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ABSTRACT

Hybrid modelling is widely employed in chemical engineering to generate highly accurate predic-
tions. Such an approach merges first-principle modelling with machine learning techniques to
identify and model the epistemic uncertainty from experimental data. Despite its advantages, this
still requires cross-domain competencies that are difficult to find in the chemical industry and high
human involvement. The possibility of automating the identification and training model would be
significantly beneficial for the widespread adoption of hybrid modelling methodology within the
chemical industry. This work presents a novel algorithm for the automatic identification of hybrid
models (HMs) starting from the first-principle representation of the system, described by differ-
ential equation sets. The methodology formulates the problem as mixed-integer programming,
identifying the equation running under uncertainty, identifying the machine learning model hy-
perparameters, and training the latter. The Differential Evolution algorithm drives the identification
and training tasks. The methodology is validated in three cases, namely a dynamic reaction sys-
tem, a dynamic bioreactor and a Lotka-Volterra oscillator deviated with polynomial or MRF equa-
tion on different levels, generating 14 validation cases. On all of them, the model correctly identi-
fies the position of the uncertainty and the functional form to approximate it. The methodology
returns automatically trained HMs with a mean absolute percentage error in the range of 10%,
which is in line with the experimental error of the data. The methodology presented in this work
presents a step toward the automatic generation of HMs for dynamic systems and the widespread
of this technology in the chemical industry.
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INTRODUCTION In chemical process system engineering, FPMs are
typically formulated as differential-algebraic equations
Model accuracy is crucial for effective process de-  that include conservation laws, thermodynamic relations,

sign and optimization in the chemical industry. However, and other fundamental principles. Each of these equa-
model performance often suffers from epistemic uncer-  tions may run under epistemic uncertainty, making them
tainty due to unknown phenomena that current  candidates for correction through a data-driven model
knowledge or analytical techniques cannot fully capture. (DDM). Constructing an HM requires three steps: (1)

This uncertainty biases predictions and compromises de- identifying the equation affected by epistemic uncer-
sign quality. Hybrid modelling (HM) has emerged as a  tainty, (2) selecting an appropriate DDM structure to cap-
promising approach to mitigate these issues by integrat-  ture the unmodeled effects, and (3) training the DDM us-

ing first-principle models (FPMs) with machine learning  ing available experimental data. The DDM must be suffi-
(ML) methods [1]. Here, experimental data are used to  ciently complex to represent the system accurately while
capture unmodeled phenomena in a functional form,  maintaining a number of parameters that align with data
thereby enhancing accuracy and providing insights into availability.

system behaviour. Despite the benefits of HM techniques, their
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widespread adoption in the chemical industry is hindered
by the need for interdisciplinary expertise in chemical en-
gineering, modelling, and ML. Other fields have benefited
from automated ML frameworks that streamline model
training and simplify the adoption process. An analogous
automated framework for HM could facilitate its broader
use, enhancing the interpretability of models and provid-
ing new insights into the system dynamics.

Currently, the identification of the epistemic uncer-
tainty location relies heavily on domain expertise and
physical insight. While some progress has been made in
automating other aspects of HM, the literature lacks a
comprehensive methodology for automatically locating
epistemic uncertainty. Several studies have explored the
selection of DDM structures and hyperparameters using
approaches such as integer programming and genetic
programming. For example, the ALAMO approach em-
ploys quadratic integer programming to approximate un-
known physical functions by selecting suitable elemen-
tary function candidates and fitting parameters to exper-
imental data [2]. Similarly, Narayanan et al. used genetic
programming to approximate the right-hand side of dif-
ferential equations, aiming to capture the entire physical
relationship without additional physical constraints [3].
Furthermore, Willis and von Stosch introduced a mixed-
integer linear programming framework that utilizes multi-
variate rational functions as approximators, validating
their method on biochemical reactions and adjusting
model complexity based on data availability [4].

In addition to the aforementioned techniques for
generating hybrid models (HMs), recent studies have
employed symbolic regression (SR) and sparse identifi-
cation of dynamic systems (SINDy) for data-driven equa-
tion discovery [5, 6]. Both methodologies utilize a library
of candidate functions to identify underlying equations,
producing highly interpretable symbolic representations
that approximate the unknown aspects of a system.
However, they adopt distinct strategies tailored to differ-
ent applications. Symbolic regression is typically applied
to tabular data, using evolutionary algorithms to con-
struct expression trees of elementary operations. This
process identifies the optimal equation configuration that
minimizes the discrepancy with experimental data. A no-
table advantage of SR is its ability to incorporate con-
straints during optimization, ensuring that the derived
models are physically consistent and capable of integrat-
ing qualitative information. On the other hand, SINDy is
designed for dynamic systems and focuses on uncover-
ing the functional forms governing the temporal evolution
of state variables. It employs sparse regression tech-
niques, particularly quadratic optimization, to directly
tune model parameters based on state derivative expres-
sions without requiring the explicit solution of differential
equations. While both approaches have demonstrated
high performance in their respective fields, neither has
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been systematically evaluated for generating hybrid
models in chemical processes.

