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Abstract: This paper presents a multi-scale-homogenization based on a two-step methodology
(micro-meso and meso-macro homogenization) to predict the elastic constants of 3D fiber-reinforced
composites (FRC). At each level, the elastic constants were predicted through both analytical and
numerical methods to ascertain the accuracy of predicted elastic constants. The predicted elastic
constants were compared with experimental data. Both methods predicted the in-plane elastic
constants “Ex” and “Ey” with good accuracy; however, the analytical method under predicts the
shear modulus “Gxy”. The elastic constants predicted through a multiscale homogenization approach
can be used to predict the behavior of 3D-FRC under different loading conditions at the macro-level.

Keywords: multiscale homogenization; 3D composites; volume averaging method

1. Introduction

The use of 3D fiber-reinforced composites (3D-FRC) has been increasing in recent years, thanks to
their superior delamination resistance, multi-directional load-bearing capacity and transverse
properties [1]. The physical testing of these composites is not only expansive but also time-consuming.
However, with developments in computer processing capacity, virtual testing of FRC is one of the
main interests among academics and industry in this field. Due to the complex fabric architecture of
3D-FRC, the accurate prediction of their elastic constants is a challenging task. Several models have
been proposed to predict the elastic constants of these novel 3D fabric architectures. These models are
broadly divided into analytical [2–5] and numerical [4,6] models.

The analytical models are used to predict the homogenized properties of 3D-FRC, which are based
on classical laminate theory (CLT) coupled with iso-stress/iso-strain assumption. These models give a
reasonable estimation of in-plane properties; however, they over-predict the out-of-plane and shear
constants. The finite element (FE) method based numerical models have been widely used to predict
the elastic constants of 2D and 3D-FRC [7]. In comparison with analytical models, numerical models
give a better prediction of elastic constants and stress/strain field distribution. However, the FE analysis
of 3D-FRC requires computational cost and time to model complex fabric architectures. The elastic
constants of 3D-FRC depend on many parameters such as the fiber volume fraction and volume
proportion of each yarn and the arrangement of yarns in the weave architecture. The accuracy of the
predicted effective properties depends on the accuracy of the geometric parameters and the definition
of representative volume element (RVE) as close as possible to real weave architecture. The numerical
models can efficiently accommodate more complexities than analytical methods; however, they are
computationally very expansive. Nevertheless, the analytical models are quick, especially in the case
of the parametric study, and they are reasonably accurate in predicting the elastic constants.
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The FE analysis of 3D-FRC can be performed at a micro level, meso level [7], macro-level [8,9], and a
combination of different levels called multiscale analysis [10]. The FE analysis at each level requires a
complete set of engineering elastic constants of all constituents, i.e., at a micro level, the properties
of fiber and matrix are needed; at the meso level, the properties of impregnated tows and matrix are
required, and at macro level homogenized properties in term of nine engineering constants are required.
Due to the complex weave architecture of 3D-FRC, their FE analysis at the micro and meso level is not
feasible for large composite structures, i.e., yachts, wind turbine blades, airplane fuselage etc. Therefore;
for such cases, macro-level FE analysis is preferred. The accuracy of the FE analysis depends on the
engineering elastic constants of 3D-FRC. To experimentally determine all the engineering constants
is a challenging task. Therefore, researchers take advantage of analytical and numerical methods to
predict effective properties and compare them with benchmark values.

In this paper, both numerical and analytical approaches have been used to predict the properties of
3D-FRC. The predicted values are then compared with the experimentally determined warp modulus
“Ex”, weft modulus “Ey” and shear modulus “Gxy” values. The predicted elastic constants can be
used to predict the behavior of 3D-FRC under different loading conditions. The prediction of elastic
constants using numerical or analytical methods, requires accurate definition of internal geometry and
fiber volume fractions of each tow are very critical, which will be discussed in the following section.

