then the closed-loop system is exponentially stable, where
p = maxi<<pf{pr}-

Proof. Choosing the Lyapunov-Krasovskii functional

- —(t=a1) [t
U(t,z) = U(z) +¢|®|7(x Z ¢ /t 27 (s)ds, (13)
ot
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according to (11), the derivative of U(t,z) is

. 1 € _ e
U(t,z) < — (K —2/n|®v(x) — gn|<I>|1/(1<))e|z2 + ¢|®|7(x) Zzlzmt
=1

t2 . t—oy 52
{e z7 — (1 —oy)e ”Zl,cm}

1=
]

+¢|@|7(x)

T
N
2

—(t=a1) rt
/ e°z7(s)ds
—pP1 Jt-oy

|

AN
©

<
~—~

tal
S~—
1=

(8N
—_

N
Il
—_

1 € ;
< - (K —2/n|®|v(x) — gnl@blﬁ(ﬂ)el22 +elepe) ) 2,
I=1
n oy no_
+¢| P (x 2 —|®|v(k) ) ez,
et -1
noo,— f‘) t
—¢|®@|7(x 2 / 27 (s)ds
=1 t*(Tlt
—1,0
< (1 _2ﬁ|c1)|1/(;c) - gn|<l)|17(1c) - gle_‘; |d>17(1<))ez|2
n ,—(t—0;) pt
N Ly
=1 —P1 Jt-oy

With the aid of (12), (14) and the denseness of real numbers, there exists a constant
¢1 > 0 such that

U(t,z) < —ci€lz)? — ¢|@|o(x i e /t e°z7(s)ds. (15)
=1 P Jt-oy
From (8), one can obtain
elz|? > ———<U(2),
Amax (D)
which, together with (15), implies
Ut,z) < —Cilu ) —¢|®|7(k) gL t 27 (s)ds. (16)
Amax (D) = t—oy,

Taking ¢ = min{ ﬁl(@, 1 }, by (16), it is easy to deduce that

Ut,z) < —cl(t,z), (17)

which means

{(t,z) < U(0,2(0))e
< ( max |2 2/ EZl ds)e ct
< (e/\max |2 7(6) 12|12 / eSds>e-Cf (18)
- —0
< (eAmax o(x >)|z||2e—ff
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Furthermore, applying (5), (18) and U(t,z) > €Amin(®P)|z|?, one leads to

ol < 200l <l 0] (s )

< |27 (x)] <eAmax(j);\)ﬁn(_qf))(;rfe;)l@w(@ ) ’ ||z[|e~ 2! (19)
< 2 lla-t o) (oS LD ) e,

Therefore, according to the inequalities (2) and (19), Theorem 1 holds for A = § and

_ 1
N = [E(w)| | )| (L Pgeoli) .

Remark 3. It should be pointed out that the positive parameter x satisfying condition (12) always
exists because tends to infinity and the remaining three terms are finite as x tends to zero.

By selecting another Lyapunov-Krasovskii functional that is different from (13), we
can draw another conclusion.

Theorem 2. For system (1) with Assumption 1, if there exist positive constants x and « such that
1 € _
P 2v/n|®@|v(x) — g”‘q)h/(") >0, (20)

and

€

7 (L= p)e™™ —¢|@lv(x) >0, (21)

then the exponential stabilization of the closed-loop system can also be achieved through the state
feedback controller (6).

Proof. Considering another Lyapunov—Krasovskii functional

U(z) = U(z) + 2% i /t . e~ %) 22 (5)ds, (22)

from (11), one obtains

2 1 € n
(@) < - <2K 2/l (x) — gn|CI>|17(K)>e|Z’2 ol Y 2,
=1
n

i 1—p)e “uz? S Z/t e *(9) 22 (s)ds (23)
= l lU'lt 2Kl ' ¢ o !

