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Featured Application: Portable energy-efficient measuring devices requiring a distortion-free sig-
nal as soon as possible after activation or awakening from a sleep/power-saving state.

Abstract: In this paper, two approaches to determining the non-zero initial conditions for the differ-
ence equation of notch filters are proposed and analyzed. The vector of non-zero initial conditions is
determined to reduce the transient of the considered IIR notch filters. Both presented approaches are
based on the vector projection method. The first method is based on the iterative determination of the
vectors of initial conditions using samples available at a given moment. The main goal of the second
approach is to reduce the computational cost compared to the first method with a slight deterioration
in the quality of filtration. In order to demonstrate the suitability of the proposed methods, they have
been used in simulation studies of power line interference filtering from disturbed ECG signals. The
use of the proposed methods allowed for a significant reduction of the transient in the filter response
with a shorter delay than in the classical vector projection method.

Keywords: non-zero initial conditions; notch filters; digital signal processing; IIR filters; measurement

1. Introduction

The presence of a transient in the filter response is a usual side effect that occurs in
finite impulse response (FIR) filters as well as in infinite impulse response (IIR) filters. This
effect, undesirable in many applications, is a result of discontinuities in the input signal
and its derivatives. In particular, such discontinuities arise between the initial conditions of
the filter, which mostly have values equal to zero, and the initial sample of the input signal.
The occurrence of a transient disturbs the initial portion of the information carried by the
processed signal. This is particularly important when the signal being processed consists of
a small number of samples.

Notch filters are used to remove specific frequency components from the total fre-
quency spectrum of input signals. These filters are characterized by a narrow stop band.
As the selectivity increases, i.e., as the stop band narrows, the transient duration increases.
When processing the signals with finite sample lengths, the transient can disrupt all the
information carried by the signal. In the case of real-time signal processing, this effect
can result in the inability to obtain a valid, interference-free useful signal. Achieving a
distortion-free signal as fast as possible is one of the challenges in the field of digital signal
processing in modern measurement systems. There are several methods of limiting the
transient effect in the filter response. Dewald, et al. in [1] propose a signal-shifting algo-
rithm that iteratively determines the internal state of the filter to minimize the transient
response. Al-Ahmand and Ahmed in [2] demonstrate the method of loading the internal
filter memory with steady-state values. Jeedella, et al. in [3] used equivalent FIR filters
to minimize the mean squared error between the steady-state frequency response and
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the transient frequency response of the IIR filter. Amini and Tazehkand in [4] propose
changing the gain of the filter to suppress its transients. Zettenberg and Zhang in [5] present
continuous state vector changes in an adaptive filter for transient reduction. Chornoboy
in [6] proposes to determine the state vector of the filter from a few recorded samples of
the signal in order to remove the transient response. Pei and Tseng in [7] propose the
calculation of non-zero initial conditions using the vector projection method. The proposed
methods require the recording of several signal samples, accessibility to the quadrature
and in-phase channels, or changing the frequency characteristics of the filter, which, in the
case of notch filters, are mostly used to remove specific frequencies, is unacceptable.

In previous works, the authors proposed some methods for the reduction of the tran-
sient response of notch filters. First of all, we proposed a method based on the temporary
variability of filter parameters [8], approaches based on the use of classical vector projection
method for various filtering structures [9–12], and methods that integrate the temporary
variability of filter parameters and non-zero initial conditions for the filter [13,14]. The
aim of this paper was the proposal of an extension of the method for the determination
of non-zero initial conditions for the differential equations of narrow-band notch filters.
The presented method reduces the time needed to determine the values of the aforemen-
tioned non-zero initial conditions. This is achieved by iteratively determining the values of
the initial conditions along with subsequent samples of the processed signal. The methods
presented in this paper make it possible to obtain a distortion-free signal faster than the use
of classical methods for the determination of the value of non-zero initial conditions.

