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Abstract: This paper presents a novel algorithm for industrial robot trajectory planning based on
the NURBS(Non-Uniform Rational B-Spline) curve and Slerp interpolation aiming at the problems
that the trajectory of a six-axis industrial robot is not smooth enough in the operation process, the
posture planning process is non-uniform, and the six-axis industrial robot starts and stops frequently.
Firstly, aiming at the first problem, the trajectory planning algorithm based on the NURBS curve is
presented to improve the smoothness of the trajectory curve. Combined with Slerp posture planning
based on quaternion description, which realizes the uniform change of posture on the robot’s end-
effector. Secondly, aiming at the second problem, the S-velocity planning algorithm is presented
in the interpolation interval of the robot, which realizes the operation process of complex curves
continuously, and improves the operation quality. Finally, this paper uses Bernoulli’s lemniscate as
the incentive trajectory, and the contrast experiment of trajectory planning between two incentive
profiles is designed, which are the NURBS curve and the five-order polynomial curve. The result
of the experiment indicates that the planning algorithm proposed in this paper could effectively
improve the smoothness of trajectory in a Cartesian workspace, decrease the impact and tremulous
in a Cartesian workspace, and effectively improve the performance of the robot working process.
The results drawn from this paper lay a certain foundation for the future high-precision control of
industrial robots.

Keywords: NURBS curve; quaternion; Slerp interpolation; S-velocity planning

1. Introduction

In the working process of industrial robots, the smoothness of the end-effector’s
trajectory is one of the important indexes to evaluate the robot working quality [1,2]. In
order to make the robot move along the given trajectory, generally speaking, it usually goes
through three stages: trajectory planning, velocity planning and real-time interpolation [3].

The end-effector’s trajectory of industrial robots refers to the coordinate position
and posture of the robot’s end-effector, which is the function of the working process time
respectively; Therefore, the trajectory planning of the robot’s end-effector includes the
position and posture planning [4]. The position planning of the robot’s end-effector could
be taken in two steps. Firstly, determine the trajectory curve, i.e., the geometric equation,
which is a three-dimensional curve in Cartesian space. Then determine the function
between the components of the x, y and z axes and time t in the Cartesian coordinate
frame [5]. When it comes to the end-effector posture planning, the posture planning
algorithm should be selected corresponding to the way of posture description [6].

For the trajectory planning of the robot’s end-effector, determine all the critical points
first, then construct the trajectory curve through real-time interpolation [7]. Generally
speaking, the basic interpolation algorithm of the robot includes linear interpolation and arc
interpolation [8], and other interpolation algorithms are based on the two basic interpolation
algorithms above. Among the interpolation algorithm above, the way of connecting

Processes 2022, 10, 2195. https://doi.org/10.3390/pr10112195 https://www.mdpi.com/journal/processes



Processes 2022, 10, 2195 2 of 23

adjacent critical points with tiny straight line segments [9] is simple, namely the form
of a "straight line and transition curve" iteratively. However, at the intersection point of
two adjacent line segments, there exist abrupt changes in direction, which leads to many
unsmooth points in the whole working process, thus affecting the quality of the whole
process. Based on the interpolation algorithms above, the form of parabolic transition
adopted near the critical points [10] could ensure the smoothness of the trajectory at every
trajectory point. Furthermore, polynomial curves with good smoothness could be applied
near critical points [11], such as arc transition [12] and high-order polynomial transition [13],
which could also ensure the smoothness of the trajectory at every trajectory point. However,
such a local smoothing algorithm does not have a unified form for the description of the
entire working trajectory, the algorithm solution is complicated, and the computation is large.

Different from the above local smoothing algorithm, the global smoothing algorithm
adopts a smooth curve to construct the trajectory according to all the trajectory points.
The commonly seen global smoothing curves include the Bézier curve [14], PH curve [15]
and NURBS curve [16,17]. The common feature of the above global smoothing curves is
that they are all structural curves, which could be constructed according to the boundary
conditions, i.e., position, velocity and acceleration at trajectory points. Among the above
global smoothing curves, the NURBS curve proposed in the literature [16] could be used
as control vertices based on a series of critical points, and different weight factors corre-
sponding to different points could construct a unified curve model. Meanwhile, due to the
differentiability of the NURBS curve, it meets the requirement of end-effector trajectory
smoothness in the robot working process [18].

The above interpolation algorithms are mainly aimed at the situation where the end-
effector posture remains unchanged during the whole working process. If the end-effector
posture changes, the corresponding planning algorithm should be selected corresponding
to the way of the end-effector posture description [19]. The Robot’s end-effector posture
could be described with RPY angle [20], universal rotation transformation algorithm [21],
quaternion [22,23] and other description algorithms. Among the end-effector posture
description algorithm above, the RPY angle describes the rotation in a simple way, but
there exists coupling between RPY angles, which may lead to the problem of universal
joint locking, and the rotation around x, y and z axes may lose a degree of freedom. As
for the universal rotation transformation algorithm, when the rotation angle around any
vector in the Cartesian space is close to 0◦ or 180◦, it is difficult to determine the rotation
axis, and the transition discontinuity of the posture will occur when the adjacent posture is
rotated around the fixed axis while using quaternion to describe the posture rotation could
effectively avoid the above problems.

