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Abstract: This paper set out to establish the dynamics model of shaft torsional vibration for direct-
drive wind turbine with the phenomenon of unstable shaft system torsional vibration. The stability
of the equilibrium point of the dynamical model is investigated, and the Routh–Hurwitz stability
criterion is used to obtain a range of values for the bifurcation control parameters. For the stable
equilibrium point, the stability domain of the system is calculated by constructing the Lyapunov
function. The sensitivity analysis of system parameters is carried out to obtain the law of the effect of
system parameters on system stability of the torsional vibration system. The results are substituted
for example calculations, and the results verify the correctness of the theoretical analysis conclusions.
It is proved that it is feasible to analyze the torsional vibration characteristics of the direct-drive
wind turbine shaft system by using the principle of Routh–Hurwitz stability, etc., which provides a
reference for the structural design of direct-drive wind turbine.

Keywords: axial torsional vibration; equilibrium point; Hopf bifurcation; stability domain

1. Introduction

Wind power and other new energy sources are developing rapidly and have become
the main body of renewable energy development [1]. As one of the types of new energy,
the installed capacity of wind turbines maintains a high growth rate in 2020. By the end of
2020, China’s power supply had an additional installed capacity of 190.87 million kilowatts,
and the cumulative installed capacity of wind power exceeded 280 million kilowatts [2].

Accidents caused by torsional vibration of the wind turbine occasionally occur, threat-
ening the safe and stable operation of the wind turbine. When torsional nonlinear vibration
occurs in the shaft system of the direct-drive wind wheel, on the one hand, it will reduce the
inherent frequency of the shaft system vibration, which will easily trigger the low-frequency
resonance of the shaft system and other parts of the wind turbine and the power grid, and,
on the other hand, it can reduce the stability of the shaft system vibration and can easily
trigger shaft system oscillation instability [3,4].

In order to improve the reliability of wind turbines during operation, the available
literature shows that it is possible to analyze the factors that generate failures in wind
turbines or the stability of vibration phenomena. For example, the literature [5] provides
a review of existing fault diagnosis, prediction, and resilience control methods and tech-
niques for wind turbine systems. The literature [6] investigates data-driven fault diagnosis
and fault classification strategies for wind energy systems under various fault scenarios.
For the phenomenon of torsional vibration of the wind turbine shaft system, its nonlinear
vibration is, generally, analyzed. For example, the literature [7] establishes an electrome-
chanical small signal model of a doubly-fed wind wheel applicable to the analysis of the
dynamic characteristics of the shaft system, and carries out the analysis of the torsional
vibration mechanism and the design of the suppression strategy based on this model. In
the literature [8], a mathematical model of a direct-drive permanent magnet synchronous
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wind wheel was established, including wind wheel, drive train, motor, and grid, and a
nonlinear control strategy for coordinated control was proposed.

Currently, there are more studies on wind turbine stability, such as literature [9] which
proposed a control stability analysis of cross-axis wind turbine pitch system based on the
Kharitonov robust stability method to evaluate the robust stability of the pitch controller.
The literature [10] proposes single and combined automatic reactive power support (ARS)
control techniques for renewable energy sources to improve system stability by injecting
available reactive power into the system through converters during faults.

Parametric effect analysis or sensitivity analysis can analyze the influence charac-
teristics of each design parameter on the stability of the vibration system, according to
the literature [11]. The flow through small horizontal axis wind turbines (HAWT) was
simulated by hydrodynamics (CFD) simulations, and the effect on the performance of
small-scale horizontal axis wind turbines was studied through parametric analysis of
fluid dynamics (CFD) simulations, according to the literature [12]. Design evaluation was
conducted into Savonius wind turbines (SWTs) by changing system parameters, such as
rotor diameter, rotor height, and torsional angle, for urban applications by using transient
computational fluid dynamics (CFD) methods. Parametric sensitivity analysis of rotor
angular stability indicators for power systems has been analyzed in the literature [13]. The
rotor angle stability analysis indexes, such as key fault clearance time (CCT), characteristic
value point, damping ratio, frequency deviation, voltage deviation, and generator speed
deviation, are identified and analyzed. The results show that if the inertia of any part of
the multi-machine power system decreases, the CCT of each component decreases. In the
literature [14], local sensitivity analysis was used to establish the relationship between dif-
ferent types of drivetrain faults and system dynamic characteristics and torsional response
amplitude. Abnormal deviations in stiffness and moment of inertia due to faults lead to
large changes in natural frequency and modal response, which can be measured and used
as fault-detection features using the proposed analysis methods.