This paper is organized as follows. Section 2 presents the classical vector projection
method and proposed improvements, modifications, and extensions. The first modification
minimizes the delay in the output signal of the filter. The second extension reduces
the computational complexity of the first modification. Section 3 presents the results of
simulation tests of removing power line interference from the ECG signal. The ECG signal
was chosen as a test signal due to the possibility of visual assessment of the filtration
quality. Moreover, quality indicators were determined to quantitatively assess the filtering
quality of the test signal. Section 4 contains a discussion of the simulation results. Section 5
provides a summary of the proposed methods.

2. Materials and Methods

One of the important effects that occurs in all dynamic systems is the presence of a
transient in the input signal. In digital systems, the transient is a result of the zero initial
conditions of the system. This means the system has no information about its past state.
Thus, the system response in its first samples does not contain all the necessary components
that are needed for the calculation of the filter output. This paper presents two methods for
determining the vector of non-zero initial conditions for IIR notch filters. Both presented
methods reduce the delay required to determine the vector of non-zero initial conditions in
the filtering process. The proposed approaches are based on the vector projection method
proposed in [7,15]. One of the most serious drawbacks of the vector projection method
used to determine the vector of non-zero initial conditions is the need to register several
samples of the processed signal. The improved methods presented in the paper allow the
vector of non-zero initial conditions to be determined using a reduced number of samples.
This is possible by updating the vector of non-zero initial conditions for each sample (in a
specified period), according to the algorithms outlined below.

2.1. Classical Vector Projection Method

The vector projection method used to determine the values of non-zero initial condi-
tions for IIR filters was presented in [7,15]. In order to determine the values of non-zero
initial conditions for the filter, several signal samples must be multiplied by the determined
projection matrix, presented as follows. In the paper, we assume that the input signal x(n)
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is the sum of the useful signal s(n) and the sinusoidal distortion d(n) with frequency ω0,
as in the following equation:

x(n) = s(n) + d(n). (1)

The term d(n) can be written as:

d(n) = A0 sin (ω0n + φ), (2)

where A0 is the amplitude of the distorting signal, ω0 is its frequency, and φ is the phase
shift. In order to determine the values of non-zero initial conditions using the vector
projection method, L samples of the signal x(n) must be stored in the vector form:

X =


x(0)
x(1)
x(2)

...
x(L− 1).

. (3)

Using Equation (1), vector X can be rewritten as:

X = S + D, (4)

where vectors S and D have the following forms:

S =


s(0)
s(1)
s(2)

...
s(L− 1)

, (5)

D =


A0 sin (φ)

A0 sin (ω0 + φ)
A0 sin (2ω0 + φ)

...
A0 sin [(L− 1)ω0 + φ].

. (6)

Using some trigonometric identities, Equation (2) can be written as follows:

d(n) = A0[cos (φ) sin (ω0n) + sin (φ) cos (ω0n)]. (7)

Using the properties of linear algebra, one can create a matrix A in which the vector D
is in the column space of matrix A for any phase φ.

A =


0 1

sin (ω0) cos (ω0)
sin (2ω0) 2 cos (ω0)

...
...

sin [(L− 1)ω0] cos [(L− 1)ω0].

. (8)

Therefore, a decomposition of the vector X into a vector S containing samples of the
useful signal as well as a vector D containing samples of the sinusoidal disturbance can be
calculated using the projection operator P. The projection operator is defined as:

P = A(ATA)−1AT , (9)
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where the superscript T stands for the transposition of a matrix. The approximation of the
useful signal vector Ŝ can be made in the following form:

Ŝ = (I− P)X, (10)

where I is the identity matrix. The calculated vector Ŝ can be used in the filtering process
as a vector of non-zero initial conditions of the difference equation of the considered filter.
The methodologies used in works [9–14] do not eliminate the problem of the delay which
is the result of recording L samples of the signal x(n). Figure 1 presents an example of
the filter response determined with the use of the non-zero initial conditions calculated
using the classical vector projection method. In the example, the filter removes interference
from the ECG signal originating from the power line. In order to compare the filtering
quality, calculations of the filtering quality indicators were carried out. The following
indices were used:

• Mean Squared Error (MSE) between the filter output y(n) and clean signal s(n):

MSE =
1
N

N

∑
i=1
|y(n)− s(n)|2; (11)

• Cross-correlation coefficient ρ, between the original undistorted signal and the
filter response:

ρ =
∑n0+K

i=n0+1(y(i) · s(i))√
∑n0+N

i=n0+1 y(i)2 ·∑n0+N
i=n0+1 s(i)2.