The above trajectory planning algorithms in the robot Cartesian space solve the prob-
lem of which trajectory the end-effector moves along with, while the velocity planning
algorithm solves the problem of how to move along the planned trajectory in the working
process of the robot. The velocity planning algorithm could be categorized as non-flexible
and flexible velocity planning. The trapezoidal velocity planning [24], as a typical non-
flexible velocity planning algorithm, could be applied to a variety of working conditions
due to its simple model and easy implementation. However, the velocity change is not
smooth enough, and there exists a mutation of the acceleration during the motor start and
stop processes, which is likely to lead to the impact of the joint motor, and it is hard to
meet the requirements of high accuracy in working conditions, while the flexible velocity
planning could avoid the impact of joint motor and improve the flexibility of the working
process. The commonly used flexible velocity planning algorithms include exponential
velocity profile [25], trigonometric velocity profile [26], polynomial acceleration and de-
celeration velocity profile [27], S-Velocity planning [28,29], etc. Among the above flexible
velocity planning algorithm, S-Velocity planning ensures the continuity of acceleration
profile, which effectively reduces the impact of joint motor, and the algorithm complexity
is moderate, could be taken into account the real-time requirements of the system, and
is widely used. In the meanwhile, the velocity profile of exponential velocity planning is
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smooth and has high-order derivatives, but the algorithm complexity is high, and there are
still some mutations at the two endpoints. Trigonometric velocity planning uses a single
sinusoidal curve to construct the velocity profile. During the acceleration and deceleration
process, there only exists one point which could reach the maximum value of acceleration
or jerk, and the abrupt change of jerk will occur at the end of the acceleration and decel-
eration sections. Polynomial velocity planning further improves the smoothness of the
S-velocity profile, but the algorithm is complicated and difficult to meet real-time require-
ments. Theoretically, exponential velocity planning, trigonometric velocity planning and
high-order polynomial velocity planning have higher derivatives and better compliance,
but the complexity of such algorithms cannot guarantee the real-time performance of the
algorithm, and the application in engineering is affected to a certain extent.

This paper presents the trajectory planning algorithm based on the NURBS curve with
well-smoothness to improve the smoothness of the trajectory curve. Combined with Slerp
posture planning based on quaternion description, which realizes the uniform change of
posture on the robot’s end-effector. Then the S-Velocity planning algorithm is presented
in the interpolation interval of the robot, which realizes the operation process of complex
curves continuously, and improves the operation quality. Finally, this paper uses Bernoulli’s
lemniscate as the incentive trajectory, and the contrast experiment of trajectory planning
between two incentive profiles is designed, which are the NURBS curve and the five-order
polynomial curve. Through the analysis and comparison between the two incentive profile,
the velocity profile with the planning algorithm proposed in this paper becomes more
smooth, and the acceleration won’t change dramatically, which indicates that the planning
algorithm proposed in this paper could effectively improve the smoothness of trajectory in
a Cartesian workspace, decrease the impact and tremulous in a Cartesian workspace, and
effectively improve the performance of robot working process.

The main contributions of this paper could be summarized as follows:

(1) Aiming at the problem that the trajectory is not smooth enough in the traditional
working process, a NURBS curve planning algorithm based on a unified curve model
is proposed in this paper, and the global smoothing of the trajectory curve is realized;
At the same time, the Slerp posture planning based on quaternion description is
combined to achieve uniform posture change in the planning process;

(2) Aiming at the problem of frequent start and stop in the traditional working process,
this paper proposes an S-Velocity planning algorithm in the interpolation interval
of the robot based on the trajectory planning algorithm in (1), which realizes the
continuous working process of complex curves and improves the quality of robot
working process;

(3) Bernoulli’s lemniscate is used as the incentive trajectory, and the contrast experi-
ment of trajectory planning between two incentive profiles is designed, which are
the NURBS curve and the five-order polynomial curve. Through the analysis and
comparison between the two incentive profile, the velocity profile with the planning
algorithm proposed in this paper becomes more smooth, and the acceleration won’t
change dramatically, which indicates that the planning algorithm proposed in this
paper could effectively improve the smoothness of trajectory in a Cartesian workspace,
decrease the impact and tremulous in a Cartesian workspace, and effectively improve
the performance of robot working process.

This paper is organized as follows. In Section 2, the NURBS curve planning algorithm based
on the unified curve model and Slerp posture planning based on the quaternion description is
proposed. In Section 3, based on the above trajectory planning algorithm, this paper proposes
an S-Velocity planning algorithm in the interpolation interval of the robot. In Section 4, based
on the trajectory planning and velocity planning algorithms, the implementation process of
the algorithm is proposed in this paper, and the implementation process of robot operation
is designed. In Section 5, a comparison experiment based on the proposed programming
algorithm and the five-order polynomial planning algorithm is designed to demonstrate the
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effectiveness of the proposed programming algorithm in improving the working quality. In
Section 6, this paper arrives at some discussion and conclusions.

2. Construction of Robot’s End-Effector Trajectory
2.1. NURBS Curve

Generally speaking, a k-order NURBS curve could be expressed in Formula (1):

p(u) =

n
∑

i=0
ωidi Ni,k(u)

n
∑

i=0
ωi Ni,k(u)

(1)

where di stands for n + 1 control points, i.e., all the critical points, i = 0, 1, . . . , n; ωi is
the weight factor corresponding to the control point, ω0 > 0, ωn > 0, the rest ωi ≥ 0
ω0 > 0; When the ωi values are not equal, it is the inhomogeneity of the NURBS curve.
U = [u0, u1, . . . , un+k+1] is the node vector, and all the ui values do not decrease; 0 ≤ u ≤
1∈ is the normalization factor, u0 = u1 = . . . = uk = 0, un+1 = un+2 = . . . = un+k+1 = 1; the
step size between the rest of the ui values is 1/(n + 1 − k), i.e., uk+1 = 1/(n + 1 − k), uk+2 =
2/(n + 1 − k), . . . un = (n − k)/(n + 1 − k); Ni,k(u) is the k-order B-spline basis function,
which is defined as in the following Formula (2):

Ni,0(u) =
{

1, ui ≤ u ≤ ui+1
0, else

Ni,k(u) =
u−ui

ui+k−ui
Ni,k−1(u) +

ui+k+1−u
ui+k+1−ui+1

Ni+1,k−1(u)

de f ine 0
0 = 0

(2)

Formula (2) is the Cox-de-Boor recursive formula described in the literature [17].