In this article, we establish the dynamics model of shaft torsional vibration for direct-
drive wind turbine with the phenomenon of unstable shaft system torsional vibration.
Based on the Routh–Hurwitz stability theorem to analyze the range of values of control pa-
rameters when the system is stable and generates a bifurcation phenomenon, the Lyapunov
stability theorem reveals the stability domain of the system, and the sensitivity analysis
obtains the action law of parameters on the stability of the system in a torsional vibration
system. It provides a reference for the structural design of direct-drive permanent magnet
wind turbines.

2. Wind Wheel Shaft System Model

The equivalent concentrated mass method is generally used to study the dynamics
of the wind turbine shaft system. In the literature [15], a three-mass block shaft system
equivalent model was established to analyze the wind wheel torsional vibration mechanism.
This article uses an equivalent two-mass block model, as shown in Figure 1, equating the
wind wheel as a whole to a mass disc and the generator rotor to another mass disc, and
simulating the drive shaft with a massless spring damper.
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The torsional vibration equation for the shaft system is established as follows:

Jm
..
θ + Cm

.
θ + CZ

.
θZ + KZθZ = Tm

Je
..
δ + Ce

.
δ− CZ

.
θZ − KZθZ = −Te

θ − δ = θZ

 (1)

The parameters represented by each character are shown in Table 1.

Table 1. Table of values for each parameter.

Characters Parameters Represented

Jm Rotational inertia of wind wheel
Je Rotational inertia of the generator rotor
Kz Stiffness coefficient of the drive shaft
Cm Damping factor of wind wheel
Ce Damping factor of generator rotor
Cz Damping factor between wind wheel and generator
Tm Output torque of wind turbine
θ Wind turbine rotation angle
δ Rotation angle of generator rotor
θz Relative torsion angle at both ends of the shaft
Te Output torque of the generator

The various symbols in the article and the definitions of the symbols are shown
in Table 2.

Table 2. Values for each parameter.

Symbols Symbol Definition

Te, T0 Output torque of the generator
T, T2 Bifurcation parameters

A1, A2 Equilibrium points
H1, H2 Jacobian matrix
q1,2,3,4 Polynomial coefficients

∆l Hurwitz determinants
A, B, C The coefficient of a univariate quadratic polynomial of T2
R1, R2 The roots of the quadratic equation of T2

u1, u2, û1, û2 Wind turbine rotation angle
δ1, δ2, δ̂1, δ̂2 Rotation angle of generator rotor

V(x) Quadratic function
P Symmetric positive definite matrix

L(x) The derivative of V(x) with respect to time
ξ Constant
D The maximum eigenvalue of P
U Stability domain of the system

Set Tm as a constant and Te = T0 sinδ, Equation (1) is transformed into the follow-
ing form:

Jm
..
θ + Cm

.
θ + CZ

( .
θ −

.
δ
)
+ KZ(θ − δ) = Tm

Je
..
δ + Ce

.
δ− CZ

( .
θ −

.
δ
)
− KZ(θ − δ) = −T0 sin δ

 (2)
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Set u1 = θ, u2 =
.
θ, δ1 = δ, and δ2 =

.
δ. The original Equation (2) is reduced to an

equivalent system of first-order state equations, as shown below:

.
u1 = u2.
u2 = 1

Jm
[−KZu1 − (Cm + CZ)u2 + KZδ1 + CZδ2 + Tm]

.
δ1 = δ2.
δ2 = 1

Je
[KZu1 + CZu2 − KZδ1 − (Ce + CZ)δ2 − T0 sin δ1]

 (3)

In Equation (3), T is set as the bifurcation parameter, and the value is T0/Je. Let the
set of equations be equal to 0. Calculate the equilibrium points A1, and A2 of the system
as follows:

A1 = (sin−1 Tm

TJe
+

Tm

Kz
+ 2kπ, 0, sin−1 Tm

TJe
+ 2kπ, 0) (4)

A2 = (π − sin−1 Tm

TJe
+

Tm

Kz
+ 2kπ, 0, π − sin−1 Tm

TJe
+ 2kπ, 0) (5)

Of the above two points, k = 0, ±1, ±2, ±3, . . . , the values of A1 and A2 can be
abbreviated as: Ai = (u1i, u2i, δ1i, δ2i), i = 1, 2.

