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Jakub Poręba and Jerzy Baranowski *

Department of Automatic Control and Robotics, AGH University of Science & Technology,
30-059 Kraków, Poland; jkbporeba@gmail.com
* Correspondence: jb@agh.edu.pl

Abstract: Motor diagnostics is an important subject for consideration. Electric motors of different
types are present in a multitude of object, from consumer goods through everyday use devices to
specialized equipment. Diagnostic assessment of motors using acoustic signals is an interesting field,
as microphones are present everywhere and are relatively easy sensors to process. In this paper, we
analyze acoustic signals for the purpose of motor diagnostics using functional data analysis. We
represent the spectrum (FFT) of the acoustic signals on a B-Spline basis and construct a classifier based
on that representation. The results are promising, especially for binary classifiers, while multiclass
(softmax regression) shows more sensitivity to dataset size. In particular, we show that while we
are able to obtain almost perfect classification for binary cases, multiclass classifiers can struggle
depending on the training/testing split. This is especially visible for determining the number of
broken teeth, which is a non-issue for binary classifiers.

Keywords: functional data analysis; motor diagnostics; acoustic signal; functional logistic regression

1. Introduction

Functional data is a method of data interpretation where each subject is considered as
a continuous curve. This field has become more popular in recent years in various fields of
science, for example, biology and economics. Hence, with this rapid growth in popularity,
a new sub-field of statistics has appeared called functional data analysis (FDA). Due to
high dimensionality of the considered data, many approaches to FDA are based on basis
expansion and principle components analysis. Another approach to FDA, used for example
in the case of time series analysis, is data classification. In this case, methods analogous to
those existing in traditional statistics can be used.

Many researchers have presented methods of FDA, including functionallogistic regres-
sion and functional principal component analysis (PCA). Ramsay et al. [1,2] described the
foundations and concept of functional data analysis along with theory and examples from
statistics, and in [3] they characterised tools for FDA. Besse et al. [4] and later Pezzulini and
Silverman [5] described techniques for principal component analysis of data consisting of n
functions. Mousavi and Sørensen [6] performed a comparison of three major methods and
use cases of functional logistic regression, namely, dimension reduction via functional PCA,
penalized functional regression and wavelet expansions combined with Least Absolute
Shrinking, and Seletion Operator penalization. Berrendero et al. [7] described possible
issues and problems with implementation of FDA. Denhere and Billor [8] proposed a robust
approach to functional logistic regression, which allows parameter estimator to be resistant
to outliers while keeping reduced dimension. Ratcliffe et al. [9] used functional logistic
regression to predict the probability of a high risk pregnancies and births.

The main contribution of this paper is the proposed application to motor faults of a
functional classifier in both the binary and multiclass variants. We perform our analysis in
the frequency domain, representing the spectra of acoustic signals with splines.
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The rest of this paper is organized as follows. First, we present the necessary back-
ground in functional data analysis, logistic and softmax regressions, functional logistic
regression, and the considered motor case study. Then, we present our results, document-
ing our computational setup, preprocessing, and computation results. The paper then ends
with a discussion and conclusions.

2. Methods and Materials
2.1. Functional Data Analysis

Functional data analysis is a method of analysis in which data are in the form of func-
tions, images, or other more general objects, even those with infinite dimension. Historically,
the first approach using this method of analysis was Grenander [10] and Rao [11] in the
1950s, although the term “functional data analysis” was first introduced and described by
Ramsay et al. in [1–3], along with the foundations of the term. Thanks to these papers, a
new field of data analysis and statistics was created. An excellent modern review of this
field of stochastics and statistics is provided by Wang et al. in [12]. As FDA is a collection of
statistical techniques for functions, it tries to answer many questions similar to those existing
in classic statistics and data analysis, such as “what is the main way in which one curve
differs from another”. The big advantage of FDA is that instead of considering only the data
and curves as they are, their rates of change (or derivatives) can be described as well.

As functional data is a general term, it can cover several real data examples collected in
several different ways. One approach is to use series of samples (if ordered in time, then it will
be time series) and interpolate the space between particular samples. In this way, functional
data analysis deals with the finite resolution of physical devices. However, data can be stored
in other ways, and can be in a shape completely different than a one-dimensional series. One
example is the use of principal component analysis on complex high-resolution spectroscopic
surveys [13]; neural networks can be fed functional data as well [14].