Remark 1. For the trajectory of the robot’s end-effector, di could be the RPY point to describe the
position and posture of the end-effector, but in order to simplify the calculation, di is taken as the
three-dimensional coordinate point of the end position. Each control vertex di corresponds to a
k-order B-spline basis function.

Let the numerator and denominator in Formula (1), respectively, be:

A(u) =
n

∑
i=0

ωidi Ni,k(u) (3)

w(u) =
n

∑
i=0

ωi Ni,k(u) (4)

p(u) =
A(u)
w(u)

(5)

Apply the Leibniz formula to calculate the nth-derivative of A(u):

A(n)(u) = [w(u)p(u)](n) =
n
∑

i=0
Ci

nw(i)(u)p(n−i)(u)

= w(u)p(n)(u) +
n
∑

i=1
Ci

nw(i)(u)p(n−i)(u)
(6)

It could be obtained from Formula (6) that:

p(n)(u) =
A(n)(u)−

n
∑

i=1
Ci

nw(i)(u)p(n−i)(u)

w(u)
(7)
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It could be obtained from Formulas (3) and (4) that:

A(n)(u) =
n

∑
i=0

ωidi N
(n)
i,k (u) (8)

w(n)(u) =
n

∑
i=0

ωi N
(n)
i,k (u) (9)

It could be obtained from the literature [17] that:

N(n)
i,k (u) = k

N(n−1)
i,k−1 (u)

ui+k − ui
−

N(n−1)
i+1,k−1(u)

ui+k+1 − ui+1

 (10)

The first and second derivatives of the NURBS curve could be obtained from
Formulas (6)–(10) as follows:

p′(u) =
A′(u)− w′(u)p(u)

w(u)
(11)

p′′ (u) =
A′′ (u)− 2w′(u)p′(u)− w′′ (u)p(u)

w(u)
(12)

In addition, the NURBS curve in Formula (1) could be expressed as:

p(u) = x(u)
→
i + y(u)

→
j + z(u)

→
k , 0 ≤ u ≤ 1 (13)

Therefore, for the first and second derivative formulas of the NURBS curve described
in Formulas (11) and (12), corresponding to the NURBS curve form in Formula (13), the
velocity and acceleration of three component directions at every point could be obtained.

When the NURBS curve is used for interpolation, it is necessary to know the arc length
at the current moment to carry out velocity planning. NURBS curve length L from point
p(u1) to point p(u2) is:

L =
∫ u2

u1
‖ dp(u)

du ‖du =
∫ u2

u1
f (u)du

=
∫ u2

u1

√(
dx(u)

du

)2
+
(

dy(u)
du

)2
+
(

dz(u)
du

)2
du

(14)

Generally speaking, it is difficult to get the primitive function of the integrand function
in Formula (14), so the numerical integration is used to calculate the length of the NURBS
curve. Among them, Simpson adaptive integration algorithm could adjust the step size of
numerical integration according to the change rate of the integrated function in the integral
interval, and the principle is as follows:

L =
∫ u2

u1

f (u)du = S(u1, u2)−
u2 − u1

180

(
h
2

)4
f (4)(η), η ∈ (u1, u2) (15)


h = u2 − u1

S(u1, u2) =
h
6

[
f (u1) + 4 f (

u1 + u2

2
) + f (u2)

] (16)

R[ f ] = −u2 − u1

180

(
h
2

)4
f (4)(η), η ∈ (u1, u2) (17)

Formula (17) is the remainder of the Simpson formula.
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2.2. Robot’s End-Effector Posture Planning Based on Quaternion

As shown in Section 2, the robot’s end-effector posture could be described by RPY
angle, universal rotation transformation algorithm, quaternion and other algorithms. RPY
angle posture description algorithm is first rotated by angle γ around the x-axis, then by
angle β around the y-axis, and then by angle α around the z-axis to obtain the transforma-
tion matrix described in Formula (18):

RPY(α, β, γ) = Rot(z, α)Rot(y, β)Rot(x, γ) =
cos α cos β cos α sin β sin γ− sin α cos γ cos α sin β cos γ + sin α sin γ 0
sin α cos β sin α sin β sin γ + cos α cos γ sin α sin β cos γ− cos α sin γ 0
− sin β cos β sin γ cos β cos γ 0

0 0 0 1

 (18)

When β = π/2, there exists that:

RPY
(

α,
π

2
, γ
)
=


0 − sin(α− γ) cos(α− γ) 0
0 sin(α + γ) sin(α− γ) 0
−1 0 0 0
0 0 0 1

 (19)

At this point, the rotation angle γ around the x-axis is equivalent to the rotation angle
-γ around the z-axis, which results in the loss of degrees of freedom. This is the universal
lock described in the literature [21].

The universal rotation transformation algorithm is to rotate θ angle around any unit
vector f = fxi + fyi + fzk in Cartesian space, and obtain the rotation matrix described
in Formula (20):

Rot( f , θ) =


fx fx(1− cos θ) + cos θ fx fy(1− cos θ)− fz sin θ fx fz(1− cos θ) + fy sin θ 0

fy fx(1− cos θ) + fz sin θ fy fy(1− cos θ) + cos θ fy fz(1− cos θ)− fx sin θ 0

fz fx(1− cos θ)− fy sin θ fz fy(1− cos θ) + fx sin θ fz fz(1− cos θ) + cos θ 0

0 0 0 1

 (20)

In the above rotation process, the counterclockwise rotation angle is positive, and the
clockwise angle is negative.

Generally speaking, the robot’s end-effector posture could be described by the matrix
described in Formula (21):

T =


nx ox ax 0
ny oy ay 0
nz oz az 0
0 0 0 1

 (21)

The unit quaternions could be described in the following 2 ways:

q = s + ai + bj + ck (22)

q = cos
θ

2
+ fx sin

θ

2
i + fy sin

θ

2
j + fz sin

θ

2
k (23)

The rotation axis in Formula (23) is f = fxi + fyi + fzk of the universal rotation
transformation.

