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Abstract: The gradient of surface temperature is known as Marangoni convection and plays
an important role in silicon melt, spray, atomic reactors, and thin fluid films. Marangoni convection
has been considered in the liquid film spray of carbon nanotube (CNT) nanofluid over the unsteady
extending surface of a cylinder. The two kinds of CNTs, single-wall carbon nanotubes (SWCNTs) and
multiple-wall carbon nanotubes (MWCNTs), formulated as water-based nanofluids have been used
for thermal spray analysis. The thickness of the nanofluid film was kept variable for a stable spray
rate and pressure distribution. The transformed equations of the flow problem have been solved
using the optimal homotopy analysis method (OHAM). The obtained results have been validated
through the sum of the total residual errors numerically and graphically for both types of nanofluids.
The impact of the physical parameters versus velocity, pressure, and temperature pitches under the
influence of the Marangoni convection have been obtained and discussed. The obtained results are
validated using the comparison of OHAM and the (ND-solve) method.

Keywords: Marangoni convection; SWCNT/MWCNT nanofluid; extending cylinder; OHAM and
ND-solve methods

1. Introduction

The discrepancy which occurs due to the two surface tensions of two fluids, or between the plate
surface and fluid, formed by the temperature gradient is known as thermal Marangoni convection.
The surface temperature gradient generates the Marangoni stream and plays an important role in
silicon melt, precious stone development, ignition, spray and coating, atomic reactors, and thin fluid
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films. Chen [1] experimented with liquid film using the power law model with Marangoni convection
over an unstretched sheet. He observed the impact of the physical parameters under the influence of
Marangoni convection. The interface study has wide applications in the fields of engineering [2,3],
energy, and fuels [4,5]. These interfaces are usually used for the separation of materials, layers,
and so on.

Nanofluid is defined as the homogeneous mixture of nanosized particles and base fluids. Basically,
the thermal conductivity of conventional base liquids, such as oil, ethylene, water, etc., is comparatively
low. Therefore, nanosized (1-100 nm) metal particles are mixed in the base fluid at up to 50%
of the base fluid. This enhances the thermal conductivity and heat transfer rate significantly.
Kumar et al. [6] examined nanofluid flow in the existence of a heat source/sink under the Marangoni
convection effect.

The carbon nanotube (CNT) is the most popular class of the carbon family for the enhancement of
heat transfer devices. This class is further divided into subclasses, known as single- and multiple-wall
carbon nanotubes (SWCNTs/MWCNTs). CNTs are widely used in engineering applications such as
fluidization reactors and the heat exchange cooling industry. Haq et al. [7] have investigated nanofluid
thermal management over a trapezoidal cavity under Marangoni convection. They observed the
impact of the physical constraints under Marangoni convection and found that the temperature is
enhanced with the partially heated domain. In 1991, Lijima discovered carbon nanotubes (CNTs) and
inspected multiple-wall carbon nanotubes (MWCNTSs) for the first time using the Krastschmer and
Huddman technique [8]. Later on, in 1993, Donald Bethune inspected single-wall carbon nanotubes
(SWCNTs) [9]. SWCNTs are a rolled sheet of graphene in a tube or cylinder shape with a diameter range
of 0.4 x 1072 m to 3 X 10~ m and a thickness of about 0.34 X 1072 m [10], whereas MWCNTs consist of
2 to 50 coaxial nanotubes with 0.34 x 10~ m layer spacing and diameter ranging from 3 x 10~ m to
30 x 10~ m [11]. Hone [12] identified that thermal conductivity is achieved up to 6600 Wm™K™ for
SWCNTs and 3000 Wm™'K™! for MWCNTs at room temperature. Haq et al. [13] showed that engine
oil-based CNTs have a greater value of skin friction as well as heat transfer rate than simple water-
and kerosene oil-based CNTs. Khan et al. [14] discussed the thermal conductivity and Navier slip
boundary condition for the flow of both CNTs along a plate. Kamli et al. [15] studied the models
of the power law and convective heat analysis using CNT-based nanofluid with constant heat flux.
Lie et al. [16] examined CNTs in the presence of engine oil and ethylene glycol as ordinary liquids.
They showed that the thermal efficiency of CNTs in engine oil-based nanofluid is higher than that
without CNTs, and a similar result was obtained in the case of ethylene glycol. At a volume fraction of
0.02, the thermal efficiency of engine oil was increased by 30%, while this was increased by 12.4% in the
CNT ethylene glycol-based nanofluid with a volume fraction of 0.01. In another study, the efficiency of
coolant water-based nanofluid CNTs was reported by Halelfadel et al. [17].

