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Abstract: The importance of the optimization principle implementation in ensuring the radiation
protection of NPP personnel was emphasized. The potential of route optimization in reducing the
dose load of the personnel of nuclear power plants and other nuclear facilities is shown. The paper
considers the main directions of the authors’ development of the theory and algorithms of route
optimization of work in inhomogeneous radiation fields during maintenance, repair, modernization,
dismantling of NPP equipment, and elimination of the radiation accident consequences. The results
of the computational experiments that were carried out with the “Uran” supercomputer of the IMM
UB RAS for the checking of the developed algorithms are presented. The article provides an overview
of the developed methods of route optimization of work using the dynamic programming method,
including consideration of the constraints in the form of precedence conditions, which means the
requirement to perform certain tasks only after the completion of others. Dijkstra’s method was
used to solve the “dosimetrist’s problem”, where the optimal route for the dosimetrist’s movement is
being constructed, including obstacles bypassing and visiting specified points in the room where it is
necessary to perform work to determine the radiation environment characteristics such as measuring
the radiation dose rate, taking samples, etc. The routing of movements with the non-additive
aggregation of costs is considered. The content of the problem is shown on the example of the
radiation accident consequences eliminating on a locality, where, as a result of radioactive fragments
scattering, a system of emitting elements appears, which must be deactivated, i.e., dismantled or
screened. This task must be carried out in consecutive cycles with a definite threshold level of
personnel exposure per shift. A characteristic feature is the dependence of cost functions (here,
dosimetric cost) on the list of tasks: only sources that have not been dismantled yet continue emitting
at the moment. Precedence conditions are also possible.

Keywords: route optimization; dosimetric cost; radiation protection; traveling salesman problem;
nuclear power plant

1. Introduction

The optimization principle is of great practical importance for ensuring the radia-
tion safety of personnel at all stages of the life cycle of operating and especially newly
designed NPPs.

In 2007, the ICRP issued recommendations that combine and complement the previous
ones [1]. The recommendations reemphasize and further reinforce the importance of the
optimization of radiation protection, thereby disseminating the successful experience of
putting this requirement into practice, presently in planned exposure situations too.

Close attention should be paid to the optimization of radiation protection in all possible
areas, including the route optimization of work in nonuniform radiation fields [2].
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The inhomogeneity of the radiation dose rate at different points in the premises
determines the dependence of dose costs on the choice of the personnel movement trajectory.
The shortest path in length does not mean the minimum radiation dose [3,4].

Since the beginning of the 2000s, a team of scientists from the Ural Federal University
and the Institute of Mathematics and Mechanics of the Ural Branch of the Russian Academy
of Sciences has been developing the theory and methods for the route optimization of
personnel dose loads. During this time, we have developed a theoretical justification,
have obtained new world-class scientific results in the field of route optimization of work,
have built computational algorithms for solving a number of applied problems of route
optimization in the nuclear power industry (Figure 1), and have performed computa-
tional experiments, including the “Uran” supercomputer of the IMM UB RAS assisted
experiments [5].
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The basis used was the classical traveling salesman problem (TSP). The interpretation
of this problem for the nuclear power industry was given in [6]. The classical formulation
of the traveling salesman problem is given, for example, in [7]. Note that the traveling
salesman problem is one of the most popular discrete optimization problems. There
are N cities. The salesman leaves one of the cities that is the base and must visit all the
remaining (N − 1) cities. It is required to choose from N! possible routes the route of
the smallest length. In the problems under consideration, the length is replaced by the
minimum total effective dose of radiation. Later, generalizations of the traveling salesman
problem appeared, considering the precedence conditions (the precedence constrained
TSP) [8–12]. The variant of the dynamic programming method (DPM) developed for
these problems differs in that it does not use the entire array of values of the Bellman
function [13,14].

A feature of applied engineering problems are restrictions, for example, “precedence
conditions”, requiring certain tasks to be performed after others. These restrictions hin-
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der the use of standard methods of discrete optimization such as the branch and bound
method [15,16]. But it is possible to use the restrictions to reduce the enumeration in the
computational implementation of exact solution methods. It was possible to achieve this
goal without a loss of quality on the basis of previously developed and very non-standard
methods. Theoretical materials, which allowed to set in an exact form the mathematical
formulations of the considered engineering problems in the nuclear power industry, are
detailed in the second part of the monograph [17].

