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ABSTRACT 
Sustainability is increasingly recognized as a critical global issue. Multi-objective optimization is 
an important approach for sustainable decision-making, but problems with four or more objectives 
are hard to interpret due to its high dimensions. In our group’s previous work, an algorithm capable 
of systematically reducing objective dimensionality for (mixed integer) linear Problem has been 
developed. In this work, we will extend the algorithm to tackle nonlinear many-objective problems. 
An outer approximation-like method is employed to systematically replace nonlinear objectives 
and constraints. After converting the original nonlinear problem to linear one, previous linear algo-
rithm can be applied to reduce the dimensionality. The benchmark DTLZ5(I, M) problem set is used 
to evaluate the effectiveness of this approach. Our algorithm demonstrates the ability to identify 
appropriate objective groupings on benchmark problems of up to 20 objectives when algorithm 
hyperparameters are appropriately chosen. We also conduct extensive testing on the hyperpa-
rameters to determine their optimal settings. Additionally, we analyze the computation time re-
quired for different components of the algorithm, ensuring efficiency and practical applicability. 

Keywords: Multi-Objective Optimization, Nonlinear Optimization, Outer Approximation. 

INTRODUCTION 
Optimization is an essential mathematical tool for deci-
sion making in the chemical industry, enabling solutions 
of problems in the design, operation, and control of 
chemical, pharmaceutical and energy processes. Process 
system optimization is challenging because models of 
real chemical systems are often complicated, nonlinear 
and large scale in terms of variables and equations, in-
corporating both continuous and discrete decisions. The 
process systems community has been among the leaders 
in developing powerful theoretical and algorithmic ad-
vances in solving the types of challenging optimization 
problems encountered in decision making for chemical 
systems [1, 2]. However, most of this effort has been fo-
cused on problems containing a single (usually economic) 
objective [3]. More recently, the chemical industry has 
come to the forefront as a sector where adopting sus-
tainable practices is essential. To do so requires consid-
ering more than just economic drivers for decision mak-
ing but also include environmental and social objectives 
during the optimization of chemical engineering process 

systems. 
 When considering problems with multiple objectives, 
there is in almost all cases competition, or tradeoffs, be-
tween the different objectives, which can be visualized in 
a Pareto frontier which presents a set of solutions corre-
sponding to the best one can do in one objective without 
degrading the others. Multi-objective optimization is an 
essential tool to generate Pareto frontiers, particularly for 
problems of two or three objectives [4]. Scalarization ap-
proaches, such as the weighted sum or epsilon constraint 
approach, can be used to generate a set of single-objec-
tive optimization problems which rigorously generate Pa-
reto-optimal solutions. This approach enables chemical 
engineers to simultaneously consider multiple competing 
objectives and understand their tradeoffs, enabling in-
formed decision-making. However, many disjoint objec-
tives can be thought of as within the purview of “sustain-
ability”, and when dealing with more than four objectives 
(many-objective problems, or MaOPs), a curse of dimen-
sionality emerges. As the number of objectives increases, 
the computational effort required to solve these prob-
lems using rigorous approaches also grows exponentially. 
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Moreover, visualizing Pareto frontiers in a four or higher 
dimension space in order to understand tradeoffs and 
generate a final decision is challenging. Thus, to our 
knowledge very few works in the process systems liter-
ature today formulate and solve high-dimensional 
MaOP’s for sustainable decision making.  
 To overcome the challenges of objective dimension-
ality, systematic objective dimensionality reduction for 
(mixed-integer) linear MaOPs has been previously pro-
posed by our group [5]. For linear problems, optimal so-
lutions always lie on the boundary of the feasible region 
when the solution is finite. Thus, it is logical to focus the 
analysis of objective interactions on constraint surfaces. 
Gradient vectors of the objective functions are projected 
onto the constraint surfaces. Inner product of the pro-
jected vectors and a weighted sum of the constraint in-
teraction strengths are used to determine the total ob-
jective correlation strength. Correlation strength is used 
as edge weight in an objective correlation graph, which 
consists of nodes corresponding to the different objec-
tives. Finally, a community detection algorithm is applied 
to identify groups of objectives. For more details about 
the objective reduction algorithm, please reference our 
previous works. It has already been successfully used to 
analyze the correlating and competing nature of a sched-
uling MaOPs [6]. However, many real-world optimization 
challenges, particularly in chemical engineering disci-
plines like process control and system design, are inher-
ently nonlinear. Nonlinear problems introduce additional 
complexities due to their behavior and interactions, with 
solutions often not confined to the edges of the feasible 
region, as well as the potential for locally optimal solu-
tions when the problem is nonconvex, necessitating a 
more comprehensive approach.  Several methods exist 
for solving mixed-integer nonlinear problems, such as 
outer approximation [7], generalized benders decompo-
sition [8], and branch and bound [9]. Inspired by these 
powerful approaches, in this work we extend the dimen-
sionality reduction algorithm to nonlinear MaOPs using an 
outer approximation-like strategy. The remainder of this 
paper discusses this approach and is structured as fol-
lows. Next, the algorithm for systematically reducing di-
mensionality of nonlinear MaOPs is described in detail. 
We then introduce the DZLT5 suite of benchmark MaOP’s 
and discuss why it is an ideal testbed for our algorithm. 
Then, we present the results of applying our algorithm, 
making note of the effects of key hyperparameters used 
in the algorithm. Finally, we provide some concluding re-
marks and open questions for future work.  