Some researchers [18-20] have used various thermal conductivity models for a range of
mathematical problems. All of the thermal conductivity models have important applications related to
the nature of nanofluids. Xue [21] introduced the thermal conductivity model for CNT nanofluids.
This thermal conductivity model is frequently used for CNT nanofluids [22-24].

The heat and mass transfer within a liquid is an interesting area of research; as liquid film flow is
used in coating industries as a fiber coating and wire coating, it is a requirement of every coating process
that the rate of coating and mass transfer within the liquid is ideal. The boundary layer is usually
considered in the infinite domain, while the liquid film is in the finite and small domain. Wang [25] is
the pioneer in the investigation of liquid film flow over a stretched sheet in its unsteady form. Later on,
this idea was further developed by researchers such as Anderson et al. [26], Chen [27,28], Wang [29],
Dandapat et al. [30], Liu and Anderson [31,32], Abel et al. [33], and Nandeppanavar [34].

The thin film spray over an extending cylinder with slip and no-slip conditions using a variety of
viscous fluids and nanofluids was examined by Wang [35], Khan et al. [36], Shomrani and Gul [37],
and Gul et al. [38].
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In all of the existing literature, the spray phenomenon has been investigated under the effect
of physical parameters. The present study focuses on the thin film spray under the impact of
Marangoni convection. SWCNT/MWCNT water-based nanofluids are used for the thermal spray
analysis. A discrepancy in the effect of the physical parameters is observed due to the influence of
Marangoni convection. The solution to the problem is obtained using the optimal homotopy analysis
method (OHAM) [39]. The stability of the problem is also obtained up to the 30th-order approximation
using the BVPh 2.0 package [40—42]. The outputs are displayed and discussed.

2. Mathematical Formulation

The thin film spray was considered over a stretching cylinder. Nanoparticles of the two types of
CNTs, named SWCNTs and MWCNTs, were suspended in water to create the nanofluids. The thickness
of the thin film is considered to be 6. The surface of the cylinder is stretchable along the z axis and the
stretching velocity is Wy, = 2cz.

The radius of the cylinder is 4, and b is the radius of the thickness of the thin film above the
cylinder surface. All other assumptions are selected as detailed elsewhere [24-27].

The basic flow equations are as follows:

8uu8_w_

Ftrt e =0 @
ua_u_|_wa_u —_a_p_|_ la_u_i_l’_az_u (2)
Puf\ "3y 2z) " “or T A\Tr T2 T o)
8_w+ 3_7,{} — 18_w+82_w (3)
Prf\ gy TS | T E\Yor T o2 )
Prf\" Joz) (pCp),p\1 O O ’

Here, w(r, z) is the velocity along the z — axis and u(r, z) is the velocity along the radial axis. p,;s is
the density of the nanofluid, u,, is the viscosity of the nanofluid, p is the is the thermal conductivity
of the nanofluid, and (Cp), f is the heat capacitance of the nanofluid. The appropriate boundary
conditions under the Marangoni convection are as follows:

u=Uyp, w=Wy, T=Ty, at r=a, (5)
dw (do®\oT doy oT
‘u"f&r_(8T)8z' ”:w(ﬂ)’ oy oA r=h ©
Here, 0® = 0o[1 —y(T —T,)] is the surface tension and y = (%)FT and oy are the positive
=10
constants. U, = —ca is the suction and injection velocity, depending on the positive and negative

values of c. The wall temperature is defined as

cz?
Tw(z) =Tp- Tref(?)r 7)
The temperature at the external surface of the liquid film is denoted by T}, and T}, is the reference
temperature such that 0 < T,r < T,
The similarity variables satisfy the necessary conditions [36-38] and are displayed as follows:

2
. _CQJLTY), w— 2C2ﬂ, T=T,- Trgf(%)e(n), where n = (2)2 (8)

Vi dn
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Here, f is the dimensionless thickness of the liquid film and b is the exterior radius of the liquid
film. The thermophysical constraints for the nanofluids are as follows:

P (1-9) +9(59) B2 = (1-9)%, T = [(1-0) + o G|
by 1- ¢>+2¢( kent )zn("cﬁrk; "f) (10)

kenT= k¢
ke T kenT+ kr )
o2 ) 7

In the above expression, ¢ is the nanoparticle volume fraction and p fr (p Cp) Iz PCNT, (p Cp) ONT
are the density and specific heat capacities of the base fluid and CNTs, respectively.