(12)

Figure 1. Comparison of the filter responses for different values of L in the classical vector projection
method from the article [15].

Figure 2 presents the influence of increasing the length L of vector X on the quality of
the filtering, taking into account the delay that results from the collection of L samples of
the processed signal.
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Figure 2. The MSE between the filter response and the undistorted signal as a function of the length
L of the vector X.

2.2. Improvements and Modifications of the Vector Projection Method

The classical vector projection method used to determine non-zero initial conditions
for a filter requires L samples of the input signal x(n). As a result, a delay is generated in the
initial phase of filtration, as presented in Figure 1. In order to reduce the delay introduced
by storing L samples in memory, two modifications are proposed. The first modification is
related to the iterative determination of a new vector of non-zero initial conditions of the
filter as a new sample of the processed signal appears. The second proposed modification is
related to determining the values of the initial conditions vector within a specified sliding
time window. The proposed approaches allow for reducing the delay in filter response
while ensuring the quality of filtration.

2.2.1. Iterative Determination of Non-Zero Initial Conditions

In order to determine the values of non-zero initial conditions for the filter, it is
necessary to create a matrix A of dimensions Lx2. The sub-matrices Ai of matrix A have
the following forms:

A1 =

[
0 1

sin (ω0) cos (ω0)

]
, A2 =

 0 1
sin (ω0) cos (ω0)

sin (2ω0) cos (2ω0)

, · · · , AL−1 =


0 1

sin (ω0) cos (ω0)
sin (2ω0) 2 cos (ω0)

...
...

sin [(L− 2)ω0] cos [(L− 2)ω0].

. (13)

The projection operators have to be determined as follows:

P1 = A1(AT
1 A1)

−1AT
1 ,

P2 = A2(AT
2 A2)

−1AT
2 ,

...

PL−1 = AL−1(AT
L−1AL−1)

−1AT
L−1,

PL = A(ATA)−1AT . (14)

The vectors containing the non-zero initial conditions for each time step of the filtering
process are then determined using the following equations:
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Ŝ1 = (I− P1)[x(0), x(1)]T = [ŝ1(0), ŝ1(1)],

Ŝ2 = (I− P2)[x(0), x(1), x(2)]T = [ŝ2(0), ŝ2(1), ŝ2(2)],

...

ŜL−1 = (I− PL−1)[x(0), x(1), x(2), . . . , x(L− 2)]T = [ŝL−1(0), ŝL−1(1), ŝL−1(2), . . . , ŝL−1(L− 2)],

ŜL = (I− PL)[x(0), x(1), x(2), . . . , x(L− 1)]T = [ŝL(0), ŝL(1), ŝL(2), . . . , ŝL(L− 1)]. (15)

The determined vectors S1, S2, . . . , SL of non-zero initial conditions can be used in the
filtering process as initial conditions for the difference equation of the filter. The knowledge
of only two samples of the processed signal is sufficient to determine the first vector of
non-zero initial conditions Ŝ1. Thus, compared to the classical method presented in [9–14],
the delay between the processed signal and the filter response is only two samples. This
allows the filtering process to start as quickly as possible. Therefore, the modified vector
projection method is suitable for real-time processing, where the delay between the excita-
tion and the object response should be as short as possible. Based on the above description,
the proposed algorithm for obtaining the values of non-zero initial conditions is as follows:

Step 1 select the value of L - how many initial samples of the filter response will be
determined using non-zero initial conditions, select ω0 frequency which should
be removed from the processed signal;

Step 2 on the basis of ω0 and L determine the matrix A of dimension Lx2 using
Equation (8);

Step 3 determine the set of the vector projection operators P1, . . . , PL using
Equations (13) and (14);

Step 4 store the first two samples of the input signal x(n) in vector X = [x(0), x(1)];
Step 5 determine the first non-zero initial condition vector Ŝ1 using Equation (15);
Step 6 determine the first sample of the filter response y(0) using the vector of non-zero

initial conditions Ŝ1 for the calculation;
Step 7 add the latest sample x(2) to the vector, X = [x(0), x(1), x(2)]
Step 8 determine a new vector of non-zero initial conditions Ŝi using the projection

operator Pi, and then calculate the next sample of the filter response y(i);
Step 9 store the next sample of the processed signal x(n) in the vector X
Step 10 repeat steps 8 and 9 until i = L is reached;
Step 11 subsequent values of y(i) are calculated as in the filter with zero initial conditions.