Multiscale Homogenization of 3D-FRC

The 3D-FRC possesses a higher degree of heterogeneity as compared to the 2D FRC (unidirectional
and bidirectional), due to be their complex weave architecture. The intricate architecture makes 3D-FRC
difficult to characterize, and their behavior under different loading conditions is equally challenging to
predict. The effective properties of 3D-FRC depend on the volume proportion of each constituent (fiber
and matrix) and fabric architecture. In multiscale modeling, 3D-FRCs are divided into three structural
levels, i.e., micro-level (individual fiber and matrix within each yarn), meso level (individual yarn and
matrix in RVE) and macro-level (orthotropic material having different elastic constants in all three
directions), as shown in Figure 1.
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and matrix), and the properties of impregnated yarns depend on the properties of the micro-level
element (individual fiber and matrix).

In most of the cases, the micro-level and meso level approaches mentioned above are
computationally very expansive and possess limitations in analyzing full-scale problems. Therefore, it is
recommended to use homogenized macro-level models while analyzing 3D-FRC to solve real problems
through numerical simulation. The process of predicting the equivalent material properties of 3D-FRC
is called homogenization. The equivalent material properties can be determined through analytical
and numerical methods based on a multiscale approach, i.e., using the constituent’s properties at the
micro/meso level to determine macro-level effective properties. In this work, a two-step multiscale
based homogenization approach is presented to predict the effective properties of 3D-FRC. In the first
step (micro-macro homogenization), the effective properties of impregnated yarns were calculated
through constituent properties (fiber and matrix). Whereas, in the second step, the engineering elastic
constants of 3D-FRC were determined using effective properties of impregnated yarns, determined in
the first stage of homogenization.

Using the multiscale homogenization approach mentioned above, the 3D-FRC is converted into
equivalent 3D orthotropic ply, as shown in the schematic diagram shown in Figure 2. The figure shows
the normal and shear stress components acting at each integration point in an orthotropic ply. It is
important to note that stresses and strain distribution in the actual meso level models or in simplified
RVE are not homogenous due to the difference in the stiffness of fiber and matrix. The stiffness of
the matrix is 20–50 times smaller than fiber; as a result, the matrix undergoes large deformation as
compared to fibers, especially in the case of matrix dominant loading. The FRC is heterogeneous in
nature, and it is recommended to consider average stress and strains acting on a volume element
(RVE). The average stresses “σi j” and resulting average strains “εi j” at each integration point of volume
element are given by Equations (1) and (2) respectively. Hence, all the mechanical properties of 3D-FRC
are calculated based on average stresses and strains acting on the volume element.

σi j =
1
V

∫
σi j(x,y,z)dv (1)

εi j =
1
V

∫
εi j(x,y,z)dv (2)

where “V”, “σi j” and “εi j” represents the volume of element, stress tensor, and strain tensor, respectively.
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2. Materials and Methods

2.1. Materials and Fabrication Process

The 3D fabric used in this study is 3D orthogonal E-glass woven fabric (3D-9871), supplied by
TexTech industries, USA. The density of the 3D fabric used is 5200 g/cm2. It consists of three layers of
warp yarn and four layers of fill yarns, as shown in Figure 3. The cross-section area of middle warp
yarn is twice the size to maintain the same in-plane properties along both directions (warp and fill).
The fabric contains 49% of yarns along the warp and fill direction, whereas only 2% yarns were present
along the z-direction to bind the in-plane yarns together. The linear density of warp and fill yarn is
2.8 and 1.9 end/cm, respectively. The epoxy resin Epolam® 5015/5015 from Axson, USA, was used to
fabricate 3D-FRC. The epoxy to hardener ratio used to fabricate the 3D-FRC panel was 100:30 by weight.
The 3D-FRC was fabricated using a vacuum-assisted resin infusion process. After resin infusion,
the composite panels were post-cured in an oven for 8 h at 80 ◦C, to achieve maximum mechanical
properties. The overall thickness of a cured panel is 3.96 mm.
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2.2. Mechanical Testing of 3D-FRC

The elastic constants predicted through analytical and numerical methods were validated through
experimentally determined benchmark values. The mechanical tests have been conducted to determine
tensile modulus along the warp and fill direction, and in-plane shear modulus. The tensile and V-notch
shear test was performed according to ASTM D3039 and ASTM D7078 standard, respectively. For the
tensile test, rectangular samples of 250 mm × 25 mm in dimension were cut along the warp and fill
direction from the post-cured 3D-FRC panel. Whereas 56 × 76 mm rectangular samples were prepared
for the V-notch shear test. The tests were conducted at a load rate of 1 mm/min on Zwick Roell 50 kN
load frame. Five samples were tested for each test, and average values were calculated.