Thermophysical properties of the base solvent water and solid materials of CNT nanoparticles are
specified in Table 1.

Table 1. The thermophysical properties of single- and multiple-wall carbon nanotubes (SWCNTs/
MWCNTSs) and the base fluid (water).

Model p (kg/m’)  Cp (J/kgK) K (W/mk)
Water (W) 997.1 4179 0.613
. SWCNT 2600 425 6600
Nanoparticles
MWCNT 1600 796 3000

The similarity variables in Equation (8) are inserted into Equations (1)—(6), and the dimensionless
equations are obtained as follows:

(nf” + f") = Re(1 - ¢)25(1 ¢+ ¢PCNT)[(f')2 -ff1]=0 (th
5 o+ 0r) - RePr| (1- 9) +¢(p vt o seragra - o) ~o, (12)
fln) =0, f(n) = (1—¢)2'5%9(n), 0'(n) =0 atn=p. (13

Here, f, 0, and B are the dimensionless forms of velocity, temperature, and film thickness.
The physical parameters obtained from the transformation are:

ca?. (uCp) ~ay0oTyey
va kf l)f ’

(14)
Here, M, Pr and Re are the Marangoni constraint, Prandtl number and Reynolds number. The similarity

variables in Equation (8) are utilized in Equation (3) to obtain the pressure term as follows:

P-Ps  Ref?
Cuf n

pCNT) 2f". (15)

25
-9 (1-9+0
The transformed shear stress on the film exterior portion is

£ (B) = MO(B) (1-)*°. (16)
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The shear stress on the wall is
4euz
T=—"

£ (). (17)

a

The deposition velocity V is defined as

-V =—-au——F-, (18)

VB

The mass flux m; per axial length is expressed as
my = 2nbV (19)
The normalized mass flux m, is

mq nmq
" 2ma2c  4muRe (B) (20)

The local Skin friction and Nusselt number for the considered flow problem are

2v (dw ak JaT
Cr=—|=5| Nu=-——5—=—|5] . 21
f Ww( ar )ra (Tw - Tb) ( ar )ra ( )
The nondimensional forms for the abovementioned physical properties are
zRe 25 P*f(1) kuf 00(1)
=(1-¢)*cy = = L 22
a (1-0)7¢; o’ Nu ke on @2)

3. Solution by OHAM

The solution of the modeled problems in Equations (11) and (12), under the initial and boundary
conditions of Equation (13) using the OHAM technique [8-10], have been utilized. The initial guesses
have been calculated from the linear operators as follows:

folm = 3|% - & + (8- ) +9(% DN + 4+ 1)+ -, 23

(1-p)’°
0o(n) =1, suchthat A* = (B)(1- ¢)2.5.

The initial guesses for the velocity and temperature profiles, which satisfy the physical conditions
of Equations (12) and (13), have been calculated from the defined linear operators as

Ly=f" Lo=0", (24)
The general solution of the linear operators is established as
Ly(C1+ Con+ Can* + Can®) = 0 and  Lg(Cs + Cen) = 0. (25)

Here, C;(i = 1 — 6) are the constraints of the general solution.

The concept of the average squared residual errors applying the BVPh 2.0 package as defined by
Liao [8] to find out the stable convergent solution of the problem has been used.

The Equations (10) and (11) with the physical conditions in Equations (12) and (13) of the proposed

problems are defined as
1 n n
n+1 Y. [Kf [Z f (”)n—fénn’ (26)
j=1 j=1

e =
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1 n n n
621 = n+ 121 Ko Zlf(n)q_]éqlzl G(T])r]:]'éq ’ (27)
= = i=

The combined square residual error is shown as
e =el +ef, (28)

The total square residual error up to the 20th-order approximations in the form of auxiliary
parameters has been shown. The outputs of the optimal convergence controlling constraints
hy = -0.5657 and he = —1.3410 have been achieved from the 20th-order OHAM approximation
for the velocity and temperature profiles, respectively.