2.2.2. Determination of the Initial Conditions within a Time Window

The second proposed modification is based on the determination of the non-zero initial
conditions vector using the matrix A with the smallest possible dimensions. In order to
determine the projection operator P, the matrix A must be inverted and multiplied by its
transpose according to the Equation (9). The computational complexity of determining
the projection operator is O(m2) [16]. The computational complexity of the matrix multi-
plication is equal to O(m3) (m is the number of elements of the non-zero initial conditions
vector Ŝ = [ŝ(0), . . . , ŝ(m− 1)]). It should be emphasized that, in the proposed method,
it is sufficient to define the projection operator Pk once. In the same manner, we define
the matrix Ak once. The dimensions of the projection operator Pk and the matrix Ak are
smaller if compared to the previously presented methods for determining non-zero initial
conditions because the assumed value of k is smaller than the value of L. Thus, the use of
the second proposed approach results in a smaller delay at the start of the filtering process.
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In the second proposed method, a new vector of non-zero initial conditions is cal-
culated for each sample n from 0 to L. In order to calculate the vector Ŝ according to
Equation (5), we can use the sliding window Xm = [x(n), x(n + 1), . . . , x(n + k − 1)] in-
stead of the vector X.

Ak =


0 1

sin (ω0) cos (ω0)
sin (2ω0) 2 cos (ω0)

...
...

sin [(k− 1)ω0] cos [(k− 1)ω0]

, (16)

Pk = Ak(A
T
k Ak)

−1AT
k . (17)

The determined values of the non-zero initial conditions for each value of n can be
written in the following form:

Ŝn = (I− Pk)[x(n), x(n + 1), . . . , x(n + k− 1)]T = [ŝn(0), ŝn(1), . . . , ŝn(k− 1)]. (18)

Based on the above description, the proposed algorithm for obtaining the values of
non-zero initial conditions is as follows:

Step 1 select the value of L (how many initial samples of the filter response will be
determined using non-zero initial conditions), the value of k (the length of
the time window), and the frequency ω0 (which will be removed from the
processed signal);

Step 2 on the basis of ω0 and the value of k, build the matrix Ak of dimension kx2 using
Equation (16);

Step 3 determine the vector projection operator Pk of dimension kxk using Equation (17);
Step 4 store the first k samples of the input signal x(n) in vector

xw = [x(0), x(1), . . . , x(k− 1)];
Step 5 determine the non-zero initial condition vector Ŝ0 using Equation (18);
Step 6 determine the first sample of the filter response y(0) using the vector of non-zero

initial conditions Ŝ0 for the calculation;
Step 7 remove the oldest sample x(0) from the vector xw and store the newest sample

x(k) in this vector, xw = [x(1), x(2), . . . , x(k)]
Step 8 determine a new vector of non-zero initial conditions Ŝi and, based on this,

calculate the next sample of the filter response y(i);
Step 9 remove the oldest sample of signal x(n) from the vector xw and store the lat-

est one;
Step 10 repeat steps 8 and 9 until i = L is reached;
Step 11 subsequent values of y(i) are calculated as in the filter with zero initial conditions.

2.3. Selection of the Values of L and k

In order to select the parameter L for the first presented approach, a trade-off between
the values of the filter quality indices and the number of calculations required to determine
this vector must be considered. As the value of L increases, the size of the matrix A also
increases. Therefore, the number of calculations to compute the projection operator P is
greater with an increase in k. The number of multiplications and inversions of the matrix A
necessary to determine the vector of non-zero initial conditions depends on the value of L,
and can be presented by the following equation:

N =
1
2
(L2 − L), (19)
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where N is the number of calls of Equation (9) in the manner given in Equations (14).
The MSE between the filter response signal and the interference-free ECG signal is shown
in Figure 3.