2.3. Geometric Parameters of 3D-FRC

The geometric parameters of an individual yarn (height and width of yarn) and RVE (length,
width, and height of RVE) were determined from the fabricated pane. Figure 4a shows the optical
images of a cross-section along the warp and fill direction. The geometric parameters obtained from
optical images using an optical microscope are given in Table 1. This step is essential because the
non-representative geometric parameters lead to a significant error in the prediction. The idealized
geometric model of RVE has been developed through measured weave parameters, as shown in
Figure 4b.
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Table 1. Geometric parameters of 3D-FRC.

Description Parameter Value (mm)

Warp yarn
Ww 0.0034
W1,h 0.0004
W2,h 0.0008

Fill yarn Fw 0.0042
Fh 0.00041

Z-yarn Zw 0.00034
Zh 0.00036

RVE
RVEL 9.52
RVEw 3.96
RVEh 3.74

2.4. The Fiber Volume Fraction of Impregnated Yarns

The elastic constants of impregnated yarns depend on the fiber volume fraction and cross-sectional
area. In this work, the fiber volume fraction was calculated using the linear density of yarns, also called
Tex-count (g/km), given by Equation (3). The linear density was determined for each yarn, which is
given in Table 2. The fiber volume fraction of each yarn was calculated through the linear density
and cross-sectional area of each yarn. It was then used to determine engineering elastic constants of
individual impregnated yarns. The fiber volume fraction of each yarn is given in Table 2.

V fi =
Ti

ρi ×Ai
, i = warp, fill and z− yarn (3)
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Table 2. Fiber volume fraction of yarns.

Yarn Type Tex-Count (Ti) Fiber Volume Fraction (Vfi)

Warp yarn (1) 2409 71.1
Warp yarn (2) 3120 73.3

Fill yarn 225 72.1
Z-yarn 4602 68.5

2.5. Micro-Meso Homogenization

At micro-level, each impregnated yarn (warp, fill, and z-yarn) was considered as unidirectional
ply. The stiffness constants and engineering elastic constants of yarns (impregnated yarns) were
calculated from constituent properties, i.e., elastic constants of fiber/matrix and the fiber volume
fraction. The elastic constants of E-glass fiber and epoxy matrix are given in Table 3. The matrix
was considered as isotropic; whereas, impregnated yarns were considered as transversely isotropic
material arranged in three perpendicular directions. The fiber volume fraction of yarn was about
70%, calculated using a linear density of fibers and cross-sectional area of yarns, as explained in the
earlier section. The homogenized elastic constants of yarns were predicted using both analytical and
numerical methods, which are explained in the following section.

Table 3. Elastic constants of fiber and matrix.

Materials Material/Geometric Properties

E-Glass
Modulus of Elasticity “E f ” (GPa) 73
Modulus of Rigidity “G f ” (GPa) 30

Poisson’s Ratio “v f ” 0.22

Matrix
Modulus of Elasticity “Em” (GPa) 3.6
Modulus of Rigidity “Gm” (GPa) 1.31

Poisson’s Ratio “vm” 0.31

2.5.1. Analytical Method

The Chamis [7] model was adopted to calculate the homogenized effective properties of transversely
isotropic material, i.e., impregnated yarns. The authors proposed micro-mechanical relationships to
calculate the elastic constants of yarns, given by Equations (4)–(8).

