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Abstract: The mechanism of ultrasonic extraction was discovered and analyzed in detail for the
liquid membrane technique from the consideration of the specific features of the radial vibrations of
a droplet of the dispersed phase placed into an immiscible continuous phase subjected to ultrasonic
irradiation. Analytical formulas were derived for the rate of mass transfer as a function of the
amplitude of acoustic pressure oscillations and the time of ultrasonic treatment of an extraction
system. Conditions for achieving the maximum efficiency of the extraction of a substance under the
stimulating effect of ultrasound were analyzed. A nonlinear equation was derived for the radial
vibrations of a spherical droplet of the dispersed phase in an immiscible continuous phase under
forcing in the form of acoustic pressure periodically changing with time. Experimental study of
the dependence of sulfosalicylic acid distribution on time in an aqueous two-phase system with
ultrasound shows good agreement of experimental results with the calculations performed.

Keywords: pressure drop; acoustics; ultrasonic irradiation; nonlinearity; resonance frequency; eco-
friendly extraction; interphase distribution; aqueous two-phase system; poly (ethylene)glycol; inten-
sification

1. Introduction

Through the ages, people successfully used various extraction methods in one or
another form to improve their wellbeing by increasing the quality of the implementation of
the developing capabilities of chemistry and physics throughout the entire period of human
civilized existence [1]. In particular, the problems of the recovery of metals from different
substances [2–6] and the extraction of other chemical compounds from liquids [7–15] are
constantly enriched with new solutions, the corresponding schemes of practical implemen-
tation, and the possibilities of using the correlating achievements from related branches
of science. This includes the use of ultrasound, which can have a substantial effect on the
results of various experiments from the purification of soil from petroleum products [16]
to metal hardening [17]. The ability of ultrasound to enhance various physicochemical
processes is based on its capability of altering particular characteristics of the phenomenon
under consideration and, consequently, affecting the final product in a controlled process.
In particular, a methodology for ultrasonic soil purification from inorganic contaminants
was developed in [18], and the dependence of sonochemical reactions on the ultrasound
frequency with allowance for the specific features of the cavitation process was studied
in [19]. Among the latest achievements is also the successful use of ultrasound to enhance
the removal of various toxic organic dyes and heavy metals using nanoparticles loaded on
activated carbon [20]. Ultrasound is often used to extract various biologically active sub-
stances [21], polysaccharides from plant materials [22], pesticides from soil [23], and rare
earth elements from rocks [24]. Ultrasonic extraction proved to be an environmentally safe
method for the recovery of substances [25]. Its advantages over other extraction methods
are a decrease in the extraction time and energy consumption and an increase in the yield
of products and the preservation of the biological activity of recovered biomolecules due to
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lower extraction temperatures [26]. In recent years, ultrasonic liquid–liquid extraction of
organic acids from aqueous solutions is of greatest interest [27]. Optimal conditions for
the use of ultrasound for implementing continuous solvent extraction of lactic acid from
fermentation broths were determined by sequential sampling [28]. The study [29] in which
conditions for the effective use of ultrasonic intensification were experimentally found for
the recovery and separation of antioxidants from wheat chaff in an aqueous two-phase
system can also be cited as an example that confirms the existence of a large variety of
objects for the use of ultrasonic extraction. Although conditions close to optimal ones
can be found in a number of cases experimentally using a simple examination of possible
values of experimental parameters, nevertheless, the determination of such conditions
based on revealing and studying mechanisms that constitute the physicochemical essence
of the processes under study is the most preferable, since, among other things, it allows
one to construct the configuration and scheme of the most effective implementation of the
assigned task. For example, it is possible to affect extraction processes in the necessary
direction by creating conditions for the implementation of the mechanisms of nonlinear
acoustics, as was shown in [30–33]. Even in the simplest case of ordinary irradiation of the
working volume of an extractor with low-power ultrasound, certain features caused by
external action can be revealed that can substantially change the efficiency of the process.
In this study, such an important characteristic of extraction as mass transfer implemented
under the conditions of a breakup of the original solution containing the target component
(the compound being extracted) into droplets is investigated for the case where external
ultrasonic radiation directly affects this process by forcing the droplets of the original solu-
tion to perform radial vibrations, thus substantially changing the pattern of the recovery of
the extract in comparison with the conventional scheme for the treatment of a liquid. In this
case, the used ultrasound intensities are significantly lower than the thresholds required
to excite such nonlinear effects, for example, cavitation, which can radically change the
essence of the processes under consideration. Based on the derived nonlinear equation for
the radius of a droplet, the parameters of forced oscillations of the spherical surface in the
presence of ultrasound have been studied, and the specific features of mass transfer through
the oscillating phase boundary were analyzed. The revealed specificity of the dependence
of the extractant concentration on the time and intensity of ultrasonic irradiation can be a
determining point in choosing the efficient regime of the use of ultrasonic extraction.

