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Abstract: A new SOC (State-Of-Charge)–VOC (Voltage-of-Open-Circuit) mathematical model was
proposed in this paper, which is particularly useful in parallel lithium battery modeling. When
the battery strings are charged in parallel connection, the batteries can be deemed as capacitors
with different capacitances, and the one with larger capacitance always obtains the higher current.
According to this mathematical model, the parallel battery charging with different peak capacitances
can result in different voltage slew rates on different battery strings during the constant current
control. Different parallel battery strings are charged with different currents, of which the battery
string under higher current can induce higher power loss and higher temperature. The conventional
solution can use this model to switch the constant current charging into the constant voltage charging
with the correct timing to avoid overcurrent charging. Other battery pack protection methods
including current sense resistor, resettable thermal cutoff device, or resettable fuse can also use this
mathematical model to improve the protection. In the experiments, three kinds of batteries including
LiFePO4 battery, EV Type-1 battery, and ternary battery were examined. The experiments showed
good consistency with the simulation results derived from the mathematical model.

Keywords: battery modeling; parallel charging; SOC–VOC

1. Introduction

To meet the requirements for power and energy, cells connected in parallel and in
series in a battery pack are required. Cells connected in parallel or in series bring some
battery charging and energy balancing issues. Some papers explore the impact of parallel
connecting cells with varied properties, and introduce a model for serial-connected [1] or
parallel-connected cells [2] in a battery pack. Current differences in parallel connecting
can cause differences in the state of charge, temperature, and degradation rate of each cell.
Several existing battery-charging [3,4] and cell-balancing [5,6] techniques with flyback-
based converters are well presented. The flyback converter has been widely adopted
for lithium-based batteries in electrical vehicles because of its simple structure and high
conversion efficiency [3–6].

There are several methods proposed for SOC estimation, such as the open-circuit
voltage method, coulomb counting methods, machine learning method, and model-based
method [7,8]. Among these methods, the open-circuit voltage method has high precision
and simple implementation, so it is suitable for SOC estimation. Accurate VOC plays an
important role to estimate SOC. There are several fitting methods [1,8–11] for SOC–VOC
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voltage characteristics, including polynomial functions [8,10], sigmoid fitting functions [11],
and complex fitting functions [11]. In ref. [8], an 8th degree polynomial fitting function
using the genetic algorithm was used to establish the relationship between VOC and SOC
mapping. In ref. [10], nonlinear semi-infinite programming polynomial model was pro-
posed and showed accurate SOC estimation in comparison with the traditional polynomial
and sigmoid models. The complex VOC curve can be fitted by using high-order polynomial
models. In ref. [11], a unified VOC model using sigmoid function was presented for both
SOC estimation and SOH monitoring. Moreover, in ref. [1], a dual-scale cell SOC estimation
complex fitting function was proposed for series-connected battery pack. For optimizing
the complex parameters, the machine learning [12] and artificial intelligence [13] method
can be used to help training data in battery models. Due to the complexity of the parame-
ters obtained from abovementioned literatures, the shifted sigmoid SOC–VOC model was
proposed and derived for estimating SOC in this work.

The purpose of this paper was to provide a new SOC–VOC mathematical model for the
parallel lithium battery charging analysis. Three kinds of batteries including the LiFePO4
battery, the EV Type-1 battery, and the ternary battery were tested and used to verify the
proposed model for SOC estimation. This study is organized as follows. First, the battery
charger including battery characteristics, battery management system, and two kinds of
battery charge structures, interleaved and multi-winding flyback converter, for parallel and
series connected are introduced in Section 2. Then, the shifted sigmoid SOC–VOC model
and model fitting are shown in Section 3. Furthermore, constant current charging, and
charging parallel, connected batteries are also discussed in this section. Simulation and
experiment are shown in Section 4. At last, the conclusions of this work are summarized in
Section 5.

2. Battery Charger

The flyback converter can be used in the battery charger of PV, EV, and other battery
applications. Low-rate battery chargers may take several hours to complete a charge. Fast
chargers may restore most capacity, but the application of high rate chargers can be limited
by battery types such as lithium batteries. Such batteries require active monitoring to
protect them from overcharging. Electric vehicles ideally need fast charging. For public
access, installation of such fast chargers including the distribution support is a critical
issue for the supplier. Charging batteries in the right manner is key to maintaining their
performance, which is required to ensure a higher level of performance and a longer life.