2%
<~ (5~ 2vA@lv(x) — Snllnte) )elz - § Z /UH 02515
(51— p)e " —gl@fi(x )zzw

€
—(1—
21((
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Based on (20), (21) and the denseness of real numbers, (23) is changed into

A 2 ex g ! 2
U(z) < —¢elz]* — > Z/ e =902 (5)ds
K =1 Jt—on

1 ex ¢t —a(t—s),2
< —WU(Z) ~ 5 Z/t ] e z7 (s)ds (24)
max oy
< —¢el(z),

where ¢ = min{ —a__ (x}, and €] is a positive constant.
/\max(q))

It is easy to deduce from (22) and (24) that

|Z|2 S e)\n’uln(q))a(Z) S e)\nﬁln(q))l:l(Z(O))ea
< 1

Aumin (@) <Amax(<b>z<0>|2 + 2,1(,X|z|2)ect

2k A max (®) + 1 2|2
= 2kaAmin(P) ’

By virtue of (5), we further have

1
_ 2k Amax(P) + 1Y 2 ¢
< |E(x)||27! o 2 2
1 < ()12 0] (P T ) e 26)
1
Hence, Theorem 2 is satisfied with N = |E(1c)||.E’l(1c)|<%)2 and

A=5. O

Remark 4. In this paper, the exponential stabilization problem for a class of strict-feedback nonlinear
system (1) with multiple time-varying delays is investigated. By considering the Lyapunov—
Krasovskii functional with exponential function (13) or (22), the exponential stability of the closed-
loop systems can be proven.

On the basis of Theorem 2, it is possible to further deduce the following property on
the exponential stabilization of system (1), which is summarized in Corollary 1.

Corollary 1. For system (1) with Assumption 1, if there exists 0 < x < & such that condition (20)
is satisfied, by selecting

1 (1—p)e
O<a< = 1n(2g|q)|m()) (27)

then the closed-loop system is exponentially stable by adopting the state feedback controller (6),
where K is a proper positive real number.

Proof. We know from Theorem 2 that the closed-loop system is exponentially stable if
conditions (20) and (21) hold. Now, we can make condition (21) always true by suitably
choosing the positive parameters @ and « in the following way.

One can easily see that (21) is satisfied if and only if

—uao > In <2(E|1d>_|1<;7)(€1<) )
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Additionally, it is noted that x7(x) tends to zero as « tends to zero, which implies that
there exists 0 < x < & such that

26| ®[xv(x) < (1 —p)e.
Therefore, we can take (27) such that condition (21) is always satisfied. O

Remark 5. For Corollary 1, the positive parameter « satisfying condition (20) can also be found.
Since % tends to infinity and the remaining two terms are finite in (20) as «x tends to zero, there
always exists 0 < x < & such that condition (20) holds. Hence, conditions (20) and (21) can be
satisfied simultaneously by choosing 0 < k¥ < min{&, &} and (27).

4. An Example

To demonstrate the effectiveness of the proposed design scheme, let us consider the
two-stage chemical reactor with delayed recycle streams [23,24] shown in Figure 1, which
contains two well-mixed isothermal continuous stirred tank reactors 1 and 2. The mass
balance equations are

) 1-Rp X1

X1 = sz - E —mx1+ 0 (xlle,alt)/

. F X2 Ry Ry _

Y= e i Y2x2 + 1, on + v, 2o + 02 (%2, X1,0, X2,0, ) (28)

where x1 and x; are the compositions, V; and V, are the reactor volumes, F is the feed rate,
Rj and R; are the recycle flow rates, y11 and y; are the reactor residence times, y; and 7,
are the reaction constants, 6 () and &, (+) represent the uncertainties or disturbances and
o1: and oy are the time-varying delays.

F.u
Fresh feed _
y'y 7'y > Reactor 2
e
=
N_Z
R, x,, )151,01, 2,05,
recycle
R,, X3
recycie 5 Reactor 1
A - I, ==
v
xl,a'“ N 1/
X

Figure 1. Two-stage chemical reactor with delayed recycle streams.