Let there be N objects that need to be visited and work to be done there. We shall
designate α(k) the permutation of N numbers 1,2, . . . ,N, which specifies the objects visiting
order. The following expression determines the total radiation dose for a given order of
objects visiting α:

n

∑
i=1

( .
Hα(i) × tα(i) + cα(i−1)α(i)

)
, (1)

where
.

Hi is the dose rate, ti is the time spent by personnel in the i-th isodose area, and cij is
the radiation dose received when moving from object i to j.

In (1), the value ∑n
i=1

.
Hα(i) × tα(i), which specifies the total radiation dose when

working on an object, does not depend on the order of the objects visiting. When minimizing
the functional (1) with respect to α, only the “transit component” is minimized

n

∑
i=1

cα(i−1)α(i). (2)

In the problem of reducing the radiation dose during dismantling, the minimized
functional depended not only on the “transit component”, but also on the dose received
during dismantling operations.

2. The Traveling Salesman Problem

We fix the initial point (base), which we give the index 0. We use the index j ∈ 1, N to
designate the final state obtained by choosing a route in the form of a permutation in 1, N,
and so we fix the beginning and end of the process.

We consider the matrix
(

Ai,j ≥ 0; i ∈ 0, N, j ∈ 1, N
)

of costs to be given. We call
the visiting points “cities” and identify them with indices from 1, N. If i ∈ 0, N and
j ∈ 1, N, then Ai,j is interpreted as the cost of moving i −→ j. Routes are permutations
in 1, N, i.e., the ordered sets (i1, . . . ..iN), where it ∈ 1, N; the values of it are pairwise
different. The choice of a route defines a chain of movements

0 −→ i1 −→ . . . −→ iN, (3)

which starts from the base and ends in the “city” number iN. In this case the link (it,it+1),
where t ∈ 1, N − 1, is estimated by the cost Ait,it+1 ; the initial move costs A0,it .

We consider an N-dimensional vector with non-negative components k1, . . . , kN to be
given. The cost of the route (3) is the sum

A0,i1 +
N−1

∑
t=1

Ait ,it+1 + KiN ∈ [0, ∞]. (4)

Let us consider cost (4) minimization by rational choice of route (3). The total number
of routes is N!; it increases rapidly with N, which makes it difficult to enumerate the options.
We consider “cities” to be points of a two- or three-dimensional metric space. Then we can
take the distance as Euclidean, which, from the point of view of (4), corresponds to the
problem of minimizing the length of the broken line (Figure 2).
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For metric versions of the TSP, many approximate algorithms have been developed
that allow us to solve high-dimensional problems with a given accuracy level (optimal
algorithms determine the extremum exactly but work well only for small N). When solving
high-dimensional problems, it is necessary to apply a variety of heuristics. The structure of
heuristics can be formed on the basis of theoretical constructions corresponding to optimal
methods. Here we can note the Bellman equations in DPM.

The remarkable property of dependency

(i,K) −→ v(i,K) (5)

is that it can be built over the layers corresponding to each work with “lists” of fixed
cardinality, using the following rule: if i ∈ 0, N, and K, K ⊂ 1, N, is a non-empty “list”, then

v(i, K) = mink∈K[Ai,k + v(k, K\{k})]. (6)

Expression (6) is the Bellman equation, which determines the evolution of the extrema
of “partial” or shortened variants of the TSP; wherein

V = v
(
0, 1, N

)
. (7)

We can determine the entire dependence (5), including the global extremum of the
main problem with the help of (6) and (7) and the boundary condition

v(i,∅) = ki ∀i ∈ 0, N

Knowing dependence (4) makes it easy to build the optimal route. From (6), (7) we
have the equality

V(i, K) = mink∈1,N
[
A0,k + v

(
k, 1, N\{k}

)]
. (8)

We choose ii ∈ 1, N from the minimum condition (8):

V = A0,i1 + v
(
i1, 1, N\{i1}

)
. (9)

We move to the “city” number i1, while having a “list”

1, N \{i1}

of unfulfilled tasks. Returning to (6), we obtain the equality
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v
(
i1, 1, N\{i1}

)
= mink∈1,N{i1}

[
Ai1,k + v

(
k, 1, N\{i1;k}

)]
. (10)

Considering (10), we choose i2∈ 1, N \{i1} from the minimum condition:

v
(
i1, 1, N\{i1}

)
= Ai1,i2 + v

(
i2, 1, N\{i1; i2}

)
.