The state Equation (3) can be transformed into the following matrix form:
du1
dt

du2
dt

dδ1
dt

dδ2
dt

 =


0 u2 0 0
−KZ

Jm
− (Cm+CZ)

Jm
KZ
Jm

CZ
Jm

0 0 0 δ2
KZ
Je

CZ
Je

−KZ
Je
− (Ce+CZ)

Je




u1
u2
δ1
δ2

+


0

Tm
Jm
0

T sin δ1

 (6)

Simplifying Equation (6), the first order partial derivatives of the system of equations
with respect to the parameters u1, u2, δ1, and δ2 are found and arranged to obtain the
Jacobian matrix H1 of the system as follows:

H1 =


0 1 0 0
−KZ

Jm
−Cm+CZ

Jm
KZ
Jm

CZ
Jm

0 0 0 1
KZ
Je

CZ
Je

−
(

KZ
Je

+ T cos δ1

)
−Ce+CZ

Je

 (7)

The values of the determinant of the matrix H1 are

detH1 =
KZ
Jm

T cos δ1 (8)

Substituting the expression of δ1i in points A1 and A2 into Equation (8), the cosine
value is obtained as follows:

cos δ1j = (−1)j−1

√
1−

(
Tm

TJe

)2
(9)

By substituting the bifurcation parameter T into the cosine of the determinant value of
the system matrix, the relationship between the bifurcation parameter T and the determi-
nant can be obtained, as shown below:

T cos δ1j = (−1)j−1

√
T2 −

(
Tm

Je

)2
, = 1, 2 (10)

From the definition of the root formula, it can be seen that: T and Tm/Je are positive
numbers. Further, when T > Tm/Je, there exist two equilibrium points, A1 and A2, of the
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system; when T = Tm/Je, the equilibrium point A1 coincides with the equilibrium point A2;
when T < Tm/Je, there is no equilibrium point of the system.

3. Stability Analysis

Analyze the stability of the system at the equilibrium point when T > Tm/Je.

(1) The stability of the equilibrium point A1 is analyzed by substituting the value of the
point A1 into the determinant of the matrix H1.

detH1
∣∣A1 =

KZ
Jm

T cos δ11 =
KZ
Jm

√
T2 −

(
Tm

Je

)2
> 0 (11)

To facilitate the calculation, set

T2 = T cos δ11 =

√
T2 − (

Tm

Je
)

2
(12)

Equation (3). The Jacobian matrix H2 at the equilibrium point A1 is:

H2 =


0 1 0 0
−KZ

Jm
−Cm+CZ

Jm
KZ
Jm

CZ
Jm

0 0 0 1
KZ
Je

CZ
Je

−
(

KZ
Je

+ T2

)
−Ce+CZ

Je

 (13)

The characteristic polynomial of the matrix is:

f (λ) = det(λE−H2) = q4λ4 + q3λ3 + q2λ2 + q1λ + q0 (14)

The coefficients and constant terms of the polynomial are:

q0 = KZT2
Jm

q1 = KZ(Cm+Ce)
Je Jm

+ Cm+CZ
Jm

T2

q2 = CeCm+CeCZ+CmCZ+KZ(Je+Jm)
Je Jm

+ T2

q3 = Cm+CZ
Jm

+ Ce+CZ
Je

q4 = 1


(15)

