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ABSTRACT 
Recurrent neural nets (RNNs) are now commonly used for the surrogate modeling of process sys-
tems, leading to better control and faster real-time optimization. However, when trained with small 
training data sets, most experiments show that RNNs exhibit poor generalization abilities outside 
the range of the training data space. Nonetheless, recent advances in deep learning research have 
shown that certain characteristics of the loss landscape of trained models, such as the flatness 
around the local minimum, tend to relate to generalization ability. This paper investigates this phe-
nomenon for the case of RNN surrogates of the well-known Three Tanks case study, which is 
representative of many continuous processes. We trained a total of 200 LSTMs (long short-term 
memory networks) differing in initialization, architecture, and training dynamics on the same data 
of 500 samples. The number of model parameters ranges from 238 to 11, 353. We estimated the 
loss curvature of each trained model using the Hessian-vector products method and then evalu-
ated their test accuracy on 100 pre-generated data sets with 50% larger input amplitude than the 
training data to force extrapolation. We found that the estimate of the top eigenvalue of the Hes-
sian matrix is 75% rank-correlated to the one-step-ahead prediction accuracy averaged on all test 
data sets. We report other insights on the impact of other Hessian-based metrics to generalization 
ability. Our study can potentially inform how to control the training dynamics of RNN surrogates to 
improve their extrapolation ability in the absence of first-principles knowledge. 

Keywords: System Identification, Machine Learning, Artificial Intelligence, Derivative Free Optimization, Dy-
namic Modelling, Hessian vector products, Generalization 

INTRODUCTION 
Nonlinear system identification tools are now used 

for the surrogate modelling of continuous industrial pro-
cesses. Common tools include Koopman models, kernel 
subspace methods, and neural nets [1]. The recurrent 
neural net (RNN) is a prominent type of deep learning 
model suitable for multivariate time series data. Previous 
works already used RNNs to achieve nonlinear model 
predictive control (MPC) [2], fault detection [3-4], and 
process optimization [5] in various case studies. 

Despite these applications, the generalizability of 
RNNs is still poorly understood. In cases where industrial 
data is scarce or has poor quality, achieving a high vali-
dation accuracy does not guarantee good performance 
during deployment [2]. When the model encounters out-
of-distribution data or if it is forced to extrapolate from 

the training data space, model errors may amplify as it 
makes future predictions. Yet researchers aim to train 
valid RNN models from start-up to shutdown [6]. 

One way to understand the validity of RNNs is to de-
rive generalization bounds. For instance, based on the 
Rademacher complexity approach [7], RNNs were proven 
to generalize better with more training samples and sim-
pler architectures. Meanwhile, vanilla RNNs with ReLU 
(rectified linear unit) activation were shown to generalize 
better with lower matrix 1-norm and Fisher-Rao norm of 
the weights, which is consistent with improvements via 
weight decay and gradient clipping. Recently, [8] ob-
tained tighter bounds on the RNN generalization error us-
ing the Frobenius norms of the weights, still pointing to 
the importance of weight decay in practice. 

While theoretical results make clear steps forward in 
analyzing the validity of RNNs, empirical results are also 
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helpful especially for finding RNN architectures that gen-
eralize well. A recent work validated LSTM surrogates for 
a boiler, a debutanizer, and two nonlinear reactors [9]. In 
a polymerization case study, [10] recommends the use of 
partially input convex RNNs for better accuracy and com-
putational efficiency under MPC. To find good LSTM ar-
chitectures, [11] advocates for the use of state-of-the-
art hyper-parameter optimization methods. This idea is 
now widely accepted in many LSTM surrogate modeling 
studies [6], [12]. 

Aside from architectural choices, there is a growing 
interest in relating the geometry of the training loss land-
scape of neural nets to their generalizability. As early as 
[13], the flatness of the local minima of the training loss 
was already tied to better generalization (the authors are 
also the originators of the LSTM), i.e. models that con-
verged on flat minima generalize better than those on 
sharp minima. In the past, many flatness or sharpness 
metrics have been defined based on measuring the loss 
curvature at the minimum, such as the Hessian eigen-
spectrum [14], Hessian spectral radius, Hessian trace, 
top Hessian eigenvalue [15], and 𝜖𝜖-sharpness [16]. Some 
definitions were motivated by empirical observations 
while others are more theoretical, such as those based 
on PAC-Bayes (Probably Approximately Correct-Bayes-
ian) generalization bounds [17]. Some sharpness metrics, 
however, can be arbitrarily changed by scaling the 
weights without changing the neural net behavior such 
as the Hessian eigenspectrum [15]. Hence, scale-invari-
ant metrics are more favorable such as the normalized 
sharpness [17] or the effective dimensionality (effective 
rank) of the Hessian of the loss [18], [19]. Due to these 
works, sharpness has been used to control neural net 
training to give models that generalize better [20-22].  