While introducing FDA, Ramsay demonstrated the difference between a standard
and a functional analytic view of data and the generalization of vectors [2]. All elements
of finite dimensional vectors can be represented as weighted sums of a finite number p of
basis vectors or, in functional terms, basis functions. A basis function is a tool which helps
in producing a complex function f (t) by stacking k more simple ones, φk(t), which Ramsay
calls mathematical Lego. Thus, the linear combination of basis functions can be described:

f (x) = a1φ1(t) + a2φ2(t) + ... + akφk(t) (1)

A second very important concept in functional data analysis is the idea of spline
functions, or splines. These functions are formed by joining polynomials together at fixed
points called knots, forming an approximation of an origin function f (t). Assume there is a
function f (t) in R and there is a need to approximate its values within an interval limited
from both sides by a lower boundary tL and upper boundary tU . In such intervals there
can be L + 1 sub-intervals ξl separated by L knots. In each knot, two polynomials must
join together smoothly in order for the derivative (for all degrees up to one degree less than
the polynomials’ degree) of connected splines to exist.

The Figure 1 presents examples of spline functions for second and third order, with
one knot joining together two splines. If each polynomial is of first degree (straight line,
second order splines), then in knots the derivatives up to degree 0 must match; thus, in
this example the polynomials must have the same values at the connecting points. As the
second spline function already has one point defined by the knot and previous spline, it
loses only one degree of freedom instead of two. A similar situation exists with respect to
spline functions of the third order. Their derivatives at the knot for two connecting second
degree polynomials matches up to the first degree. The second spline has its points of
freedom limited to just one because of the constraints at the connecting point, namely, the
value and the slope described by the derivative of the first polynomial at this point.
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Figure 1. Sample spline functions of (a) second and (b) third orders, with limits at 0 and 1 and knots
at 0.5.

2.2. Binary Logistic Regression

Logistic regression is a widely used classification concept. It is mainly applied and was
originally described for binary problems; however, its multiclass version (Softmax) is well
known as well. As a statistical method, logistic regression allows us to measure the ways
in which several independent variables x1, x2, ..., xk affect a binary dependent variable; Y,
for example, the influence of time spent either on watching TV series or learning (two
independent variables) on exam results (a binary dependent variable, i.e., passed or failed).

In typical mathematical problems, both dependent and independent variables are
continuous. In such cases, the following relation of linear regression can be established:

E(Y|X) = β0 + β1X, (2)

where E(Y|X) is a random variable. It can be assumed that Y can only be 0 or 1, in which
case E(Y|X) is called probability. Hence,

0 < β0 + β1X < 1 (3)

or, if ln(E(Y|X)) is considered,

−∞ < β0 + β1X < 0 (4)

To extend the domain, the idea of odds ratio (OR) can be used. OR is the relationship
between the probability that a particular event will happen in one of groups and the
probability that it will happen in another:

Ω =
Π

1−Π
, (5)

where Π is the probability of success, in this case, Π = ln(E(Y|X)), and Ω is in (0, ∞). If
the above is considered, the final version of logistic regression for binary problems can
be formed as follows:

log(Ω) = log(
E(Y|X)

1− E(Y|X)
) = β0 + β1X (6)

in which the domain is R.
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Practical uses of logistic regression are based on the sigmoid function:

f (t) =
et

1 + et =
1

1 + e−t , (7)

which can return values between 0 and 1. Hence, the result of a function can be considered
the probability of a predicted value accordance against the real value for a set of input
variables. The t variable consists of a linear combination of independent variables, as
described above:

t = α + β1x1 + β2x2 + ... + βkxk, (8)

where α is a constant bias and βi is a coefficient describing the influence of xi on the result.

