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ABSTRACT

Robust optimisation is a powerful approach for addressing uncertainty ensuring constraint satis-
faction for all uncertain parameter realisations. While convex robust optimisation problems are
effectively tackled using robust reformulations and cutting plane methods, extending these tech-
niques to non-convex problems remains largely unexplored. In this work we propose a method
that is based on a parallel robustness and optimality search. We introduce a novel spatial Branch-
and-Bound algorithm integrated with robust cutting-planes for solving non-convex robust optimi-
sation problems. The algorithm systematically incorporates global and robust optimisation tech-
niques, leveraging McCormick relaxations. The proposed algorithm is evaluated on benchmark
pooling problems with uncertain feed quality, demonstrating algorithm stability and solution ro-
bustness. The computational time for the examined case studies is within the same order of mag-
nitude as state-of-the-art. The findings of this work highlight the potential of the proposed algo-
rithm in tackling quadratic non-convex robust optimisation problems, particularly in chemical en-
gineering applications.
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INTRODUCTION

Robust optimisation is widely used to identify worst-
case scenarios, ensuring constraint satisfaction under
uncertainty or when statistical data is unavailable, as an
alternative to scenario-based approaches [1]. The most
prevalent solution algorithms for convex problems are ro-
bust reformulation and robust cutting planes [2]. Under
the assumptions of convex uncertainty set and the prob-
lem constraints being concave in the uncertain parame-
ter, both methods can be extended to non-convex prob-
lems [3]. Cutting-planes involve sequentially solving an
upper-level deterministic problem and lower-level prob-
lems to find uncertainty values that cause the maximum
constraint violation. For those values, corresponding cuts
are added to the upper-level problem. Implementations
of cutting-planes can be found in solvers like PyROS [4]
and the ROmodel package [5] in Python, which rely on
local or global solvers to handle intermediate problems.
However, traditional robust cutting-planes are heavily in-
fluenced by the performance of the chosen solver, and if
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the solver fails to converge during a cut-round, the entire
algorithm may fail to converge [4]. At the same time, for
computationally challenging case studies the cost of
solving the problem to global optimality multiple times
may be prohibitive.

Nonlinear functions are present in a multitude of
chemical engineering problems, especially when data-
driven methods are employed, there is a need for sys-
tematic techniques that handle non-convex problems un-
der uncertainty [6]. In this study we focus on the class of
non-convex quadratic problems, and we leverage spatial
Branch-and-Bound (sBB) algorithm. sBB is a determinis-
tic global optimisation algorithm which is suitable for op-
timisation problems that require branching on the contin-
uous variables. Early application of the sBB in the process
systems engineering literature include solving linear frac-
tional and bi-linear problems [7], as well as addressing
various NLP and MINLP design problems [8]. sBB algo-
rithms rely on the generation of lower and upper bounds
of the objective function over any given variable subdo-
main. In a minimisation problem, the upper bound value is
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selected as a local minimiser in the current subdomain.
Depending on the structure of the original problem, dif-
ferent convexification methods can be used to formulate
a relaxation of the original problem, corresponding to a
lower bounding solution.

Solving non-convex problems to robust optimality
requires the connection of the robust algorithms and
global optimisation methods. The most prevailing ap-
proach to achieve this is by deriving the dual reformula-
tion and using either directly or adaptively a global solver
to retrieve a solution [9,10]. Recently, different process
case studies have been examined using a local linearisa-
tion approach based on an iterative random sampling of
the uncertain parameters [11]. The non-convex pooling
problem under concave uncertainty is addressed in [3]
following two solution paths, reformulation and cutting
planes using a global solver. This study proposes a novel
spatial Branch-and-Bound algorithm integrated with ro-
bust cutting-planes (RsBB) for solving non-convex robust
optimisation problems. The proposed algorithm is imple-
mented to solve benchmark pooling problems with un-
certain feed quality, using McCormick relaxations [12]. In
the RsBB algorithm, robust infeasibility checks are per-
formed at each node of the BB tree. The infeasibility cuts
are added both on the original and the relaxed problem.
The performance of the proposed RsBB algorithm is com-
pared with and state-of-the-art software in terms of
computational efficiency and solution robustness.

POOLING PROBLEM

The pooling problem is a well-studied benchmark
problem in process systems engineering and optimisa-
tion communities being non-convex quadratic problem
with quadratic constraints. A simple pooling topology is
depicted in Fig. 1, where a number of inlet components is
mixed into the available pools from which different prod-
ucts are retrieved.

Figure 1. Conceptual representation of pooling problem,
corresponding to 6 feed components, 2 pools and 4
products.

Problem definition
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Throughout the years several formulations of the
pooling problem have been proposed. In this work, we
follow the pg-formulation [13] of the standard pooling
problem using auxiliary variables. The objective function
is to minimise the cost,

minz Ci Vi) —Zdj)’zj +Zdjzij @
jl Ji

iy

satisfying constraints on feed availability

S.t.z vy + Z zij < 4;, Vi 2
j

lj
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product quality
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and auxiliary constraints.

Vi = quyiy Vi Lj €C))

Table 1: Problem definitions.