In terms of regularization, weight decay is known to 
improve generalization, but the most common L2 regular-
ization is only one approach. Spectral norm regularization 
of weight matrices [23] is another approach based on the 
notion that models generalize better if they are insensi-
tive to large input perturbations. For the case of RNNs, 
penalizing the largest singular value of the recurrent 
weight matrix was found to provide smoother state tran-
sitions [24] which is another form of regularization.  

In this paper, we are interested in relating the train-
ing loss curvature to generalization in RNNs for surrogate 
modeling in continuous industrial processes. Our belief 
that generalization is related to some form of smoothness 
in RNNs is motivated by our previous work that pitted 
RNNs against a kernel method for MPC, namely mixed 
kernel canonical variate analysis (MKCVA) [25]. MKCVA 
was found to generalize better in the extrapolation re-
gime, despite being at par in terms of median accuracy 
with LSTMs at the interpolation regime. Hence, MKCVA 
gave better control than LSTMs at various setpoints. We 
attributed this superior performance to the use of kernels 

that encode smoothness properties. Knowing this, our 
present aim is to attempt to find some geometry-based 
indicators of test-time error in trained RNNs. Consistent 
with [18], we do not view kernel methods and neural nets 
to be competing, rather, we are interested in finding ele-
ments of any representation learner that can improve 
generalization in surrogate modeling.  

To achieve this aim, we take a representative indus-
trial case study, namely the Three Tanks system [25], 
and train numerous LSTMs on a single training data set 
from a noisy simulation of this system. These LSTMs dif-
fer in architecture, training dynamics, and weight initiali-
zation. We then compute loss curvature metrics such as 
the top Hessian eigenvalue, the anisotropy ratio, the ef-
fective rank of the Hessian, and including the spectral 
norm of the recurrent weights of each LSTM, then con-
nect them to 1-step ahead prediction error averaged over 
100 pre-generated test data sets from the same noisy 
simulator but with 50% larger input signals. We hope that 
our results can help inform the control of LSTM training 
towards models with better generalization.  

Preliminaries 

We consider the vanilla LSTM network defined by: 

𝒛𝒛� = 𝜎𝜎��(𝑾𝑾�𝒙𝒙�∗ + 𝑹𝑹�𝒚𝒚�−1∗ + 𝒃𝒃�)   (1) 

𝒊𝒊� = 𝜎𝜎���(𝑾𝑾�𝒙𝒙�∗ + 𝑹𝑹�𝒚𝒚�−1∗ + 𝒃𝒃�)   (2) 

𝒇𝒇� = 𝜎𝜎���(𝑾𝑾�𝒙𝒙�∗ + 𝑹𝑹�𝒚𝒚�−1∗ + 𝒃𝒃�)  (3) 

𝒄𝒄� = 𝒛𝒛�⨀𝒊𝒊� + 𝒄𝒄�−1⨀𝒇𝒇�   (4) 

𝒐𝒐� = 𝜎𝜎���(𝑾𝑾�𝒙𝒙�∗ + 𝑹𝑹�𝒚𝒚�−1∗ + 𝒃𝒃�)   (5) 

𝒚𝒚�∗ = 𝜎𝜎��(𝒄𝒄�)⨀𝒐𝒐�          (6) 

where 𝒙𝒙�∗ = {�𝒖𝒖��, 𝒚𝒚�−1� ��, 𝑡𝑡 ∈ [𝑘𝑘 − lookback, … , 𝑘𝑘]} are the 
LSTM inputs, 𝒚𝒚�∗ = {𝒚𝒚�, 𝑡𝑡 ∈ [𝑘𝑘 − lookback, … , 𝑘𝑘]} are the 
LSTM outputs, 𝒖𝒖� and 𝒚𝒚� are the inputs and outputs of the 
process, 𝑾𝑾�,𝑾𝑾�,𝑾𝑾�,𝑾𝑾� are input weights, 𝑹𝑹�,𝑹𝑹�, 𝑹𝑹�,𝑹𝑹� 
are the recurrent weights, 𝒃𝒃�, 𝒃𝒃�, 𝒃𝒃�, 𝒃𝒃� are the biases, 
𝒄𝒄𝒌𝒌, 𝒊𝒊�, 𝒇𝒇�, 𝒐𝒐� are the cell state and gate outputs, 𝜎𝜎�� is the 
input-output activation, 𝜎𝜎��� is the recurrent activation, 
and ⨀ is element-wise multiplication. 