2.3. Multiclass Logistic Regresssion (Softmax Regression)

Many mathematical problems demand classification solutions which are suitable for
more than two classes, for example, blood groups. For this case, the binary variant of
logistic regression was expanded and generalized to a softmax function:

σ(~z)i =
ezi

∑K
j=1 ezj

, (9)

where~z = [z1, z2, ..., zK] ∈ RK is a vector of input data and K > 1 is a number of classes.
In general, the role of a softmax function is to normalize a vector~z such that the sum

of all of the vector’s elements is equal to one. Actually, not only the Euler constant can be
used; however, if so, the sigmoid function can be considered as a special case of generalized
logistic regression function for two classes [t, 0]:

σ(~z)1 =
ez1

ez1 + ez2
=

et

et + e0 =
et

et + 1
(10)

2.4. Functional Logistic Regression

Functional data analysis is based on the conception of considering data as a contin-
uous and smooth function. In fact, many physical processes satisfy this condition. Thus,
for example, instead of analysing each discrete sample of time series individually, an in-
terpolated continuous curve can be made and the process can be considered as a whole
integral observation.

Many concepts described in functional data analysis are analogous to ones from
classical data analysis and statistics. For example, the functional version of the mean is
defined as function based on n curves building the functional data, calculated for each
moment t:

x̄(t) = n−1
n

∑
i=1

xi(t) (11)

As the real processes are smooth and continuous, the derivatives of functions can be
considered as well, for example, to calculate the speed of growth.

The functional version of logistic regression borrows many assumptions and simi-
larities from the classical approach, as well as from other FDA concepts. The sigmoid
function (6) remains the same, now with a continuous independent variable x(t) and
coefficient function β(t). Thus, the following form of conditional success probability can be
expressed as

π(x) =
eα+

∫
T β(t)x(t)dt

1 + eα+
∫

T β(t)x(t)dt
, (12)

where α is a bias or intercept parameter and β(t), instead of a vector, is a coefficient function
square-integrable on T. Thus, the defined predictor π(x) takes independent variables X:T
and returns the calculated probability. The same assumptions can be used when describing
the multiclass variant as well.
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The main goals of functional logistic regression, especially when used with time series,
are classification purposes, prediction of new responses, and estimation of the β function.
Of course, while practical observations must be discrete due to physical limitations, the
subjects x1, x2, ..., xk are considered as functions. To handle the high dimension of collected
data and preserve its functional nature, it is common to use basis expansions, such as a
B-spline basis, a Fourier basis, or a wavelet basis [6].

If bases for expansion are selected as θ for sampling trajectory and ω for coefficient
function, these functions can be described as

xi(t) =
Kx

∑
k=1

cikθk(t) = cT
i θ(t), β(t) =

Kβ

∑
l=1

blωl(t) = ωT(t)b, (13)

where θk(t) and ωl(t) represent the kth and lth basis functions evaluated at time t.

2.5. Universal Motor Audio Recording Case Study

The data used in the article come from work by A. Głowacz [15]. In the paper, the
author describes an approach to detect faults in commutator motors based on acoustic
data. The dataset is made up of eight sets, each set containing recordings of one of two
motors with a different level of damage. The recording were collected with the help of a
smartphone’s built-in microphone and then transformed to the Fourier frequency domain.
Experiment setup is presented in the Figures 2 and 3. An example of fault is presented
in Figure 4. In order to extract features from acoustic data and classify the results, a new
extraction Method of Selection of Amplitudes of Frequency Ratio of 27% Multiexpanded 4
Groups was used. It was then compared with well-known SVM classifier approaches.

Figure 2. Diagram of experimental setup of the measurements using smartphone (by A. Głowacz un-
der CC BY 4.0, source: [15]). Healthy and faulty motors were placed next to a smartphone microphone.
Recorded data were transfered to a PC and processed with additional software, such as Matlab.

The author noticed that if new data were collected with the help of the same micro-
phone as the learning data, the results could potentially lead to a high detection level while
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simultaneously keeping the overall costs low. These results led to the conclusion that the
approach could be developed further in the future.

Figure 3. Healthy electric impact drill next to smartphone (by A. Głowacz under CC BY 4.0,
source: [15]).

Figure 4. Electric impact drill with a faulty fan (five broken rotor blades, indicated by the blue box).
Recordings from similarly damaged drills are used with the functional logistic regression classifiers
later in this paper (by A. Głowacz under CC BY 4.0, source: [15]).