2.1. Battery Characteristics

For commercial EV lithium batteries, they can be categorized into two major battery
chemistries, ternary and LiFePO4 [14]. Ternary lithium batteries adopt layer oxide cath-
ode material such as lithium nickel–cobalt–manganese (NCM: LiNi1−x−yCoxMnyO2) and
lithium nickel–cobalt–aluminum (NCA: LiNi1−x−yCoxAlyO2). The advantages of using
ternary cathodes are high specific capacity, low internal resistance, and good structural
stability [15]. By increasing the nickel content in ternary cathode materials, their specific
capacity can be boosted to over 200 mAh g−1 (NCM811 or NCM955) [15], which are very
popular in advanced EV batteries. NCA-80 (LiNi0.8Co0.15Al0.05O2), majorly used by Tesla,
has a comparable capacity to NCM811, but with better capacity retention and enhanced
thermal stability due to the removal of manganese ion dissolution in the electrolyte [15].
In terms of battery cell types, cylindrical, pouch, and prismatic are three major forms in
battery cell manufacturing [16]. Cylindrical cells have industrial standard specifications,
such as 18,650, 21,700, and 4680, which are determined by the cell diameter and height.
The energy-type cells are made with thicker electrodes to contain more active materials,
and the power-type cells are made with thinner electrodes and more conductive tabs to
reduce electrical and ionic resistances and improve power density. In this report, we tested
standard rechargeable 18,650 cells (a + plus ICR186500-26) that have a terminal voltage of
3.7 V and specific capacity of 2600 mAh. Different from the LiFePO4 battery with a flat
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discharge plateau at around 3.2–3.3 V, the ternary battery has a sloping discharge curve
from 4.2–2.6 V but a better energy density.

2.2. Battery Management System

The battery management system (BMS) is used to monitor battery state and ensure
the safety of charging and discharging operations [17]. BMS equipped with electronic
switches is commanded to disconnect the batteries from charger or load under defined
critical conditions. One of the critical conditions is the over current condition that the
battery cell is exposed to a high inrush charging current or outrush discharging current,
which leads to the overheating of the batteries. During the charging of multi-module
batteries, which consist of several single-battery modules connected in series or parallel, the
inrush current limiting circuit that limits the current during the turn-on phase and protects
both the battery and the load is necessary. In the battery charging stage, the batteries
in parallel can be equalized using the interleave circuit to avoid the inrush current due
to the instantaneous capacitance differences among the batteries. At the same time, the
series connected batteries can be equalized using the multi-winding transformer in flyback
converter to maintain each individual battery module at the same charge level.

2.3. Interleaved Flyback Converter for Battery Charging

In interleaved flyback converter [18], two replicated sets of flyback converters are
connected in parallel as shown in Figure 1. The two converters in alternative operating
modes can yield the best power efficiency under heavily loaded conditions since the
switching losses of the power switches and other losses are reduced. Higher efficiency
during heavily loaded conditions can be achieved by sharing the current equally between
the two replicated converters and reduce the current square losses. Ideally, if both the
flyback converters can be operated in the BCM mode, then they may be able to share the
same magnetic core to reduce the size of the transformer. However, in practice, with the
batteries having large capacitances, the current flow can be noisy during diode turn-off and
primary inductor charging periods. The magnetism becomes much more complicated than
the single flyback structure. Passive lossless snubbers, which are more reliable and easy to
implement, are more preferred to be used for suppressing switching losses. However, ZVS
and ZCS conditions at turn off and turn on instants for the converter switch can only be
implemented in the DCM operations.

2.4. Multi-Winding Flyback Converter for Battery Charging

The multi-winding flyback topology [3] for battery-charger applications which require
a total output power level of approximately 200 W is shown in Figure 2. The design is spec-
ified for 12 V output voltage as required for a 3-cell Li-ion battery charger. The individual
secondary windings are of 10 ampere output current. The diodes of the secondary windings
are initially off when the primary winding is charging the current into the magnetic field
and then the magnetic energy is shuffled to the battery through the secondary winding.
In this multi-winding arrangement, all secondary voltages are the same as they share the
same flux linkage when the magnetic circuit of the secondary sides are identical.
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3. Battery Charging Model

The electrical model is conventionally described by an equivalent circuit based on
a combination of basic elements, such as voltage sources, resistors, and capacitors, to
approximate the electrochemical processes and input-to-output dynamics of the battery.
Combining the passive components in different ways, the researchers constructed the
electrical models into Thevenin equivalent circuit model, Rint model, radio control model,
and table lookup learning model. The Thevenin equivalent circuit model is commonly
suggested to simulate the lithium-ion battery as it is a simple embodiment of the battery’s
dynamic response within an acceptable error bound.

SOC (State-Of-Charge) is defined as the status of available energy (mAh or Ah) in
the battery and usually expressed as percentages. Because the available battery energy is
a function charging/discharging rate, temperatures, and battery aging effects, the SOC



Energies 2022, 15, 4767 5 of 21

is then defined more clearly as ASOC (Absolute State-Of-Charge) and RSOC (Relative
State-Of-Charge). The range of RSOC is from 0% to 100%, a fully charged battery’s RSOC
is always 100%, and a fully discharged battery has 0% RSOC. The ASOC is a reference
calculated by design capacity which is a fixed capacity from right after the battery is
manufactured. A fully charged new battery will have ASOC 100%, after that it is less than
100% with the aging effect under different charge/discharge usage conditions. In order to
obtain the SOC–VOC relationship experimentally, first we began with a blank battery and
started charging it with very low C-rate to the designed open circuit voltage VOC,MAX until
reaching a fully charge state at ASOC 100%. Then, once we started discharging the cell
with the same low C-rate, we saw that the discharge curve was different from the charge
curve, which means that for the same SOC level the value VOCs cannot be the same during
charging and discharging because of the hysteresis characteristics, as shown in Figure 3.
The hysteresis also happened for high C-rate charge and discharge. It is noted that the
designed open circuit voltage VOC,MAX is a reference value from the manufacturer. Thus,
when the battery was charged again to the voltage VOC,MAX, the RSOC was no longer 100%.
It will take a longer time to obtain a higher voltage of VOC in order to fully charge at RSOC
state 100%.
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3.1. Shifted Sigmoid SOC–VOC Model