2. Theoretical Part

To perform the well-founded evaluation of the effect of ultrasound on mass transfer
under the conditions of the breakup of the dispersed phase (for example, the original
solution containing the target component), it is necessary to consider the problem of
the pulsations of a droplet that is in an immiscible continuous phase (a solution of the
extractant) in which pressure changes with time t under the effect of ultrasound. As a
result of solving this problem, it is possible to determine the character of the oscillations
of droplet radius R(t) to calculate the variation in the droplet surface area on which mass
transfer takes place. Although lots of drops are present in the extractant, the interaction
between them weakly affects the final extraction result, so those basic specifications of
ultrasonic recovery of target compound completely connected with processes that are
occurring inside of every single drop, i.e., the quantitative results of the whole procedure
are defined by the simple summary of appropriate indicator for every drop, in which,
presumably, identical reactions have proceeded. It should be noted that a similar approach
is justifiably applied in the cavitation investigation [34].

2.1. Problem Formulation and Original Relationships

If ρ1(r,t) is the density of the droplet and ρ2(r,t) is the density of the surrounding liquid,
their common equation of motion that describes the variation of the radial velocity u(r,t)
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and pressure p(r,t) can be written in the spherical coordinate system, the origin of which
r = 0 is placed in the center of the droplet, as follows [32]:

∂u
∂t

+ u
∂u
∂r

= −1
ρ

∂p
∂r

(1)

It is important to note that considering the spatial nonuniformity of the acoustic
pressure defined by the ultrasound wavelength is not significant because of the large
difference in size between this length and the radius of the drop. Therefore, the case is
considered when a drop is subjected to a comprehensive homogeneous compression (or
stretching) by the external pressure of a surrounding medium. The compressibility of
the liquid due to its small contribution to the final result can be neglected; therefore, the
continuity equation has the following simple form:

∂

∂t

(
r2ρu

)
= 0 (2)

The solution of Equation (2) is related to the velocity of the droplet surface U(t) = dR/dt
by the formula

u(r, t) =
R2(t)U(t)

r2 , r ≥ R(t) (3)

Let the droplet in the initial state be in equilibrium with the surrounding medium
and has the radius R0 and pressure P10. In that case, from the Tait equation of state for
the condensed media [34,35], the following relationship can be written at an arbitrary
time point:

P1(t) = A

{(
R0

R(t)

)3γ

− 1

}
+ P0 +

2α

R0
, P10 = P0 +

2α

R0
(4)

where, A and γ are constants which are determined empirically, α is the surface tension,
therefore 2α/R(t) determines the pressure caused by it, and P0 is the hydrostatic pressure
of the surrounding liquid in the initial equilibrium state. The equality of pressures at the
droplet boundary leads to the relationship:

A

{(
R0

R(t)

)3γ

− 1

}
+ P10 = P(R) +

2α

R(t)
(5)

From Equation (5), we can write the following relationship for the pressure P(R) on
the droplet surface:

P(R) = A

{(
R0

R(t)

)3γ

− 1

}
− 2α

R(t)
+ P0 +

2α

R0
(6)

Since in the equilibrium state p(r→∞) = P∞, in the case where a cavity is subjected to
the pressure of ultrasonic irradiation Pm sin ωt with the amplitude Pm and frequency ω,
the pressure at infinity can be written as

P∞ = P0 + Pm sin ωt (7)