Using (9), we obtain the equality

V = A0,i1 + Ai1,i2 + v
(
i2, 1, N\{i1; i2}

)
.

Further constructions are similar and lead to the implementation of a route

(i1, i2, . . . , iN)

for which the chain of equalities

V = A0,i1 + Ai1,i2 + . . . + AiN−1,iN + v
(
iN , 1, N\

{
ij : j ∈ 1, N

})
=

= A0,i1 + Ai1,i2 + . . . + AiN−1,iN+v (iN ,∅) =
= A0,i1 + Ai1,i2 + . . . + AiN−1,iN + kiN .

(11)

is true.
In (11) it is assumed that N ≥ 3. Despite the simplicity of the formulation, the above-

mentioned TSP model can be applied to solving some variants of the problem related to
radiation safety.

3. Routing Problem with Restrictions and Dependence of Cost Functions on the List
of Tasks

The process of moving between points ∏1, . . . , ∏N , where N is a given natural
number (N > 2), starts from the initial point ∏0. The sequence of visits may vary

∏0 → ∏i1
→ . . . → ∏iN

(12)

where the indices ij, 1 ≤ ij ≤ N, are pairwise distinct and subject to restrictions in the form
of precedence conditions: such a pair of indices p, q can be given,

1 ≤ p ≤ N, 1 ≤ q ≤ N,

that for numbers k and l,
1 ≤ k ≤ N, 1 ≤ l ≤ N,

realizing p and q in the form
p = ik, q = il

the inequality k < l holds. This corresponds to the presentation of points with indices p
and q as the “sender” and “receiver” of the cargo, i.e., “sender” must be visited before
“receiver”.

Let us consider the case when at the j-th step (0≤ j≤ N − 1) the cost function depends
on the entire list of indices ij+1, . . . , iN , which corresponds to tasks not completed at the
moment of the j-th move, i.e., ij → ij+1 . In this case, a person is exposed to radiation from
non-dismantled elements.

In the case when we dismantle N objects in the sequence α(1), α(2), . . . , α(N), where α
is a permutation of indices from (1,N) , the total radiation dose will be calculated by the
following formula:

E = tα(1)

( .
Hα(1) +

.
Hα(2) + . . . +

.
Hα(N)

)
+

+tα(2)

( .
Hα(2) +

.
Hα(3) + . . . +

.
Hα(N)

)
+ . . . + tα(N)

.
Hα(N).

(13)
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Here
.

Hα(i) is the radiation dose rate created by the object number α(i); tα(i) is the
dismantling time of the object number α(i). Note that in the case under consideration, the
radiation dose when moving between objects is not taken into consideration. For example,
the travel time between objects is quite short.

Let us consider, as an example, the simplest variant of the problem related to finding
the optimal variant of the sequence for four objects. Table 1 gives the dismantling time and
the created dose rate for each object [18].

Table 1. The dismantling time and dose rates for the objects.

Object Number 1 2 3 4

Radiation dose rate generated by an object in the room, rel. units/hour 2 3 1.5 1.5

Dismantling time of the object, hour 0.2 0.3 0.7 0.5

As mentioned above, there are N! variants of admissible routes in the optimization
problem. For this simplest example (four objects in a room), there are 24 acceptable routes
(Figure 3). Two of them turned out to be the optimal routes (dismantling sequences), where
total radiation dose was minimal:

2 −→ 1 −→ 4 −→ 3, 1 −→ 2 −→ 4 −→ 3.
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The example does not consider the “transit component”. If its contribution is signifi-
cant, then the Expression (13) should be supplemented with (2).

4. Dismantling of Radioactive Objects

The problem of route optimization when performing the dismantling of radiation
hazardous equipment makes it possible to find the minimum value of the total radiation
dose when performing the necessary work in inhomogeneous radiation fields [19–21].