The average square residual error of the CNT nanofluid was calculated up to the 30th-order
approximation for the SWCNT and MWCNT nanofluid and is shown in Tables 2 and 3, respectively.
The increasing order of approximation reduces the residual error and strong convergence is achieved.

Table 2. The total sum of the averaged squared residual errors for the SWCNTs. When Pr=6.7,
M=Re=0.1,¢ =001

m ¢ SWONT €8 SWCNT

6 1.36438x107* 2.86775x 1072
12 7.14094x 1075 1.48738 x 1072
18 520944x107° 1.07298 x 1072
24 437298 x107° 8.54131x 1073
30 3.95787x107° 7.94423 x 1073

Table 3. The total sum of the averaged squared residual errors for the MWCNTs. When Pr = 6.7,
M=Re=0.1,¢ =0.01

m &, MWCNT ¢ SWCNT

6 1.07991x10™* 2.88574x 1072
12 5.65266x107°  1.0759 x 1072
18 4.12383x107°  7.7877x 1073
24  34616x107°  8.55721x 1072
30 1.133x107°  8.00663 x 1073

4. Results and Discussion

In this article, the thin-film nanofluid spray comprised of SWCNT or MWCNT nanofluid under
the Marangoni convection on the surface of an extending cylinder has been examined with regard to
heat transfer enhancement applications. The Optimal Homotopy Analysis Method for Boundary Value
Problem (OHAM-BVPh 2.0) package was used to obtain the solution of the problem. The error analysis
was done to authenticate the obtained results. The physical and numerical outputs of the obtained
results are displayed in figures and tables. Figure 1 shows the geometry of the problem. The total
square residual error up to the 30th-order approximation for the SWCNTs and MWCNTs is displayed
in Figures 2 and 3, respectively.
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rLu

Miéroscopic view
Figure 1. Geometry of the proposed problem for the thin film nanofluid flow.
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Figure 2. The total square residual error for the SWCNT nanofluid.
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Figure 3. The total square residual error for the MWCNT nanofluid.

The impact of the parameters M, Re, ¢, versus skin friction with SWCNTs and MWCNTs is
displayed in Table 4. The larger values of the Marangoni convection parameter, M, enhances the skin
friction and this effect is stronger in the SWCNTs, as shown in Table 4. The strong inertial forces stop
the fluid motion and therefore the larger amount of Re enhances the skin friction. Further, this impact is
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more dominant in the case of SWCNTs, as exhibited in Table 4. The increasing value of the nanoparticle
volume fraction, ¢, decreases the skin friction. In fact, larger values of ¢ enhance the thermal efficiency
of the fluid to increase the velocity field and reduce the skin friction. The effect is more specific in
the SWCNTs.

Table 4. The impact of M, Re, ¢, versus skin friction. When Pr = 6.7, § = 1.1.

M Re -f,¢p=001, —(1),$=002 —f(1),$p=001, —f(1),$=0.02

SWCNTs SWCNTs MWCNTs MWCNTs
01 001 5.7770 5.6035 2.07731 2.1142
095 0.01 5.788045 5.6060 0.85576 0.949745
0.02 48.08882 46.5502 1.993255 2.0066227

The influence of the parameters Pr, Re, ¢, versus the Nusselt number has been displayed in Table 5.
Usually, the larger amount of the Prandtl number increases the Nusselt number. However, in the
presence of strong Marangoni convection, this effect is more visible, as shown in Table 5. Also, this gap
of influence is sufficiently large as compared to other published work. The rising values of Re, ¢,
decrease the Nusselt number, and again, the effect is comparatively strong for the small change in the
values of these parameters. Further, this impact is stronger in the case of SWCNTs. The comparison of
the OHAM and numerical method has been displayed in Table 6. This shows that the obtained results
are in close agreement.

Table 5. The impact of Pr, Re, ¢, versus the Nusselt number. When g =1.1, M =1.7.