Figure 3. MSE for the first proposed method used to determine the non-zero initial conditions vector.

In the first proposed method, the benefit of delaying the filter response by only two
samples comes at a cost of a significant increase in the number of required calculations.
In order to reduce the complexity of these calculations, a second approach is proposed.
In this approach, the matrix A has a constant dimension of kx2 and the projection operator
P has a dimension of kxk, as presented in Equations (16) and (17). To select the value of
the factor k that determines the size of the matrix A, and also the delay in the start of the
filtering process, the following method is proposed. The MSE between the filter response
and the noise-free signal is determined using a simulation process including the delay at
the start of the filtering process. In addition, the cross-correlation coefficient ρ is determined
according to Equation (12). When calculating the ρ coefficient, the delay arising from the
need to record k samples of the signal before filtering is not taken into account. The ρ
coefficient describes how similar the filter response is to the signal without interference.
In order to select a value for k, one should choose one that provides a filter response shape
that is most similar to the signal without interference, while ensuring the least delay to the
start of the filtering process. Figure 4 presents the MSE and ρ indices when L = 100 and
k varies from 2 to 50.

Figure 4. Values of the MSE and ρ when L = 100 and k varies from 2 to 50.
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By applying the methods presented in the paper, it is possible to determine a vector of
non-zero initial conditions for the difference equation of the filter while ensuring the least
possible delay at the start of the filtration process. The first method presented in this paper
requires an increase in computational effort, while the second proposed method slightly
deteriorates the values of the filtration quality indicators.

3. Results

In this section, simulation results of removing the 50 Hz power line interference
from the ECG signal are presented. The transient response of the used notch filter will be
reduced using the proposed methods of determining non-zero initial conditions. In order
to present the filtering effects, the quality indices have been determined according to
Equations (11) and (12). The presented methods were compared with the classical vector
projection method. The comparison takes into account the delay required to register the
first samples of the processed signal.

3.1. Filter Structure

In order to demonstrate the possibility of suppressing the transient response using
non-zero initial conditions, the following notch filtering structure was used:

H(z) = 0.5
(1 + a2)− 2a1z−1 + (1 + a2)z−2

1− a1z−1 + a2z−2 , (20)

where a1 and a2 stands for:

a1 =
2 cos (ω0)

1 + tan
(

Ω
2

) , (21)

a2 =
1− tan

(
Ω
2

)
1 + tan

(
Ω
2

) . (22)

In the above equations, ω0 is the frequency that the filter is supposed to remove from the
frequency spectrum of the processed signal, and Ω is the width of the 3-dB stopband of the
filter. The difference equation of the considered filter can be written in the following form:

y(n) = 0.5[(1+ a2)x(n)− 2a1x(n− 1) + (1+ a2)x(n− 2) + a1y(n− 1)− a2y(n− 2)], (23)

where y(n) is the filter response and x(n) is the processed signal. As can be seen, the filter
response y(n) depends not only on the current and previous samples of the processed
signal x(n), x(n − 1), x(n − 2) but also on the previous samples of the filter response
y(n − 1), y(n − 2). Assuming zero initial conditions for the difference equation of the
filter, the first three samples of the filter response y(n) are determined according to the
following equations:

y(0) = 0.5[(1 + a2)x(0)],

y(1) = 0.5[(1 + a2)x(1)− 2a1x(0) + a1y(0)],

y(2) = 0.5[(1 + a2)x(2)− 2a1x(1) + (1 + a2)x(0) + a1y(1)− a2y(0)]. (24)

The first L samples of the filter response y(n) for the first proposed method can be
written in the following form:

y(0) = 0.5[(1 + a2)x(0) + a1 ŝ1(1)− a2 ŝ1(0)],

y(1) = 0.5[(1 + a2)x(1)− 2a1x(0) + +a1 ŝ2(1)− a2 ŝ2(0)],



Energies 2023, 16, 1702 10 of 15

y(2) = 0.5[(1 + a2)x(3)− 2a1x(2) + (1 + a2)x(1) + a1 ŝ3(2)− a2 ŝ3(1)],

...