Let us consider the case of radioactive objects dismantling as the route develops. At the
time of the next movement, only non-dismantled objects cause irradiation. When moving
from “city” i to “city” j (where we carry out dismantling), we have a “list” K, K ⊂ 1, N, of
unfulfilled tasks; besides i /∈ K and j ∈ K. Therefore, the impact of sources on a person
making the movement i−→j, where i ∈ 0, N, j ∈ 1, N and i 6= j, should be estimated
by a non-negative number Ai,j[K], which characterizes integrally the impact of sources
with numbers from the “list” K. There must be a volumetric matrix with coefficients Ai,j[K]
to use them in (6) as individual dose costs. Each movement has unique list of tasks that
depends on the route. The list of tasks is unique for each movement and depends on the
route. If in addition (see (5))

(i1, . . . , iN) (14)

is a route (permutation of indices from 1, N), then the cost (6) of route (14) should be
replaced by

A0,i1 [{1; . . . ; N}] + ∑N−1
t=1 Ait ,it+1 [{it+1; . . . ; iN}] + kiN ∈ [0, ∞]. (15)

The problem under consideration turns to minimizing the value (15) by the enumera-
tion of all possible routes (14). It replaces the classical TSP.

Extremum V ∈ [0; ∞] is the smallest value of all values (15) for the enumeration of
possible routes (14). The solution of the main problem comes in determining V and finding
the optimal route.

To find the extremum V, a procedure based on DPM was used, with a feature related
to the dependence of the cost matrix on the list of tasks.

Along with the main one, we consider shortened route problems, which are de-
fined similarly to the common traveling salesman problem. We assign each partial route
(i1, . . . , in) a cost

Ai,i1 [K] + ∑n−1
t=1 Ait ,it+1 [{it+1; . . . ; in}] + kin ∈ [0, ∞[ (16)

in the case of n ≥ 2; for n = 1, the route i1, . . . , in (reduced to the index i1) is estimated by
the value

Ai,i1 [K] + ki1 = Ai1,i1 [{i1}] + ki1 ∈ [0, ∞[ . (17)

For n≥ 2, we denote by v(I, K) the smallest value (14) in the enumeration of all (partial)
routes (i1, . . . , in); for n = 1, we identify v(i, K) with value (17).

If i ∈ 0, N and K = ∅, then we assume that v(i, K) = v(i, ∅) = ki. Thus, an array of
possible values v(i, K) is defined, and K is some “list” of jobs, i.e., K ⊂ 1, N. Herewith, it is
obvious that

V = v
(
0, 1, N

)
. (18)

Thus, the Bellman function is introduced, whose behavior is characterized by the
following equation (Bellman equation): if K is a non-empty “list” (i.e., K is a non-empty
subset of 1, N), and i ∈ 0, N\ K, then

v
(
i, K) = minj∈K [Ai,j[K] + v(j, K\{j})]. (19)

Expression (19) is similar to Equation (6) but differs in the use of a “volumetric” cost
matrix. Based on (19), we can construct an optimal route, keeping in mind the following



Energies 2022, 15, 4788 8 of 11

rule: if we are “located” in a “city” number i ∈ 0, N and K, K ⊂ 1, N, there is some
non-empty list tasks to be performed, then the choice of the next task from the list K, i.e.,
j ∈ K, should be performed in such a way that

Ai,j
[
K] + v(j, K\{j})]= minj∈K[Ai, j[K] + v(j, K\{j})].

As j, one should choose the solution of the problem

Ai, j[K ] + v(j, K\{j})→ min, j ∈K (20)

Problem (20) is first solved for i = 0, K = 1, N; then, after finding i1 = j, consider variant
(20), for which i = i1 and K =1, N\{i1}. The subsequent operations for constructing the
optimal route are similar.

5. Constraints in the Form of Precedence Conditions

In real conditions, the dismantling of radioactive equipment cannot be carried out in an
arbitrary sequence, for example, the dismantling of objects located on different floors or in
the interior of the main hall. In this regard, it became necessary to consider the precedence
conditions when constructing the route. The variant of the dynamic programming method
created for this made it possible to reduce the number of possible routes and, as a result, to
reduce the amount of calculations [22,23].

Let us apply the developed algorithm for a system of 18 dismantled blocks (Figure 5).
The precedence condition “1–2” means that the object No. 2 can only be dismantled
after the object No. 1. Therefore, routes with “invalid” back hops are excluded from
consideration [18].
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The results of the computational experiment showed that, for this example, the dose
costs of the optimal dismantling sequence is less than the maximum value (the costs of the
most unfavorable sequence) by 28.7% with the precedence conditions and by 46.7% in the
absence of precedence conditions.