-0'(1),$=001, -6(1),¢=002 -6(1),$p=001, -0(1),¢=0.02,

Pr Re SWCNTs SWCNTs MWCNTs MWCNTs
5 002 34.6345 9.520555 29.8314 8.62064
55 38.96033 10.7574 33.1675 9.74325
0.02 99.5200 66.01308 88.9056 88.6201
0.03 57.8527 55.955591 49.9839 483375

The inertial forces enhance with the increasing value of the Reynolds number, and consequently,
the velocity field decreases, as shown in the Figure 4. Due to the Marangoni convection, this effect
is limited and the velocity field starts to increase after the critical point. This point varies with the
variation of the physical parameters and plays an important role during the thin film spray. Further,
this impact is relatively stronger in the SWCNTTs.

-"4- “-‘"‘\\
15 I‘.‘ T ""-.\
s '*_ ....... \
// Re ™
= 10t 7
= Re 7 swoNT - water
S ’4' s
oy MWCNT-Water -----------
SV
5 v
i s B=1406=002, M =0.1,
Vs
S Re=15,55,95.
1.0 1.1 1.2 1.3 14 1.5

n

Figure 4. The impact of the Reynolds number versus the velocity field.

The SWCNTs and MWCNTs are clearly visible during the increasing values of the Marangoni
convection, as shown in Figure 5. The increasing value of the Marangoni convection parameter reduces



Processes 2019, 7, 392 9of 14

the velocity field. The increasing convection enhances the resistance force to reduce the fluid motion.
This effect is very closed for both types of CNTs. After the point where n = 1.7, the resistance force
reduces and the effect of the Marangoni convection is diverted towards the free surface.

L4 =0
o TNUN
/’ - Y
1":/ \'L‘\\
1.3} Ve N
S M =0.1,03,0.5 AN
—_ ) /4 RN
S ’:,// Re = 0]., JS =14 &
« 1.2t /4
&H ;,,-’ 0\6‘
4
i
L/
¥
1.0 / SWCNT - Water MWCNT-Water -c-cce--

10 11 12 13 14 15 16 17
n

Figure 5. The impact of the Marangoni convection parameter versus the velocity field.

The increasing value of the thin film thickness parameter  decreases the fluid motion, as shown
in Figure 6. Physically, the resistive force enhances with the increasing value of 8, and consequently,
the velocity profile decreases. The increasing values of the nanoparticle volume fraction cause the
radial velocity to rise near the cylinder surface and the velocity field is retarded after the point of
inflection, as displayed in Figure 7. The Marangoni convection changes the effect of the nanoparticle
volume fraction, and this effect is comparatively stronger in the SWCNTs. It has been observed that
the point of inflection varies with the variation in the Marangoni convection parameter values and
plays an important role in the limitation of the thin film spray.

15} ,""' _'__‘__,___H_-::::
B e
) ’,:/
10} /o
E / A
< M =01.Re=1
',‘,_;’/ B=14,1.45 149
5t
t“;’
.9"
/' SWCNT - Water MWCNT-Water --------

1.0 1.1 1.2 13 14 1.5 1.6 1.I7
n

Figure 6. The impact of the thin film thickness parameter versus velocity field.
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W
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Figure 7. The impact of the nanoparticle volume fraction versus the velocity field.

Figure 8 shows that increase in the Prandtl number decreases the temperature profile. In fact,
the thickness of the momentum boundary layer becomes larger than the thermal boundary layer,
i.e., the viscous diffusion is larger than the thermal diffusion, and therefore, the larger value of the
Prandtl number reduces the thermal boundary layer. Figure 9 displays the effect of the increasing value
of the thin film thickness parameter f§ versus temperature field. The larger amount of the parameter f3
increases the cooling effect and the temperature field decreases. This decreasing effect is very similar
for both types of nanofluids.