Step Problem Notation Equations
Original pooling I (1)-(9)
1t . (1)-(8),
Relaxed pooling g (10)-(13)
2nd Quiality robustness T (14), (16)-(18)
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The pg-formulation results in a non-convex problem with
quadratic constraints. A convex relaxation is achieved re-
placing Eq. (9) with the corresponding McCormick enve-
lopes [14] as follows:

vy 2 quyiy + quYy — quYiy, Vi lLj (10)
Viij < QY+ quYy — 4y YiLj (11)
Vaj 2 QY+ quyy — 4,y YLLi (12)
Vi S Qudij t qudy; — qud,p Vilj (13)
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where Qi Y1 and ﬁ”,yu correspond to the lower and up-

per bounds of the complicating variables. The definitions
of the problem formulations are displayed in Table 1.

Uncertainty consideration

In this work uncertainty is introduced in the inlet
quality parameters C;, and subsequently in the product
quality constraints of Eq. (5). The true value of the uncer-
tain level quality C;; can be formulated as:

Cik = Cir + EuCix (14)

where C; represents the nominal value, C;, the constant
perturbation (which is positive) and ¢;; is a vector of ran-
dom variables which are subject to uncertainty. The ro-
bust counterpart of Eqg. (5) for a selected box uncertainty
set is derived in Eq. (15).

Z Caxvirj + Z Ciczij < Piify, V&€ Uo, V) k (15)

il i

Eq.(15) is a semi-infinite constraint which is typically han-
dled either via dual reformulation or robust cutting planes
[2]. Following the robust cutting planes, Eq.(15) can be
replaced by the quality robustness problem which should
be solved Vvj, k quality constraints:

max ¢ (16)
s.t.gji = Zéik vy +Zéi" zij — PRf (17)
&l <P, | vi, k | (18)
METHODOLOGY

Robust cutting planes

Robust cutting planes approach is an iterative opti-
misation algorithm. In the first step, the original pooling
problem II is solved and the set of solutions v}, z; and
fi" is passed in the second-step problems n. Problems =
are solved for all j, k maximising the random variable ¢
within a selected uncertainty set U,. For every Cj, that
¢jr > 0 the equivalent robust cut is added to problem II:

chkvllj +chkzl]— llifj' Vj'k

The algorithm iterates until no more quality violations are
detected, then the algorithm terminates in a robust
solution. Depending on the choice of solver for Il the
solution can be either robust optimal, using a global
solver, or robust feasible, using a local solver.

(19)

Robust-spatial-Branch-and-Bound

In the proposed Robust-spatial-Branch-and-Bound
algorithm (RsBB), we aim to integrate the robust cutting
planes with the spatial Branch-and-Bound (sBB)
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algorithm. Relying on a local NLP solver, the proposed al-
gorithm is evaluating the robustness of the solutions in a
branching tree. The outline of the proposed algorithm is
presented in Figure 2. Let the complicating variables q;;
and y,; be the branching candidates. For the initial vari-
able bounds at the root node, problem II is solved using
alocal solver. The robustness of the local solution is eval-
uated solving linear problems & Vj, k and the correspond-
ing robust cuts (Eq. (19)) are added both to IT and IIif a
feasibility violation is detected, i.e. ¢ > 0. The cutting
plane algorithm continues at the root node until no more
robustness violations are detected. Until this step, the
proposed algorithm follows the typical robust cutting
plane algorithm.

The following steps of the algorithm correspond the
Branch-and-Bound algorithm. Let g&*, yU , LU be the so-
lutions of the relaxed linear Il problem. The branching
variable is selected based on the maximum approxima-
tion error. Let x;,, be the branching variable for which:

Xpr = argmax{qfl”‘”,yffmr} (20)

qflrror = Z llj qll ylj (21)
Jj

v = Z vl —ai" vl (22)

i

Initialise variable bounds

v,z f

Solve Il

‘ Selectbranching variable‘

Feasibility violatio

‘Add cutsto I, l'[R

Update node

No
odes exhausted
Yes

Robust Optimal Solution

Figure 2. The Robust-spatial-Branch-and-Bound algo-
rithm

The branching point is selected as the incumbent
solution of the branching variable. Hence the bounds for
the first two child nodes the new bounds will be
Xpr € X1 = [xpr, x57] a@nd xp, € X, =[x}, %,]. Nodes for
which the Il solution is greater than the best-found so-
lution of I are fathomed. The next node is updated as the
waiting node with the lowest Il solution. If the waiting
nodes are exhausted, the robust optimal solution of the
1594



problem is obtained.

COMPUTATIONAL EXPERIMENTS

The RsBB algorithm is evaluated in 10 benchmark pooling
instances with varying size, details of the problems can
be found in Table 2. For the uncertain inlet quality, we set
Cix = C, and examine the results for three different un-
certainty sizes, i.e. ¥ := {0.05,0.1,0.15} which correspond
to 5%, 10% and 15% allowed perturbation from the nomi-
nal inlet quality value. The selected modelling environ-
ment is Pyomo v6.7. For the RsBB algorithm HiGHS
v.1.5.3 is used as the LP solver and conopt4 as the local
NLP solver. The proposed algorithm is compared with Py-
ROS v1.2.8 using Gurobi v11.1 as the LP solver, conopt4
and BARON v23.6.22 as local and global solvers respec-
tively.