For the metrics derived for LSTMs, we denote 𝑯𝑯 as 
the local Hessian matrix of the loss, 𝑡𝑡𝑡𝑡(𝑯𝑯) is the trace, and 
𝜆𝜆 is an eigenvalue of 𝑯𝑯. We also measure the singular val-
ues of weights matrix in a trained LSTM, which we denote 
as 𝜎𝜎 with no subscript, to distinguish them from activation 
functions 𝜎𝜎�� and 𝜎𝜎��� in the LSTM equations.  

METHODOLOGY 
To find the best LSTM surrogate for the process 

system while also encouraging diversity in the set of 
models from which to reason about curvature effects, we 
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designed an experiment that includes two screening 
stages (see Fig. 1). In the first stage, we train 100 LSTMs 
all with hyper-parameter tuning via Optuna [11] on the 
same fixed training data of 500 samples. Table 1 lists the 
hyper-parameters and their search ranges. To enforce 
more diversity, we deliberately narrowed the search into 
various regions of the search range for some LSTMs. For 
example, some LSTMs were forced to have ReLU input 
activations only, some were tuned up to 20 Optuna trials 
only rather than 50, some were stopped at 50 epochs ra-
ther than 200, some were forced to search within 30 to 
40 hidden units rather than 5 to 45, and so on. Note that 
all the LSTMs in this study used sigmoid as the recurrent 
activation to maintain the notion that gates must output 
a value only from 0 to 1. All LSTMs also have some form 
regularization by using dropout and L2 penalty.  

For the second screening stage, we then picked the 
best LSTM from the first screening and kept its architec-
ture. This stage now trains 100 additional LSTMs on the 
same training data of 500 samples, all of which have the 
same architecture (i.e. number of model parameters, ac-
tivation, and regularization) but with different number of 
training epochs, training batch size, and initial weights.  

The purpose of this stage is to remove the effects 
of model size and architecture choice and instead focus 
on sampling the training loss landscape diversely. Table 
2 shows the range of number of epochs and batch sizes 
tried in this stage. Note that even though the batch size 
differs between LSTMs during training, we evaluated all 
curvature metrics using the entire batch of 500 samples. 
All generated data sets start with the same known initial 

state to remove any errors due to different initial condi-
tions. The lookback is also fixed at 23, as with [25].  

Table 1: Hyper-parameter search ranges in 1st screening. 

Name Search Range 
No of LSTM units    …  
Input-output activation 𝜎𝜎�� Tanh ReLU Linear 
Dropout rate   …  
Recurrent dropout rate   …  
Optimizer Adam SGD RMSProp 

Adadelta 
Batch Size   …  
Validation split  or None 
L regularization  to  
No of training epochs  to  
No of Optuna trials  to  

Table 2: Ranges used for training LSTMs in 2nd screening. 

Name Search Range 
Batch Size   …  
No of training epochs    

Curvature and Smoothness Metrics 
We measure the following curvature and local state 

transition smoothness metrics of all trained LSTMs. 

Top Hessian Eigenvalue, 𝝀𝝀��� 

A measure of the local curvature of the loss in 
the parameter direction where it is sharpest. 

 
Figure 1. Methodology for investigating the relationship of LSTM architecture, training dynamics, and training loss 
curvature to model generalizability in this work. 

Training Data

Inputs, uk Outputs, yk

First Screening
(Different architecture and 
other hyper-parameters)

Second Screening
(Same architecture, different
initializations, no. of epochs, 
and batch sizes)

…

LSTM 1 LSTM 2 LSTM 3 LSTM 99 LSTM 100

Best 
architecture

…

LSTM 91 (1) LSTM 91 (2) LSTM 91 (3) LSTM 91 (99) LSTM 91 (100)
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Hessian Trace, 𝐭𝐭𝐭𝐭(𝑯𝑯) 

The sum of the eigenvalues of the Hessian. 

Anisotropy Ratio, 𝝀𝝀���/𝐭𝐭𝐭𝐭(𝑯𝑯) 

Top Hessian eigenvalue divided by the Hessian 
trace, indicating the fraction of the total curva-
ture concentrated in the sharpest direction. 