The previous equivalent models are useful for the circuit simulation purpose while
our SOC–VOC model called the shifted sigmoid model is proposed for the analysis purpose
as follows.

g(VOC) =
Ke−αVP

e−αVOC + e−αVP
(1)

VOC is open circuit voltage of the battery. The SOC defined in this paper without
further notice is the RSOC, which is expressed as percentage as follows

SOC = RSOC = 100%× g(VOC)

ASOC = RSOC× Q
Qnew

(2)
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Qnew denotes the capacity from right after the battery is manufactured. Q denotes the
capacity of the battery. When we confine the function value that 0 5 g(VOC) 5 1, the SOC
can be defined as follows.

g ≡ g(VOC) =
SOC
100

(3)

VP < VOC,MAX is the peak capacitance voltage, which is a function of time t, tempera-
ture T, and the charging/discharging current IBAT

VP = VP0 + c1t + c2T + c3 × |IBAT | (4)

VP0 is the same as the ASOC being a reference design voltage of peak capacitance
which is a fixed voltage from right after the battery is manufactured. c1 is the time drift
coefficient which is typically a negative value, that is the peak capacitance voltage VP is the
decreasing function along time. c2 is the temperature drift coefficient which is a negative
coefficient for the Lithium batteries. c3 is the current drift coefficient which is normally a
negative coefficient in the Lithium batteries. K is a scaling factor to scale the maximum
value of g(VOC) to unity for SOC.

1 < K = 1 + eα(VP−VOC,MAX) < 2 (5)

The above equation may also be written as follows.

ln(K− 1) = α(VP −VOC,MAX) (6)

K approaches 2 when small α or VP is very closed to VOC,MAX while K approaches
1 when α is large. The negative coefficient terms that decrease VP will simultaneously
decrease the scaling factor K. Coefficient α is the focus factor of the capacitance. Larger
value of α yields higher gradient result of g(VOC) around VOC = VP. The shifted sigmoid
function g(VOC) yields the value at VP to be exactly half of the constant K.

g(VP) =
K
2
< 1 (7)

The instantaneous change of SOC for each individual state of VOC is the first derivative
of sigmoid function derived as follows.

dg
dVOC

= g′ = α(K− g)g (8)

Considering the battery is a simple capacitor and ignoring the internal resistance, we
obtain a simple relation of the instantaneous capacitance of the battery as follows.

c =
dq

dvOC
= Qg′ (9)

Q is also a reference of the state-of-health (SOH) of the battery, that is, Q will decrease
through the charging/discharge cycles. That is a function of g(VOC,MAX) as follows. The
g(VOC,MAX) was unity right after the manufacturing and is reduced along time. As shown in
Figure 4, the maximum capacitance cmax. occurs at VOC = VP and the maximum capacitance
value is derived as follows.

cmax = Qg′(VP) (10)

From Equation (1), it is obtained that

g′(VP) =
αK2

4
(11)
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When substituting the above equation into Equation (10), we can write the focus factor
α in terms of the maximum instantaneous capacitance as follows.

α =
4cmax

K2Q
(12)

The focus factor α linearly increases with the maximum instantaneous capacitance
cmax. Substituting Equation (6) into (12), we can cancel out voltage amplification α and the
scaling factor K is written in terms of the maximum instantaneous capacitance cmax and the
peak capacitance voltage VP as follows.

K2ln
(

1
K− 1

)
=

4cmax

Q
(VOC,MAX −VP) (13)

According to the result shown in Figure 5, the above equation may be simplified
in different ranges. For small-capacity batteries, the approximation can be considered
as follows.

3.2− K(K− 0.4) =
4cmax

Q
(VOC,MAX −VP) f or 1.2 < K < 2 (14)

For large-capacity batteries, the approximation can be considered as follows.

− 2.3log(K− 1) =
4cmax

Q
(VOC,MAX −VP) f or 1 < K < 1.01 (15)

The second derivative of the shifted sigmoid function is as follows.

d2g
dVOC

2 = g′′ = α2Kg(K− g)(1− 2g) (16)

The above equation implies that the inflection point is at g(VOC) = 1/2. Due to the
rapid rise of the shifted sigmoid function g(VOC) around VP, the inflection point may be
located at VP without much deviation. VOC,MAX, Q, and VP are in general the monotonic
decreasing functions during the charge/discharge cycles. The maximum instantaneous
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capacitance cmax is then the monotonic decreasing function of the charge/discharge cycles.
The SOC approximation according to the shifted sigmoid SOC–VOC model is derived
as follows.

VOC =
1
α

ln
(

g
K− g

)
+ VP (17)

When substituting g = K/2 into the above equation, we obtain VOC = VP which is
consistent with Equation (7).