Taking Vi = 0.6 m3, Ry = 02 m3/s, uy = 25,91 = 02571, 61(-) = 0.5x; +
0.12sin x4, 01 = 0.15(1 + cost), Vo = 0.8 m>, Ry = 04 m3/s, yp = 4,7, = 0.1s71,
0(-) = 0.1sinx; 4 0.2x, — 0.1xq,4,, — 0.4x2,, 02y = 0.1(1 —sint) and F = 0.8 m3/s,
system (28) is transformed into

X1 = xp —0.2x1 + 0.12sin X1,0047
Xy = u+0.1sinxq —0.15x3 +0.15x7 ¢, + 0.1x2,,, - (29)

It is clear that Assumption 1 is satisfied by f17 = 0.2, 11 = 0.12, B = fn = 0.1,
Bx = P21 = 0.15. Choosing A = [—2,—1], A + BA is thus Hurwitz. From which, we

further obtain the positive definite symmetric matrix & = [ (1)32 8% } . By constructing

the state feedback controller
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2 1

U= —ﬁxl - EXZI (30)

and takinge = ¢ =1,0 =03, =02, = 0.15, p = 0.15, ¢c; = 0.5, it is easy to deduce
from (12) of Theorem 1 that

1
~ — 24968 — 1.9968x > 0. (31)

Figure 2 shows the change curve of y = 1 —2.4968 — 1.9968, « € (0,0.5]. Therefore,
we can take 0 < x < 0.3191 such that (31) holds.

y=1—24968 — 1.9968x

20

15F .
10 .
5l ,

(0.3191, 0)
o : |

y(r) <0
5 I I L I
0 0.1 0.2 0.3 0.4 05

Figure 2. The curve of y = % —2.4968 — 1.9968k.

In the simulation, selecting the initial data x;(0) = 1 and x,(0) = —1.5, Figures 3-5,
respectively, provide the responses of the closed-loop system (29) and (30) with different
parameter values ¥ = 0.1,0.2,0.3.

k=01

——-k=0.2

0.8 k=10.3]7

06 J
g

2 04 J
<
7

£ 02 1
S
w0

N
0 S = |
-0.2 4
04 ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 05 1 15 2 25 3 35 4

Time(Sec)

Figure 3. The trajectories of system state x7.
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k=01
——-k=02
r=0.3]7

System state x,

\ \ \ \
0 0.5 1 1.5 2 25 3 3.5 4
Time(Sec)

Figure 4. The trajectories of system state x;.

100 !

Control input u

200 ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 05 1 15 2 25 3 35 4
Time(Sec)

Figure 5. The trajectories of control input u.

Remark 6. For system (29), applying (20) and (21) of Theorem 2 and choosing ¢1 = 0.25 leads to

1
5 — 1.8159 — 1.5659% > 0, (32)
0.85¢7 93 — 0.5427x(1 + «) > 0. (33)

Figure 6 gives the change curves of y; = % —1.8159 — 1.5659«, « € (0,04], y» =
0.85¢703% & € [0,1.4] and y3 = 0.5427x(1 + «), x € [0,1.4]. From Figure 6, we can select
0 <x <0.2298and 0 < « < 0.7283 such that (32) and (33) are satisfied simultaneously.
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References

Y1 = 5 — 1.8159 — 1.5659%
20 ‘ e ‘

Y1

Y2 = 0.85¢~ 0% /// Y2 < Vs
7(0.7283, 0.6832)

yi1(k) >0 ] 08rl

L ’
06 Yo > Y3 s
s

(0.2298, 0)
Db 1 041

k) <0
yi(k) 02l e

-
Y3 = 0.5427k(1 + k)

0 0.1 0.2 0.3 0.4 0 02 04 06 08 1 12 14
K

Figure 6. The curves of y1, y, and ys.

5. Conclusions

This paper solves the exponential stabilization problem for a class of strict-feedback
nonlinear systems (1) with multiple time-varying delays. By introducing two different
Lyapunov-Krasovskii functionals (13) and (22) with an exponential function, two different
proof approaches are provided to verify that the presented state feedback controller can
guarantee that the closed-loop system is exponentially stable. The simulation results
demonstrate the effectiveness of the proposed control method.

There exist some interesting problems to be further investigated. One is to study the
finite-time control problem of system (1) as discussed in [25,26]. Another is to consider the
fault-tolerant control in Zhang et al. [27] or fault detection control in Jiang and Zhao [28] of
system (1).
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