METHODOLOGY 

Nonlinear Dimensionality Reduction 
Approach  
Consider a nonlinear MaOP (Multi-objective Optimization 

Problem) of the following general form: 
 

 𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥

  {𝑓𝑓1(𝑥𝑥), … , 𝑓𝑓𝑟𝑟(𝑥𝑥)} 
𝑠𝑠. 𝑡𝑡.     𝑔𝑔(𝑥𝑥) ≤ 0 

 
 In our previous work [5], we identified that 
projecting objective cost vectors onto constraint 
surfaces provided the necessary information for 
determining groups of correlated objectives. We take a 
similar approach here, systematically generating 
approximate linearized constraint surfaces using a first-
order Taylor expansion around a feasible fixed point 
𝑥𝑥𝑛𝑛  ,as depicted in the equation (1). As additional fixed 
points are incorporated into the process, the resulting 
linear constraints progressively provide a closer 
approximation of the original nonlinear problem when the 
problem is convex. 
 

           𝑔𝑔(𝑥𝑥) ≈ 𝑔𝑔(𝑥𝑥𝑛𝑛) + 𝛻𝛻𝛻𝛻(𝑥𝑥𝑛𝑛)(𝑥𝑥 − 𝑥𝑥𝑛𝑛)                         (1) 
 
  

 
Figure 1:  How the algorithm choose points. Numbers in 

the circle shows the sequences of the process. 
  
 However, one primary challenge must be addressed 
to effectively develop this nonlinear method. The 
challenge involves determining the optimal method for 
selecting the set of fixed points from which the relaxed 
linear constraints are derived. We propose a systematic 
approach that identifies fixed points along the projected 
gradient descent paths of the objectives. Figure 1 shows 
how we select the fixed points and the numbers in the 
purple circle indicated the sequence of the process. It 
starts from a (set of) initial point 𝑥𝑥𝑛𝑛 on the boundary of 𝑔𝑔. 
Directions inside the cone of objective gradient vectors 
indicate directions from the fixed points where the trade-
offs are most likely to occur within this optimization 
problem, as moving in these directions will improve some 
objective values. Thus, by strategically selecting new 
fixed points within the cone of projected objective 
gradients, new linearized constraints are generated 
which tend to be concentrated in regions where objective 
conflicts are most pronounced, that is, along nonlinear 
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constraints which are active in determining the Pareto 
frontier. 
 Unlike linear optimization problems, nonlinear 
MaOPs can feature single-objective optimal solutions 
situated within the interior of the feasible region. 
Therefore, unlike in the linear case, it is crucial to 
consider the interactions of objectives along constraints 
where both objective gradients point into the feasible 
region, which were neglected previouslyWe define a new 
gradient operator 𝛻𝛻𝑓𝑓𝑖𝑖(⋅)𝑘𝑘∗  , which is equal to the 
projection of the gradient of objective i onto constraint k 
if the gradient vector points out of the feasible region, 
and simply equals the gradient of objective i if the 
gradient points into the feasible region. Then, for each 
pair of objectives i and j, the correlation strength along 
constraint k linearized at fixed point n, Sijkn, is: 
 
                  𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 =  𝛻𝛻𝑓𝑓𝑖𝑖(𝑥𝑥𝑛𝑛)𝑘𝑘∗ ∙ 𝛻𝛻𝑓𝑓𝑗𝑗(𝑥𝑥𝑛𝑛)𝑘𝑘∗                              (2) 