E is a fourth order unit matrix.
Determining the stability of point A1 by using the Routh–Hurwitz stability crite-

rion [16]. The condition for the stability of the system at point A1 is whether the Hurwitz
determinant of each order is greater than zero ∆l (l = 1,2,3,4) when q4 > 0 in the eigen
polynomial. The specific expressions for each parameter are as follows:

q4 > 0
∆1 = q3 > 0

∆2 = det
[

q3 q4
q1 q2

]
> 0

∆3 = det

 q3 q4 0
q1 q2 q3
0 q0 q1

 > 0

∆4 = det


q3 q4 0 0
q1 q2 q3 q4
0 q0 q1 q2
0 0 0 q0

 = q0∆3 > 0



(16)
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when Jm, Je, Kz, Cm, Ce, Cz, and Tm are positive, the system Hurwitz determinant ∆1 > 0,
∆2 > 0, ∆3, and ∆4 have the same symbol, only the symbol of ∆3 needs to be determined.

Determine the sign of the discriminant ∆3, ∆3 can be viewed as a quadratic polynomial
with respect to T2 (T2 > 0)

AT2
2 + BT2 + C (17)

The quadratic coefficient A is:

A =
(C2

z + CeCm + CeCz + CmCz)

(Je Jm)
(18)

Since the parameters Jm, Je, Kz, Cm, Ce, Cz, and Tm are positive, the coefficient A is
constant positive. From the definition of a unary quadratic polynomial, it can be seen that
the image opening of Equation (17) is upward, and, when it is greater than zero, the value
equivalent to ∆3 is greater than zero, and the system is stable.

By making Equation (17) equal to zero, the two roots of the polynomial, R1 and R2
(R1 ≤ R2), are calculated. Since the value of the bifurcation parameter T is greater than the
fixed value Tm/Je, that is, T2 > Tm/Jecoδ11, the value of the two roots compares with the
size of the fixed value Tm/Jecoδ11 in three cases: R2 ≤ Tm/Jecoδ11, R1 ≤ Tm/Jecoδ11 < R2,
and R1 > Tm/Jecoδ11. Under this premise, when T2 meets the following conditions, the
value of ∆3 is equal to zero.

T2 > Tm
Je

cos δ11and T2 = R1, R1 = R2

None R2 ≤ Tm
Je

cos δ11

R2 R1 ≤ Tm
Je

cos δ11 < R2

R1andR2 R1 > Tm
Je

cos δ11

 (19)

If the matrix H2 has a pair of pure virtual roots λ1,2 with zero real parts, the remaining
characteristic roots λ3,4 have negative real parts, and the derivative of the real part of the
characteristic root λ1 with respect to the bifurcation parameter T at T2 is not equal to zero,
as shown in Equation (20):

Re(λ1,2(T))
∣∣T=T2 = 0

Re(λ3,4(T))
∣∣T=T2 < 0

Re(λ′(T))
∣∣T=T2 6= 0

 (20)

According to the high-dimensional Hopf bifurcation theory, when the bifurcation
parameter T satisfies Equations (19) and (20), the system generates a Hopf bifurcation at
the equilibrium point A1.

Since T2 satisfies Equation (19), the value of ∆3 is equal to zero, further, when T2
satisfies the following conditions, the discriminant ∆3 > 0, ∆4 > 0, and the system is stable.

T2 > Tm
Je

cos δ11, T2 6= R1 R1 = R2

T2 > Tm
Je

cos δ11 R2 < Tm
Je

cos δ11

T2 > R2 R1 ≤ Tm
Je

cos δ11 ≤ R2
Tm
Je

cos δ11 < T2 < R1, T2 > R2 R1 > Tm
Je

cos δ11

 (21)

(2) The stability of the equilibrium point A2 is analyzed by substituting the value of the
point A2 into the determinant of the matrix H1.

detH1
∣∣A2 =

KZ
Jm

T cos δ12 = −KZ
Jm

√
T2 −

(
Tm

Je

)2
< 0 (22)

Since the Jacobian matrix of Equation (3) has a value of determinant less than 0 at the
equilibrium point A2, it has heteroscedasticity and the equilibrium point A2 is unstable.
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In summary: If the bifurcation parameter T satisfies 0 < T < Tm/Je, then there is no
equilibrium point in Equation (3); if T > Tm/Je, there exist two equilibrium points, A1 and A2,
of the system, and the variant T2 of T satisfies Equations (19) and (20), the system produces
Hopf bifurcation at equilibrium point A1. When T2 satisfies Equation (21), equilibrium
point A1 is stable and equilibrium point A2 is unstable; if T = Tm/Je, equilibrium point A1
coincides with equilibrium point A2.