E11 = V f E f +
(
1−V f

)
Em (4)

E22 = E33 =
Em

1−
√

V f

(
1− Em

E f

) (5)

G12 = G13 = G23 =
Gm

1−
√

V f

(
1− Gm

G f

) (6)

v12 = V f v f +
(
1−V f

)
vm (7)

v23 =
E22

2G23
− 1 (8)

where, “V f ” “v f ” “E f ” and “G f ” represent the fiber volume fraction, Poisson’s ratio, modulus of
elasticity, and modulus of rigidity of the fibers. The constants “ vm” “Em” and “Gm” represent the
Poisson’s ratio, modulus of elasticity and modulus of rigidity of the matrix and the constants “E11”,
“E22”, “E33”, “G12”, “G13”, “G23”, “v12”, “v23” represents the effective modulus of elasticity, modulus of
rigidity, and Poisson’s ratio of the impregnated yarn in local coordinate systems (1,2,3).
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2.5.2. Numerical Method

The unit cell approach is a proven method to predict the elastic constants of FRC through the
numerical method. In actual FRC, the fibers are randomly distributed inside the impregnated yarns
(unidirectional FRC), in the form of locally aggregated fibers and resin pockets [11]. Several authors used
idealized fiber packing (triangular, square, diamond or hexagonal) to predict the elastic constants of
unidirectional FRC. In this study, it is assumed that the impregnated yarns contain idealized hexagonal
fiber packing or fiber arrangement. This repetitive hexagonal unit-cell is uniformly distributed inside
yarn [8]. The homogenized elastic constants of impregnated yarns were determined using 3D hexagonal
unicell, as shown in Figure 5a. In addition to the random distribution of fiber, the fiber diameter also
varies. Typically, E-glass fiber diameter varies between 10–20 µm. In this study, a constant diameter of
E-Glass fiber is assumed for micro unit-cell, i.e., 15 µm. The dimensions of a unit cell can be calculated
through fiber volume fraction “V f ” and radius of a fiber “r f ”, using Equation (9), where constants “Lx”,
“Ly” and “Lz” represent the dimensions of the unit cell, as shown in Figure 5a. Based on fiber radius
(7.5 µm) and fiber volume fraction (70%), the dimensions of the unit cell are Lx = 17 µm, Ly = 29 µm
and Lz = 17 µm. The unit cell was meshed with eight-node solid elements (C3D8R), as shown in
Figure 5b.

V f =
2πr f

2

LyLz
, Ly =

√

3Lz (9)
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The main objective of a unit cell is to determine the compliance coefficients of a material. For this
purpose, periodic boundary conditions are required, so that a single repetitive unit-cell can mimic
the behavior of entire unidirectional composites. To evaluate the elastic constants of unidirectional
composite, a set of six different load cases were considered to ensure periodicity in all directions.
The periodic boundary conditions consist of three normal strains and three shear strains of load vectors,
which are given in Table 4. The elastic of fiber and matrix used is given in Table 3. Based on the
boundary conditions, the FE analysis was run for each load case (six FE analysis) to evaluate the
homogenized stiffness matrix “QUC” of a unit cell. The compliance matrix was then calculated by
taking the inverse of the stiffness matrix given by Equation (10). Finally, the homogenized properties
of a 3D hexagonal unit cells in local coordinates were evaluated from a compliance matrix using
Equation (11).

[SUC] = [QUC]
−1 (10)

E11 = 1
S11

E22 = 1
S22

E33 = 1
S33

γ12 = −S21
S11

γ13 = −
S31
S11

γ23 = −S32
S22

G23 = 1
S44

G31 = 1
S55

G12 = 1
S66

(11)
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Table 4. Periodic boundary conditions for different load cases.

