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ABSTRACT 
Artificial neural networks are widely used as data-driven models for capturing complex, nonlinear 
systems. However, suboptimal training remains a significant challenge due to the nonlinearity of 
activation functions and the reliance on local solvers, which makes achieving global solutions dif-
ficult. One solution involves reformulating activation functions as piecewise linear approximations 
to convexify the problem, though this approach often requires substantial CPU time. This study 
demonstrates that a tailored branch-and-bound algorithm can effectively address these chal-
lenges by efficiently navigating the solution space using linear relaxations. The proposed method 
achieves minimal training error, offering a robust solution to the training bottleneck. Unlike tradi-
tional mixed-integer programming approaches, which often struggle to converge within reasona-
ble CPU times, the SOSX algorithm shows superior scalability, with computational demand growing 
almost linearly rather than exponentially as problem size increases. Experiments on datasets with 
the same dimensionality confirm that the algorithm's efficiency is not specific to a particular da-
taset, as it demonstrates consistent CPU time trends across multiple datasets. 

Keywords: artificial neural networks, piecewise linear functions, convex formulation, mixed-integer linear pro-
gramming, computational complexity. 

INTRODUCTION 
A mechanistic process model relies on physical laws 

governing the system, but developing such models is in 
general time-consuming and challenging. In contrast, 
data-driven models offer a straightforward alternative, 
especially for representing nonlinear and complex sys-
tems. Artificial neural networks (ANNs), inspired by hu-
man brain neurons, are a popular type of data-driven 
models. Among them, feedforward neural networks 
(FNNs) are simpler, with data flowing in one direction 
from the input to the output layer, comprising an input 
layer, output layer, and user-defined hidden layers con-
nected via activation functions. 

Common activation functions include Rectified Lin-
ear Unit (ReLU), hyperbolic tangent (𝑡𝑡𝑡𝑡𝑡𝑡ℎ), and sigmoid. 
ReLU is piecewise linear, while tanh and sigmoid are 

nonlinear and symmetric. These functions introduce non-
linearities, making ANN training a non-convex optimiza-
tion problem classified under nonlinear programming 
(NLP). This can result in issues like underfitting, overfit-
ting, or suboptimal solutions [1]. A major challenge is the 
reliance on local solvers, as global solvers often struggle 
to converge or require excessive CPU time due to nonlin-
earities in the activation function [2]. 

One way to address the non-convexity of neural 
network training is by using the piecewise linear (PWL) 
representation of nonlinear activation functions. Various 
methods for PWL formulations have been explored such 
as defining binary variables [3] or special ordered set 
variables [4]. This transforms the problem from an NLP 
formulation to a mixed-integer linear programming (MILP) 
formulation. In addition to these methods, Keha et al. pro-
posed “SOSX variables,” which eliminate the need for 
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binary variables and enable PWL functions to be mod-
elled with linear programming (LP) subproblems by mod-
ifying branching algorithms, yielding equivalent solutions 
to special ordered set type II (SOS2)-based MILP formu-
lations [5]. 

Many studies have focused on optimizing ReLU-
based neural networks, utilizing their naturally piecewise 
linear structure. Research on PWL ReLU-trained neural 
networks has primarily aimed at reducing computational 
time [6-8]. Beyond ReLU-based formulations, several 
studies have explored MILP formulations incorporating 
hyperbolic tangent activation functions in ANNs [9-10]. 
Similarly, Sildir and Aydin utilized the PWL representation 
of the hyperbolic tangent function during training with 
feature selection, effectively reducing the risk of subop-
timal training and enhancing test accuracy [11]. However, 
a key limitation of this approach lies in the MILP formula-
tion. As the number of features, neurons, and hidden lay-
ers in the NN increases, the number of binary variables 
grows exponentially, significantly increasing CPU time. 
This challenge underscores the need for more efficient 
MILP formulations to reduce computational demands 
while maintaining performance. Notably, studies ad-
dressing MILP-based neural network training remain rel-
atively limited in the literature. 

This work employs PWL approximations for the hy-
perbolic tangent activation function in a single-layer FNN 
[10-11] at the training phase. To address computational 
complexity, the approach by Keha et al. [5] is used to 
transform the MILP training problem into sequential LP 
problems by modifying the branching scheme, offering 
significant computational benefits. The novelty of this re-
search lies in formulating the FNN training problem en-
tirely as specially tailored LP subproblems. 