4. Stability Domain Analysis

The Lyapunov stability discriminant is a qualitative method that does not require
solving complex differential equations of the system, but, rather, constructs a Lyapunov
function and then directly determines the stability of the system based on the variation of
the function over time. Therefore, it is suitable for calculating nonlinear systems that are
difficult to solve [17].

The stability domain of the stable equilibrium position is estimated using Lyapunov’s
stability theorem. Shift the equilibrium point of Equation (3) to the origin of the coordi-
nate axis.

u1 = û1 + u11
u2 = û2 + u21
δ1 = δ̂1 + δ11
δ2 = δ̂2 + δ21

 (23)

Equation (3) is transformed into the following form:

dû1
dt = û2

dû2
dt = −KZ

Jm
û1 − (Cm+CZ)

Jm
û2 +

KZ
Jm

δ̂1 +
CZ
Jm

δ̂2
dδ̂1
dt = δ̂2

dδ̂2
dt = KZ

Je
û1 +

CZ
Je

û2 −
(

KZ
Je

+ T cos δ11

)
δ̂1 − (Ce+CZ)

Je
δ̂2

−T
[
sin
(
δ̂1 + δ11

)
− sin δ11 − δ̂1 cos δ11

]


(24)

Simplify Equation (24) to the following matrix vector form:

.
x = J2x + r (25)

In Equation (25):
x =

(
û1, û2, δ̂1, δ̂2

)T
; r = (0, 0, 0, g)T ; (26)

g = −T
[
sin
(
δ̂1 + δ11

)
− sin δ11 − δ̂1 cos δ11

]
(27)

Select a quadratic function
V(x) = xTPx (28)

According to Lyapunov’s stability theorem, the matrix P in Equation (28) is positive
definite and the derivative L(x) of V(x) with respect to time is less than zero.

L(x) =
dV
dt

< 0 (29)

Constructing Lyapunov matrix equations

PJ2 + JT
2 P = −E (30)

when the bifurcation parameter T satisfies Equation (21), the matrix composed of the linear
part of Equation (25) has a feature root of the negative real part, and the Lyapunov matrix
equation has a symmetrical positive definite matrix.
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Calculate the value of L(x):

L(x) = dV
dt =

(
dx
dt

)T
Px + xTP

(
dx
dt

)
= xT(−E)x + 2(x, r) ≤ −‖x‖2 + 2‖x‖‖Pr‖

(31)

Taylor expansion and simplification of the expression for matrix g:

‖Pr‖ ≤ D‖r‖ = D|g| = 1
2 DT|sin ξ|

∣∣δ̂1
∣∣2 ≤

1
2 DT|sin ξ|

∣∣δ̂1
∣∣‖x‖ (32)

where ξ is a constant and satisfies ξ ∈
(
δ11, δ̂1 + δ11

)
. D is the maximum eigenvalue of the

symmetric positive definite matrix P. According to the trigonometric function definition
|sinξ ≤ 1|, the substitution Equation (32) is further simplified:

‖Pr‖ ≤ 1
2

DT
∣∣δ̂1
∣∣‖x‖ (33)

The simplified numerical expression to obtain L(x) is as follows:

dV
dt
≤ −‖x‖2(1− DT

∣∣δ̂1
∣∣) (34)

Therefore, when
∣∣δ̂1
∣∣ < 1

DT , dV
dt ≤ 0 can be obtained.

Since |sin ξ| ≤ |ξ| ≤ |δ11|+
∣∣δ̂1
∣∣, replace |sin ξ| in Equation (32) with |δ11|+

∣∣δ̂1
∣∣ and

calculate. The resulting equation of inequality is as follows:

‖Pr‖ ≤ 1
2

DT
(
|δ11|+

∣∣δ̂1
∣∣)∣∣δ̂1

∣∣‖x‖ (35)

dV
dt
≤ −‖x‖2(1− DT

(
|δ11|+

∣∣δ̂1
∣∣)∣∣δ̂1

∣∣) (36)

Therefore, when
∣∣δ̂1
∣∣ < 1

2

(
−|δ11|+

√
|δ11|2 + 4

DT

)
, dV

dt ≤ 0 can be obtained.