By introducing the velocity potential ϕ(r,t) (u = ∇ϕ), Equation (1) can be integrated
concerning the radius r from r to ∞; as a result, we have the relationship:

∂ϕ

∂t
+

u2

2
+

P∞ − p
ρ

= 0 (8)

since for r→∞ there are the equalities ϕ = 0, u = 0, and p(r→∞) = P∞ and the density
is related to the pressure by the equation of state. As it follows from Equation (3) that
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ϕ = −UR2/r, the following equation is derived from Equation (8) on the droplet surface
with allowance for Equation (5) and Equation (7):

R(t)
d2R
dt2 +

3
2

(
dR
dt

)2
+

1
ρ2

{
Pm sin ωt + 2α

[
1

R(t)
− 1

R0

]
+ A

[
1−

(
R0

R(t)

)3γ
]}

= 0 (9)

Using Equation (9), it is possible to solve any problems of the nonlinear time behavior
of the spherical surface of a droplet from complex deformation to simple pulsations under
the effect of ultrasound. An analysis of the characteristics of mass transfer intensification in
an extractor under the effect of ultrasound relies considerably on the quantitative indicators
of pulsations calculated using Equation (9). It should also be noted that Equation (9) is
similar in its main features to the equation describing the behavior of a gas bubble in a
liquid [34] under the effect of ultrasound. It should be noted that, because of the great
difference between the drop size and the ultrasound length, acoustic pressure is spatially
homogenous at the radius order length R0 and only oscillates in time with set frequency ω.

2.2. Calculation of the Intensity of Mass Transfer under the Effect of Ultrasonic Vibrations for a
Single Droplet of the Dispersed Phase

In the linear approximation, the radius of a droplet of the dispersed phase located in
an immiscible continuous phase subjected to ultrasonic irradiation can be represented as

R = R0 + δRm sin ωt + δRm2 sin 2ωt + . . . (10)

Of greatest interest is the case where the effect of ultrasound on mass transfer processes
shows itself at relatively low intensities of its use, which excludes the development of
undesirable by-effects of force character (heating, cavitation, and so forth), i.e., when
R0 >> δRm. It should be noted that ultrasound can have a significant effect on the formation
of droplets used in extraction. A detailed study of this process was carried out in the
following works [30–33]. It is not noticeably important for subsequent calculations since
even in the most general cases it changes only the magnitude of an equilibrium radius
R0. However, for considered small values of ultrasound intensities, those changes are
inessential.

Consideration of the effect of an acoustic signal on mass transfer processes in a droplet
should begin with a detailed analysis of the main features of the extraction process. If a
droplet contains N particles of the compound being extracted with the characteristic size L
(it can also be foreign molecules), the main parameters of the extraction process can easily
be expressed using formulas convenient for practical application when certain natural
conditions are satisfied. First, the distribution of particles over the volume of the droplet
should be uniform, and transient processes for its attainment after the recovery of the next
portion of the compound being extracted should occur for the time interval smaller than
the period of ultrasonic vibrations. Second, all particles in the near-surface layer of the
droplet with the thickness L are assumed to be instantaneously extracted; therefore, the
next moment of extraction will take place after the time interval ∆t, for which a new portion
of extracted particles moving with the velocity wd can fill the same layer of the droplet that
is ∆t = L/wd. It should be noted that, for the motionless radius of a droplet (the absence of
ultrasound), the time interval ∆t for the filling of the near-surface layer with particles is
determined by the rate of diffusion processes or by an acceleration of the droplet and so on;
therefore, the present scheme for the description of extraction dynamics is also applicable
in the case where ultrasound is absent. Figure 1 explains the interrelationship between the
duration of the extraction cycle ∆t and the depth L of the zone of particle recovery.
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Figure 1. Schematic representation of a model for cyclic extraction of particles with the characteristic
size L from a droplet of the liquid with the variation in its radius R(t) under the effect of ultrasound.

Thus, the introduction of the simplified calculation discrete in time extraction scheme
based on the assumption that processes of the internal motion in the drop (ultrasonic flows
or diffusion transfer) supply of the required recover particles to the drop surface. The truth
of this assumption should be verified by the reconciliation of theoretical calculations to
experimental data.