Load Cases Along x Along y Along z

Case-A x = 0, Ux = 0
x = Lx, Ux = Lx

y = 0, y = Lx,
Uy = 0

z = 0, z = Lz,
Uz = 0

Case-B x = 0, x = Lx,
Ux = 0

y = 0, Uy = 0
y = Ly, Uy = Ly

z = 0, z = Lz,
Uz = 0

Case-C x = 0, x = Lx,
Ux = 0

y = 0, y = Ly,
Uy = 0

z = 0, Uz = 0
z = Lz, Uz = Lz

Case-D x = 0, x = Lx,
Ux = 0

y = 0, y = Ly,
Ux = Uz = 0

z = 0, Uy = 0
z = Lz, Uy = Lz

Case-E x = 0, x = Lx,
Uy = Uz = 0

y = 0, y = Ly,
Uy = 0

z = 0, Ux = 0
z = Lz, Ux = Lz

Case-F x = 0, x = Lx,
Uy = Uz = 0

y = 0, Ux = 0
y = Ly, Ux = Lx

z = 0, z = Lz,
Uz = 0

2.6. Meso-Macro Homogenization

In the meso-macro homogenization, the geometry of 3D-FRC as close as possible to actual
architecture is required. The fabricated 3D-FRC shows rectangular cross-sections; the geometric
parameters are given in Table 1. The idealized geometry of 3D-FRC was generated to predict the
homogenized elastic constants. To ascertain the accuracy of elastic constants, both analytical and
numerical methods were used, which are explained in the following section.

2.6.1. Analytical Method

The analytical method used in this work is based on the volume averaging method [2,12,13],
which uses realistic internal geometry. In this method, the engineering elastic constants of 3D-FRC were
calculated using elastic constants and the volume proportion of each constituent in the RVE. The RVE
represents the repeated element at the macro level, representing the entire 3D-FRC. The overview of
the volume averaging method is given in Figure 6. The homogenized elastic constants of impregnated
yarns in the local coordinate system (1,2,3) predicted using micro-meso homogenization, were used to
predict the engineering elastic constants of 3D-FRC. These local stiffness matrices of each yarn were
then transformed with respect to the global coordinate system (x, y, z) to get transformed stiffness
matrix of each yarn in RVE. The volume proportion of each constituent in the RVE was determined
from the geometric model of 3D-FRC, which are given in Table 5.
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After evaluating the volume proportion of each constituent “Vp ” and transformed stiffness
matrixes in the local coordinate system “Q”, the volume averaging method was then applied to
calculate the stiffness matrix of RVE, according to Equation (12). The engineering elastic constants of
RVE were calculated by taking the inverse of the global stiffness matrix of RVE, given by Equation (13).
Finally, the elastic constants of 3D-FRC were calculated using Equation (14). For the detailed procedure,
on how to apply the volume averaging method, the readers are requested to follow the references [1–3].

[QRVE] =
∑

Vpi
[
Qi

]
(i = warp, f ill, z yarn, matrix) (12)

[SRVE] = [QRVE]
−1 (13)

Ex = 1
S11

Ey = 1
S22

Ez = 1
S33

γxy = −S21
S11

γxz = −
S31
S11

γyz = −S32
S22

Gyz = 1
S44

Gzx = 1
S55

Gxy = 1
S66

(14)

2.6.2. Numerical Method

In the finite element modeling approach, the engineering elastic constants of 3D-FRC were
predicted using the meso-macro homogenization approach, i.e., the RVE of 3D-FRC was assumed
to have homogenized properties at a macro level. The meso level geometry of RVE of 3D-FRC is
shown in Figure 7. All the yarns were modeled with a rectangular cross-section area. Python code
was used to generate the FE model along with boundary and load conditions in Abaqus. The finite
element model consists of tetrahedral solid elements (C3D8R). The elastic constants of 3D-FRC were
predicted through periodic boundary conditions, which are given in Table 4. The FE analysis was run
for each periodic boundary condition to evaluate the homogenized stiffness matrix of RVE, “QRVE”.
The compliance matrix was then calculated by taking the inverse of the stiffness matrix given by
Equation (13). Finally, the engineering elastic constants of 3D-FRC were evaluated from a compliance
matrix using Equation (14).
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3. Results and Discussion

In the case of micro-meso homogenization, the summary of homogenized elastic constants
of impregnated yarns predicted through the analytical and numerical method is given in Table 6.
The longitudinal moduli (E11, E22, E33) and Poisson’s ratio (v12 and v13) predicted by both methods were
close to each other. However, transverse Poisson’s ratio (v23) and shear moduli (G12, G13 and G23) show
up to 8.5% and 6.5% difference in the prediction. The predicted elastic constants of yarns (unidirectional
composites) through micro-homogenization is based on idealized hexagonal unit-cell model. The effect
of local fiber aggregation, random distribution of fibers, resin-rich pockets, voids, variation in fiber
diameter and fiber misalignment due to the undulation of z-binder were ignored [11,14]. All these
factors may affect the predicted elastic constants of 3D-FRC at macro-level.