METHODOLOGY 
A feed-forward, fully connected artificial neural net-

work with an identity function as the output layer can be 
expressed as: 

𝑦𝑦� = 𝑤𝑤2𝑓𝑓(𝑤𝑤1𝑢𝑢 + 𝑏𝑏1) + 𝑏𝑏2       (1) 
where 𝑦𝑦� is the predicted output, 𝑢𝑢 is the input, 𝑤𝑤1, 𝑤𝑤2, 𝑏𝑏1 
and 𝑏𝑏2 are the weights and biases for the hidden and out-
put layers, respectively. Typically, during training, mean 
squared error (MSE) is minimized. The objective function 
is given by: 
 min

𝑤𝑤1,𝑤𝑤2,𝑏𝑏1,𝑏𝑏2
𝑀𝑀𝑀𝑀𝑀𝑀 = 1

𝑁𝑁
∑ (𝑤𝑤2𝑓𝑓(𝑤𝑤1𝑢𝑢𝑖𝑖 + 𝑏𝑏1) + 𝑏𝑏2 − 𝑦𝑦𝑖𝑖)2𝑁𝑁
𝑖𝑖=1   (2) 

where 𝑁𝑁 is the number of training data points and 𝑦𝑦𝑖𝑖 is 
the actual 𝑖𝑖𝑡𝑡ℎ output value. To simplify the optimization 
and avoid the nonlinearity introduced by the square term, 
the mean absolute error (MAE) can be minimized instead. 
The objective function then becomes: 
 min

𝑤𝑤1,𝑤𝑤2,𝑏𝑏1,𝑏𝑏2
𝑀𝑀𝑀𝑀𝑀𝑀 = 1

𝑁𝑁
∑ |𝑤𝑤2𝑓𝑓(𝑤𝑤1𝑢𝑢𝑖𝑖 + 𝑏𝑏1) + 𝑏𝑏2 − 𝑦𝑦𝑖𝑖|𝑁𝑁
𝑖𝑖=1   (3) 

 However, the absolute value introduces challenges 

for gradient-based optimization methods due to non-
smoothness and non-differentiability at certain points. To 
address this, a linearized form of the absolute value can 
be used: 
 min

𝑤𝑤1,𝑤𝑤2,𝑏𝑏1,𝑏𝑏2
|∅′| = 1

𝑁𝑁
∑ |𝑤𝑤2𝑓𝑓(𝑤𝑤1𝑢𝑢𝑖𝑖 + 𝑏𝑏1) + 𝑏𝑏2 − 𝑦𝑦𝑖𝑖|𝑁𝑁
𝑖𝑖=1   (4a) 

 ∅′ ≤ |∅′|      (4b) 
 −|∅′| ≤ ∅′     (4c) 
 Here, |∅′| is the modified objective function. For sim-
plicity, the weight matrix of the output layer, 𝑤𝑤2, can be 
extracted during regular training as 𝑤𝑤2∗ which is an ex-
treme machine learning procedure [11-12].  
 Hyperbolic tangent (tanh) is a commonly used acti-
vation function in neural network training. To mitigate is-
sues caused by its nonlinearity, several studies employ 
PWL approximations [9-11]. For 3-piece approximation, 
breakpoints can be defined as [-4,-1,+1,+4]. The 3-piece 
approximation of 𝑡𝑡𝑡𝑡𝑡𝑡ℎ function can be defined as 
[3,10,11]:  

 𝑡𝑡𝑡𝑡𝑡𝑡ℎ (𝑥𝑥)3−𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 ≈
0.08𝑥𝑥 − 0.68

0.76𝑥𝑥,
0.08𝑥𝑥 + 0.68,

,   −4 ≤ 𝑥𝑥 ≤ −1
    −1 ≤ 𝑥𝑥 ≤ +1
    +1 ≤ 𝑥𝑥 ≤ +4

 (5) 

 Using a piecewise linear approximation of tanh, the 
training problem can be reformulated as a MILP problem: 
 min

𝑤𝑤1,𝑤𝑤2,𝑏𝑏1,𝑏𝑏2
|∅′| = 1

𝑁𝑁
∑ |𝑤𝑤2∗𝑓𝑓(𝑤𝑤1𝑢𝑢𝑖𝑖 + 𝑏𝑏1) + 𝑏𝑏2 − 𝑦𝑦𝑖𝑖|𝑁𝑁
𝑖𝑖=1   (6a) 

 s.t. 
     𝑥𝑥 = 𝑤𝑤1𝑢𝑢𝑖𝑖 + 𝑏𝑏1    (6b) 
 𝑝𝑝0 ≤ 𝑤𝑤1, 𝑏𝑏1, 𝑏𝑏2 ≤ 𝑝𝑝𝑃𝑃    (6c) 
     ∆𝑘𝑘= 𝑝𝑝𝑘𝑘 − 𝑝𝑝𝑘𝑘−1    (6d) 
 𝑔𝑔𝑘𝑘 = 𝑓𝑓′(𝑝𝑝𝑘𝑘) − 𝑓𝑓′(𝑝𝑝𝑘𝑘−1)   (6e) 
 ∀ 𝑘𝑘 ∈  {1, … ,𝑃𝑃}    (6f) 
 𝑝𝑝0 ≤ 𝑥𝑥 ≤ 𝑝𝑝𝑃𝑃     (6g) 
 𝑥𝑥 = 𝑝𝑝0 + ∑ 𝑦𝑦𝑘𝑘𝑃𝑃