To our knowledge, no framework exists that can au-
tomatically generate a hybrid model solely from an FPM
representation and experimental data by simultaneously
executing all three HM design steps. Addressing this gap
involves solving a mixed-integer programming (MIP)
problem that integrates categorical variables (e.g., the lo-
cation of epistemic uncertainty), discrete variables (e.g.,
ML hyperparameters), and continuous variables (e.qg.,
DDM fitting parameters). In this paper, we propose an al-
gorithm that automatically identifies the equation af-
fected by epistemic uncertainty, selects the most appro-
priate DDM hyperparameters, and trains the model using
a heuristic global optimization strategy. This approach
aims to enhance data efficiency while remaining compat-
ible with the constraints of industrial data availability.

METHODOLOGY

The algorithm

The MIP problem to identify and train the HM was
solved using the Differential Evolution (DE) algorithm
(Scipy v.1.11.3) [7], compatible with integer variables and
constraints. For the constraints, the library implements
the algorithm proposed by Lampinen [8]. The MIP prob-
lem is divided into 3 subproblems, namely 1) the identifi-
cation of the equation running under epistemic uncer-
tainty, 2) the identification of the most suitable data-
driven function structure to capture the said uncertainty
from the training data, and 3) training the DDM identifying
its continuous parameter values; these three problems
are solved simultaneously by the DE. The algorithm em-
ploys polynomial equations as the data-driven function.
The algorithm can activate each of the monomial terms
contained in the polynomial.

The first problem is treated as a discrete optimisa-
tion problem, where the discrete variable P sets which
equation in the system runs with epistemic uncertainty
and should be corrected by the DDM. The discrete vari-
able P varies between 0 and (Ns-1), where Nsis the num-
ber of equations in the system.

The second solved problem is the structure identifi-
cation of the data-driven function. The algorithm imple-
ments a polynomial function as an approximator by de-
riving monomial terms from the states of the differential
equation, constructing a K-order polynomial, and scaling
the exponents of each term within the predefined range
EX_MIN and EX_MAX. This ensures a balanced represen-
tation of the system dynamics, enabling accurate ap-
proximations while maintaining numerical stability and
computational efficiency. This work employed K=4,
EX_MIN=0.5 and EX_MAX=2. The structure of the poly-
nomial function to train is selected, activating only certain
monomial terms. In the polynomial data-driven function,
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each of the monomial terms is multiplied by a continuous
and a binary variable

M; = 8;w; - fi(x1, %3, -) M

where §; € {0,1} is the binary variable, w; is the continuous
variable, x; is the i-th state of the differential equation
system and f; is the polynomial form related to M;. Both
§; and w; of (1) are identified by the DE algorithm; the first
is treated as a bounded discrete variable, while the sec-
ond one is encoded as a bounded continuous variable.
This work employed w; € [-5,5]. The configuration re-
ported in (1) allows for reducing the number of parame-
ters used in the DDM, reducing the overfitting risk in the
model training phase. The number of active parameters
8;w; is reduced by limiting the amount of §; values being
non-zero. Such a condition is given as a constraint to the

DE
2,51' < Nuyax
L

where Ny ,x is the maximum cardinality allowed by the
optimisation. This work employed Ny 4x = 5.

The Bayesian Information Criterion (BIC) was used
as the training loss function to balance the performance
of the HM with the structural complexity of the DDM and
avoid overfitting the training set. The formulation by Willis
and von Stosch was employed in this work [4]. The BIC
was computed for each experiment, and the loss function
value was calculated as their sum.

The DE algorithm was executed with 300 genera-
tions using the default settings of the SciPy implementa-
tion. Afterwards, the continuous parameters of the most
performant individual were refined using the L-BFGS-B.

The computational complexity of the proposed ap-
proach is linear in the number of experiments included in
the training set because the most time-consuming part is
the resolution of the ODE through numerical solvers.