Energies 2022, 15, x FOR PEER REVIEW 8 of 22 
 

 

The second derivative of the shifted sigmoid function is as follows. 𝑑ଶ𝑔𝑑𝑉ை஼ଶ = 𝑔” = 𝛼ଶ𝐾𝑔(𝐾 − 𝑔)(1 − 2𝑔) (16) 

The above equation implies that the inflection point is at g(VOC) = 1/2. Due to the 
rapid rise of the shifted sigmoid function g(VOC) around VP, the inflection point may be 
located at VP without much deviation. VOC,MAX, Q, and VP are in general the monotonic 
decreasing functions during the charge/discharge cycles. The maximum instantaneous 
capacitance cmax is then the monotonic decreasing function of the charge/discharge cycles. 
The SOC approximation according to the shifted sigmoid SOC–VOC model is derived as 
follows. 𝑉ை஼ = 1𝛼 𝑙𝑛 ൬ 𝑔𝐾 − 𝑔൰ + 𝑉௉ (17) 

When substituting g = K/2 into the above equation, we obtain VOC = VP which is 
consistent with Equation (7). 

 
Figure 5. Linear interpolation of K. 

3.2. SOC Model Fitting 
The SOC model fitting is applied to two kinds of batteries including LiFePO4 battery 

and EV Type-1 battery. Different batteries have different characteristics than one another, 
namely the LiFePO4 battery [9] had larger maximum instantaneous capacitance cmax, and 
the EV Type-1 battery had the larger peak capacitance voltage VP and VOC,MAX as well. The 
third kinds of the batteries, the ternary 18,650 batteries, were used in the experiment for 
comparing with the simulation result. 

3.2.1. LiFePO4 Battery 
Table 1 shows the parameters for the LiFePO4 battery, in which the Cmax was 

obtained from the experiments in ref. [9]. According to the parameters, we first calculated 
the focus factor α from the LiFePO4 battery parameters based on Equation (12) providing 
K = 1 is assumed as follows. 𝛼 = 4𝑐௠௔௫𝑄 = 92 (18) 

The scaling factor K can be solved in the range of 1 < K < 1.01 based on Equation (15) 
as follows. 

Figure 5. Linear interpolation of K.

3.2. SOC Model Fitting

The SOC model fitting is applied to two kinds of batteries including LiFePO4 battery
and EV Type-1 battery. Different batteries have different characteristics than one another,
namely the LiFePO4 battery [9] had larger maximum instantaneous capacitance cmax, and
the EV Type-1 battery had the larger peak capacitance voltage VP and VOC,MAX as well.
The third kinds of the batteries, the ternary 18,650 batteries, were used in the experiment
for comparing with the simulation result.

3.2.1. LiFePO4 Battery

Table 1 shows the parameters for the LiFePO4 battery, in which the Cmax was obtained
from the experiments in ref. [9]. According to the parameters, we first calculated the focus
factor α from the LiFePO4 battery parameters based on Equation (12) providing K = 1 is
assumed as follows.

α =
4cmax

Q
= 92 (18)

Table 1. Parameters for the LiFePO4 battery [9].

Symbol Unit Description Value

Q Ah Battery capacity 6.5
VOC,MAX V Maximum Open Circuit voltage 3.65

VP V Peak voltage 3.35

cmax Ah/V
Maximum instantaneous

Capacitance
∆voc = 10 mV

150 *

*: Data obtained from ref. [9].
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The scaling factor K can be solved in the range of 1 < K < 1.01 based on Equation (15)
as follows.

K = 1 + 10−
4cmax
2.3Q (VOC,MAX−VP) = 1 + 10−12 (19)

The result K is very close to unity. The inflection point of the battery storage is exactly
at VP = 3.35 V. Equation (11) yields that

g′(VP) =
αK2

4
= 23 (20)

The sampling time for the experiment is untraceable due to the capacitance derivation
from Equation (9) being independent of time. We plugged the focus factor α, the scaling
factor K, and the peak capacitance voltage VP into Equation (1), which yielded the result
shown in Figure 6. The cmax determines the focus factor and the corresponding VOC-SOC
curve was less steep when we reduced cmax.
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3.2.2. EV Type-1 Battery

The dotted lines in Figure 7 shows the data generated from a Type-1 battery cycled
by 0.8 C charging at 45 ◦C [19]. Type-1 batteries are used in the EV or PHEV such as
Citroen C-Zero, Ford Focus Electric, Mitsubishi Outlander PHEV, Kia Soul EV, Nissan Leaf
2012–2017, Peugeot, Toyota Prius, and Vauxhall. The plot corresponds to different cycle
numbers during charging, of which the curves change with ageing. Inspection of Figure 7
shows that the voltage vs. SOC curves shrunk with decrease in SOC. SOC decreased
with the increase in cycle number. The reduction in the SOC axis happened due to the
loss of active material (LAM) and lithium inventory (LLI), and the reduction in the VOC
axis happened due to the increase in internal resistance. The internal resistance increased
with ageing mostly due to the increase in SEI layer on the anode surface. According to
the data shown in Figure 7, we applied the data fitting using the parameters shown in
Table 2 and obtained the VOC-SOC plot according to our shifted sigmoid model as solid
lines shown in Figure 7. The ageing effect after many cycles of charging moved both the
VOC,MAX and the peak capacitance voltage VP to the higher voltages and reduced the cmax
simultaneously as shown in Table 2. Loss of active material results in permanent capacity
Q reduction in the battery. The focus factor α and the scaling factor K were calculated from
Equations (12) and (13) iteratively. There is difference a between the experimental data [19]
and the model fitting according to Equation (1). The difference may be due to the shifted
sigmoid model in Equation (1); the VOC-SOC modeling does not have not enough degrees
of freedom to perform the best fit. The other reason may result from the experiment data
acquisition. The charging current depending on the charging rate is converted into SOC at
each sampling time, which fluctuates in the beginning and thus the integration from the
current reading is not accurate in the initial stage of SOC calculation.
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Table 2. Parameters for Type-1 batteries.