Effective Rank of the Hessian, 𝑹𝑹��� 

Indicates the true dimensionality of the loss 
curvature, which we compute as the ratio of 
the squared Frobenius norm to the squared 
spectral norm: 

𝑅𝑅eff = (Σ𝜆𝜆�)
2 Σ𝜆𝜆�2⁄          (7) 

Recurrent Kernel Spectral Norm, 𝝈𝝈���(𝑹𝑹) 

The largest singular value of the recurrent ker-
nel matrix [𝑹𝑹�,𝑹𝑹�, 𝑹𝑹�,𝑹𝑹�] from (1), (2), (3), (5). 

Our hypotheses are as follows. If the top Hessian ei-
genvalue of the loss landscape is low, then the loss is flat 
along the worst-case (sharpest) direction. The Hessian 
trace measures the mean overall curvature on all direc-
tions, so a low trace also indicates flatness. An anisotropy 
ratio near 0 means that the curvature is more spread out 
on all directions, and if it is near 1 then the minima is likely 
a narrow ridge that is flat except for a single sharp direc-
tion. Hence, if the anisotropy ratio is near 0 and 𝜆𝜆��� is 
also low, then the minima is a flat and wide basin. Mean-
while, the 𝑅𝑅eff measures the effective number of domi-
nant directions in the curvature. Lower 𝑅𝑅eff can also mean 
flatter minima since the number of dominant (sharp) di-
rections is low while the rest of the directions are flat. A 
lower 𝑅𝑅eff can also indicate that the model is more over-
parametrized, possibly admitting a simplicity bias [18]. By 
Occam’s Razor, simpler models tend to generalize well. 

We include the recurrent kernel spectral norm [23] 
in the analysis since we consider it to be a smoothness 
metric. The lower the maximum singular value of the re-
current weights matrix, the more insensitive the model is 
to large changes in the hidden vector 𝒚𝒚�∗, which is the 
data being fed back to the LSTM. This means that upon 
making multi-step-ahead predictions, smoother trajecto-
ries are expected.  

For the case of different architectures, as in the first 
screening stage (see Fig. 1), the Hessian trace and the 
effective rank must be normalized by the number of 
model parameters to be comparable.  

Approximating the Hessian Metrics 
The time and memory cost of computing the full 

Hessian is quadratic with the model size, making it infea-
sible for large LSTMs. To address this, most literature use 
the Hessian-vector products (HVP) method which 

computes unbiased estimates of the product of the Hes-
sian and an arbitrary vector 𝑯𝑯𝑯𝑯 in linear time [26]. 

The full set of algorithms are not explained here, but 
we refer readers to the implementation in PyHessian [27]. 
In particular, the 𝜆𝜆max is calculated using the power itera-
tion method, while the Hessian trace and effective rank 
use the Hutchinson method, all of which use HVP. We ar-
bitrarily set 30 iterations in the power iteration method 
and 10 samples in the Hutchinson method. 

Generalization Metrics 
To measure generalization, 100 additional data sets 

each having 500 samples were generated from the sim-
ulation of the process that differ in the input signals and 
noise. Inputs in both training and testing sets are ampli-
tude modulated pseudo-random binary signals, but the 
test data input amplitudes are 50% larger in range than in 
the training data to test for extrapolation ability. All test 
data sets are fixed in both screening stages in Fig. 1. 

We calculate the mean squared error (MSE) and R2 
accuracies in the 1-step-ahead and 500-step-ahead (or 
infinite-step) prediction scenarios, as follows: 

MSE = 1

�
Σ�𝑦𝑦true − 𝑦𝑦pred�

2         (8) 

R2 = 1 − Σ�𝑦𝑦true − 𝑦𝑦pred�
2 Σ(𝑦𝑦true − 𝜇𝜇true)

2⁄      (9) 

which are averaged on all outputs, then averaged on 
all 100 test data sets for a single LSTM. An MSE near 0 
and an R2 near 1 means that a model generalizes well. 

Three Tanks Case Study 
The system is governed by same differential equa-

tions as those written in [25]. Similarly, this paper uses 
the same two inputs and three outputs. The exact train-
ing data set used in this work is shown in Fig. 2. 

 
Figure 2. The training data set of 500 samples used to 
train all 200 LSTMs in this work. 

RESULTS AND DISCUSSION 

Correlations between Metrics 
Quantifying the correlation between metrics already 

brings many insights. Fig. 3 shows the Spearman rank 
correlations between the choices during LSTM training, 
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curvature and smoothness metrics, and their generaliza-
bility for the 100 LSTMs with different architectures in the 
first screening stage. We chose rank-based correlation 
rather than Pearson because: (i) some accuracy metrics 
are too worse that they appear as outliers, hence, we an-
alyzed more about the directions of the interaction rather 
than their magnitudes, and (ii) we wish to find possibly 
nonlinear interactions rather than linear ones.  