y(L) = 0.5[(1 + a2)x(L)− 2a1x(L− 1) + (1 + a2)x(L− 2) + a1 ŝL(L− 1)− a2 ŝL(L− 2)],

y(L + 1) = 0.5[(1 + a2)x(L + 1)− 2a1x(L) + (1 + a2)x(L− 1) + a1y(L)− a2y(L− 1). (25)

The first L samples of the filter response y(n) for the second proposed method can be
written as follows:

y(n) = 0.5[(1 + a2)x(n− 1)− 2a1x(n− 2) + (1 + a2)x(n− 3) + a1 ŝn(k− 1)− a2 ŝn(k− 2). (26)

In the first method, to determine each sample y(n) of the filter response, a vector Ŝi
must be calculated using all known samples x(n). In the second method, only k samples of
the signal x(n) are used when calculating the vector of non-zero initial conditions. As a
result, many fewer calculations are performed.

3.2. Removal of the Power Line Interference from ECG Signals

The ECG signal was assumed to be perturbed by a 50 Hz sinusoidal waveform. This
interference comes from the power line. The interference has to be removed in such a
way that no other frequency components of the ECG frequency spectrum of the signal are
removed. The frequency spectrum of the ECG signal ranges from 0.5 to 100 Hz. Therefore,
the 50 Hz power line interference lies within the spectrum of this signal. In order to remove
such interference, narrowband notch filters are usually used. The use of a narrow bandstop
filter results in a significant transient in the filter response. The methods proposed in this
paper have been used to reduce the impact of the transient response on the filter output.
The proposed methods were compared with the classical vector projection method of
determining non-zero initial conditions for the filter. The delay caused by the recording of
the processed signal samples for the non-zero initial conditions vector projection was taken
into account in the calculation of the quality indicators. The mean squared error, described
by Equation (11), between the filter response and the signal without interference, and the
correlation coefficient, described by Equation (12), between the filter response and the
signal without interference, were used as indicators of the quality of the filtering. Table 1
contains the mentioned filtering quality indices for the simulation example, for which the
following parameters were assumed: L = 100, k = 5, ω0 = 2π 50

250 , Ω = 2π 1
250 .

Table 1. Filtration quality indices for the case: L = 100, k = 5, Ω0 = 50
250 , Ω = 2 1

250 .

Method for Determining
Non-Zero Initial Conditions MSE ρ

First proposed 0.0269 0.9649
Second proposed 0.0552 0.9393
From article [15] 0.2161 0.7011

Figure 5 presents the results of filtering the ECG signal using the notch filter with non-
zero initial conditions determined with the aid of the methods proposed in the paper and
the method from Ref. [15]. For a comparison, a distortion-free ECG signal is also depicted.
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Figure 5. Filtering results of the ECG signal using different methods of determining non-zero
initial conditions.

3.3. Simulation Results

This section presents the results of simulation studies. The values of the filtration
quality indices for the case of the filter with zero initial conditions and the filter with
non-zero initial conditions are presented. The values of non-zero initial conditions for the
considered notch filter are determined in three manners—according to [15] and using two
proposed methods that allow reducing the start delay of the filtering process. The simula-
tions were carried out for two ECG signals which were perturbed by the 50 Hz sinusoidal
signal originating from the power line. The simulations were carried out using Matlab
software. The ECG signals were obtained from the MIT-BIH Arrhythmia Database [17].
The filtering structure used in the simulation experiments had the following parameters:
ω0 = 0.8727, Ω = 0.0175, L = 50, k = 7. The value of ω0 results from the disturbance
frequency f0 = 50 Hz and the sampling frequency fs = 360 Hz. The value of Ω follows
from the assumed bandwidth BW = 1 Hz. The values of L and k were determined using
the method presented in Section 2.3.