To fully detemine objective correlations, a system-
atic approach is required for generating new fixed points 
to use in the generation of linearized constraints. The 
process for doing so is as follows: first, a random step 
direction Δ  is chosen that is a conic combination of all 
projected linearized objectives, such that: 

                           Δ = ∑ ω𝑖𝑖∇𝑓𝑓𝑖𝑖(𝑥𝑥𝑛𝑛)𝑘𝑘
𝑃𝑃𝐼𝐼

𝑖𝑖=1
∑ ω𝑖𝑖
𝐼𝐼
𝑖𝑖=1

                               (3) 

where 𝜔𝜔𝑖𝑖 are random values between 0 and 1. A user de-
fined step size parameter α   in equation (4) is used to 
make the fixed point selection more flexible. With this Δ , 
a new point (i.e. random point 1 in Figure 1) is obtained: 
𝑥𝑥𝑛𝑛 + αΔ . This point may not be feasible to the original 
problem, so a new feasible point is generated by project-
ing this point back to the feasible set denoted X. 

                 𝑥𝑥𝑛𝑛+1 = argmin𝑥𝑥∈𝑋𝑋|𝑥𝑥 − (𝑥𝑥𝑛𝑛 + αΔ)|22                     (4) 

 In Figure 1, this generates selected fixed point 1 
which is the nearest feasible point to the random point 1. 
This process is repeated applied to the selected fixed 
points to generate next ones as shown in step 4 and 5 in 
Figure 1. At each selected fixed point, constraints are lin-
earized and objective correlation strengths are deter-
mined using eqn. (2). 

 Once a sufficient number of fixed points have 
been generated, we can compile all of the objective cor-
relation strengths into a single value using the same ap-
proach as in the linear algorithm: 

                     𝑆𝑆𝑖𝑖𝑖𝑖𝐴𝐴 = 0.5 �1 +
∑ ∑ 𝑊𝑊𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑁𝑁

𝑛𝑛=1
𝐾𝐾
𝑘𝑘=1

∑ ∑ 𝑊𝑊𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑁𝑁
𝑛𝑛=1

𝐾𝐾
𝑘𝑘=1

�                       (5) 

 Here, 𝑊𝑊𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 is weight that is calculated based on 

the value of 𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖, taking into account that a competition 
along a single constraint can cause competition between 
objectives. We assume that the linearly relaxed con-
straint space sufficiently approximates the important 
parts true constraint space for determining objective cor-
relation, enabling the generation of reasonable correla-
tion strengthsThese strengths become the edge weights 
in an objective correlation graph, which is a fully con-
nected graph where nodes correspond to objectives in 
the MaOP. Finally, community detection is used on this 
graph to identify objective groupings for dimensionality 
reduction.  

 The nonlinear objective reduction algorithm has 
two key hyperparameters: the first, as previously de-
scribed, is the step size to use when generating new 
fixed points, while the second is the number of fixed 
points used to determine objective correlation. Determi-
nation of the appropriate values to use for each will be 
assessed using computational experiments that look at, 
for example, how much new information is added from 
one additional linearized constraint, and discussed in the 
results and discussion section.  

DTLZ5(I, M) Problem Set 
DTLZ5(I, M) provides MaOPs with a well-defined 

structure and known objective correlations. Problems 
from this test set can be  of arbitrarily large objective di-
mensionality  It has been widely used to test multi-objec-
tive evolutionary algorithms [10], the current state of the 
art for solving large scale MaOPs. In this problem set, M 
denotes the number of objectives and I<M denotes the 
true dimensionality of the Pareto frontier. All objectives 
are to be minimized.  

𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥

  {𝑓𝑓1(𝑥𝑥), … , 𝑓𝑓𝑀𝑀(𝑥𝑥)} 
 

𝑓𝑓1  =  (1 + 𝑔𝑔) 0.5 � 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃𝑖𝑖)
𝑀𝑀−1

𝑖𝑖=1
 

 
  

𝑓𝑓𝑚𝑚 = 2:𝑀𝑀−1 =  (1 + 𝑔𝑔) 0.5 � 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃𝑖𝑖)𝑠𝑠𝑠𝑠𝑠𝑠(𝜃𝜃𝑀𝑀−𝑚𝑚+1)
𝑀𝑀−𝑚𝑚

𝑖𝑖=1
 

 
𝑓𝑓𝑀𝑀  =  (1 + 𝑔𝑔) 0.5 𝑠𝑠𝑠𝑠𝑠𝑠(𝜃𝜃1) 