Combining Formula (22) with (23), there is:

s = cos
θ

2
, a = fx sin

θ

2
, b = fy sin

θ

2
, c = fz sin

θ

2
(24)
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The posture matrix corresponding to the quaternion in Formula (22) could be ex-
pressed as:

T =


1− 2(b2 + c2) 2ab− 2sc 2sb + 2ac 0

2ab + 2sc 1− 2(a2 + c2) −2sa + 2bc 0
−2sb + 2ac 2sa + 2bc 1− 2(a2 + b2) 0

0 0 0 1

 (25)

Combining Formula (20) with (21) and (24), there is:

nx + oy + az = (1− cos θ)( f 2
x + f 2

y + f 2
z ) + 3 cos θ

= 1 + 2 cos θ
(26)


cos θ =

1
2
(
nx + oy + az − 1

)
1 + cos θ = 2 cos2 θ

2
= 1

2
(
nx + oy + az + 1

) (27)

s = cos
θ

2
= ±1

2

√
nx + oy + az + 1 (28)oz − ay = 2 fx sin θ, fx =

oz−ay
2 sin θ

a = fx sin θ
2 =

oz−ay

4 cos θ
2
=

oz−ay
4s

(29)



s = cos
θ

2
= ±1

2

√
nx + oy + az + 1

a = fx sin
θ

2
=

oz − ay

4s

b = fy sin
θ

2
=

ax − nz

4s

c = fz sin
θ

2
=

ny − ox

4s

(30)

According to Formula (30), the corresponding quaternion could be directly calculated
from the robot’s end-effector posture matrix. Since the rotation direction is not specified,
it corresponds to two conjugate quaternions. In addition, Formulas (20) and (25) are
completely equivalent according to the above derivation process.

Remark 2. The robot’s end-effector trajectory planning based on quaternion could obtain smooth
rotation by interpolation, which effectively solves the problem of unsmooth rotation in RPY angle
linear interpolation.

For any 2 postures q0 and q1 described by quaternions, generally, there are two inter-
polation algorithms, Lerp and Slerp [24]. Lerp is linear interpolation, i.e.,

Lerp(q0, q1, h) = q0(1− h) + q1h (31)

where h could be understood as the parameter in the NURBS curve, 0 ≤ h ≤ 1.
In Figure 1, the linear interpolation is interpolated along a line from q0 to q1. This

interpolation algorithm is along the chord from q0 to q1 on the arc of the unit circle, so
the quaternion interpolated by linear interpolation is not the unit quaternion. The linear
interpolation could be further improved, and the quaternion obtained by interpolation
could be normalized as Nlerp, normalized linear interpolation. The Nlerp algorithm is
as follows:

Nlerp(q0, q1, h) =
q0(1− h) + q1h
‖q0(1− h) + q1h‖ (32)
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Figure 1. Linear interpolation between 2 postures Figure 1. Linear interpolation between 2 postures.

In the above interpolation algorithm, when h is uniformly distributed within the
interval [0, 1], the interpolation segments obtained are not uniformly distributed, i.e., linear
interpolation only has formally "linear interpolation".

Slerp, i.e., spherical linear interpolation, which is linear interpolation on the sphere,
which is a linear interpolation of angles, i.e.,

θ = (1− h)θ1 + hθ1 (33)

In addition, Slerp could be expressed as:

qh = Slerp(q0, q1, h) = αq0 + βq1 (34)

When Formula (34) is multiplied with q0 and q1 (as shown in Figure 2), there are:

q0qh = α + βq0q1 (35)

q1qh = αq1q0 + β (36)
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q0 and q1 are unit quaternions, then:

cos(hθ1) = α + β cos θ1 (37)

cos((1− h)θ1) = α cos θ1 + β (38)

Combining Formula (37) with (38) gives:

α =
sin((1− h)θ1)

sin θ1
, β =

sin(hθ1)

sin θ1
(39)
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Combining Formula (34) with (39), there is:

Slerp(q0, q1, h) =
sin((1− h)θ1)

sin θ1
q0 +

sin(hθ1)

sin θ1
q1 (40)

Remark 3. Slerp gives the shortest interpolation curve between two points on a sphere described by
quaternions, and the rotation angle varies uniformly. In order to improve the efficiency of quaternion
posture planning and to avoid redundant posture changes, the Slerp within q1 or −q1 with a smaller
angle between q0 is selected, i.e.,

Slerp(q0, q1, h) =


sin((1−h)θ1)

sin θ1
q0 +

sin(hθ1)
sin θ1

q1, if q0·q1 ≥ 0

sin((1−h)θ1)
sin θ1

q0 +
sin(hθ1)

sin θ1
(−q1), else

(41)

The first derivative of Slerp with respect to h is:

d
dh

Slerp(q0, q1, h) =

−
cos((1−h)θ1)

sin θ1
θ1q0 +

cos(hθ1)
sin θ1

θ1q1, if q0·q1 ≥ 0

− cos((1−h)θ1)
sin θ1

θ1q0 +
cos(hθ1)

sin θ1
(−θ1q1), else

(42)

d2

dh2 Slerp(q0, q1, h) =

−
sin((1−h)θ1)

sin θ1
θ2

1q0 +
sin(hθ1)

sin θ1
θ2

1q1, if q0·q1 ≥ 0

− sin((1−h)θ1)
sin θ1

θ2
1q0 − sin(hθ1)

sin θ1

(
−θ2

1q1
)
, else

(43)

d2

dh2 Slerp(q0, q1, h) = −θ2
1Slerp(q0, q1, h)

3. S-Velocity Planning for Industrial Robots

Remark 4. As described in Section 2, S-velocity planning could ensure the continuity of the
acceleration curve and effectively avoid the impact of joint motors in the robot working process.
Therefore, the S-velocity profile could be used for velocity planning. The working space of the robot
could be categorized as joint space and Cartesian space. In joint space, S-Velocity planning could be
carried out for each joint angle respectively. In Cartesian space, S-Velocity planning could be used
for six components of the end-effector posture, respectively.