The increasing values of the Reynolds number enhance the inertial forces to generate the resistance
force, which decreases the pressure distribution near the cylinder surface, as shown in Figure 10.
Due to the Marangoni convection, the pressure distribution is enhanced in the middle after the critical
point, and this variation is continued through the whole thin film spray process. Clearly, this effect
is stronger using the SWCNTs as compared to the MWCNTs. The pressure distribution decreases
with increasing values of the Prandtl number near the cylinder surface, as depicted in Figure 11.
Due to the existence of the Marangoni convection, the pressure distribution increases after the point
of inflection, and this variation is continued in the SWCNTs and MWCNTs. The increasing values
of the nanoparticle volume fraction increase the viscosity of the fluid and the pressure distribution
decreases near the wall surface, as shown in Figure 12. This effect varies in the presence of Marangoni
convection after the point of inflection. The variation in the effect of the two types of CNTs is more
visible due to the intermolecular forces and wide range of pressure distribution. The increasing value
of the thin film thickness generates the resistance force and the pressure distribution decreases near the
wall surface, as displayed in Figure 13. The Marangoni convection stops this decrease and pressure
distribution starts to increase after the critical point. The increasing and decreasing effect also varies in
both SWCNTs and MWCNTs.

1/%_:7.‘7', 775,779,
A
‘,;7/ 4 \\‘\\

— 2.0 / \;“
= /. B=14.Re=o02, \\
} / $=0.02, M=0.1. \

1.5 # N\

/ AN
10 / SWCNT — Water MWCNT-Water ------- \
1.0 12 14 16 18

n

Figure 8. Impact of the Prandtl number versus temperature field.
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Figure 9. The impact of the thin film thickness parameter versus temperature field.

Figure 12. Impact of the nanoparticle volume fraction versus pressure distribution.
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Figure 11. The impact of the Prandtl number versus the velocity field.
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Table 6. OHAM and numerical comparison for f(n). When Pr = 7.7, = 1.5,Re = 1.4, ¢ = 0.01.
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Figure 13. Impact of the thickness parameter versus pressure distribution.

1.0

11 12

13 14 15
7

1 OHAM  Numerical Absolute Error
1 1.000000  1.000000 9.037220 x 10714
1.2 1.088720 1.088720 2.276710 x 1078
14 0.997348 0.997348 1.734450 x 1078
1.6 0.768098 0.768098 1.702170 x 1078
1.8 0.428282 0.428282 2.176850 x 1078
2 1.979060 1.979060 2.388290 x 108

12 of 14

5. Conclusions

The thin film spray of water-based CNT nanofluids over the surface of an extending cylinder for
thermal applications has been examined in this research. The two types of carbon nanotubes, known as
SWCNTs/MWCNTs, have been used for the spray pattern under the Marangoni convection. The solution
of the modeled nonlinear differential equations has been obtained through OHAM. The total square
residual error has been calculated for the velocity and temperature profiles, respectively. The obtained
outputs are shown as follows. It is observed that the increasing thickness of the thin film § reduces the
spray rate near the wall surface, and this effect changes after the critical point due to the Marangoni
convection. This effect is more efficient in the case of the SWCNTs as compared to the MWCNTs. It is
observed that with larger values of the nanofluid volume fraction ¢, the thin film flow increases near
the cylinder surface and varies inversely after the point of inflection. The variation in the effect of ¢ is
due to the existence of Marangoni convection. The SWCNT nanofluid is more affected as compared
to the MWCNT nanofluid. It has been observed that the impact of the parameters varies with the
variation of the Marangoni convection, and one can move the point of inflection during the thin film
spray for uniformity. Also, based on most of the obtained results, the effect of variation is stronger in
the SWCNTs.

Future work: This findings of this study are extendable to:

(1) Slip boundary conditions;

(2) Heat and mass transfer;

(3) Entropy generation;

(4) Porous space and Hall effects;
(5) Cu-water nanofluids and so on.
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Nomenclature

o} solid particle volume fraction a radius of the cylinder

Puf density of the nanofluid Pnf dynamic viscosity of nanofluid

kg thermal conductivity of the base fluid ky g thermal conductivity of the nanofluid

kenT thermal conductivities of the nanosolid particles T temperature profile (K)

(PCp), s specific heat capacity of the nanofluid o® surface tension

Cr skin friction pr density of the base fluid (kg/m?)

Ty ambient temperature (K) o surface tension at origin

Tref reference temperature (K) c>0 stretching constant

u velocity in the r-direction (m/s) Uy surface velocity (m/s)

Tw surface temperature (K) Pr Prandtl number

(PCp) f specific heat capacity of the base fluid w velocity in the z-direction (m/s)

n similarity variable I dynamic viscosity of the base fluid

b outer radius r radial direction (m)

p pressure z axis of the cylinder (m)

c<0 shrinking constant Wy stretching velocity (m/s)
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