𝑘𝑘=1     (6h) 
 𝑓𝑓′(𝑥𝑥) = 𝑓𝑓(𝑝𝑝0) + ∑ 𝑔𝑔𝑘𝑘

∆𝑘𝑘
𝑦𝑦𝑘𝑘𝑃𝑃

𝑘𝑘=1    (6i)
 𝜆𝜆0 ≤ 𝑧𝑧0     (6j) 
 𝜆𝜆𝑚𝑚 ≤ 𝑧𝑧𝑚𝑚−1 + 𝑧𝑧𝑚𝑚 ,∀𝑚𝑚 ∈  {1, … ,𝑃𝑃 − 1}  (6k) 
 𝜆𝜆𝑚𝑚 ≤ 𝑧𝑧𝑚𝑚−1     (6l) 
 ∑ 𝑧𝑧𝑚𝑚 = 1𝑃𝑃−1

𝑚𝑚=0      (6m) 
 𝑧𝑧𝑚𝑚  ∈   {0,1}      (6n) 

 
where 𝑥𝑥 is the input to the piecewise linear function, 𝑝𝑝𝑘𝑘 
denotes the 𝑘𝑘𝑡𝑡ℎ breakpoint, ∆𝑘𝑘 represents the difference 
between consecutive breakpoints, and 𝑔𝑔𝑘𝑘 is the differ-
ence in the function's value between these breakpoints. 
The parameter 𝑃𝑃 specifies the number of pieces in the 
approximation. The variables 𝑦𝑦𝑘𝑘 capture the differences 
used to define the input to the piecewise linear function, 
𝜆𝜆𝑚𝑚 are nonnegative auxiliary variables, and 𝑧𝑧𝑚𝑚 are binary 
variables that aid in formulating the problem as a MILP.  
 To simplify the problem and allow for formulation as 
a linear program (LP) before modifying the branching 
scheme, the following constraints can be used instead of 
(6j–6n) [13]: 
 ∆𝑚𝑚𝑠𝑠𝑚𝑚+1 ≤ ∆𝑚𝑚+1𝑠𝑠𝑚𝑚 ∀𝑚𝑚 ∈  {1, … ,𝑃𝑃 − 1}  (7a) 
 𝑦𝑦1 ≤ ∆1     (7b) 
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 𝑦𝑦𝑃𝑃 ≥ 0     (7c) 
 Finally, after obtaining the current solution 𝑦𝑦� with 
with 𝑦𝑦�𝑘𝑘 < 𝑢𝑢𝑘𝑘 and 𝑦𝑦�𝑙𝑙+𝑘𝑘 > 0 for some 𝑘𝑘 ∈  {1, … ,𝑃𝑃 − 𝑙𝑙}, the 
following branching options exist [13]: 
 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵ℎ 1:𝑦𝑦𝑘𝑘 = ∆𝑘𝑘 ,𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵ℎ 2: 𝑦𝑦𝑘𝑘+1 = ⋯ = 𝑦𝑦𝑃𝑃  (8) 
 Since formulations without binary variables provide 
the same LP bound as those that include them, maintain 
local ideality, and are more compact, they serve as supe-
rior models for PLFs compared to MIP models [5]. The 
algorithm can be summarized as follows where M de-
notes the number of neurons:  

for i=1 to N do:               
 for j=1 to M do:  
  for k=1 to P do:  
    Solve the model: 
     Minimize Eq. 6a  
     Subject to Eq. 6b-6i,Eq. 7a-7j 

     If y�k<uk and y�l+k>0 then  
      Branch 1: yk=∆k 
      Branch 2: yk+1=…=yP 

 Implementing the SOSX algorithm in feedforward 
neural network training ensures reproducibility of results 
due to the convexity of the problem formulation. This 
property guarantees that the same training performance 
is achieved in every run, whereas regular training may 
converge to different solutions, potentially leading to 
suboptimal outcomes. 