The two resulting value ranges are summarized and unified, and the stability domain
of
∣∣δ̂1
∣∣ is calculated as:

U = max

(
1

DT
,

1
2

(
−|δ11|+

√
|δ11|2 +

4
DT

))
(37)

when
∣∣δ̂1
∣∣ < U, it means that at least one of the above inequalities is met to make it valid,

so that dV
dt < 0 can be obtained, and the system is stable.

5. Parametric Effect Analysis

From the Equation (1), it can be seen that in the torsional vibration model of the wind
turbine shaft system, the stability of the system is affected by each design parameter at
the same time, and the influence of each design parameter on the stability of the system
is different, so when analyzing the stability of the system, it is necessary to use the single
variable method to analyze the action of each design parameter on the control parameter
one by one. Since the first and second order Hurwitz determinants of the system are
positive, and the symbols of the third and fourth order Hurwitz determinants are the same,
it is only necessary to analyze the design parameters of the torsional vibration equation of
equation (1) and the root Ri of the unary quadratic equation about T2.

The rotational inertia Jm of the wind wheel and the rotational inertia Je of the generator
rotor are set as variables, where the rotational inertia Jm of the wind wheel varies from
1.141 × 104 to 1.441 × 104 kg·m2 and the rotational inertia Je of the generator rotor varies
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from 4.170× 104 to 4.470× 104 kg·m2. The values of Ri are calculated for different rotational
inertia in the variation range, and the results are shown in Figures 2 and 3: when the
rotational inertia Jm of the wind wheel increases gradually in the range, Ri decreases slowly
with the increase of Jm. When the rotational inertia of the generator rotor Je increases
gradually in the range, Ri increases significantly with the increase of Je.
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The damping coefficient Cm of the wind wheel, the damping coefficient Cz between
the wind wheel and the generator, and the damping coefficient Ce of the generator rotor are
set as variables, where the damping coefficient Cm of the wind wheel varies from 1.500 to
2.500 pu, the damping coefficient Cz between the wind wheel and the generator varies from
0.010 to 0.020 pu, and the damping coefficient Ce of the generator rotor varies from 0.500 to
1.500 pu. The values of Ri are calculated in the range of different damping coefficients, and
the results are shown in Figures 4–6. When Cz and Ce gradually increase in the range, Ri
gradually increases. When Cm increases gradually in the range, Ri decreases gradually.

The drive shaft stiffness coefficient Kz was set as a variable and varied from 6.526 × 108

to 6.826 × 108 N·m/rad. The value of Ri is calculated at different rotational inertia and the
result is shown in Figure 7. Ri decreases as the stiffness coefficient Kz of the drive shaft
increases in the range.
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To quantitatively compare the magnitude of the effects of different design parameters
on Ri over a range of variations, the paper introduces the sensitivity S as a measure. The
sensitivity S is defined as follows [18]:

S =
∆R/R
∆x/x

(38)
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In Equation (38), ∆R is the value of Ri change for a certain design parameter change; x
is the design parameter reference value; ∆x is the design parameter change value.

From the definition of sensitivity, it is clear that the larger the value of S, the greater the
influence of the analyzed design parameters on Ri. The design parameters were adjusted
by +20% from the minimum of the range of values taken for the parametric effect analysis,
and the degree of influence on Ri was analyzed by Equation (38), as shown in Table 3, and
the degree of influence of each design parameter on Ri was ranked from largest to smallest
as follows.

Table 3. Sensitivity of each parameter.

Parameters Sensitivity

Kz 1.0000
Je 0.8336
Cz 0.0066
Cm 0.0055
Jm 0.0003
Ce 5.9151 × 10−6

It can be seen that Kz has the greatest influence, followed by Je, Cz and Cm have less
influence, while Jm and Ce has almost no influence. Combined with the actual engineering
practice, when the value of sensitivity is set less than 0.1, the degree of influence of the
parameters on the system is negligible. Therefore, the value of Ri can be adjusted by
adjusting the value of Kz or Je to achieve the control of system stability. When the value of
Ri needs to be increased, the value of Je can be adjusted to increase or the value of Kz can be
adjusted to decrease, where the value of Kz is more effective. The opposite is also true.