Symbol Unit Cycle 1 Value Cycle 1000 Value

Q Ah 3 2.1
cmax Ah/V 5.8 4.9

VOC,MAX V 4.4 4.6
VP V 3.88 3.88
α 7.883388 9.31
K 1.034 1.001

3.3. Constant Current Charging

The battery internal resistance Ri due to the increase in thickness of the solid–electrolyte
interface (SEI) layer increased along the charge/discharge cycle number, and the battery
voltage as shown in Figure 8a during charge/discharge may be written as follows.

VCH = VOC ± ICH ·Ri (21)

Energies 2022, 15, x FOR PEER REVIEW 12 of 22 
 

 

in the blue curve, which is the same with the instantaneous capacitance due to the 
constant current charging as follows. 𝑐 = 𝐼஼ு 𝑇௦∆𝑉ை஼ (30) 

The above equation is in consistent with Equation (7). The voltage slew rate 
increases again after VP. 

  

(a) (b) 

Figure 8. Constant current charging (a) SOC to voltage and (b) charging function. 

 
Figure 9. The reciprocal of charging voltage slew rate in constant current charging. 

3.4. Charging Parallel Connected Batteries 
According to the derived result from the previous sections, the parallel connected 

batteries with two different peak capacitance voltages present different voltage slew 
rates about their individual VP’s. The batteries’ voltage, after ageing both the maximum 
open circuit voltage and the peak capacitance, can become higher than the new one as 

Figure 8. Constant current charging (a) SOC to voltage and (b) charging function.



Energies 2022, 15, 4767 11 of 21

ICH denotes the charging or discharging current. During first charge, assuming the
internal resistance remains constant within the charge time TCH, Equation (21), during the
charging period, has a positive current sign. The time required to charge the battery from
zero voltage to the open circuit voltage VOC depends on the state of charge. We call the
charging process the constant current charging when the state of charge is controlled so
that it increases linearly in the function of time as follows. The SOC during constant current
charging time t yields an expression as follows.

SOC(t) = 100%× g = 100%× t
TCH

(22)

The above equation can be subsequently equated as follows.

t(VOC)

TCH
=
∫ t

0
g(t)dτ =

∫ t

0
g′

dvOC
dτ

dτ =
∫ VOC

0
g′dvOC = g(VOC) (23)

The open-circuit voltage VOC during constant current charging is then derived accord-
ing to Equation (17) as follows.

VOC(t) =
1
α

ln
(

t
KTCH − t

)
+ VP (24)

As shown in Figure 8b, the control charging voltage function VCH(t) can be considered
taking the similar sigmoid function form as follows.

VCH(t) = VOC(t) + ICH Ri (25)

The VCH(t) is increased rapidly in the beginning time due to the natural logarithm
function in Equation (24), and can increase fast from t = 0, though at the end of the time
as t approaches TCH the natural logarithm term will increase again, which is the shifted
sigmoid function.

Considered with a microprocessor or FPGA based discrete control scheme, the charg-
ing voltage vCH may use a proportional controller with the current feedback in discrete
form as follows.

vCH(k) = vCH(k− 1) + GpRi(ICH − iBAT(k− 1)) (26)

ICH is the desired constant current to charge into the battery. Gp is the proportional
control gain. Small letter k is the tick count, which denotes the k-th time count in the
sampling time of TS as a discrete control convention. Due to the ion mobility increase as
temperature rises, the internal resistance is reduced at high temperatures, which is known
as the negative thermal coefficient resistor effect. The internal resistance Ri excluding the
solid–electrolyte interface resistance RSEI is known as the negative temperature coefficient
for the lithium batteries, which is recommended at −10 ◦C as its nominal value. iBAT is
the charging current at the instance of time. The voltage drop on the internal resistance is
written as follows.

vRi = Ri × iBAT (27)

Equation (26) is then reformulated in the voltage form as follows, which is independent
of VOC.

vCH(k) = vCH(k− 1) + GpRi ICH − GpvRi(k− 1) (28)

Equations (24) and (28) are different in the real-time and discrete-time form expression;
we obtain the same value at the same time tick count k as follows.

vCH(k) = VCH(t) (29)
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We may simulate the vCH(k) process according to Figure 8 and plot the voltage changes
due to each time tick as shown in Figure 9. During constant current charging under the
discrete control, the fixed height of the rectangular boxes is the constant charging current
due to Equation (22). The constant current increases the SOC incrementally after each time
tick. On the other hand, the voltage increment which is the width of the rectangular boxes
gradually decreases. The voltage function is shown in Equation (24) and Figure 8b. The
reciprocal of the rate of change of the voltage is shown in the blue curve, which is the same
with the instantaneous capacitance due to the constant current charging as follows.

c = ICH
Ts

∆VOC
(30)

Energies 2022, 15, x FOR PEER REVIEW 12 of 22 
 

 

in the blue curve, which is the same with the instantaneous capacitance due to the 
constant current charging as follows. 𝑐 = 𝐼஼ு 𝑇௦∆𝑉ை஼ (30) 

The above equation is in consistent with Equation (7). The voltage slew rate 
increases again after VP. 