As smartphones are very common, use of such a microphone allows the proposed
solution to be used in various environments, with a low-cost entry point. This is particularly
relevant for potential in-field diagnostics, as smartphones can be a cheap computing
platform. The possible frequency response of the microphone used in the above-mentioned
study had a defined range of 20–20,000 Hz, as shown on the graph in Figure 5, its sensitivity
was −42 dB, and the smartphone was positioned 0.4 m above the electric devices. The
obtained acoustic data (saved as single channel, 44.1 kHz sampling frequency) were then
cut into one-second recordings.
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Figure 5. Frequency response of smartphone microphone used in [15].
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3. Results
3.1. Computational Setup

The practical implementation of functional logistic regression in binary variant was
based on and developed from a Python library for functional data analysis scikit-fda
(https://fda.readthedocs.io/en/latest/index.html, accessed on 26 July 2022) . This library
contains ready-to-use classes and methods for FDA purposes. The solutions are fully
compatible with the scikit-learn (https://scikit-learn.org/, accessed on 26 July 2022)
library, and can be used along with standard data analysis and machine learning implemen-
tations. The basic element of the library is the class FDataGrid, which is used to represent
functional data as a set of curves discretised in a grid of points. Other commonly used
representations are FDataBasis or BSpline, which is used later in this paper. Both store data
as the coefficients of functions. The library implements an exploratory analysis package
which deals with techniques for summarizing, interpreting, and visualizing functional data.
Plotting methods are fully compatible with the widely used Matplotlib. Another module
contains scikit-learn machine learning algorithms implemented in versions compatible with
functional data. The library stores example datasets, such as the Berkeley growth study and
Canadian weather data, allowing users to understand FDA basics and implement methods.
The web page is full of examples as well, along with API references and tutorials.

The multiclass variant of logistic regression was not stored in the scikit-fda library;
instead, it was made from scratch based on an available binary version and on solutions
for classical approaches stored in scikit-learn. The final proposed implementation is now
stored as a public, open-source GitHub repository. The repository contains a demonstration
with use of mock data and practical use based on actual data.

The database used for practical tests and visualizations contains voice recordings of
commutator motors, both damaged and undamaged. More information about the data can
be found in [15].

3.2. Common Preprocessing

The process flow (Figure 6) was prepared for the existing dataset of one-second voice
recordings, although this could be easily changed to cover other examples. The flow
starts by loading the data as a discrete time series of recorded samples, which are then
transformed by fast Fourier transformation and normalized to the form of discrete functions
of frequency with values between 0 and 1. Normalization is performed as follows:

xiN( f ) =
xi( f )−min(x( f ))

max(x( f ))−min(x( f ))
(14)

where x( f ) is a particular whole sample vector, xi is an i-th value of a vector, and xiN is a
normalized value.

The frequency range is limited by the voice recording device, which in this case
covers half of the sample rate, which is 44,100 Hz due to aliasing issues. An example of
preprocessing is presented in Figure 7.

Figure 6. Data preprocessing flow.

https://fda.readthedocs.io/en/latest/index.html
https://scikit-learn.org/
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Figure 7. An example showingthe common preprocessing results of the of raw data. The sample
is transformed by fast Fourier transformation from the time domain to the frequency domain, then
normalized to a range between 0 and 1.

3.3. Binary Variant

For the binary variant, any two labels can be used. In the demo, recordings of two
groups of damaged motors are chosen: those with two damaged gear teeth and those with
five damaged teeth. To keep the visualization clear, the plots in this subsection cover only
three samples from the dataset.

The prepared data are then transformed into a functional dataset using basis spline
data approximation. In the example, 45 basis functions of the fourth order are used. The
values are found experimentally, and might strongly depend on the analyzed data. Due to
the dataset being limited to 30 recordings per group, 60 separate functions were prepared.
Example is given in Figure 8.
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Figure 8. Two samples of recordings from different groups of faulty drills. Each chart combines a
sample after preprocessing and the same sample after approximation by basis spline functions.
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Such approximation causes the dynamics of the data to be partially lost, although
the samples’ features are retained. Ready-to-use functional data are then used in a binary
functional logistic regression model fitting process, which is analogous to the classical
discrete version known, for example, from machine learning algorithms. The dataset is
split into training and validation subsets. Thereafter, the model is taught on training data,
trying to fit the coefficients to attain the best accuracy. The final model score is obtained on
the validation subset, which is unknown to the model during the fitting process. Exapmple
of spline representation clasification is presented in Figure 9.