Figures 6 and 7 depict the 50 Hz disturbed ECG signals and the interference-free
signals. Figures 8 and 9 present the simulation results of removing the 50 Hz interference
from the ECG1 and ECG2 signals. Table 2 presents the values of the filtering quality
indicators. These results were obtained using the considered notch filter with zero initial
conditions and non-zero initial conditions. The vectors of non-zero initial conditions were
determined in three manners: using the method presented in [15], and using the two
approaches proposed in this paper. The filtering quality indices were calculated for the test
signals ECG1 and ECG2 perturbed by the 50 Hz sinusoidal waveform.
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Table 2. Values of filtration quality indicators acquired during simulation studies.

Filter Structure MSE ρ

Test signal ECG1

Zero initial conditions, 0.0056 0.9709
Non-zero initial conditions, from article [15], L = 50, 0.0511 0.7912
Non-zero initial conditions, first proposed method, L = 50, 0.0034 0.9815
Non-zero initial conditions, second proposed method, L = 50, k = 7, 0.0511 0.9040

Test signal ECG2

Zero initial conditions, 0.0147 0.9138
Non-zero initial conditions, from article [15], L = 50, 0.1330 0.1080
Non-zero initial conditions, first proposed method, L = 50, 0.0050 0.9663
Non-zero initial conditions, second proposed method, L = 50, k = 7, 0.0410 0.7254

Figure 6. ECG1 signal disturbed by the power line interference from the power line and the distortion-
free signal.

Figure 7. ECG2 signal disturbed by the power line interference, and the distortion-free signal.
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Figure 8. Results of simulation studies for ECG1 signal. Responses of the notch filter with zero and
non-zero initial conditions.

Figure 9. Results of simulation studies for ECG2 signal. Responses of the notch filter with zero and
non-zero initial conditions.

As one can observe, the two proposed approaches for determining non-zero initial
conditions allow the obtaining of the filter response much faster than in the case of the
classical vector projection method. The determined filtering quality indices for the first
approach of determining the vector of non-zero initial conditions are much better than in
the case of the classical method. Although the second proposed method has worse values
of the filter quality indices, the output signal is obtained faster and the computational cost
is lower.

4. Discussion

The methods presented in this paper allow the determination of the vector of non-zero
initial conditions for the difference equation of the notch filter. The knowledge of the
values of non-zero initial conditions enables the suppression of the filter transient response.
These proposed methods are significant modifications of the classical vector projection
method proposed in [7,15]. The methods proposed in this paper allow the vector of non-
zero initial conditions to be determined with the minimum possible delay. In the first
proposed method, only two samples need to be recorded to determine the first vector of
non-zero initial conditions. It can be seen that the delay at the start of the filtering process
is only two samples as opposed to the classical vector projection method, for which the
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filtering start delay is equal to the length of the vector of non-zero initial conditions denoted
by L. The disadvantage of the first presented method is the increase in the number of
calculations necessary to determine L sets of vectors of non-zero initial conditions, whose
length increases from 2 to L. Therefore, this paper also proposes a second method to reduce
computational complexity. In this method, the length of the vectors of non-zero initial
conditions is fixed at k < L. In the second presented method, the cost of less computational
effort is a deterioration in the filtration quality indicators. The choice of both methods for
determining the vector of non-zero initial conditions and its parameters is a compromise
between the delay of the filtering process, the computational complexity, and the quality of
the filtering in terms of the quality indicators.

5. Conclusions

The methods presented in this paper for determining non-zero initial conditions
vectors are characterized by a lower filtering onset delay than the classically used vector
projection method. The proposed approaches were used to filter ECG signals disturbed
by the power line interference. The first proposed method has the minimum possible
delay of two samples. The second proposed method presented has a lower computational
effort than the first method and a shorter delay at the start of the filtering process than the
classical vector projection method. Simulation results show that both presented methods
have a lower delay in the onset of filtering than the classical vector projection method.
Furthermore, the simulation studies confirmed the possibility of reducing the transient
from the notch filter response with the use of the proposed methods. This paper also
presents parameter selection methods for both methods of determining non-zero initial
conditions to ensure the best possible values for the filtration quality indices. This allows
the filter response to be of high quality, in terms of quality indicators, with the shortest
possible delay relative to the input signal.
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