 

𝑔𝑔 =  � (𝑥𝑥𝑖𝑖  −  0.5)2
𝑀𝑀+𝑘𝑘−1

𝑖𝑖 = 𝑀𝑀
 

𝜃𝜃𝑖𝑖 = 1:𝐼𝐼−1  =  
𝜋𝜋
2
𝑥𝑥𝑖𝑖 

𝜃𝜃𝑖𝑖 = 𝐼𝐼:𝑀𝑀−1  =  
𝜋𝜋

4(1 + 𝑔𝑔) (1 + 2𝑔𝑔𝑔𝑔𝑖𝑖) 

0 ≤ 𝑥𝑥𝑖𝑖 ≤ 1,𝑓𝑓𝑓𝑓𝑓𝑓 …  =  1,2, … ,𝑛𝑛 
𝑛𝑛 =  𝑀𝑀 + 𝑘𝑘 − 1 

 All objectives within {f1, . . . , fM−I+1} are positively 
correlated, while each objective in {fM−I+2, . . . , fM} is 
conflicting with every other objective in the problem.This 
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implies that the correct grouping of objectives is to group  
objectives {f1, . . . , fM−I+1} into a single group, while 
keeping all remaining I-1 objectives in their own groups. 
In this work, we choose k = 10, as is consistent with other 
works using this benchmark problem set. Additionally, 
the optimal points from the optimization results of 
individual obejctives of DTLZ5 are used as initial points. 

RESULTS AND DISCUSSION 
Our nonlinear dimensionality reduction method has 

been applied to the DTLZ5 problem set, beginning with 
DTLZ5(2,3) to assess the feasibility of our algorithm. Our 
algorithm effectively identified correlated objectives and 
correctly segmented the multi-objective optimization 
problem into [f1, f2] and [f3]. This categorization indi-
cates that f1 and f2 are correlated, and both are in com-
petition with f3. This outcome precisely aligns with the 
specifications defined in the DTLZ5(2,3) problem, con-
firming the accuracy of our approach. 

 
Figure 2: Accurate Partition vs Step Size Parameters in 
different DTLZ5 problems. 
 

However, when testing larger problems such as 
DTLZ5(3,5) and DTLZ5(4,7), the results are sometimes 
accurate, but the overall accuracy seemingly decreases 
as the complexity of the problem increases. This issue 
may be influenced by the magnitude of the step size hy-
perparameter used to generate the next selected point. 
If the step size is too large, it can cause the selected point 
to fall outside of the region of the feasible space that is 
active in determining the Pareto frontier, reducing the 
utility of the linear constraints generated. This effect is 
consistently observed when selecting fixed points. 

 To address this, we conducted tests on step size 
parameters across different DTLZ5 problem sets, as 
shown in Figure 2. We varied step size parameters from 
1 to 0.001 across DTLZ5(3, 5), DTLZ5(4, 7), DTLZ5(4, 10), 
DTLZ5(4, 12), and DTLZ5(5, 16), using 40 selected fixed 
points for each objective. Objective groupings for each 

problem were computed 20 times to mitigate the effects 
of randomness in step directions. The results show that 
our algorithm can achieve about 25% or higher accuracy 
in the DTLZ5(3, 5) tests, even with a large step size pa-
rameter. Interestingly, with a step size parameter of 1 in 
DTLZ5(2, 3), the algorithm still produced high accuracy 
results, suggesting a high probability of achieving correct 
results by chance without accurately capturing the con-
flict zone. When the step size parameter is reduced to 0.1 
or lower, the algorithm consistently achieves 100% accu-
racy, indicating that a smaller step size enhances perfor-
mance. This trend is also observed in DTLZ5(4, 7), 
DTLZ5(4, 10), and DTLZ5(4, 12), although the required 
step size for 100% accuracy decreases as the problem 
set complexity increases. 

 
Figure 3: Heat map for accuracy of DTLZ(5,20) test 
results. Each grid in the graph is calculated 10 times with 
corresponding step size parameters and number of 
selected points for each starting points. 

However, the tests for DTLZ5(5, 16) show relatively 
lower accuracy when the step size is very small. This 
suggests that the algorithm's performance can degrade 
with too small a step size. As the dimension increases, 
more fixed points are required to move to potential con-
flict areas. The average random step size direction Δ also 
increases with dimensionality. For instance, the average 
Euclidean distance of random step size direction is about 
0.0166 in DTLZ5(3,5), increasing to about 0.0259 in 
DTLZ5(5,20) with the same step size parameter of 0.03. 
Therefore, for complex datasets like DTLZ5(5,20), a 
smaller step size and more selected fixed points are 
needed to ensure comprehensive mapping of the space 
and effective location of conflict areas. 