RESULTS AND DISCUSSION 
We illustrate our proposed method on a case study 

that examines 253 snapshots of a distillation column, 
each described by 27 features, including variables such 
as temperatures, pressures, and flow rates, with the va-
por pressure measured in a laboratory as the target vari-
able [14]. The dataset is normalized between -1 and +1. 
Three training algorithms were applied to this dataset us-
ing a 70% training ratio. The first method, NLP training, 
employing the Adam optimizer [15] in TensorFlow's Keras 
[16] framework for 100 epochs. The second, MIP training, 
introducing binary variables to the problem structure, fol-
lowing previously established formulations in Eq.6. The 
third, SOSX training, using a convex branch-and-bound 
approach to train the neural network, recording CPU 
times. All methods used a single-hidden-layer FNN archi-
tecture with neurons ranging from 5 to 30, and for SOSX 
and MIP, piecewise linear approximation of the tanh acti-
vation function with 3 segments were implemented. Fig-
ure 1 shows the trend for SOSX training CPU times at dif-
ferent number of neurons. Table 1 summarizes the MSE 
results for both training and test performances. Figures 2 
to 7 depict the corresponding trends for training and test 
performance across different piecewise approximations 
at varying number of neurons. In these visualizations, “𝑛𝑛” 

denotes the number of neurons, while “𝑝𝑝” represents the 
number of pieces used in the approximation. The training 
and test data are divided by a dashed black vertical line 
called the "train-test split." 

The study initially sought to compare the CPU train-
ing times of the SOSX and MIP algorithms. However, un-
der default solver settings, including cuts and optimality 
gap, MIP training failed to converge. As a result, MIP 
training was terminated once its CPU time equaled that 
of SOSX training. Consequently, the training and test re-
sults for the MIP algorithm are based on these aborted 
solutions. 

A key finding pertains to CPU time. In MIP formula-
tions, CPU time typically grows exponentially with an in-
crease in the number of binary variables. In contrast, the 
SOSX algorithm, which replaces binary variables, demon-
strates a non-exponential increase in CPU time, as rep-
resented in Figure 1.  

 

Figure 1. CPU times for SOSX training. 

Another notable finding from the results is that the 
SOSX algorithm achieves nearly zero training error with-
out signs of overfitting. The zero-training error is evident 
in the train split parts of Figures 2-7 as the actual and 
predicted values overlap. Additionally, in the test splits, 
SOSX predictions closely follow the actual test value 
trends, indicating no signs of overfitting. This success is 
attributed to its specially tailored branching mechanism, 
which strategically places PWL approximations of the 
nonlinear activation function. At each iteration, a linear 
relaxation is solved, and branching progresses based on 
the location within the PWL function. This approach not 
only ensures effective network training but also offers a 
substantial advantage in CPU efficiency. 
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 Figures 2–7 depict the MIP training and test results 
using green dashed lines. In Figures 2 and 3, which cor-
respond to cases with fewer neurons -specifically, 5-
neuron-3-piece (5n3p) and 10-neuron-3-piece (10n3p)-, 
MIP training and test results closely follow the actual val-
ues compared to cases with a higher number of neurons, 
although SOSX still outperforms MIP. However, in Figure 
4, which represents the 16-neuron-3-piece (16n3p) case, 
no MIP trend is observed, and Table 1 does not contain a 
corresponding value. This omission occurs because MIP 
training failed to converge to a feasible solution within the 
CPU time required by SOSX. In Figure 5, which illustrates 
the 20-neuron-3-piece (20n3p) case, a solution was 
found, but the MIP training and test results significantly 
deviate from the actual values. This divergence becomes 
even more pronounced in Figure 6 for the 24-neuron-3-
piece (24n3p) case, where MIP training and test results 
fail to capture the trend altogether. Finally, in Figure 7, 
representing the 30-neuron-3-piece (30n3p) case, no 
MIP trend is present, mirroring the issue observed in the 
16n3p case. These findings highlight the robustness of 
the SOSX algorithm, which consistently finds a solution 
within a timeframe where MIP fails to yield a feasible re-
sult. Moreover, SOSX's effectiveness becomes even 
more evident in cases with a higher number of neurons, 
indicating its capability to handle more complex scenar-
ios. 