The mentioned approach sometimes proves to be more productive in comparison
to the implementation of strict mathematical pieces of evidence, which cannot always be
carried out without numerous new assumptions.

Let dn be the number of extraction cycles for the time interval of dτ = ∆tdn. In this
case, the number of particles dN extracted from the droplet is determined by the formula:

dN = −4πR2Ln0dn ≡ −4πR2L
n0

∆t
dτ, n0 =

3N
4πR3 (11)

Here, n0 is the approximate value of the density of the particles being extracted in
the droplet.

The integration of Equation (11) after inserting their ∆t yields the following relation-
ship for the time variation of the number of particles in the droplet:

N(τ) ∼= N0exp{−3wdτ/R} (12)

It can be seen from Equation (12) that the number of particles exponentially rapidly
decreases from the initial value N0 with time, the characteristic period of which depends on
the velocity of microstreams inside the droplet. This number will depend on the amplitude
and frequency of ultrasound in the case when corresponding oscillations of the radius R(t)
cause the most intensive motion of the liquid inside the droplet with the velocity:

wd =
dR
dt
∼= ωδRm sin ωt (13)

Taking into account diffusion and other processes, which can exert influence on the
velocity of microstreams inside the drop, complicates essentially the expression of Equation
(13) for wd. However, in special conditions of ultrasound domination over them this
expression is valid, and its use simplifies calculations significantly. The detail analysis
leads to the final formula

N(τ) ∼= N0exp{−6δRmωτ/(πR0)} (14)
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The form of the dependence on the amplitude and frequency of ultrasound can be
determined because of solving Equation (9), which can be described using Equation (10)
by the formula:

δRm

R0

ω2 −Ω2

Ω2 =

(
δRm

R0

)3

{Γ1Γ2 − Γ}+ Pa (15)

In Equation (14), which is the essentially nonlinear equation related to the variable
δRm/R0, the quantity Pa that determines the amplitude of acoustic pressure in the dimen-
sionless form is introduced and the symbol Ω is used for the frequency of the natural
oscillations of a droplet according to the formulas:

Pa =
Pm

2ρ2R2
0Ω2 , Ω2 =

(
3γA− 2α

R0

)
1

ρ2R2
0

, Ω2
1 =

3γA
ρ2R2

0
(16)

Γ =
(3γ + 1)(3γ + 2)Ω2

1
6

; Γ1 =
2ω2 −Ω2 − 3γ2Ω2

1

Ω2 ;Γ2 =
5ω2 − 2Ω2 −Ω2

1(3γ− 1)
2(4ω2 −Ω2)

(17)

For parameters in Equation (14), we have the following definitions:
The exact solution to cubic Equation (15) can be written using Cardano’s formula, but

it is rather bulky, and its analysis is not simpler than the study of the original Equation (15).
General representation of the behavior of the vibration amplitude of the droplet surface
with a change in the frequency and amplitude of acoustic pressure can be obtained from
Figure 2, which shows the dependence of the dimensionless amplitude A0(ω) = δRm/δRmax
(δRmax is the maximum value of amplitude for the chosen value of Pa) on the pump
frequencyω divided by the natural frequency Ω (z =ω/Ω).
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Figure 2. Dependence of the dimensionless vibration amplitude of the droplet surface
A0(z) = δRm/δRmax on the pump frequencyω divided by the natural frequency Ω (where z = ω/Ω)
for some values of the dimensional less amplitude Pa of acoustic pressure: 1 − Pa = 0.1; 2 − Pa = 0.05;
3 − Pa = 0.01.

As can be seen from Figure 2, the vibration amplitude of the droplet surface resonantly
increases in approaching the frequency of natural oscillations, and the width of resonance
depends on pump amplitude. However, for the practical use of Equation (14), it is sufficient
to obtain the value of the vibration amplitude in three limiting cases [36]: (1) Ω << ω,
(2) Ω >> ω, and (3) Ω ≈ ω.