Table 6. Summary of elastic constants (impregnated yarns).

Homogenized Elastic Constants Analytical Numerical % Error

Longitudinal modulus “E11” (GPa) 52.2 52 0.3
Transverse modulus “E22” (GPa) 17.6 17.4 1
Transverse modulus “E33” (GPa) 17.6 17.5 0.5

In-plane Poisson’s ratio “v12” 0.26 0.258 0.7
Out-of-plane Poisson’s ratio “v13” 0.26 0.258 0.7
Out-of-plane Poisson’s ratio “v23” 0.35 0.38 8.5

Shear modulus “G12” (GPa) 6.5 6.05 6.5
Shear modulus “G13” (GPa) 6.5 6.07 6.5
Shear modulus “G23” (GPa) 6.5 6.23 4

In the case of meso-macro homogenization, the homogenized elastic constants of 3D-FRC predicted
through analytical and numerical methods are given in Table 7. It also shows the comparison of
numerical/analytical results with the experimentally determined elastic constants through in-house
testing, i.e., elastic modulus along warp direction (Ex), elastic constant along fill direction (Ey) and
in-plane shear modulus (Gxy). The results highlight that the in-plane elastic constants predicted
through the analytical and numerical models are in close agreement with the experimental values.
In the case of analytical prediction, the longitudinal (Ex and Ey) and shear modulus (Gxy) shows 4.1%
and 9.5% error, respectively. Whereas, in the case of numerical prediction the percentage error in
the longitudinal (Ex and Ey) and transverse shear modulus (Gyz) is ~1.5%, and ~6.2%, respectively,
between experimental and numerical results. The numerical prediction is closer to the actual elastic
constants because it can accommodate more geometric variabilities and actual boundary conditions.
The predicted elastic constants can be used in the finite element analysis of 3D-FRC structures at a
macro level, under different loading conditions.

Table 7. Summary of elastic constants (3D-FRC).

Engineering Elastic Constants Exp. Ana. Num. % Error (Exp. & Ana.) % Error (Exp. & Num.)

Longitudinal modulus “Ex” (GPa) 26.3 25.2 26.6 4.1 1.1
Transverse modulus “Ey” (GPa) 26.0 25.7 26.4 1.2 1.5
Transverse modulus “Ez” (GPa) 13.3 12.5
Poisson’s ratio in xy-plane “vxy” 0.148 0.138
Poisson’s ratio in xz-plane “vxz” 0.328 0.36
Poisson’s ratio in yz-plane “vyz” 0.330 0.36

Shear modulus “Gxy” (GPa) 4.5 4.96 4.80 9.5 6.2
Shear modulus “Gxz” (GPa) 4.96 4.52
Shear modulus “Gyz” (GPa) 4.96 4.2
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4. Conclusions

A multiscale homogenization method has been implemented to predict the engineering elastic
constants of 3D-FRC. The method consists of two-steps, i.e., micro-meso homogenizations and
meso-macro homogenization. The elastic constants predicted through analytical and numerical
methods were compared with the benchmark experimental values. In the case of micro-meso
homogenization, both analytical and numerical models show a low variation in the predicted
elastic constants. The maximum difference between the analytical and numerical models is in the
Poisson’s ratio “v11” and shear modulus “G12” up to 8.5% and 6.5%, respectively. In the case of
meso-macro homogenization, the percentage error between analytical prediction and experimentally
determined values were up to 4%, for longitudinal “Ex” and transverse “Ey” modulus and 9.5% for
shear modulus “Gxy”. In comparison, the numerical model shows up to 1.5% difference for longitudinal
“Ex” and transverse “Ey” modulus, and 6.2% difference in shear modulus “Gxy”, with experimental
data. Both analytical and numerical model prediction shows good agreement with experimental data.
However, the numerical prediction is closer to experimental data, as it can accommodate geometric
variabilities and actual boundary conditions.
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