0 11025 22050
frequency [Hz]

0.12

0.22

0.32

No
rm

al
ize

d 
m
ag

ni
tu
de

missclassification

missclassification
5 teeth broken

2 teeth broken

Binary classification

Figure 9. Binary classified validation subset. The graph shows the predicted classes for all samples.
Misclassifications are highlighted by black dashed lines and additionally pointed out by black arrows.

For the dataset of two groups of motors, the model accuracy is up to 88 percent; see
Figure 10. The result depends heavily on the dataset splitting method due to the small size
of the dataset. Populating data could increase the model’s stability.

Figure 10. Confusion matrix for validation subsets of two chosen classes: (A) two teeth broken and
(B) five teeth broken, comparing predictions with true labels.
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3.4. Multiclass Variant

The multiclass variant is suitable for three or more labels. Implementation was tested
on three separate classes of motor damage: one broken gear tooth, two broken teeth, and
five broken teeth, each class containing 30 voice recordings.

The way in which data are transformed into functional basis spline functions remains
the same as in binary variant. Due to the need to choose one of three classes, 90 functions
are created, each containing information about a different voice recording.

Prepared and labeled data are used in the multiclass functional logistic regression
model in a similar way as in the binary variant, and the dataset is again split into training
and validation subsets with the same proportions (Figure 11). After the fitting process,
the model gains around 67 percent accuracy when tested on the validation subset. The
result again depends on the splitting method due to the small size of the dataset. Small size
causes the classifier to sometimes become stacked on local minimums, which leads it to
calculate wrong coefficients.
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Figure 11. Multiclass classified validation subset. The graph shows predicted classes for all samples.
Missclassification is highlighted by black dashed lines. The Y axis ranges are varied to better show
the results and missclassifications.

Confusion matrices (Figure 12) present results for different split methods, that is, for
training and validation subsets containing different samples. The first is made for the same
subsets as the plot above. The following five matrices show the results for different subsets
obtained via different seed numbers used in the splitting method.
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(a) (b) (c)

(d) (e) (f)
Figure 12. Confusion matrices for different training and validation subsets made from the same
datasets of three chosen classes: (A) one tooth broken; (B) five teeth broken; (C) two teeth broken.
Figures (a–f) present classification results for the subsets used in Figure 11. The following matrices
show results for various subsets obtained by use of different seed numbers in the dataset splitting
method. Matrices (a,b,e) show situations, where errors are negligible. (d) presents the worst obstained
example of a badly chosen seed number, which led to ineffective classifier training due to the small
size of the dataset. Those issues to lesser scale were visible for (c,f). Most of errors were related to
similarity between different numbers of teeth broken.

4. Discussion and Conclusions

In this analysis, we have used FDA and logistic (and softmax) regression classifiers as
a proof of concept for fault recognition. As can be seen, this requires less computation and
storage and can work very well.

As found in [15], the correlation between type of damage and acoustic response is
significant. While preparing samples, it is very important to maintain a similar environment
(distance between measured tool and microphone, etc.) and use the same device, such as a
microphone. Possible additional samples should be recorded with the same microphone as
well. As long as all samples are recorded by the exact same microphone and in a similar
environment, the results should not differ excessively.

Basis spline approximation can prevent data from losing important features while
simultaneously allowing data size to be reduced. A crucial factor is the number of spline
functions used. Too few splines will result in losing major features of recorded data, while
too many splines will extend the calculation and model fitting time and increase the size of
the data.

The main advantage of the FDA approach is the ability to consider the entire frequency
response, not just individual points, which is popular in harmonic analysis, for example, as
it allows for comparison of individual profiles without dimension reduction provided by
spline representation. One drawback is the introduction of averaging to frequency response
caused by least squares, although this can be alleviated by first using a frequency response
estimator.

As shown in Figure 12, the problem addressed here is sensitive to smaller datasets.
This is an issue that will be covered in our future work. In particular, we are interested
in extending the classifier into a Bayesian setting. Our previous results for Bayesian FDA
show great promise, allowing missing data to be compensated for with prior knowledge
and probabilistic modeling (see [16]). We intend to consider verification for other types of
data as well.
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