The test cases

Three FPMs were employed as test cases to evalu-
ate the performance of the algorithm. These were se-
lected to represent typical dynamic systems in the chem-
ical engineering domain. The first test case, the reaction
system, is a set of chemical reversible reactions de-
scribed by the chemical system A < R = S, each running
on first-order kinetic in batch conditions assumed iso-
thermal; therefore, described through the set

dCA/dt = _kl,d . CA + kl,i . CR
dCr/dt =kyq-Cy—ky;i-Cr—lkpq-Cr+ky;-Cs
dCS/dt = kZ,d . CR - kz'i . CS

with ki 4 =03min™!, ky; = 0.1min™t, k4 = 0.02min™?,
k,; = 0.01 min~t. The equations were solved with initial
conditions in the range [0, 10], with 10 points obtained
using the Latin hypercube sampling (LHS).

The second test case is the Lotka-Volterra
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oscillator, described by the system

{dx/dt =1-y)-x
dy/dt=(x—-1)-y

The equations were solved with initial conditions in the
range [0, 1], with 10 points obtained using the LHS.

The third evaluation case is the bioreactor system,
describing the growth of biomass, X, in a continuous bio-
reactor fed with the nutrient S, influenced by Monod ki-
netics. The system is described by the equation set

dX  fmax S
- K+s YTDoX
ds Umax S X

—=D-(S., —S) — -
dt (Sin =) Ks+S Yy

With pq = 0.4 min~t, K = 0.5 mol/L, S;, = 1 mol/L, Yys =
0.6 g/mol and D = 0.1 min~!. The equations were solved
with initial conditions in the range [0.2, 1], with 10 points
obtained using the LHS.

Each of the equations in the FPMs was deviated us-
ing 2"-order polynomial or 1st-order MRF functions to
mimic the epistemic uncertainty source. The employed
parameters were sampled in the range [-1,1]; following
that, the output was multiplied by a constant value to en-
hance the effect of the deviation.

For each validation case, one of the abovemen-
tioned deviations was applied to one of the set equations
individually. Therefore, the algorithm was validated using
14 cases combining the FPMs and the deviation position.
These served as experimental data for the algorithm to
identify the position of the epistemic uncertainty and the
most suitable data-driven function structure for the HM
generation.

Each of the deviated equations was solved using
LSODA solver (SciPy v1.11.3). Each of the experiments
contained 14 points uniformly sampled in the time range
[0,20] min; noise of +10% was added to the output, mim-
icking the measurement noise. The test set for the reac-
tion system comprises 5 train points and 5 test points
randomly selected. The test set for the Lotka-Volterra
oscillator and the bioreactor system comprises 4 points
selected to be within the initial conditions convex-hull.

The trained models were evaluated on a test set.
The quantitative comparison of the trained HM perfor-
mance was executed using 1) the coefficient of determi-
nation (R?), to evaluate the explained variance of the
model, 2) the mean absolute percentage error (MAPE) to
have a quantitative deviation of the model from the point
weighted on their experimental value, and 3) the mean
absolute percentage error (MAE) to have a quantitative
deviation of the model prediction from the experiments.

RESULTS

The results of the identification algorithm are re-
ported differentiated by the test case on which they have
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been validated. Tables 1, 2 and 3 report the accuracy of
the identified HM on the overall test set, the actual level
of the epistemic uncertainty within the equations and the
one identified by the algorithm for the reaction system,
the Lotka-Volterra oscillator and the bioreactor system,
respectively. Figures 1, 2, and 3 report the graphical rep-
resentation of the model performance on selected exper-
iments contained in the test set, respectively, for the re-
action system, the Lotka-Volterra oscillator, and the bio-
reactor system.

The reaction system

In the reaction system, the developed algorithm cor-
rectly identifies the epistemic uncertainty location within
the equations set for all the proposed test conditions (Ta-
ble 1). Moreover, HMs identified from the algorithm return
low prediction errors on the test set.

Table 1. Quantitative performance of the identified HM
from the algorithm on the test set. The table reports the
equation on which the deviation was applied, the one
identified by the algorithm, and the obtained metrics.

Actual Identified
Level Deviation Level MAPE MAE R?
1 Poly 1 10.8% 0.48 0.11
MRF 1 18.4% 10.53 0.59
5 Poly 2 15.7% 7.32 0.82
MRF 2 7.55% 0.43 0.24
3 Poly 3 6.07% 0.27 0.29
MRF 3 6.3% 0.56 0.77

Excluding the system deviated on the 15t equation
with MRF and the system deviated on the 2" equation
with polynomial, the trained HM predicted the system be-
haviour with a MAPE error in line with the given experi-
mental error (i.e., + 10%). The quality of the model is also
confirmed by the MAE value, returning low metrics; this
highlights how the error is evenly distributed within the
entire range without any significant bias toward any area
of the output range. On the other hand, in the two cases
with high MAPE and MAE, the model cannot accurately
predict the output in some experiments contained in the
training set. The low amount of data mainly drives this
behaviour for a system having 3 states. Performing the
convex-hull selection also in this case, the train set com-
prises 8 points and improved performances; however,
this was not included because of poor reliability on the
test set.