  

(a) (b) 

Figure 8. Constant current charging (a) SOC to voltage and (b) charging function. 

 
Figure 9. The reciprocal of charging voltage slew rate in constant current charging. 

3.4. Charging Parallel Connected Batteries 
According to the derived result from the previous sections, the parallel connected 

batteries with two different peak capacitance voltages present different voltage slew 
rates about their individual VP’s. The batteries’ voltage, after ageing both the maximum 
open circuit voltage and the peak capacitance, can become higher than the new one as 

Figure 9. The reciprocal of charging voltage slew rate in constant current charging.

The above equation is in consistent with Equation (7). The voltage slew rate increases
again after VP.

3.4. Charging Parallel Connected Batteries

According to the derived result from the previous sections, the parallel connected
batteries with two different peak capacitance voltages present different voltage slew rates
about their individual VP’s. The batteries’ voltage, after ageing both the maximum open
circuit voltage and the peak capacitance, can become higher than the new one as shown in
Table 2; however, the maximum instantaneous capacitance also decreases due to the ageing.
The mismatch between two batteries causes unbalance on the batteries during parallel
charging. The active cell-balancing method of serially connected batteries is proposed, such
as the multi-winding flyback to charge the batteries using flyback converter to balance the
charges in the batteries. It is actually the parallel charging via the magnetic field.

When two batteries are connected in parallel without any charging current, it can be
assumed that the charges are rapidly balanced between batteries until the internal current
flow is zero. When there is no more charge redistribution between the batteries, they shall
share the same voltage VOC,1 = VOC,2 with different SOC as follows.

1
α2

ln
(

g2

K2 − g2

)
− 1

α1
ln
(

g1

K1 − g1

)
= VP,1 −VP,2 (31)
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During the charging process, however there is non-zero internal current flow between
two batteries due to the instantaneous capacitance differences. Assuming that the internal
resistance are the identical, Ri,1 = Ri,2 = Ri, the internal current is the difference of two
branch currents as follows.

iCH,1 − iCH,2 =
1
Ri

(
c2

.
vOC,2 − c1

.
vOC,1

)
+

1
Ri

(voc,2 − voc,1) (32)

As stated in the previous sections, the battery with larger cycle number can result in
higher maximum instantaneous capacitance. Assuming the circuit has some inductance
that maintains

.
vOC =

.
vOC,1 ≈

.
vOC,2 we can rewrite the above equation into as follows.

iCH,1 − iCH,2 =
1
Ri

(
Q2g2

′ −Q1g1
′) .

vOC +
1
Ri

(voc,2 − voc,1) (33)

The internal current iCH,2–iCH,1 between two parallel connected batteries is affected by
the mismatching of batteries due to ageing which decreases both the capacity Q and the
peak capacitance voltage. Summation of the two currents is the overall charging current at
the k sampling time as follows.

ICH = iCH,1(k) + iCH,2(k) (34)

Following the similar parameter reasoning as shown in Table 2, Battery 2 is the battery
with cycle = 1000. As a result, Battery 2 can be not fully charged when the charging voltage
reaches the maximum open circuit voltage which is VOC,MAX ,1 since Battery 1 is a new
battery. It will leave behind some SOC difference for Battery 2 as follows.

SOC2 = 100 ·(1− g2) = 100· e
−α2VOC,MAX,1 + (1− K2)e−α2VP,2

e−α2VOC,MAX,1 + e−α2VP,2
(35)

4. Simulation and Experiments

In the simulation, we used the case study provided in Table 2 with only two single
batteries connected in parallel during charging. In the experiment, we charged 12 V ternary
batteries connected in S3P2.

4.1. Simulation

We analyzed the parallel charging of two batteries as with parameters as shown in
Table 2 [19] as an extreme case study which includes two batteries: one was brand new and
the other was exhaustively used. Other parameters associated with the constant current
control are shown in Table 3. For parallel battery charging, the control law uses the sensor
feedback of the two batteries.

vCH(k) =
vOC,1(k) + vOC,2(k)

2
+ Gp(ICH,cmd − ICH(k)) (36)

where
vOC,m(k) = vCH(k− 1)− iCH,m(k− 1)Ri,m, m = 1, 2

ICH(k) = iCH,1(k) + iCH,2(k)
. (37)

The internal resistance increases with the battery temperature associated with the
current as follows.