6. The Dosimetrist Problem

The dosimetrist problem was formulated in order to optimize the route of the dosimetrist
when performing measurements while analyzing the pilot operation of the subsystem for
the automated processing of data from non-routine measurements of the radiation situation
at power units No. 1 and No. 2 of the Beloyarsk NPP [24,25]. It developed the optimal
route construction algorithm for a dosimetrist that visits certain points to determine the
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parameters of the radiation situation, i.e., measure the dose rate, take samples, etc. To
determine the cost functions, considering the avoidance of obstacles, Dijkstra’s method
of finding the shortest path in the graph was used. Detailed results of the research are
presented in the article “Reducing the exposure dose by optimizing the route of personnel
movement with visiting the specified points taking into account the avoidance of obstacles”
(Tashlykov O.L., Grigoryev A.M., Kropachev Yu.A.), which is included in this Special Issue
on “Nuclear Engineering and Technology”, as well as in publications [26,27].

7. The Problem of Movement Routing with Non-Additive Cost Aggregation

The problem of routing movements with the non-additive aggregation of costs, or
rather, a generalized version of the well-known bottleneck problem, is another area of the
research. When setting, it is allowed to choose the initial state (process base) within a given
set, which is not necessarily finite. It is assumed that the cost functions can depend on
the list of tasks that have not been completed at the moment; there are also precedence
conditions. Statements of this kind can arise in a wide variety of engineering applications.
The majority of research in the field of solving the TSP refers to the “additive” version,
where the costs of moving between “cities” are summed up. The formulation under
consideration contains significant differences from the CC not only quantitatively, but also
qualitatively [28,29].

Let us provide some meaningful statement focused on applications related to the
dismantling of radiation-hazardous equipment or the cleanup of a territory contaminated
as a result of an accident from radiation-hazardous objects. In this case, we mean the task
of eliminating the consequences of a radiation accident on the ground, when a system of
radiating elements arises from the spread of radioactive fragments [30].

Let, in a certain area, there be N points of radiation-hazardous objects that need
to be dismantled (“turned off”), and the contaminated area should be decontaminated
(Figure 6) [31]. On the first day, workers dismantle the first facility, receiving a dose from all
existing facilities. On the second day, the next object is dismantled. Every day, work begins
at the place where work was completed the day before. The dismantled object ceases to be
a source of radiation. On the Nth day, the last object is dismantled. Each worker receives
a daily dose of radiation, which should not exceed the established one. It is necessary to
determine the order of dismantling with the minimum daily dose of radiation.
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We use a variant of the “bottlenecks” problem (non-additive quality criterion). Let
the order of visiting objects α be given (the route of visiting N “cities”). Each radioactive
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object is located inside the corresponding “city”. The entry and exit points of the “city”
Mi will be denoted by a two-dimensional vector zi, with coordinates (pr1(zi), pr2(zi)), the
first coordinate is the entry point to Mi, and the second is the exit point. In essence, these
are the points through which we can approach the i-th source of radiation. The maximum
value of the dose along the route α is

Gα[z] = maxk∈1,N

[
c
(

pr2(zk−1), pr1(zk), α
(

k, N
))

+ cα(k)

(
zk, α

(
k, N

))]
. (21)

The first term defines the “transit” dose received when moving from the α(k − 1)
object to the α(k) object, and the second is the radiation dose during the dismantling of the
α(k) object.

It is required to determine the procedure for performing one-day cycles of work in
order to “eliminate” radioactive objects in a dangerous area α, in which the maximum daily
dose will take the smallest value. This problem can be formulated as

V := min(α,z)∈DGα[z],

where D is defined as a set of all admissible routes α and the entry–exit points corresponding
to these routes in “cities”. A variant of dynamic programming has been created for the
problem, considering the precedence conditions.

8. Conclusions

The heterogeneity of radiation fields in the radiation-hazardous zone determines a
significant potential for minimizing dose costs through the route optimization of work:
finding the optimal route for personnel movement or the optimal sequence for the dis-
mantling of radioactive equipment. For problems related to the dismantling of radioactive
equipment, new theoretical results were obtained on exact and approximate methods for
solving route problems with a complicated criterion, including internal work and explicit
dependencies on the list of currently unfulfilled tasks.

In the process of solving the problem, it was possible to use a set of constraints in
the form of precedence conditions, which were traditionally considered difficult for the
optimization method. The constraints were applied to overcome computational difficulties,
since on this basis it was possible to actually reduce the dimension of the problem without
a loss of quality.
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