First, we find that a lower top Hessian eigenvalue 
appears in LSTMs that generalize well, but the normal-
ized trace, anisotropy, and normalized effective rank of 
the Hessian do not indicate the same. The rest of the 
Hessian metrics are weakly correlated with the mean 
MSE and mean R2 for both 1-step-ahead and Inf-step-
ahead accuracy. This means that for LSTMs with differ-
ent architectures, the flatness at the direction of sharpest 
curvature dictates extrapolation behavior more effec-
tively than the rest of the Hessian metrics. We further 
checked that the ranges of normalized 𝑡𝑡𝑡𝑡(𝑯𝑯) (0-0.12) and 
normalized 𝑅𝑅eff (0-0.03) are both close to 0. Hence, we 
attribute their weak correlation with accuracy to either: 
(i) possible saturation at already low values for trained 
LSTMs, or (ii) poor choice of normalizing constant, i.e. the 
number of model parameters. This needs further study. 

 
Figure 3. Spearman correlation matrix between metrics 
for LSTMs in the 1st screening (different architectures). 

In terms of architecture, Fig. 3 shows that the num-
ber of model parameters is also weakly correlated with 
the test accuracy, meaning that there are extrapolative 
LSTMs from both small and large networks. We also find 
that the larger the network, the lower the normalized 
trace and normalized effective Hessian rank (correla-
tion=-0.77). This means that bigger LSTMs tend to be 
more over-parametrized after training, i.e. with larger 
networks, fewer weights matter against the total number. 

We chose a particular LSTM with the best accuracy 
for inf-step-ahead prediction, namely LSTM-91, in the 

first screening stage. LSTM-91 gained a mean R2 of 
82.7% and 85.67% for inf-step-ahead and 1-step-ahead 
prediction, respectively. Table 3 gives more details on 
this LSTM. Then, we trained 100 more LSTMs with the 
same hyper-parameters as LSTM-91, except with differ-
ent initial weights, no. of epochs, and batch sizes.  

Table 3: Details of the best LSTM from the 1st screening. 

Hyper-parameter Value 
No of LSTM units  
No of model parameters  
No of training epochs  (Adam) 
Input-output activation Linear 
Batch size  
Recurrent dropout rate  
Dropout rate  
L regularization  
No of Optuna trials  

 
Figure 4. Spearman correlation matrix between metrics 
for LSTMs in the 2nd screening (same architecture). 

Fig. 4 shows the Spearman rank correlation matrix 
for the 2nd screening stage. For the same architecture, we 
see stronger correlations between curvature, smooth-
ness, and generalizability. Low values of 𝜎𝜎max(𝑹𝑹), 𝜆𝜆max, 
and 𝑡𝑡𝑡𝑡(𝑯𝑯) all indicate better 1-step-ahead prediction ac-
curacy (in terms of mean and median R2). These metrics 
are also found to be correlated among each other: 
smoother model dynamics (low 𝜎𝜎max(𝑹𝑹)) correspond with 
flatter minima (low 𝜆𝜆max). However, we find that anisot-
ropy and effective rank still do not indicate generalizabil-
ity. To understand why, we looked at the relationship be-
tween the metrics more closely in Fig. 5. 

Studying 100 LSTMs with Same Architecture 
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In Fig. 5(a, d), we see that LSTMs with 𝜆𝜆max < 2.5 and 
𝜎𝜎max(𝑹𝑹) < 0.8 are good extrapolators, and the linear cor-
relation with test accuracy is clearer at lower values of 
𝜆𝜆max. Fig. 5(b, c, e, f) show that there are models that do 
not generalize well despite having lower anisotropy ratio 
and lower effective rank. Upon inspecting the trend of the 
recurrent kernel spectral norm in these plots, the reason 
for weak correlation of 𝑡𝑡𝑡𝑡(𝑯𝑯) and 𝑅𝑅eff with accuracy is the 
presence of low trace, low rank Hessian models with sim-
ultaneously high recurrent kernel spectral norm (pink).  