1. For the high frequencies of ultrasonic irradiation, when Ω << ω, it follows from
Equation (15) that

δRm

R0
= Pa

Ω2

ω2 (18)
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2. In the limit concerning a low-frequency acoustic signal when the condition Ω >> ω is
satisfied, the solution to Equation (14) can be represented as

δRm

R0
= Pa (19)

3. In the resonance Ω ≈ ω, the vibration amplitude of the droplet surface has the
maximum value

δRm

R0
=

{
Pa

F(Ω)

}1/3
, F(Ω) = Γ1 − Γ1Γ2 (20)

Thus, substituting the vibration amplitude of the droplet surface for one of the three
possible ranges of the frequency of ultrasonic irradiation using Equation (18), (19), or (20)
into Equation (14), the dynamics of ultrasonic extraction can be traced by the behavior of a
separate element of the breakup of the original solution containing the target component. If
the optimal time of ultrasonic treatment τ0 is determined based on the number of extracted
particles ε N0 (0 < ε < 1), it can be written from Equation (13) that:

τ0 =
πR0

6δRmω
ln
(

1
ε

)
(21)

It follows from Equation (21) that, specifying the final concentration of particles being
extracted that is required at the end of ultrasonic treatment, it is possible to determine the
necessary time of acoustic action for the chosen intensity and frequency of ultrasound. It is
inversely proportional to the amplitude of acoustic pressure, formally becoming infinite
as external action decreases to zero. Such development of events is never implemented in
practice, and extraction takes place for a finite time due to diffusion and convection, which
were excluded from the present consideration. Equation (21) also indicates a reduction
in the treatment time with a decrease in the size of a droplet and an increase in the
ultrasound frequency inside the diapason of frequencies Ω >> ω used in experiments.
However, in the general case, the dependence on the frequency is more complicated since
the amplitude δRm depends on ω what corresponds to Equations (18)–(20). The parameter
ε that characterizes the degree of extraction of the target component is under the logarithm
sign in (21); therefore, its variation weakly affects the duration of treatment, i.e., extractions
by 30% and 60% take place with a comparably small difference in time.

The solution of Equation (9) in the form of Equations (18)–(20) is valid over a wide
range of the frequencies of stimulating ultrasonic irradiation and its intensities except for
the narrow region of parametric resonance when ω ≈ 2 Ω. When the conditions of such a
resonance are satisfied, there is an exponentially rapid increase in the amplitude of natural
oscillations of the droplet surface even at a very weak intensity of ultrasound. However,
for detailed consideration of the specific features of this process, a special separate analysis
should be performed.

3. Results and Discussion

The dependence of the interphase distribution of sulfosalicylic acid (Chimmed, Moscow,
Russia) (the initial concentration is 0.0028 mol/L) in an aqueous two-phase system (polyethy-
lene glycol 1500 (15 wt %)-Na2SO4 (9 wt %)-water) on time with and without ultrasound
was experimentally studied. Polyethylene glycol 1500 and sodium sulfate produced by
Sigma-Aldrich, Saint Louis, MO, USA. For the preparation of the system, distilled water
was used.

An experimental setup is presented in Figure 3.
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Figure 3. Experimental setup: 1—top-driven stirrer; 2—extraction system; 3—ultrasonic generator.

Acid extraction experiments were carried out in a glass cylinder (with a constant inter-
facial area value of 5.31 cm2) with mixing of equal volumes (15 mL) of salt and polymer
phases. Recoverable acid with a given concentration was prepared in the salt phase. Exper-
iments were performed at a temperature of 25 ◦C. For providing equable target component
distribution into the whole volume, mixing of both phases was carried out with a top-
driven stirrer at a speed of 100 rpm. An ultrasonic generator (Grad Technology, Moscow,
Russia) with a power of 110 W and a frequency of 35 kHz was used to perform experiments
with ultrasound. Quantification of sulfosalicylic acid was carried out spectrophotometri-
cally in the UV region at a wavelength of 230 nm with Cary 60 spectrophotometer (Agilent
Tech., Santa Clara, CA, USA). Acid detection in experiments without ultrasonic treatment
was carried out online in a cylinder using a fiber-optic probe with an optical path of 10 nm
every 10 s. In ultrasonic-assisted experiments detection of absorbance was carried out every
minute in the initial portion of the dependence until the constant values of absorbance
were established, after that measurement frequency reduced to 5 min. Spectrophotometer
control and obtained data processing were carried out with Cary WinUV software (Agilent
Tech., Santa Clara, CA, USA). All presented experimental data were the result of a series of
experiments and processed by the methods of mathematical statistics.