In the seven-segment S-Velocity planning, there are seven stages of the acceleration and
deceleration process, including acceleration, uniform acceleration, deceleration, uniform
deceleration, uniform deceleration, acceleration and deceleration segments, as is shown
in Figure 3.

In Figure 3, the end time of each segment could be recorded as t1~t7, every segment
lasts T1~T7, and the displacement is s, there exists:

T1 = T3 = T5 = T7, T2 = T6 (44)

Given the following two displacements:

s1 =
Jv2

max + vmaxa2
max

2Jamax
(45)

s2 =
a3

max
J2 (46)
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Figure 3. Seven-segment S-Velocity planning.

s1 and s2 are, respectively, the displacements achieved by the maximum speed of the
acceleration segment, the uniform acceleration segment and the deceleration segment, and
the displacements completed by the maximum velocity of the acceleration segment and the
deceleration segment.

(1) If:

vmax ≤
a2

max
J

&&s > 2vmax

√
vmax

J
(47)

Then the maximum velocity, vmax, could be achieved within a given distance s, while
the maximum acceleration, amax, couldn’t be achieved. The velocity planning is in five
segments, and there is no uniform acceleration and deceleration segment.

Revised: 

amax =
√

vmax J

T1 = T3 = T5 = T7 =
amax

J
T2 = T6 = 0

T4 =
s

vmax
− 2
√

vmax

J

(48)

(2) If s > 2s1, then the maximum velocity vmax and maximum acceleration amax could be
achieved within a given distance s, and the velocity planning is in seven-segment.

Respectively, the seven segments are:

T1 = T3 = T5 = T7 =
amax

J

T2 = T6 =
vmax

amax
− amax

J

T4 =
s− 2s1

vmax

(49)
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v(t) =



1
2

Jt2, t < t1

1
2

Jt2
1 + amax(t− t1), t1 < t <

2

∑
i=1

ti

vmax −
1
2

J(t1 + t2 + t3 − t)2,
2

∑
i=1

ti < t <
3

∑
i=1

ti

vmax,
3

∑
i=1

ti < t <
4

∑
i=1

ti

vmax −
1
2

J(t−
4

∑
i=1

ti)

2

,
4

∑
i=1

ti < t <
5

∑
i=1

ti

vmax −
1
2

Jt2
5 − amax(t−

5

∑
i=1

ti),
5

∑
i=1

ti < t <
6

∑
i=1

ti

1
2

J(
7

∑
i=1

ti − t)2,
6

∑
i=1

ti < t <
7

∑
i=1

ti

(50)

d(t) =



Jt3

6
, t < t1

d1 +
J
2

t2
1(t− t1) +

amax

2
(t− t1)

2, t1 < t <
2

∑
i=1

ti

d2 + vmax(t− t1 − t2) +
J
6
(t1 + t2 + t3 − t)3 − J

6
t3
3,

2

∑
i=1

ti < t <
3

∑
i=1

ti

d3 + vmax(t− t1 − t2 − t3),
3

∑
i=1

ti < t <
4

∑
i=1

ti

d4 + vmax(t−
4

∑
i=1

ti)−
1
6

J(t−
4

∑
i=1

ti)

3

,
4

∑
i=1

ti < t <
5

∑
i=1

ti

d5 + (vmax −
1
2

Jt2
5)(t−

5

∑
i=1

ti)−
amax

6
(t−

5

∑
i=1

ti)

2

,
5

∑
i=1

ti < t <
6

∑
i=1

ti

d = s− 1
6

J(
7

∑
i=1

ti − t)
3

,
6

∑
i=1

ti < t <
7

∑
i=1

ti

(51)



d1 = a3
max
6J2

d2 = d1 +
J
2 t2

1t2 +
amaxt2

2
2

d3 = d2 +
vmaxamax

J − a3
max
6J2

= v2
max

2amax
+ vmaxamax

2J = s1

d4 = s− d3
d5 = s− d2
d6 = s− d1

(52)

If s ≥ 2s2 and s < 2s1, then the maximum acceleration, amax, could be achieved within
a given distance s, while the maximum velocity vmax couldn’t be achieved.

The velocity planning is in six segments, and there is no constant velocity segment.
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Revised: 

vmax =

√
a4

max + 4J2amaxs− a2
max

2J

T1 = T3 = T5 = T7 =
amax

J

T2 = T6 =
vmax

amax
− amax

J
T4 = 0

(53)

If s < 2s1, then neither the maximum velocity vmax nor the maximum acceleration, amax,
could be achieved within a given distance s. The velocity planning is in four segments, and
there is no uniform acceleration, uniform velocity and uniform deceleration segment.

Revised: 

amax =
3

√
sJ2

2
, vmax = JT2

1

T1 = T3 = T5 = T7 =
amax

J
T2 = T6 = 0

T4 = 0

(54)

The S-velocity planning algorithm flow chart is shown in Figure 4.
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4. The Implementation of the Robot Trajectory Planning Algorithm 
4.1. The Execution Flow of the Trajectory Planning Algorithm 

Remark 5. The robot trajectory planning algorithm proposed in this paper could be taken as fol-
lows. 

Step 1. Construct the end-effector trajectory. 
As shown in Section 2, the end-effector trajectory of the robot consists of the coor-

dinate position and posture, which are the function of the operation process time, t, re-
spectively. Therefore, the position and posture could be planned, respectively. According 
to Section 3, the end-effector position of the robot adopts NURBS curve planning, and the 
posture adopts quaternion description-based Slerp planning. 

Figure 4. S-velocity planning algorithm flow chart.
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4. The Implementation of the Robot Trajectory Planning Algorithm
4.1. The Execution Flow of the Trajectory Planning Algorithm

Remark 5. The robot trajectory planning algorithm proposed in this paper could be taken as follows.