An important observation is the difference in test 
performance between the regular training (NLP) and 
SOSX algorithms. While SOSX may sometimes underper-
form due to its reliance on approximations, it still sur-
passes NLP in 4 out of 6 runs across different number of 
neurons. The lowest MSE test error was observed in the 
24n3p case, marking a particularly encouraging result. In 
the test splits of Figures 2–7, this pattern is clearly evi-
dent in the trends. Additionally, the actual data exhibit 
two peaks between data points 200 and 250. For the first 
peak, NLP predictions overshoot in the 5n3p, 10n3p, 
16n3p, and 30n3p cases, as seen in Figures 2, 3, 4, and 
7. Similarly, for the second peak, NLP predictions fall sig-
nificantly below the actual value in the 24n3p case, as 
shown in Figure 6, whereas SOSX predictions closely 
match the actual values. Overall, SOSX trends remain 
more aligned with the actual values compared to NLP test 

performance. These findings indicate that the SOSX al-
gorithm effectively mitigates suboptimal training out-
comes by leveraging its convex formulation and robust 
representation capabilities. Moreover, the benefits of the 
SOSX algorithm become even more evident in cases with 
a higher number of neurons. 

 

Figure 2. Training and test performances for 5 neurons. 

 

Figure 3. Training and test performances for 10 neurons. 

#neuron CPU time  
(s) 

NLP  
training 

MIP  
training 

SOSX  
training 

NLP  
testing 

MIP  
testing 

SOSX  
testing 

        
        
   -   -  
        
        
   -   -  

Table 1: Training CPU times, training and testing MSE value 
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Figure 4. Training and test performances for 16 neurons. 

 

Figure 5. Training and test performances for 20 neurons. 

 

Figure 6. Training and test performances for 24 neurons. 

 

Figure 7. Training and test performances for 30 neurons. 
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The analysis of SOSX CPU times previously focused 
on how they vary with the number of neurons and piece-
wise approximations. However, an important question re-
mains: Do these CPU times only apply to the distillation 
column dataset, or are they statistically significant for da-
tasets with similar dimensionality? To explore this, four 
datasets are modified to match in dimensionality, ensur-
ing consistency in both dataset size and number of fea-
tures. 

The first dataset is the previously examined distilla-
tion column data [14]. The second dataset consists of 
open simulation data from a wastewater treatment plant, 
where the target variable represents dissolved oxygen 
concentration in an activated sludge system [17]. The 
third dataset comes from a U.S.-based regression study 
predicting the average annual cancer diagnosis rate 
based on socioeconomic and demographic factors such 
as income, population size, age, and race [18]. The fourth 
dataset is the Boston housing prices dataset, which esti-
mates property values using economic and real estate-
related variables [19]. To ensure comparability, all da-
tasets are reduced to eight features using F-value statis-
tics, selecting the variables most strongly correlated with 
the output. Additionally, the training dataset sizes are 
standardized to 177 samples across all cases. 

Figure 8 presents variations in the logarithm of CPU 
times across different number of neurons and segmenta-
tions in piecewise linear approximations for the four da-
tasets. The plots include 95% confidence intervals, allow-
ing for statistical comparisons between datasets. Since 
the dataset sizes are adjusted for consistency, their 
training and test performances should not be directly 
compared to original benchmarks. Instead, the focus is 
on determining whether the observed CPU times are sta-
tistically significant. 

As shown in Figure 8, most data points fall within the 

95% confidence interval. Any points outside this range 
are still close to the boundary and do not qualify as out-
liers. This suggests that for datasets with the same di-
mensionality, CPU times remain consistent. Therefore, 
the CPU times observed in the original analysis are not 
unique to the distillation column dataset. 

CONCLUSION 
 This study highlights the efficacy and robustness of 
the “SOSX” algorithm for convex training of neural net-
works using PWL approximations. SOSX consistently 
achieves zero training error while balancing computa-
tional efficiency and model accuracy through modifica-
tions to the branch-and-bound algorithm. Unlike MIP 
training, which struggles with convergence for larger 
problems, SOSX offers superior performance with signif-
icantly reduced CPU times. 

A comparative analysis reveals key findings. While 
regular (NLP) training provides reasonable test perfor-
mance, SOSX outperforms NLP in many cases, such as 
the 24n3p configuration, which achieved the lowest MSE 
test error. Additionally, MIP training struggles with con-
vergence for larger networks, failing to provide feasible 
solutions within the time frame needed for SOSX. 

CPU time analysis shows that SOSX demonstrates 
greater scalability. Unlike MIP, which exhibits exponential 
CPU time growth, SOSX displays a more manageable pol-
ynomial increase, making it a practical choice for larger-
scale problems. In addition, experiments on four different 
datasets with the same dimensionality show that the CPU 
times are not dataset specific.  

In summary, SOSX offers a robust, efficient frame-
work for training neural networks with piecewise linear 
approximations. Its ability to achieve zero training error, 
coupled with its scalability, makes it a promising 

 
Figure 8. CPU times for different datasets.  
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alternative to methods like NLP and MIP, with strong po-
tential for broader machine learning and optimization ap-
plications. 
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