To further illustrate the computational performance 
effected by step size parameter and the number of se-
lected points, a heat map combined with different 
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selected points and step size parameters are shown in 
Figure 3. Step size parameter larger than 0.05 would 
never give a high accuracy results even when 200 se-
lected points are chosen for computation. This matches 
the conclusion from Figure 2. In this problem set, each 
variable can feasibly vary between 0 and 1, while from 
Figure 3, accurate results begin to generate at 0.03. 
Thus, for this problem it seems a step size of about 3% 
of the range of the most flexible dimension of the feasible 
region should be sufficient for most cases in the DTLZ 
set; however, this finding may be problem-dependent. 
Moreover, increasing the number of selected points such 
that the product of the number of steps and step size ex-
ceeds the half of  longest distances between all the initial 
points seems to yield good results. A tradeoff clearly 
emerges similar to that observed in gradient-based opti-
mization: a smaller step size normally will generate higher 
quality results more reliably, but may require a larger 
number of iterations, and computational effort, to do so. 

 
 Figure 4: Graph results of DTLZ5(6,12). Nodes with 
the same color indicate that they are in the same group.  
 

 After tuning the step size parameter and the 
number of selected fixed points, the correlating and com-
peting nature of objectives in DTLZ5(5,20) was success-
fully detected by our nonlinear algorithm. Due to visuali-
zation challenges, the graph results of DTLZ5(5,20) are 
not shown; instead, results from DTLZ5(6,12) are dis-
played in Figure 4. The lines between different nodes 
represent the edges indicating the correlation strength 
between different objectives. Clearly, the largest edge 
weights, corresponding to pairs of objectives most 
strongly correlated, occur connecting objectives 1-7, as 
would be expected for this problem instance. 

 The time cost of the algorithm for instances of 

different size was evaluated on a MacBook Air with an M1 
CPU and 16GB RAM to assess the algorithm’s scalability. 
In Figure 5, the blue segment illustrates the time spent 
generating selected points for different optimization 
problems, while the orange segment indicates the time 
taken to generate the graph and apply community detec-
tion. In this test, each problem includes a total of 240 se-
lected fixed points. Fixed points are generated starting 
from the optimal solution for each individual objective, 
which accounts for the slight increase in fixed point gen-
eration time as a function of number of objectives. How-
ever, the majority of the increase in time as a function of 
objectives is attibuted to the time required to generate 
and detect structure in the objective correlation graph. 
This is consistent with the fact that the number of edge 
weights calculated is quadratic with the number of objec-
tives, and the community detection algorithm also 
providing polynomial scaling with number of objectives 
(graph nodes).  

 
Figure 5: Bar graph for time usage of the algorithm with 
different number of objectives. Total selected points for 
each of the test is 240.  
 
 The relationship between calculation time and the 
number of selected points is illustrated in Figure 6. To 
mitigate fluctuations caused by randomness, each data 
point was calculated 20 times to ensure robustness. As 
evident, the calculation time increases linearly with the 
number of selected points, although the slopes vary 
across different datasets. This trend of increasing slopes 
corresponds with the observations in Figure 5. 
Furthermore, the consistent overlap of red and green 
dots indicates that variations in the step size do not 
significantly affect the calculation time. 
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CONCLUSION 
In this study, we build upon the many-objective di-

mensionality reduction algorithm developed by our group 
for linear problems, by introducing a novel algorithm that 
extends this approach to a nonlinear framework. Utilizing 
an outer approximation-like method, nonlinear objectives 
and constraints are converted into linear forms, which are 
then processed using our existing linear algorithm with 
minor modifications. 

We tested our enhanced algorithm using the 
DTLZ5(I, M) problem set, a benchmark in many-objective 
optimization. By carefully adjusting hyperparameters, in-
cluding the step size and the number of selected fixed 
points, our algorithm successfully identified the correlat-
ing and competing nature of the DTLZ5(I, 20) problem. 
Additionally, the performance and scalability of the algo-
rithm in terms of computational time is also demon-
strated, aligning well with our expectations based on the 
algorithm’s structural design. In the future, we aim to ap-
ply this algorithm to problems of practical interest for 
sustainable decision making in the chemical process in-
dustry. 
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