Step 1. Construct the end-effector trajectory.

As shown in Section 2, the end-effector trajectory of the robot consists of the coordinate
position and posture, which are the function of the operation process time, t, respectively.
Therefore, the position and posture could be planned, respectively. According to Section 3,
the end-effector position of the robot adopts NURBS curve planning, and the posture
adopts quaternion description-based Slerp planning.

Step 2. Ensure all the critical points and read point information of critical points.

The robot‘s end-effector trajectory constructed in Step 1 is divided into n segments
according to the robot’s interpolation period, and n + 1 critical trajectory points are ob-
tained, which contain the position and posture information. All the critical points are
entered in the form of instructions. Then read all the trajectory points shown in the
teaching pendant as the parameters of the planning function, and read the number of
trajectory points n. Next, input the order of NURBS curve k, and calculate the node vector
U = [u0, u1, . . . , un+k+1] according to the definition of the NURBS curve in Section 2.1.
Also, the weight vector ωi is the input parameter, i = 0, 1, . . . , n. According to Formula
(2), calculate the k-order B-spline basis functions Ni,k(u) at all control vertices. Based on
the above input parameters, the k-order NURBS curve p(u) could be calculated according
to Formula (1).

Step 3. Calculate the inverse solution corresponding to all the critical points, and select the
optimal inverse solution.

The workspace of industrial robots could be categorized as joint space and Cartesian
space. In joint space, a group of end-effector positions corresponding to joint angles could
be obtained by forward kinematics. On the other hand, the corresponding joint angles
could be obtained in Cartesian space through the inverse kinematics of the robot, and the
joint angles obtained by the inverse kinematics solution are usually not unique, so the
inverse solution needs to be optimized.

It could be obtained by the DH parameter method described in the literature [30] that:

Ti = Rot(Zi−1, θi)Trans(0, 0, di)

Trans(ai, 0, 0)Rot(Xi, αi)
(55)

where Ti is the link transformation matrix, i = 1, 2, . . . , 6. In Formula (55), ai is the link
length, αi is the torsional angle, di is the link offset, and θi is the joint angle.

The forward kinematics equation of the robot is:

T = T1T2T3T4T5T6 =


nx ox ax px
ny oy ay py
nz oz az pz
0 0 0 1

 (56)

Formula (56) could also be expressed as:

x = x(θ) (57)

where x = [x y z rx ry rz]T is the posture at the end-effector of the robot, which could be
described by the posture matrix at the right of Formula (56). The forward kinematics
equation of the robot is the function of 6 joint angles.
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The derivative of Formula (57) with respect to time, t, is:

.
x =

6

∑
i=1

n

∑
j=1

∂xi
∂θj

.
θ j = J(θ)

.
θ (58)

 J(θ) =
[

Jij(θ)
]

i×j =
[

∂xi
∂θj

]
i×j

i = 1, 2, . . . , 6; j = 1, 2, . . . , n
(59)

For 6-DOF industrial robot, n = 6, and J(θ) is a 6 × 6 matrix. Therefore, Formula (58)
could also be expressed as:

[
v
ω

]
=


J11 J12 · · · J16
J21 J22 · · · J26
...

...
. . .

...
J61 J62 · · · J66




.
θ1.
θ2
...
.
θ6

 (60)

The derivative of Formula (60) with respect to time t is:

..
x = J(θ)

..
θ +

.
J(θ)

.
θ (61)

For posture planning, Slerp planning based on quaternion description could be
adopted, as is described in Section 2.2.

The inverse kinematics of robots could be solved by the KDL [31], IKFAST, and other
motion planning libraries. KDL, i.e., the kinematics and dynamics library, uses the Newton–
Raphson iterative algorithm [32] to solve the numerical solution of the inverse kinematics.
IKFAST, i.e., fast inverse kinematics, solves the analytic solution of the inverse kinematics
for the robot that satisfies Pieper’s principle [33]. In the process of robot trajectory planning,
the solving speed of robot inverse kinematics directly affects the real-time performance of
robot trajectory planning. Therefore, it is of great significance to select a fast and accurate
motion algorithm library for robot trajectory planning.

When solving the inverse kinematics, because some end-effector positions and pos-
tures of the robot correspond to multiple sets of different joint angles, the inverse kinematics
usually has multiple solutions. Therefore, the inverse solution needs to be optimized. The
optimal principle of inverse solution is usually that the motion variation of each joint is
the least; that is, the motion posture variation is the mildest. Here we could define the
displacement in joint space by referring to the definition of displacement in Cartesian
space, i.e.,

∆θ =

√√√√ 6

∑
i=1

(∆θi)
2 (62)

That is to say, ∆θ is the smallest in Formula (62), or ∆θi is the smallest.

Step 4. Apply S-Velocity planning in the interpolation interval between adjacent trajec-
tory points.

According to Section 2 of this paper, S-velocity planning could ensure the continuity
of acceleration and effectively avoid the impact of joint motors in the robot working
process. Therefore, the S-Velocity profile could be selected for planning in the end-effector
Cartesian space.

Step 5. In all the interpolation intervals, after the interpolation of the ith segment completes,
enter the next segment interpolation until the last segment, and store all the interpolation
points of all segments in the .txt file.

The flow chart of the above robot’s end-effector trajectory planning can be shown
in Figure 5.
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4.2. Trajectory Planning Algorithm Implementation 

Remark 6. The trajectory planning of industrial robots needs strong support from the control 
system. Generally speaking, the robot system consists of a robot body, a robot electric control 
cabinet, a teaching device and other parts. Among all the components, the robot body is the servo 
mechanism, which is composed of six joint motors, through the robot link coordinate system, which 
could achieve the complex operation of the robot. The robot electric control cabinet is composed of a 
controller and matching electrical components. As an input device, the teaching pendant under-
takes the functions of point input and teaching program analysis in the online teaching process. 