6. Verification and Analysis

A model of wind turbine data is substituted into the torsional vibration system to
calculate the range of values of the control parameters when the system is stable, and
any value within the range is selected to calculate and verify whether the Routh–Hurwitz
stability criterion is satisfied.

The values of each parameter are shown in the following Table 4:
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Table 4. Table of values for each parameter.

Parameter Value

Jm 1.141 × 108 kg·m2

Je 4.170 × 104 kg·m2

Kz 6.526 × 108 N·m/rad
Cm 1.500 pu
Ce 0.500 pu
Cz 0.010 pu
Tm 4.524 × 105 N·m

Substituting the values of the parameters in Table 4 into Equations (10) and (16), the
fixed values Tm/Je and the two roots R1 and R2 are calculated.

Tm/Je = 10.8489

R1= −15540.631 − 9104.354 i, R2= −15540.631 + 9104.354 i

According to Equation (21), since the real parts of the two roots of the unary quadratic
polynomial R1 and R2 are less than the fixed values Tm/Je, when T2 is greater than (Tm/Je)
cosδ11, that is, T > 10.8489, the system is stable at the equilibrium point A1, and the Hopf
bifurcation phenomenon is not generated. The stable range is (10.8489, +∞).

Verify the correctness of the value range, and take the parameter value range T = 123
for stability analysis.

When T = 123, the Jacobian matrix at equilibrium point A1 is:

H2 =


0 0.0001 0 0

−0.0006 −0.0000 0.0006 0.0000
0 0 0 0.0001

1.5650 0.0000 −1.5772 −0.0000

× 104

Eigenvalut1e:

λ1,2= −6.1130 × 10−6 ± 125.6100 i, λ3,4= −8.7272 × 10−9 ± 0.2108 i

According to Routh–Hurwitz theory, when T = 123, the eigen equation has an eigen
root with a negative real part, and the system is stable at the equilibrium point A1.

δ11 = 0.0883 + 2kπ, A1 = (0.0890 + 2kπ,0, 0.0883 + 2kπ,0)

The positive definite matrix P is obtained as follows:

P =


0.6942 0.0000 −0.6398 0.0000
0.0000 1.3359 0.0000 0.0004
−0.6398 0.0000 0.6448 0.0000
0.0000 0.0004 0.0000 0.0000

× 109

The four eigenvalues of the positive definite matrix P are calculated to be 40,900,
2.9230 × 107, 1.3100 × 109, and 1.3359 × 109. The maximum eigenvalue D is 1.3359 × 109.
Further derive the two stable domains U1 = 6.0858 × 10−12 and U2 = 6.8371 × 10−11 of δ in
the system. The stability domain δ at equilibrium point A1 is

∣∣δ̂1
∣∣ < 6.8371× 10−11.

7. Conclusions

A torsional vibration model of the shaft system of a direct-drive permanent magnet
wind turbine was established, and the Jacobian matrix of the equilibrium point of the
torsional vibration model was analyzed to obtain the stability of the torsional vibration
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system and the range of the control parameters when the bifurcation phenomenon occurred
by using the Routh–Hurwitz stability criterion.

By constructing the Lyapunov function, the range of the stable domain of the equi-
librium position in the steady state of the torsional vibration system was obtained. The
sensitivity analysis of the system parameters was performed to obtain the effects of the
system parameters on the stability of the system for torsional vibration systems.

The bifurcation and stability calculation of the shaft system torsional vibration of a
type of direct-drive wind wheel was a research object. The results show that the method
proposed in the paper can be used for bifurcation and stability domain analysis of torsional
vibration of wind wheel shaft systems.

In this article, we obtained the range of values of control parameters for the stability of
torsional vibration systems and the bifurcation phenomenon, and, in the subsequent work,
we can analyze the characteristics of the system when the bifurcation phenomenon occurs
at the equilibrium point and how to control it.
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