Ri,m = Ri + |im|·δR (38)

The initial SOC in terms of the individual shifted sigmoid functions gm are derived
from Equation (31). When there was no more charge redistribution, we started to perform
the constant current control as stated in Equation (36). The simulation of individual
charging currents of two batteries is shown in Figure 10. In this extreme case using two
very different age batteries, it is shown that the parallel charging surged a large current on
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the elder battery with cycle = 1000 in the initial stage of charging. The current surge was
almost 50% of the average current, which was due to the cycle = 1 battery (or the younger
battery) having a higher SOC compared with the cycle = 1000 battery (or the elder battery)
according to Equation (1) initially. The difference of the two SOC’s can be verified through
Equation (31) and shown in Table 3. In the beginning 2 min (k = 0 to 5), the younger battery
indeed charged the elder one. However, after the first 2 min the younger battery started a
charging curve such, as shown in Figure 8b, to increase the open circuit voltage, as shown
in Figure 10b, via increasing the current. On the other hand, the elder battery decreased the
current of charge after the first 2 min. There was a crossing point between the elder battery
with the younger one as shown in Figure 10a.

Table 3. Parameters used in the constant current charging simulation.

Symbol Unit Value Cycle 1 Value Cycle 1000 Value

Gp 0.02
Ri mΩ 80
δR mΩ/Ampere

ICH,cmd A 20
vOC,1(0) = vOC,2(0) V 3.7

g1(0) 0.2
g2(0) 0.06

Sampling time TS S 30
Q Ah 7 6

cmax Ah/V 12 9
VOC,MAX V 4.7 4.9

VP V 3.8 3.9
α 7 9
K 1 1

According to the time tick, the crossing point was around 30 min (k = 65) after the
beginning of charging. After the crossing point, the younger battery started to have a higher
current than the elder one. At a certain time, which was 1 h and 40 min (k = 100) in this
study case, the elder battery reached its open circuit voltage limit and the charging current
stopped. This is the other problem which occurred for the younger battery since when the
elder battery does not need more current to charge, but the constant current charging law
in Equation (36) still holds and caused a rapid current rise on the younger battery.

From the thermal point of view, due to the heat generated by the internal resistance,
the battery set became hot during the initial stage before k < 5 and the final stage after
k > 200 during the heat dissipation proportional to the current square. From Figure 10b, it
is also observed that the assumption applied to Equation (33) was challenged on the time
tick at k = 0 and k = 200 when rest of the time Equation (33) was used in the approximation.
From Equation (33), we read that the higher the open circuit voltage in the battery, the lower
the current flowing into the same battery. The open circuit voltage on the elder battery was
higher than the younger one after k > 200, hence the current of the elder battery was lower.
However, there is the other term in Equation (33), that is, the higher the instantaneous
capacitance of the battery, the lower the current flowing into the same battery. It is the
reason why the current flowing into the younger battery before k < 200 was smaller than
the elder one. During the constant current control, the charging voltage vCH(k) increased
according to Equation (36) to maintain the constant current. In the typical charging control
strategy, the constant voltage charging is applied when the charging voltage vCH(k) reaches
the voltage limit.
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Figure 10. Simulation of parallel charging; (a) the current responses and (b) the voltage responses on
different branches.

4.2. Experiments

In the experiment, we chose six 18,650 ternary batteries from A + plus Co. and
performed the SOC test using ZKETech EBDAH DC Electronics load and its software. The
capacity of the battery right after manufacturing is 2.6 Ah. The SOC–VOC results are
shown in Figure 11. The charging circuit used the interleaved flyback converter as shown in
Figure 2, though only one secondary side was necessary for the small current charging. In
the experiment, we charged 12 V ternary batteries connected in S3P2. We connected three
batteries #1, #2, and #3 in series from Figure 11a into one battery string. The other battery
string consists of #4, #5, and #6. The charging is 0.65 C and the charging period is 90 min.
Table 4 shows the parameters for different ternary battery cells. Among all cells, the #6 cell
is an aging cell, which has only one half of maximum instantaneous capacitance Cmax of all
others. The #6 cell particularly was chosen to represent the anomaly in the S3P2 battery
pack. This abnormal battery cell can cause the entire battery string (#4, #5, #6) behave as an
older battery string due to the total capacitance of capacitors in the series being no greater
than the smallest capacitance of all capacitors.
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Table 4. Parameters for ternary batteries.

Symbol Unit #1–#4 Nominal Value #5 Value #6 Value

Q Ah 2.35 2.3 2
cmax Ah/V 6 5.8 3.5

VOC,MAX V 4.7 4.72 4.8
VP V 3.75 3.77 3.9
α 10.20 10.09 7
K 1 1 1

The experiment setup was designed, implemented, and tested and is shown in
Figure 12a, including the lithium-ion battery module and the interleaved flyback con-
verter circuit. The input DC voltage of the converter on the primary side is 72 V. The
standard charging protocol for lithium-ion batteries is constant-current constant-voltage
(CCCV), but it brings some drawbacks such as the overcharging and the extended charging
time. In order to solve the above problems, our charging protocol chose the positive pulse
current charging for charging LIBS instead of traditional charging methods. In addition,
the pulse current charging provides several extra advantages such as longer battery life
span and low degradation of the battery material. The charging current results for the
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individual battery string were recorded from 11 V to 13 V as shown in Figure 12b. We
observed that the result of the charging time from 10 to 60 min matched the simulation
result in Figure 10. The older battery string (#4, #5, #6) surged a high current at beginning,
fell to the intersection later, and the charging current decreased continuously to the end
of the charging period. Conversely, according to the Equations (33) and (34), the younger
battery string (#1, #2, #3) was charged with smaller current than that of the older battery
string (#4, #5, #6) in the beginning and rose to a higher current at the end.
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current response.