In the robot working process, after teaching all the trajectory points on the teaching 
pendant, analyze the user program, then execute the user program when the instruction 
parsing is complete. In the user program execution process, call the trajectory planning 
function, then we could get the joint angles corresponding to all the interpolation points. 
Next, send all the joint angles to every joint motor encoder, and the work of the robot is 
completed. The whole working process could be named as teaching, planning and exe-
cution. This is the whole online teaching process of robot operation, as shown in Figure 6. 
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4.2. Trajectory Planning Algorithm Implementation

Remark 6. The trajectory planning of industrial robots needs strong support from the control
system. Generally speaking, the robot system consists of a robot body, a robot electric control cabinet,
a teaching device and other parts. Among all the components, the robot body is the servo mechanism,
which is composed of six joint motors, through the robot link coordinate system, which could achieve
the complex operation of the robot. The robot electric control cabinet is composed of a controller and
matching electrical components. As an input device, the teaching pendant undertakes the functions
of point input and teaching program analysis in the online teaching process.

In the robot working process, after teaching all the trajectory points on the teaching
pendant, analyze the user program, then execute the user program when the instruction
parsing is complete. In the user program execution process, call the trajectory planning
function, then we could get the joint angles corresponding to all the interpolation points. Next,
send all the joint angles to every joint motor encoder, and the work of the robot is completed.
The whole working process could be named as teaching, planning and execution. This is the
whole online teaching process of robot operation, as shown in Figure 6.
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5. Analysis of Simulation Experiment Results
5.1. The Kinematic Model of Industrial Robot

To solve the forward and inverse kinematics of the robot, it is necessary to establish
the link coordinate frame of the robot, i.e., to solve the DH parameters of the robot first.
SR4C robot is selected as the research object in this paper, and its DH parameters are shown
in Table 1.

Table 1. The DH parameter of the SR4C robot.

Link ai αi di θi Limit (deg)

1 40 90 330 θ1 −180~180
2 315 0 0 θ2 −130~80
3 70 90 0 θ3 −70~160
4 0 −90 310 θ4 −240~240
5 0 90 0 θ5 −30~200
6 0 0 70 θ6 −360~360

In the DH parameter table shown in Table 1, ai (mm) is the link length, αi (deg) is the
torsional angle, di (mm) is the link offset, and θi (deg) is the joint angle. The six joints of
the SR4C robot are rotational joints, so the joint angle could be arbitrarily set within the
limit range.

The link coordinate frame of the SR4C industrial robot could be established according
to the DH parameters shown in Table 1, as shown in Figure 7.
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The forward kinematics model of the robot in Formula (56) could be obtained from
the DH parameters shown in Table 1.

5.2. Analysis of Simulation Experiment Results

In order to demonstrate the effectiveness of the proposed algorithm, Bernoulli’s
lemniscate, which is commonly used in robots, is selected as the incentive trajectory to
construct the NURBS curve. The equation of Bernoulli’s lemniscate is:(

x2 + y2
)2

= 2a2(x2 − y2) (63)
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Let the focus length a =50
√

2 mm; The parametric equation is:
x = a

√
2 cos 2θ cos θ

y = a
√

2 cos 2θ sin θ

θ ∈
[
0,

π

4

]
∪
[

3π

4
,

5π

4

]
∪
[

7π

4
, 2π

] (64)

The incentive trajectory is shown in Figure 8.
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NURBS curve parameters are as follows: the curve order k = 3; the node vector is
U = [0,0,0,0,1/313,2/313, . . . ,312/313,1,1,1,1]; The control vertex is determined by
Formula (65). 

xi = 420

yi = −100 cos θi
√

cos 2θi

zi = 715 + 100 sin θi
√

cos 2θi

rxi = 0

ryi =
90i
316

rzi = −
90i
316

(65)

where i = 0, 1, . . . , 315; The step size of θi is 0.01 rad. The control factor is ω = [1,1 . . . ,1];
The number of control vertices is n + 1 = 316. The constructed NURBS curve is the
coordinate of the robot base coordinate frame when the robot end-effector is working along
Bernoulli’s lemniscate.

The Slerp planning described in Section 2.2 of this paper is adopted for the planning of
the robot’s end-effector posture, i.e., the rotation angle varies uniformly. The corresponding
posture matrix could be obtained from the kinematics of the robot, and the corresponding
quaternion could be obtained by combining it with Formula (30).

In this paper, the S-Velocity planning of robots based on NURBS and Slerp interpo-
lation could obtain the incentive trajectory during the planning process. The simulation
experiment could be taken by referring to the planning process described in Section 3.

In order to demonstrate the effectiveness of the proposed algorithm, the five-order
polynomial curve is used for the trajectory planning contrast expriment. Since there are too
many trajectory points for manual teaching when teaching path points are input according
to Formula (65); therefore, nine representative critical points are selected, and the trajectory
point distribution is shown in Figure 9.
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Figure 9. Critical point distribution.

In Figure 9, the robot moves according to P1 → P2 → . . . → P9, working along the
desired trajectory, and P1, P5, and P9 coincide with each other. The coordinate information
of every critical point is shown in Table 2, and in the second column of Table 2, the unit of
the first three measurements is mm, and the unit of the last three measurements is deg.

With the help of the AT403 absolute laser tracker, a target ball is installed at the end-
effector of the SR4C robot, and the camera of the laser tracker can track the movement of
the robot’s end trajectory in real-time.

Remark 7. The data point tracking and acquisition block diagram based on the laser tracker is
shown in Figure 10.

Table 2. Coordinate information of every critical point.