Despite the low MAPE and MAE values, the R? ob-
tained on the test set is quite low for some of the cases
(e.g., the one with polynomial deviation on the 1t equa-
tion or the MRF deviation on the 2" equation), showing
that the trained model has limited capabilities in explain-
ing the variance of the experimental set. We hypothesise
that this is driven by the poor ability to identify continu-
ous parameters. The algorithm uses a heuristic approach
Caprio et al. / LAPSE:2025.0437
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to identify all the system parameters, but it is quite inef-
ficient for continuous parameters since heuristics do not
guarantee the minimisation of the loss function for a
given configuration. On the other hand, the continuous
parameters can be identified by gradient-based optimi-
sation approaches, improving the quality of the training.

From Figure 1, it is possible to observe how the em-
ployed FPM has significant deviations compared to the
experimental data, especially for the profile of the reac-
tant S, where it predicts a completely different behaviour.
On the other hand, this effect is mitigated by including
DDM, which corrects the model prediction and correctly
identifies the deviation source. This results in improved
model metrics, such as the MAPE decrease of 5 folds.
The case reported in Figure 1 runs with epistemic uncer-
tainty on S concentration. S is being generated from
something else that is not included in the mathematical
system. The mechanistic model of the system closes the
mass balance, but in reality, the system description vio-
lates this hypothesis. To ensure mass balance, a further
investigation of what is causing the S growth is required.

35 4 ® Experimental point N A ®
----- Mechanistic model R
—— Hybrid model Il s
30 -
MM HM
R? [] 0.19| 0.94

MAE [mol/L] | 4.95 0.6
MAPE [%] 24.38| 486

20 A

Concentration [mol/L]

T
0.0 25 5.0 75 10.0 12.5 15.0 17.5 200

Time [min]
Figure 1. First-principles model and hybrid model

performance on one of the test examples on the reaction
system. The reported experiment is obtained with MRF
deviation on the 3™ equation.

The Lotka-Volterra oscillator

Like the reaction system, also for the Lotka-Volterra
case, the developed algorithm performs correct identifi-
cation of the epistemic uncertainty location both for pol-
ynomial and MRF deviation (Table 2). The metrics re-
ported in Table 2 show the enhanced prediction accuracy
of the identified HM. For all the validation cases, the HM
has low MAPE and MAE with R? very close to 1, showing
how the HM was able to explain the variance of the ex-
perimental system completely.

Figure 2 depicts the performance of the mechanistic
and HM on one of the test set experiments, having devi-
ation on the 2" equation with a polynomial function.
Here, it is possible to observe how the FPM shows high
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deviation on both the variables with error accumulating
with time, resulting in a significant shift of the actual and
modelled peaks for ¢ > 7.5 min. Additionally, the FPM re-
turns a wrong prediction of peaks amplitude, with a sys-
tematic overestimation for both the system states. This
behaviour is not observed with the identified HM, return-
ing accurate predictions within the entire simulation time.
The HM has effects not only on the peak position but also
on their magnitude, which are now correctly predicted. In
summary, the HM correctly identifies the behaviour of the
test system returning MAPE around 5% and an R? = 0.98,
where the FPM has worse prediction accuracy with an
R2=-0.05, indicating that the model returning the average
of the points return better prediction than the FPM, and
a MAPE around 38%, with a value 7 times higher than the
value obtained with the HM predictions.

Table 2. Quantitative performance of the identified HM
from the algorithm on the test set. The table reports the
equation on which the deviation was applied, the one
identified by the algorithm, and the obtained metrics.

Actual Identified
Level Deviation Level MAPE MAE R?
1 Poly 1 5.29% 0.066 0.96
MRF 1 5.51% 0.068 0.95
9 Poly 2 5.68% 0.051 0.96
MRF 2 8.95% 0.084 0.92

25

204

Output value (x ory)

T
0.0 25 5.0 7.5 10.0 12.5 15.0 17.5 20.0
Time [min]

MM HM

R[] 0.05( 098
MAE [mol/L] | 0.36| 0.05
MAPE [%] 38.16| 538

® Experimental point ¢
----- Mechanistic model Y
= Hybrid model

Figure 2. First-principles model and hybrid model
performance on one of the test examples on the Lotka-
Volterra oscillator. The reported experiment is obtained
with polynomial deviation on the 2" equation.