Table 2: Benchmark pooling problems.

Results

The proposed algorithm is compared with PyROS solver
in Fig.3. PyROS is a built-in solver in Pyomo that is imple-
menting the robust cutting planes algorithm. For each of
the 10 benchmark problems, three variants of different
uncertainty size were examined resulting to 30 instances
in total. The robust optimum is obtained by the RsBB al-
gorithm for all instances. In contrast, using PyROS with
local solver conopt4 solves only 10% of the instances to
robust optimality and for 40% terminates in a local robust
solution. Given that the instances examined are relatively
small and represent well-studied benchmarks in the field
of global optimisation, PyROS, using the global solver
BARON, obtained the robust optimal solution in reduced
total computational time compared to RsBB. The in-
stances with the highest CPU time in RsBB correspond to
the Adhya problems for ¥ = 0.05. Since pooling problems
have multiple local optima, introducing uncertainty via ro-

Problem #Feeds #Pools #Products #Qualities bust cutting planes reduces the feasible region and pos-
haverly1-3 3 1 2 1 sibly rendering regions with local solutions infeasible.
foulds? 6 2 4 1 The impact of the problem size and uncertainty size
bentald 4 1 2 1 in the RsBB algorithm is evaluated via Fig.4. Foulds2
bental5 13 3 5 ) problem is double in size of the Haverly2. As expected, in
adhya’l 5 2 4 4 Haverly3 RsBB closes thg optimality gap in fewer nodes
compared to Foulds2 (Figure 4a, b). Unexpectedly, the
adhya2 5 2 4 6 - . . o
dhva3 8 3 4 6 optimality gap at root node in Foulds2 is below 15% for all
adhya ¥ while above 90% in the Haverly instance. In Foulds2
adhyad 8 2 > 4 there is a negative correlation between the uncertainty
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Figure 3: Computational time for problems solved by examined algorithms. 30 problems in total, corresponding to
3 different W values for 10 benchmark pooling problems.
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Figure 4: a+b) Optimality gap closure at evaluated tree node for Havely3 and Foulds2 problems for varying un-
certanty size. c) Objective value decrease at root node of Foulds2 for robust cut iterations.

set size and the optimality gap at the root node, while for
¥ = 0.15 the RsBB algorithm terminates at the root node.
To elucidate this observation, we focus on the root node
of Foulds2 and the iterations of the robust cutting planes
in Figure 4c. As the uncertainty size increases, so do the
required robust cutting plane iterations to find a robust
feasible solution at the root node. At the same time, the
increase in robust cut iterations results in a smaller opti-
mality gap. For ¥ = 0.15, 12 robust cut iterations are re-
quired that result in a robust optimal solution in the root
node. Analogously, for ¥ = 0.1 9 robust cut iterations are
required for a robust feasible solution in the root node.
The added cuts aid the RsBB algorithm to terminate in 7
nodes. To this end, robust cutting planes facilitate the
optimality search. For larger uncertainty set size, the cor-
responding cuts are more restraining the cuts, which al-
low for an earlier termination of the sBB algorithm. In the
same plot the price of robustness can be highlighted. Ac-
counting for 15% increase in the uncertain parameter re-
sults in an increase of 75% of the objective value. Even

for a 5% increase in the inlet quality increases the cost by
almost 40%. Thus, increasing the uncertainty size forti-
fies the problem against higher uncertainty variations, in-
creases conservativism and at the same time reduces the
degeneracy of the problems.

CONCLUSIONS

In this work, we introduced a novel algorithm by
coupling global and robust optimisation methods. The
proposed RsBB algorithm integrates the principles of sBB
and robust cutting planes to solve non-convex problems
with concave uncertain parameters. The performance of
the algorithm was evaluated on well-studied benchmark
pooling problems with box uncertainty set. The compu-
tational results of our study suggest that the proposed
method offers stability and guaranteed robust optimality
for the examined problems while using a local solver. We
observed that using robust cutting planes in the sBB al-
gorithm works as a feasibility bounds tightening method.
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Overall, the proposed algorithm is a promising method in
tackling non-convex robust optimisation problems. In our
future work, we will examine different types of uncer-
tainty sets and extend our method to general non-convex
problems.
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NOMENCLATURE

Sets:
i Components
I Pools
j  Products
k  Qualities

Parameters:
¢ Random variable of quality
Y  Adjustable parameter for the uncertainty size
A;  Upper bound for component availability
D;  Upper bound for product demand
S;  Upper bound for pool size
le,ﬁ Upper bound for product quality
Cix  Nominal inlet quality value
Cix  True inlet quality value
Cy Perturbed inlet quality value
¢;  Component unit price
d;  Product unit price

Variables:
gy Flow of component i entering pool [
y;;  Flow from pool I to product j
z;;  Flow from component i to product j
f;  Total flow to product j
vy; Flow of component i entering pool I to product j
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