Coordinate in Cartesian Space (mm, deg) Coordinate in Joint Space (deg)

P1 (420, 100, 715, 0, 0, 0) (−166.61, 29.83, 129.9, 0, 20.27, −103.39)
P2 (420, 61.74, 750.4, 0, 11.25, −11.25) (−171, 26.75, 127.2, 4.79, 36, −112.7)
P3 (420, 0, 715, 0, 22.52, −22.49) (−178.5, 22.16, 139.94, 11.4, 38.08, −119.42)
P4 (420, −61.74, 679.6, 0, 33.78, −33.81) (174.1, 20.81, 147, 20.16, 40.97, −127.3)
P5 (420, −100, 715, 0, 44.96, −45.01) (−9.58, −6.1, −2.61, −152.5, 27.52, −130.24)
P6 (420, −61.74, 750.4, 0, 56.19, −56.3) (−1.97, −6.87, 6.63, 50.4, 151.17, 21.98)
P7 (420, 0, 715, 0, 67.52, −67.45) (−171.4, 24.37, 129.94, 74.54, 21.5, 160.05)
P8 (420, 61.74, 679.6, 0, 78.72, −78.81) (−162.39, 79.05, 27.91, 80.56, 8.92, 107.07)
P9 (420, 100, 715, 0,90, −90) (−157.96, 43.32, 94.59, 74.82, −16.17, 135.74)
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Figure 10. Laser tracker data point acquisition.

The steps of laser tracker data point collection are as follows:

(1) Set the laser tracker, robot controller, and teaching pendant in the same network IP
address segment;

(2) Calibrate the position of the laser tracker, and adjust the camera angle to the center of
the robot end-effector target ball. Then we could obtain the transformation matrix of
the laser tracker to the world coordinate frame;
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(3) When the position of the laser tracker is calibrated, Posideal, the theoretical position
and posture value at the center of the target ball is calculated. Then the robot moves
along the trajectory planned according to the teaching points, and the laser tracker
obtains the robot’s end-effector position and posture value in real-time, namely the
measured value Postrack.

(4) When the robot working process is completed, the Postrack of all measured values
could be exported, and the trajectory could be drawn in MATLAB.

According to the above step (4), the data derived from the laser tracker are processed
to obtain the comparison diagram of the trajectory obtained by the NURBS planning
algorithm and the five-order polynomial planning algorithm, as shown in Figure 11.
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Figure 11. NURBS and five-order polynomial.

According to the trajectory planning process in Figure 5, the displacement, velocity
and acceleration curves of each joint planned by the algorithm in this paper could be
obtained, as shown in Figure 12.
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Remark 9. It can be seen from Figure 14 that the curvature value of the incentive trajectory ob-
tained by using the five-order polynomial planning is not 0 only at a limited number of points, 
indicating that the incentive trajectory of the five-order polynomial planning is composed of mul-
tiple straight lines, and the smoothness of the incentive trajectory needs to be improved, while the 
proposed algorithm is based on the NURBS curve construction algorithm. whose curvature of the 
entire incentive trajectory is not 0, and the curvature value is lower than the original incentive 

Figure 12. Joint space curve under NURBS planning; (a) Angle curves of six joints under NURBS
planning; (b) Angular velocity curves of six joints under NURBS planning; (c) Angular acceleration
curves of six joints under NURBS planning.

Remark 8. In Figure 12, the angular acceleration of each joint changes continuously with time
without mutation, which ensures the smoothness of angular velocity and joint angle curve, reduces
the impact during the operation of the joint motor, and extends the service life of joint motors. At
the same time, with the improvement of the smoothness of the joint motor angle curve, the quality of
the working process is also improved.

The curvature diagram of the incentive trajectory based on the proposed algorithm
and five-order polynomial planning is shown in Figure 13.
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Figure 13. Curvature graph of NURBS and five-degree polynomial planning algorithms.

The calculation of curvature at any point on the NURBS curve could be determined by
the following formula:

k =
|p′(u)× p′′ (u)|
|p′(u)|3

=

√
(y′z′′ − y′′ z′)2 + (x′z′′ − x′′ z′)2 + (x′y′′ − x′′ y′)2(√

x′2 + y′2 + z′2
)3 (66)

Remark 9. It can be seen from Figure 14 that the curvature value of the incentive trajectory
obtained by using the five-order polynomial planning is not 0 only at a limited number of points,
indicating that the incentive trajectory of the five-order polynomial planning is composed of multiple
straight lines, and the smoothness of the incentive trajectory needs to be improved, while the proposed
algorithm is based on the NURBS curve construction algorithm. whose curvature of the entire
incentive trajectory is not 0, and the curvature value is lower than the original incentive trajectory,
that is to say, a relatively gentle NURBS curve is constructed, which effectively improves the
smoothness of the incentive trajectory.
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The data points obtained in the laser tracker are derived as incentive trajectories in
Adams and imported into the SR4C simulation model. The results are shown in Figure 14.

In Figure 14, the trajectory of the robot better fits with the designed incentive trajectory,
and the robot runs smoothly during the working process. The joint angle, angular velocity
and angular acceleration curves shown in Figure 12 fully prove the effectiveness and
rationality of the algorithm in Section 5, and improves the working quality.

6. Conclusions

Firstly, The NURBS curve planning algorithm based on the unified curve model
proposed is used in this manuscript, and the detailed process is also given. This algorithm
realizes the global fairing of the trajectory curve. The Slerp curve equation described
by quaternion is deduced in detail, and on this basis, the robot’s posture is planned.
Then, in the interpolation interval of the robot, the S-type speed planning algorithm is
used to realize the speed planning of complex curves. Finally, the data points of the
planned excitation trajectory are used as the input parameters of the teaching program
and run on the SR4C robot platform. During the operation process, the laser tracker is
used to obtain the trajectory points at the end of the robot in real-time. By analyzing the
data of the laser tracker, the actual trajectory map is drawn and compared with the five-
degree polynomial planning method. The experimental results show that the algorithm
proposed in this manuscript can better improve the flexibility of the trajectory, avoid
frequent starting and stopping in the operation process, and improve the operation quality
compared with the five-degree polynomial programming method. The research results
of this manuscript provide practical application value for the high precision and stable
operation of industrial robots.
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