The individual VOC, VS, iS, and i#4,5,6 are shown in Figure 13 and the other battery
string i#1,2,3 can be obtained by subtracting i#4,5,6 from the secondary side current iS of the
flyback converter. The operation frequency and duty cycle of the converter were 280 kHz
and 60% respectively. It can be seen that the maximum current on the secondary side
of the flyback converter was 10 A for charging two parallel battery strings with 1.3 A
average current on each individual battery string. For even more parallel battery strings,
the interleaved flyback converter is needed to improve the power conversion efficiency
due to the excessive amount of current causing large resistive loss on the flyback converter.
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5. Discussion

The VOC-SOC model stated in Equation (1) has three parameters α, K, and VP. These
parameters are subsequently related to the physical quantities including the charge capacity
Q and the maximum instantaneous capacitance Cmax, and the maximum open circuit voltage
VOC,MAX using Equations (12) and (13). In order to compare the proposed model with other
known models [20,21], we may convert the model reversely that the open circuit voltage
VOC is written in terms of SOC [21]. We first define the symbol s to denote the shifted
sigmoid function as follows.

s ≡ g(VOC) (39)

Equation (39) is then rewritten into the expression as follows.

VOC = VP +
1
α

ln(s)− 1
α

ln(K− s) (40)

Equation (40) matches the Nernst model except for the parameter K, which is expressed
in terms of the physical quantities as stated in Equation (13). Only for those batteries
with large capacity Q does the corresponding parameter K approach unity. The range
of parameter K is stated in Equation (5), which is between 1 and 2. According to the
experimental data, we can start from providing the initial guess of K and perform the
fitting using the shape functions 1, ln(s), and ln(K − s) to obtain the physical quantities Q,
Cmax, and VOC,MAX. The physical quantities are then substituted into Equation (13) until
the value of K converges. As stated in Section 3.1, these three parameters are functions
of temperature and aging conditions. The model fitting is applied to different operating
temperatures [21]. The parameters α, K, and VP obtained from the model fitting as shown in
Table 5 are not with many differences. The physical quantities Cmax and VOC,MAX had some
changes, among which the charge capacity Cmax became lower for the low temperature
shown in Figure 14.
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Table 5. Parameters under different operating temperatures.

Symbol Unit
−10 ◦C 50 ◦C

Value Value

Q Ah 1.5 1.5
Cmax V 3.33 3.8

VOC,MAX V 4.5 4.5
VP Ah/V 3.88 3.86
α 8.88 10.1
K 1.004 1.0015
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It is very difficult to maintain a balanced SOC for each battery in multiple battery
modules, which directly determines the discharge capacity of the battery module. Using the
flyback converter can only ensure that the amount of charge charged in the same charging
stage is the same. It is still required with passive and active cell balancing [22] to allow
each cell in the battery pack to be monitored to maintain a healthy battery state of charge
(SOC) during charging. This extends battery cycle life and provides additional protection
by preventing damage from overcharging. Current inconsistencies during parallel charging
were found in both the initial and final stages of charging, shown in the results from
both Figures 10 and 12. There are pre-balancing methods known to resolve the current
inconsistency problems in the initial stage of charging. For the current inconsistencies in the
final stage of the charging, it is typically recommended to use the CCCV control, that is, the
constant voltage control is applied after a certain SOC% is reached. In different application
scenarios such as temperature and the charging rate in C, the internal resistance can change,
the charge capacity Q and the maximum instantaneous capacitance Cmax, and the maximum
open circuit voltage VOC,MAX can change as well. The SOC estimation can yield a nominal
range for the normal cells subjected to different application scenario, which allows the
anomaly detection in the BMS and yields guidance for passive balancing solutions for
battery pack protection.

6. Conclusions

In this paper, we explained the unbalanced current mechanism occurring in parallel
lithium battery charging during constant current charging using the proposed SOC–VOC
mathematical model. The SOC–VOC mathematical model explained why the unbalanced
current does not only occur in the beginning of the parallel charging but also the end
of battery charging. This is also the reason why the temperature of the batteries rises
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during the starting and the finishing stages of charging. The old battery was observed
with a smaller total charge, lower maximum instantaneous capacitance, higher open circuit
voltage, and higher peak voltage based on the SOC–VOC mathematical model fitting. The
anomaly condition as well as the cell inconsistency of the cells in the battery pack may be
detected according to these four parameters obtained from the SOC–VOC model fitting. The
four parameters of the battery can also be used to categorize various kinds of batteries. It is
then useful for designing the passive protection such as current sense resistors, resettable
thermal cutoff devices, or resettable fuses. A special interest being under development in
NYCU IME laboratory is the passive current limiting device using the D-mode GaN HEMT,
which relies on the mathematical modeling of the battery including the peak voltage and
lower maximum instantaneous capacitance. The advances of battery protection using this
mathematical model will be reported in the future.
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