The bioreactor system

When describing the bioreactor system, the model
correctly identifies all the validation cases, with devia-
tions both on biomass growth and substrate profile (Ta-
ble 3). The source of the epistemic uncertainty has been
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correctly identified by the algorithm, as well as the ap-
proximation for the deviation function. The algorithm did
not show any identification bias (i.e., model accuracy or
level identification) among the various cases, returning
for each of the test case metrics with the same order of
magnitude.

Table 3. Quantitative performance of the identified HM
from the algorithm on the test set. The table reports the
equation on which the deviation was applied, the one
identified by the algorithm, and the obtained metrics.

Actual Identified
Level Deviation Level MAPE MAE R?
1 Poly 1 6.02% 0.027 0.77
MRF 1 5.4% 0.033 0.88
2 Poly 2 6.87% 0.042 0.8
MRF 2 6.00% 0.035 0.83

Figure 3 depicts one of the test experiments for the
case having deviation on the 1%t equation described by a
polynomial function. Here, the FPM shows significant de-
viation that is cumulating over time; such behaviour is re-
lated to the fact that the numerical resolution of differen-
tial equations relies on predicted system state values to
run the prediction at the current state, letting the error
accumulate over time.

12

o
L

o
@
L

Qutlet concentration (X [g/L] or S [mol/L])
o o
E- o
. L

o
o
L

T T T T T
0.0 25 50 75 10.0 125 15.0 17.5 20.0

Time [min]
MM HM -
R* ] 086 082 ] Expenmrental point |l X
MAE [mol/L] 012| 003 Meck_\anlsﬂc model S
MAPE [%] 72| 586 —— Hybrid model

Figure 3. First-principles model and hybrid model
performance on one of the test examples on the
biochemical system. The reported experiment is
obtained with polynomial deviation on the 15t equation.

On the other hand, the HM prediction correctly over-
laps the experimental points within the entire time range
without any significant deviation happening over time,
demonstrating the robustness and reliability of the HM
obtained with the proposed methodology. It is important
to note that both the FPM and the HM identify the same
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overall trend, but the HM better identify the change in
system behaviour (e.g., the location of the maxima for the
X profile), the magnitude of the first derivate of the profile
and the plateau location for both the curves. Such an im-
provement in behaviour prediction resulted in better met-
rics for the HM over the FPM; the FPM returned a
MAPE=27.2% while the R?=-0.86, quantitively proving the
poor prediction capabilities of the FPM. On the other
hand, the HM results in a MAPE=5.86%, a value around
4.6 times lower than the one obtained for the FPM, and
an R?=0.82.

ALTERNATIVE APPROACHES

A primary limitation of the proposed approach is the
need for iterative ODE resolution during parameter iden-
tification. This process significantly prolongs identifica-
tion time and is susceptible to mathematical instabilities,
thereby reducing compatibility with derivative-based op-
timizers. A potential solution to mitigate these issues is
the application of SINDy-like techniques [6]. This alter-
native framework would allow the reformulation of the
identification problem using quadratic integer program-
ming to locate epistemic uncertainty while also accom-
modating multiple model deviations.

CONCLUSIONS

This work presents an automatic algorithm that
identifies and trains hybrid models for dynamic chemical
processes. Starting from a first-principle model under ep-
istemic uncertainty, the method integrates missing infor-
mation from experimental data into a data-driven com-
ponent. It locates the epistemic uncertainty within the
system equations and selects the most suitable data-
driven model (DDM) for its mitigation. A constrained
mixed-integer Differential Evolution algorithm is used to
determine the uncertainty’s position along with the hy-
perparameters and parameters of the DDM.

To work with limited data and minimal experimenta-
tion, the method employs a sum of monomial terms as the
data-driven function and uses the Bayesian information
criterion as the loss function, thereby reducing model
complexity and overfitting risk. The approach was vali-
dated on a reactive chemical system, a bioreactor with
biomass growth, and the Lotka-Volterra oscillator, accu-
rately identifying uncertainty and achieving prediction er-
rors (MAPE) below 10% on unseen cases.

This methodology marks a significant step toward
automating hybrid model creation in the chemical indus-
try. Future improvements include integrating determinis-
tic algorithms for continuous parameter identification,
testing additional chemical cases, and extending uncer-
tainty identification to model parameters beyond differ-
ential equations.
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