Fig. 5(g) shows that as the model reaches lower 
minima in the training loss, the recurrent kernel spectral 

norm also tends to decrease, leading to more accurate 
models. Fig. 5(h) tells us that anisotropy is not correlated 
with 𝜆𝜆max, meaning that the 𝜆𝜆max and Hessian trace can 
be independent in fully trained LSTMs. Next, Fig. 5(i) 
shows that anisotropy is anti-correlated with 𝑅𝑅eff, which 
means that the trained LSTMs converge to either higher 
effective-dimensional but relatively uniform curvature 
minima or lower effective-dimensional but non-uniform 
curvature minima. Still, neither of these ends are indica-
tive of generalizability for 1-step-ahead prediction.  

Lastly, we tested some notions from literature about 
the relationship of batch size, flatness, and test accuracy. 

 
Figure 5. Second Screening Results: Scatter plots relating Hessian metrics, recurrent kernel spectral norm, 
training loss, batch size, and number of epochs to the 1-step-ahead accuracies averaged on 50 test data sets. 
Dashed line: Best-fit line; Black circle: LSTM with best inf-step-ahead accuracy. 
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According to [16], large batches are known to drive mod-
els to sharper minima and smaller batches lead to flatter 
minima. Fig. 5(j, k, l) shows that smaller batch sizes tend 
to converge to lower training loss, but not necessarily 
flat. We found 3 LSTMs, in particular, each trained with a 
batch size of 16 using 300 epochs that reached sharper 
minima (𝜆𝜆max > 4) but with roughly the same training loss 
(~0.03) as those on flat minima (𝜆𝜆max < 2.5). These 3 also 
had the lowest recurrent kernel spectral norms among all 
LSTMs (𝜎𝜎���(𝑹𝑹) < 0.5, lightest blue dots in Fig. 5(a)). Con-
sistent with [15], these are the sharp-minima LSTMs that 
still generalize well, but this time owing to low recurrent 
kernel spectral norms. On the other hand, models with 
large batch sizes indeed tend to converge to sharper 
minima, especially those trained with only 100 epochs. 

Because we have 100 LSTMs with the same number 
of model parameters, we can investigate which models 
are similar in the weight space. We projected the 4, 684 
weights of each LSTM in 2-D using t-distributed stochas-
tic neighborhood embedding (t-SNE), a widely used data 
visualization method. Fig. 6 shows that there is a cluster 
of LSTMs with roughly equal training loss and similar 
weights (meaning that they may be “close” to each other 
in the loss landscape). The other more isolated LSTMs 
can each be thought of having very different weights dis-
tributions. All LSTMs that clustered were found to gener-
alize well in terms of 1-step-ahead test accuracy, but not 
all of them have flat minima since the 3 sharp-minima 
LSTMs are also in this cluster. By finding several similar 
LSTMs clustered together (37 out of 100) despite starting 
with various initial weights, we believe that there likely 
exists a low-lying mostly flat basin (with a few sharp min-
ima) in the loss landscape that is relatively easy to find 
via Adam when training the LSTM-91 architecture (see 
Table 3) given the fixed training data set.  

 
Figure 6. A 2-D projection of 4, 684 weights of the 
LSTMs in the 2nd screening stage via t-SNE, colored by 
the titles. 

We also found that most of the clustered LSTMs did 
not perform well for multi-step-ahead prediction (see 
gray x’s in the middle bottom box denoting models with 
negative mean R2 for more than 10 out of 100 data sets). 

This means that steering LSTMs to be accurate 1-step-
ahead predictors still does not guarantee stability. 

CONCLUSION 
This work aims to empirically relate the flatness of 

the local minima of the loss and smoothness of the model 
local dynamics to generalizability in LSTMs for the Three 
Tanks case study. We summarize our findings into the 
following, subject to the limitations of our experiments: 

LSTMs that converged to flatter minima tend to gen-
eralize better, but mostly when flatness is measured as 
the top Hessian eigenvalue. This metric rank-correlates 
with the mean test R2 (at -0.66) regardless of architec-
ture. Better rank-correlation (-0.75) was found when an-
alyzing the loss landscape of a single architecture. 

Lower Hessian trace (overall loss curvature) also in-
dicates better 1-step-ahead prediction accuracy (rank-
correlation=-0.68), but only among LSTMs with the same 
architecture. 

LSTMs with smooth local dynamics marked by a low 
recurrent kernel spectral norm also tend to generalize 
better given a fixed architecture. 

Based on these results, it might then be worthwhile 
to steer the training of LSTM surrogates while being 
aware of both sharpness and local transition smoothness 
in terms of the metrics that we found useful in this work. 
Nonetheless, future work must also validate our results in 
other processes and with more diverse RNNs.  
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