The results of extraction obtained in experiments with and without ultrasound were
compared with the calculated data described by Equation (14). Based on this formula
for the time-varying density δn(τ) of the substance being extracted from a droplet (or
simultaneously from a multitude of droplets), the following equation can be written:

δn(τ) ∼= D[1− exp{−6δRmωτ/(πR0)}] (22)

Here, D is the maximum density of the substance being extracted that can be recovered
by the purification methods used. The theoretical curves that show the function δn(τ)
in accordance with Equation (22) in Figure 4 were obtained for different amplitudes of
ultrasound and α = 0.075 kg/s2, ω = 35 kHz, D = 8.5.
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(22). The almost complete coincidence of these curves at the stage of intensive extraction 
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Figure 4. Comparative results of the extraction of sulfosalicylic acid using the PEG-1500-Na2SO4-H2O system with and
without ultrasound and their agreement with theoretical calculations: 1.2 − Pm = 0; 3.4 − Pm = 0.6 bar; 5.6 − Pm = 2.0 bar
(experimental curves—solid line; theoretical curves—dashed line).

The important point is that the functional time dependence of the experimentally ob-
tained quantity δn(τ) is in exact agreement with the analytical description in Equation (22).
The almost complete coincidence of these curves at the stage of intensive extraction in-
dicates the adequacy of the used representation of the physics of the processes under
discussion to the considered reality. The result of ultrasound in the form of some inten-
sification of the extraction process at the initial stage has a simple physical explanation.
Figure 5 shows the state of a drop with an extractable substance, both in the absence of
ultrasound and in the presence of variable pressure in the environment. In the case of
exposure to ultrasound, the time required to reach the phase boundary (drop border) is
less than in the absence of ultrasonic exposure. This is because the drop radius oscillates,
and this time is reduced not only by reducing the distance to the phase boundary but also
due to the resulting movements inside it.
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4. Conclusions

The results of this work make it possible to formulate several conclusions that general-
ize the most important outcomes of the conducted studies:

1. Simple consideration of the behavior of a droplet of the dispersed phase in an
immiscible continuous phase under ultrasonic irradiation, even without allowance for its
effect on the mechanisms of the recovery of the compound being extracted, when only the
variation of conditions on the surface where mass transfer takes place is taken into account,
already leads to understanding the existence of the noticeable effect of acoustic radiation
on the intensity of extraction. The role of this effect on the intensification of extraction can
be considerably increased if conditions are implemented in which ultrasound can directly
affect the mechanisms of mass transfer. Therefore, the study of the ability of ultrasound
to directly change, under certain conditions, the character of intermolecular interactions
between the substance being extracted and the extractant in each mass transfer event is
quite important and promising.

2. The performed analysis of the specific features of the effect of ultrasound on
a separate droplet shows that changing such ultrasound parameters as frequency and
intensity, it is possible to substantially affect extraction processes by controlling their rate.
Using the potential of ultrasound to affect the mechanism of recovery of the compound
being extracted from a solution, it is possible to determine conditions for the activation
of this process and to extract substances that cannot be recovered without acoustic action.
However, all of this requires conducting additional studies.

3. The derived relationships for the duration of ultrasonic treatment of an extraction
system and the vibration amplitude of the droplet surface can help to considerably increase
the efficiency of the use of ultrasound. At the same time, a strongly pronounced resonance
character of the dependence of processes associated with acoustic action on its frequency
can also be used to develop certain schemes of ultrasonic treatment to obtain characteristics
of the extraction process.

4. The revealed good agreement between the results of the experiment and calculated
data indicates that the real process of ultrasonic extraction develops in strict accordance
with the function that is the result of calculations based on a certain representation of the
predominant mechanisms that underlie this process. Therefore, this fact, which proves
the validity of applied theoretical premises, can be used decisively for revealing and
subsequent practical implementation of other interesting possibilities opened as a result of
the targeted use of ultrasound in extraction processes.
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